MATHS 255

THE UNIVERSITY OF AUCKLAND

FIRST SEMESTER, 2003
Campus: City

MATHEMATICS
Principles of Mathematics

{Time allowed: THREE hours)

MOTE: Thic is an GPEN BOOK examination.

2, Let 4 and B be se1s

Answer ALL EIGHT questions. All gquestions earry equal marks.

1. For esch o= o let A(n] be the implication “if « is aven then n is cven’.

{1 Write duwn the converse of Aln). (2 marks)
[h] VWrite down the sontrapogitive of Alr). (2 marks)

[c) Write down Lhe negation of Aln). {2 marks)

(1) Use a direct proof to prove that .A{n) is true for all n. {4 marks]
i} Use proof by contraposition to prove that the comverse of Aln) is true for all n &

I, (4 macks)
if} TTse proofl by contradiction to show that if 2.9,z & 7 then at least one of the numbers

{6 marks)

r 4y p+zand £+ 2 s even, [Hinu what is (z+y) (y+z)+{z+2)7

and let f o A = B be a function. Define a function £ : FIB) = P{A) by
deciaring that, for © & PIB), AiL) = {z s 4 flz) & ). Show that if [ is a bilection then J s

a hijection, 120 murks)

3. Suppose that the ssquence (s, satifies 5 = 4, 39 = 12 and sq01 = dag = dsqg form = 2 Use
complete induetion to prove that for ail n € Bl 8, = {n + 1)2™. {20 marks)

=

4. (a) Lat (X, =x) (Y, <y} and (2. =7) be partially ordered sets, and let L_.”..r.l..__mmua,a;ul_
be fupctions, Suppose that g is ssrictly order preservine. Show that go f is strictly order
{12 marks)

preserving if and ounly if s strictly order preserving.

(8} Cive an example of partially ordered sets (X, = v), {1, %y and (Z. =z} and functions f

=X
T VYandg: Y iz not order-

PITERETY mg- (& marks)

aree hoth nrder-preserviog Hut f

+ Z such that g and ge j

CONTINUED
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; ; g1 i : :
__“..4.” ._.r“ .m. m:..afm that a and b are relatively prime if and only if moq- allc e M, ifa | ¢ and
e then ab | o [You may assume that there exist =,y € Z with gedia.b) = ar + by, m.:&.:._»;

lemfo, b) = 32 ]
i b (20 marks)

al Lat (¥ he a Eroup, and let H and K be mﬂ.ﬂ.hﬂﬂﬂﬁm of (. Show that H K is a sy pgroup of
(b] Find subgrou H d K of 55 # E} < EL]
) E Al g = {0 ks such that H U R is not a subygrros ¥ The ¢
5 FTOUD of &3 viey Table

et _ E ¢ ¥ a 2 =~
ele v P a 5 7
¥ _" v ¥ e g T oo
v w voe @ v o f
ain v 8 e ®
8 _ Yo e W
¥ * T R e ¥ op e

{10 marks)

me.__.,um:w be a bounded .Enn....“ﬁ.Ew sequence 1o B and let f: R — B he an order-preserving function
wm. e a pew sequence (i) by declaring that ¢, = fis,) for all n. Prove from first principles Lhat
(T ) converres, (% ksl

120 marks)
Let 7 Hﬁﬂ R be a function and let a.b.c € ® with a. b > 0. Define & vew function g : B — B hy
gix] = aflbr). Suppose § is differentiable at = Prove from first principl i dieratiab
at ¢, with o {c) = abf (be): principles that g is .b.ﬁm«ﬁ”ﬁw
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MNOTE: This is an OPEN BOOK examination.
Answer ALL EIGHT questions. Each quastion carries 20 marks.

1. For anv integer o, let Ain) be the statement:

THn=udag—20orn=3g+ 1 for some g = I, then n? =%k +1 for some k= 5,

i) Write dowr the nagation of A(nl. {3 marks)
b} Write down the contrapositive of Ain}. {4 marks)
(o) Write down the converse of Aln). 15 marks |
(dl Use u direct proof to show that (¥ n € £) Aln). 15 marks)
{e] Use proof by contradiction to shuw that the converse of A(n) istrme for all n 2 Z

g (5 marks)

3, Lot ~ he the relation defined vo the sel of inlegers Zhy 2~y i 8| (3r +5y) forz, e T,

{a) Show that ~ is an equivalence refation. (10 marks)

b Find ol distinct equivalence classes.

{ 1) marks)

2. {a} Use congruences to show that for any natural oumber n € M, the number 21( +27)in+28)
is divizible by | 17 marlsj

L' Suppese oosequence {5,027, satisfies s, = 3.2 = 18 and &, = 6y — B8, for n 2 3. Use
comepiets induction to prove that s, = a3 foralln e M 114 marks)

CONTINUED
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4. Let § = (2 4,5.6,8,10,15,18,20} and let p be the relation on S defined b¥ a o b if and only if
a|h Then (§ ¢) is o poset. [You are not asked to prove this.|

{a) Draw a latiice diagram of (£, a). {5 marks)
(b} Find all maximal and all minimal elements of 3. [3 marks)
e} Find a subeet of § which has no upper bound and no lower bound, (£ marks)
{d) Find the greatest lower honnd for {4.6. 10}, {4 marks)

