DEPARTMENT OF MATHEMATICS
MATHS 255 Solutions to Regular Tutorial 2

. For n € N, let P, be the statement
“5 | (n5 _ n)//.
Base case: Whenn =1,1>—1=0=5-0. Thus P, is true.

Inductive step: For k € N suppose P, is true, that is, 5 | (n® —n), which is equivalent to 5¢c = k° — k
for some ¢ € N <= k% = 5¢ + k for some ¢ € N.

Want to show that Py is true, i.e. 5| ((k+1)> — (k+1)). Now

(k+1P°—(k+1) = kK +5k*+10k*+10k* + 5k +1— (k +1)
= 5c+k+5k" +10k* + 10k* + 5k + 1 —k — 1
= 5(c+k*+ 2K + 2K + k).

Thus P is true and by induction, P, is true for all n € N.

. X1 = 1,1’2:4,33'3:21’2—1‘14—2:8—1+2:9,$4:2$3—$2—|—2: 18 —4+2 = 16 and
x5 =204 — 23 + 2 =32 — 9+ 2 = 25. We conjecture that z,, = n%.

For n € N, let P, be the statement z,, = n?.
Base case: v1 =1 =1% and 5 =4 = 22, so that z,, =n? forn =1 and n = 2.

Inductive step: Let k € N with k > 2 and suppose P; is true for all 1 < i < k, that is, x; = i for
all 1 <1 <k.

Want to show that Py is true, that is, xp,; = (k + 1)% Since k +1 > 3,

Tpyr = 205 —Tp-1+2

2k* — (k—1)> +2 as  x; =i
2k? — (k* =2k +1) +2

k> + 2k + 1

= (k+1)%,

that is, zx41 = (k + 1)2. Thus Py, is true and by complete induction, P, is true for all n € N,
that is z,, = n>.

. For n € N with n > 2, let P, be the statement that

(ANAyn...NA)S = (A)5U (A)5U... U (A,)5.
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Base case: When n = 2, P, is the statement (A; N A3)§ = (A1)5 U (A2)5. Now

(xeU)N(x ¢ (AN Ay))
(xeU)N(xg Ay Vo g A)
(reUNxgA)V(xeUANx & Ay)
x e (A)SVa e (A)§

z € (A1)g U (A2)g,

T € (Al N Ag)g

111170

that is, (A; N A9)§ = (A1)§ U (A9)§ and P, is true.
Inductive step: Let k € N with k£ > 2 and suppose P is true, that is,

(ALNAyn...NANS = (A)SU(A)5U. ..U (ALS.

IfT:AlﬁAgﬂﬂAk, then

(ANAn...NANAL)S = (TNALS
T5 U (Ap)g
= (AN...NANSU(Ae)S
= (A)gU.. U (ARG U (Agpa)

that is, Py, is true and by induction, P, is true for all n € N.

. For n € N, let P, be the statement (1 + z)" > 1 + nx.
Base case: Pj is true, because (1 +z)' =1+1-2>1+1-z.

C
U»

Inductive step: Let k € N with & > 2 and suppose P is true, that is, (1 +2)* > 1 + kz. Want to

show that (1 + z)**1 > (1 + (k + 1)z). Now

1+ = (1+2)"(1+u)

> (1+kax)(1+2x) as (1+2z)>14ka and
= 1+ks+ax+ka’
> 1l+kxr+zx as kz? >0

= 1+ (k+1)x,

(1+2)>0

that is, (1 + x)¥ > 1 + kx. Thus Py, is true and by induction, P, is true for all n € N, that is,

(I+2)" > 1+ nx.
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