DEPARTMENT OF MATHEMATICS
Maths 255 FS Examples

1. Let S be the set {1,2,3,4,5,6}.
(a) Let p be the relation

p= {<1= 1)7 (175)7 (272)7 (273>7 (276)7 (37 2)7 (3’3)7 (376)7 (474>’ (57 1)7 (57 5)7 (672)7 (673)7 (67 6>}

Verify that p is an equivalence relation on S. Find all equivalence classes and check the
collection of distinct classes is a partition of S.

Reflexive: x € S = (z,z) € p and so zpz.

Symmetric: (z,y) € p = (y,x) € p.

Transitive: Suppose (z,y) € p A (y,2) € p. We may suppose = # y, x # z and y # z. Check
the transitivity when x = 1,2, 3,4, 5, respectively.

Equivalence classes: [1] = {1,5}, [2] = {2,3,6} and [4] = {4}. Let Sy = [1], S2 = [2] and
Ss = [4], Then S =53 U Sy U S3 and S; N S; = () whenever i # j.

(b) Let S; = {2}, So = {1,3,5} and S3 = {4,6}. Verify that S;, 53, S3 is a partition of S. Define
an equivalence relation p such that each S; is an p-equivalence class.

Since S = S; U Sy U S3 and S; NS; = 0 whenever ¢ # j, it follows that {S,S2, S5} is
a partition of S. Let

p=A{(1,1),(2,2),(3,3),(4,4),(5,5),(6,6),(1,3),(3,1),(1,5), (5,1), (3,5), (5,3), (4,6), (6, 4) }.
Then p is an equivalence relation and S; = [2], 5, = [1] and S3 = [4].
Theorem 1 (19). If ~ is an equivalence relation on A then Q = {T, : a € A} is a partition of A.
Conversely, if Q0 is a partition of A then the relation ~ defined by declaring that
a~b << (A €Q)(ac A Nbe A)

is an equivalence relation and Q ={T,:a € A}.
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