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2. (a) Let ε > 0. Since x2 + 1 is continuous at x = 0, there is δ1 = δ1(ε) > 0, such that

|x2 + 1− 1| = |x2| < ε whenever |x| < δ1.

Similarly, since x2 + 1 is continuous at x = 0, there is δ2 = δ2(ε) > 0, such that

|1− 2x− 1| = |2x| < ε whenever |x| < δ2.

Let δ = {δ1, δ2, 1} and suppose |x| < δ.

If x > 0, then
|f(x)− f(0)| = |x2 + 1− 1| = |x2| < ε.

If x < 0, then
|f(x)− f(0)| = |1− 2x− 1| = |2x| < ε.

It follows that f(x) is continuous at 0.

(b) Take ε = 1. Since x3 is continuous at 1, there exists δ > 0 such that

|x3 − 1| < ε whenever |x− 1| < δ.

Suppose |x− 1| < δ and x > 1. Then

|f(x)− f(1)| = |x3 − (−1)| = |x3 − 1 + 2| ≥ |2− |x3 − 1|| > 2− 1 = 1

and f is not continuous at x = 1.

3. Let ε > 0. Since limx→0 f(x) = L, there exists a δ1 > 0 such that

|f(x)− L| < ε whenever 0 < |x| < δ1.

Let δ = δ1/|a|. If 0 < |x| < δ, then 0 < |ax| = |a||x| < δ1 and

|f(ax)− L| < ε.

It follows that limx→0 f(ax) = L.

4. Let h(x) = f(x) − g(x). Then h(x) is continuous on [a, b], and g(a) = f(a) − g(a) < 0, g(b) =
f(b)− g(b) > 0. It follows by Bolzano theorem that f(c) = 0 for some c ∈ (a, b).
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