{e| Determine whether or not the subset {2,4. M} of 5§ is well-ordered. Explam your apswer to
this part {4 marks)

5. let A= {zec B =0} betheset of all non-zero real mumbers, and et § =z € Q-2 0} be
the st of all non-zero rational numbers and T = R4 Q. For any 2,0 & B define =+ y by

T =y = 3Ty,

where 2y i3 the vrdinary multiplication of = and y in B

{a) Show that (-, +] i& an abelinn group. (10 marks}
{b) Show that (5 +) is a subgroup of (A.+). 15 marks)
(¢} Determine with reason whether or not [(T.#) is & subgroup of [4,=). ] 3_..-1.,".£

6. (a) Find all integer solutions of the Diophantine equation

Q4fe + 374y = 4

with 0 < z < 2% . 113 marks)
ib) Find all integers = € = such that
189z = 28 [mod 36).
{7 marks|
; g '
T 122, and {bs |75, be sequences of real numbers and define the sequence {5 (57, by
(G i by <
P 7L 3
[Bn ifan < b
Suppose rhat ]
lim a, = lim b, =@
T n—00 -
for some real number n £ & Frove from the first principles that _.Eu_oﬁ: =i 120 marks)
2 3 TL—#1
CONTINUEL



-3

sn from B to itsell defined by

. Let f be a fun

o . J
4| Prove from the Srss srinciples that flz) is continuons at U

~ . 1 Fd oy A < i
t41 Prove from tha Erst principles that f{z} is nel continuous ot 1.

W FIG
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110 marks)

(10 markes)
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Answer ALL BEIGHT questions, Al guestions carry equal marks.

L. (a) Explain why —{(¥z)P[z) » {3y} (y)) is logically equivalent to

fal

(b

{3z)—Plz) v ¥y )-Q(y).
{8 marks)
Prove. using any method you choose, that for any finite set A, |4| < P4}

(12 maris)

This question does not ask vou Lo prove anythidg.

A theorem states that if an object ¢ has the property A, then it must also have

the property B.

The proof of this theoram shows that if an object x has the property A

but not the property B, then o€ 0.

What kind of proof is this? Explain your answer,
(6 marks)

ne Fihonacei mumbers are defined recursively as a sequence with 5 =0,

The
FL =1 and

2 = g1 + Fu

n
Prove using induction that S F* = Fl, - Fyuq for any n >0,

marks]

CONTINUED
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remainedear

et S=fzcH:x <18 and go
be the teiation on S defined by wpb if and onkv if a | b Then [S. 5] is a posel. [You arc not asked

- H:-10< z <8 I

1 is divided by 4. [You are not asked to

ve that [ is a function

1 and ._h_.l_.._.

1) Find

rmine whether or not § is onko.

Let 07 A] — PlA) be defined az follows: For all X € Pld)g{X]) = {a e
ou are nob asked Lo prove that gisaf i
it Whanr is a_..mlm.o,nw.uw
{iid wiether or not g is one-to-one.
tivalence ralation is defined on A as follows: For wh & A g~ bi

reiation.)

1 List all elemenss of the set S ={a € 4 a~ T},

Write down all of the equivalence classes under the relation ~.

to prove chis.

List the elements of 5
Draw a lattice diagram of (5, pl.

ind all maximal and all minimal elements of S.

Find =z subset of 5 which has no npper bound.

s

Find = subget of § which is bounded above but has no least upper bound,

=]
=

Determine whether or not the subset {2,
this part.

.q.mw.:b_.mg..mm_.wﬁ. Ropp, H.V, D, D

Lt :ﬂ
] o. Hian, fizrp} be a subset of Dy

Show that 5 is a subgroup of Dy,

Show that the group £ i3 wemorphic to the

o I

Let K and T, he distinct subgroups of a finite group & such that [K| = |
! 2 show that the union K U L is not a subgroup of G.
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A:

51 =1 and gediz.7) =1 and grdiz.6) £ 1 and = = 6}. Let p

¢ 1A= A be defined as follows: For all € A, f(z) iz the

{3 marks)

{3 marks)

fla) & X}

ey

(% marks)
(3 marks)

F

marks)
{4 marks)
(2 marks)
{2 marks)

(4 marks)

5 is well-ordered, Explain your answer to

(4 marks)

be the group of all symmetries of a square, and let

{7 marks)

(7 marks)

= 2. Using

(6 mozks)

CONTINUED

8. (a] Find all integer solutions of the Diophantine eguation }

135z + 40y = 15

(b} Let | be the operation of division on the set Z,'7] of polynomials over 2
i) Show the | 1 is not a poset,
(ii) Show that [Z ) is & poset,
7. (a)

i Find the greatest lower bound and the least upper hound of the set {g,}

110 macks)

“p Wwhere pis a prime,

(& marks)

{5 marks)

(8 marks)

>3 and deter-

n=1!

mine whether or not either iz an slement of {a,}% . Find also the limit lim a.,.

:l..a
(4 marks)

(b} Let A and B be two non-empty sets of real numbers which are bounded above, and let A+ B =

{a+b:acdbe B} Prove

suplA+ ) =sup A +sup .

B marks!

8. Let {an}5%, be a convergent sequence in B such that lim e, = o and let § be a fanction which is

n-—to0

continuous at a. Prove from first principles that {fla.)}72, % a Cauchy sequence.

(20 murks)



