1.

2. (3 marks) For n € N, 7| 3¥F! 4 47l «— 3+l 4 47+l = () (mod 7).

3.
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(a) (4 marks) Suppose ¢ is one-to-one. Then ¢(Z) # ¢(y) for distinct ,y € Z,, so that the
image ©(Z,) contains n elements. But ¢(Z,) is a subset of Z, and Z, has n elements, so

©(Zy) = Z,, and ¢ is onto.

(b) (4 marks) Suppose ¢ is onto. If ¢ is not one-to-one, then ¢(Z) = ¢(gy) for some T # ¢, so that
the number of elements in ¢(Z,) is less than n and ¢ is not onto. This contradiction implies

that ¢ is one-to-one.

(¢) (7 marks) Suppose ged(a,n) = 1. Then a is invertible in Z,, that is, there is some beZ,

such that a -, b= 1.

Suppose w(éz = (d) for some ¢, d€Z, Thena-,é¢=a-,d, s0bpan¢=>b-,a-d, that is,
1-nc=1-,dand ¢=d, it follows that v is one-to-one and by (a) above it is onto.

Now (7 marks)

so 7 | 34n+1 + 4n+1.

34TL+1 4 4TL+1 = 34)TL . 3 4 4n . 4

(a) (6 marks) 422 —x+2=0 (mod 5) < 47> — 7+ 2 =0 in Zs. Now
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= Ol

—= 47— +2=2
— 472 —7+2=0
— 47— 7+2=3
— 472 —7+2=0
—= 4P —-7+2=2.

Thus Z = 1 and 3 are the solutions in Zs, and so (2 marks) z € 1 U 3 are solutions, that is,
rze{bk+1,5k+3:keZ}.

(b) (3 marks) 25z = 10 (mod 30) <= 25z + 30y = 10 for some y € Z <= 5z + 6y = 2 for
some y € Z <= Hx =2 (mod 6). <= 547 =2 in Zs.

(4 marks) Now

| ol
DO I
= O

5
Thus 5z =2 (mod 6). < =4
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4. (a) (5 marks) Note

z |01 2 3 4
352|0 3 1 4 2
Thus 37! = 2 in Zs, and f(z) = (322 + 2)(223 + 22 + 4) + (22 + 1). So q(z) = 22° + 22 + 4,

r(z) =2x+ 1.
(b) (5 marks)

fla) =g(x)(z —2) + (2" +2)
g(z) = (2* + 2)(2* + 22 +2) + 0.

Thus (22 + 2) is a greatest common divisor.
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