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1. For ε > 0, let N ∈ N with N > 17−18ε
4ε

. If n > N , then∣∣∣∣3n + 5

2n + 9
− 3

2

∣∣∣∣ =

∣∣∣∣ −17

4n + 18

∣∣∣∣ ≤ 17

4N + 18
≤ 17

417−18ε
4ε

+ 18
= ε.

Thus limn→∞ 3n+5
2n+9

= 3
2
.

2. Since limn→∞ an = a, it follows that for ε > 0, there exists N1 ∈ N such that for all n > N1,

|an − a| < ε.

Similarly, since limn→∞ bn = a, there exists N2 ∈ N such that for all n > N2,

|bn − a| < ε.

Let N = max{N1, N2} and suppose m > N .

If m = 2k − 1 for some k ∈ N, then cm = am and m > N ≥ N1, so that

|cm − a| = |am − a| < ε.

If m = 2k for some k ∈ N, then cm = bm and m > N ≥ N2, so that

|cm − a| = |bm − a| < ε.

It follows that for all m > N ,
|cm − a| < ε,

so that limm→∞ cm = a.

3. (a) an+1 =
(n + 1)2

2n+1
and

an+1 − an =
(n + 1)2

2n+1
− n2

2n
=

(n + 1)2 − 2n2

2n+1
=

n(2− n) + 1

2n+1
<

n(2− 4) + 1

2n+1
< 0

since n > 3. Thus (an) is monotonic decreasing when n > 3.

(b) a1 = 1/2, a2 = 1, a3 = 9/8, and an ≤ a4 = 1 for n > 4, since an is decreasing when n ≥ 4.
Thus

0 < an ≤ 9

8
for all n ∈ N.

(c) 2n = (1 + 1)n = 1 + n + n(n−1)
2

+ n(n−1)(n−2)
6

+ · · ·+ 1 > n(n−1)(n−2)
6

, so

0 ≤ an <
n2

n(n−1)(n−2)
6

=
6n2

n(n− 1)(n− 2)
=

6

(1− 1/n)(n− 2)

Thus lub {an : n ∈ N} = 9/8 ∈ {an : n ∈ N} and glb {an : n ∈ N} = 0 6∈ {an : n ∈ N}.
(d) limn→∞ an = glb {an : n ∈ N} = 0.
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