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1. Let n = |A| = |B|. Suppose f is one-to-one and A = {a1, a2, . . . , an}. Then f(ai) 6= f(aj) for
all i 6= j, so Ran(f) = {f(a1), f(a2), . . . , f(an)} contains exactly n distinct elements, so that
|Ran(f)| = n. But |B| = n and Ran(f) ⊆ B, so B = Ran(f) and f is onto.

Conversely, suppose f is onto and B = {b1, b2, . . . , bn}. Then ∃ xi ∈ A f(xi) = bi. Since bi 6= bj

for i 6= j, it follows that xi 6= xj , so that A′ := {x1, x2, . . . , xn} contains exactly n elements. But
|A| = n and A′ ⊆ A, so A = A′ and f is one-to-one.

2. (a) Suppose a, a′ ∈ A, Then

f(a) = f(a′) ⇐⇒ 2a

a− 1
=

2a′

a′ − 1

⇐⇒ 2(a− 1) + 2

a− 1
=

2(a′ − 1) + 2

a′ − 1

⇐⇒ 2 +
2

a− 1
= 2 +

2

a′ − 1

⇐⇒ 2

a− 1
=

2

a′ − 1
⇐⇒ a′ − 1 = a− 1

⇐⇒ a′ = a,

so f is one-one.

Now we show that f is onto.

For any b ∈ B, let a = b
b−2

. Since b 6= 2, it follows that a ∈ R. If a 6∈ A, then a = 1, i.e.
b = b− 2 or 0 = −2, which is impossible. Thus a ∈ A and

f(a) =
2 b

b−2
b

b−2
− 1

=
2b

b− (b− 2)
= b,

so f is onto.

(b) As shown above f−1 : B → A is given by f−1(x) = x
x−2

.

(c) Since f−1 ◦ f = 1A, it follows that f ◦ f−1 ◦ f = f ◦ 1A = f .

3. Suppose g ◦ f is onto and g is one-to-one. Then f is onto ⇐⇒ (∀b ∈ B)(∃ a ∈ A)(f(a) = b).

Suppose b ∈ B and let c = g(b). Since g ◦ f is onto, g ◦ f(a) = c for some a ∈ A. Thus
g(f(a)) = c = g(b). But g is one-to-one, so b = f(a) and f is onto.

4. (a) Suppose first that F is not 1-1. We must show that f is not 1-1.

There exist P, Q ⊆ A, P 6= Q with F (P ) = F (Q). But P 6= Q =⇒ (∃x ∈ P\Q))∨(∃y ∈ Q\P ).
Suppose without loss of generality that x ∈ P \Q. Then since F (P ) = F (Q), ∃y ∈ Q : f(y) =
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f(x) ∈ F (P ) = F (Q). So (∃y ∈ Q)(f(y) = f(x)) but x 6= y since x 6∈ Q and y ∈ Q. Hence f
is not 1-1.

Conversely if f is not 1-1. Then ∃x, y : x 6= y such that f(x) = f(y). Then F ({x}) = F ({y}) =
{f(x)} = {f(y)} but {x} 6= {y} so F not 1-1.

(b) Suppose first that F is onto. We must show that f is onto. Let b ∈ B, so that Y := {b} ∈ P(B).
Since F is onto, F (X) = Y for some X ∈ P(A). Since F (∅) = ∅ 6= Y , it follows that X 6= ∅,
so that (∃ a ∈ X)(f(a) ∈ Y ) ⇐⇒ (∃ a ∈ X)(f(a) = b). Thus f is onto.

Conversely, suppose f is onto and let Y ∈ P(B). If X = f−1(Y ) := {x ∈ A : f(x) ∈ Y }, then
X ∈ P(A) and F (X) ⊆ Y . If y ∈ Y , then f(x) = y for some x ∈ A, since f is onto, so that
x ∈ X and F (X) = Y . Thus F is onto.

5. Note that A = {1− 1
2
, 1− 1

22 , 1− 1
23 , . . .} = {1− 1

2
< 1− 1

22 < 1− 1
23 < . . .}.

Define f : A → N by f(1− 1
2n ) = n. Then f is a function.

f is onto. For any b ∈ N, set a = 1− 1
2b . Then a ∈ A and f(a) = b.

f is strictly order preserving. Let a = 1− 1
2n and a′ = 1− 1

2n′ be two elements of A for some
n, n′ ∈ N. Then

a ≤ a′ ⇐⇒ 1− 1

2n
≤ 1− 1

2n′

⇐⇒ − 1

2n
≤ − 1

2n′

⇐⇒ 1

2n′ ≤
1

2n

⇐⇒ 2n ≤ 2n′

⇐⇒ n ≤ n′

⇐⇒ f(a) ≤ f(a′).

Thus f is an order isomorphism and so A ' N.
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