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1. (4 marks) For n ∈ N let Pn be the statement that 1 · 2 + 2 · 3 + . . . n(n + 1) = 1
3
n(n + 1)(n + 2).

Base: (3 marks) P1 is the statement that 1 · 2 = 1·2·3
3

, which is true because 1·2·3
3

= 2 = 1 · 2.

Inductive step: (6 marks) Suppose k ∈ N and Pk is true, that is,

1 · 2 + 2 · 3 + . . . k(k + 1) =
1

3
k(k + 1)(k + 2).

Then

1 · 2 + 2 · 3 + . . . k(k + 1) + (k + 1)(k + 2) = [1 · 2 + 2 · 3 + . . . k(k + 1)] + (k + 1)(k + 2)

=
1

3
k(k + 1)(k + 2) + (k + 1)(k + 2)

= (k + 1)(k + 2)(
1

3
k + 1)

=
1

3
(k + 1)(k + 2)(k + 3),

so 1 · 2 + 2 · 3 + . . . k(k + 1) + (k + 1)(k + 2) = 1
3
(k + 1)(k + 2)(k + 3), in other words Pk+1 is

true.

(2 marks) Hence, by induction, Pn is true for all n ∈ N.

2. (3 marks) For n ∈ N let Pn be the statement that W (n) is well-ordered.

Base: (2 marks) P1 is the statement that W (1) = N∪{0} is well-ordered, which is true as shown
in the class.

Inductive step: (4 marks) Suppose k ∈ N and Pk is true, that is, W (k) is well-ordered. Then
W (k + 1) = {−k} ∪W (k). Let K be a subset of W (k + 1) with K 6= ∅.
If −k ∈ K, then −k is its least element.

If −k 6∈ K, then K ⊆ W (k) and by induction assumption, K also has a least element. It
follows that Pk+1 is true.

(1 mark) Hence, by induction, Pn is true for all n ∈ N.

3. (3 marks) For n ∈ N let Pn be the statement that 7 | 34n+1 + 4n+1.

Base: (2 marks) P1 is the statement that 7 | 35 +42, which is true because 35 +42 = 259 = 7 · 37.

Maths 255 SC Solutions to Assignment 5 Page 1 of 2



Inductive step: (8 marks) Suppose k ∈ N and Pk is true, in other words there is some x ∈ Z
such that 34k+1 + 4k+1 = 7x, so 34k+1 = 7x − 4k+1. Then

34(k+1)+1 + 4(k+1)+1 = 34k+1+4 + 4k+1+1

= 34k+1 · 34 + 4k+1 · 3
= (7x− 4k+1)34 + 4 · 4k+1

= 81 · 7x − 81 · 4k+1 + 4 · 4k+1

= 81 · 7x − 77 · 4k+1

= 7(81x− 11 · 4k+1),

so 7 | 34(k+1)+1 + 4(k+1)+1, in other words Pk+1 is true.

(2 marks) Hence, by induction, Pn is true for all n ∈ N.

4. (7 marks) Euclidean Algorithm gives the following results:

3598 1 0
1603 0 1
392 1 -2 r2 − 2r1

35 -4 9 r2 − 4r3

7 45 -101 r3 − 11r4

0 -229 514 r4 − 5r5

(3 marks) Thus gcd(3598, 1603) = 7 and 7 = 45× 3598 + (−101) × 1603.
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