DEPARTMENT OF MATHEMATICS
MATHS255FC Assignment 8 — Solutions Due: 4pm, Wednesday 21 May 2002

. (a) = (3 marks) Let x and y in G be given. Suppose x ~ y. Then there exists a € G such that = and
y are in aH. Thus there exist h € H and k € H such that = ah and y = ak. We claim z~'y € H.
But 27!y = (ah) "' (ak) = (h"'a ) (ak) = (e Ya)k = (R~ (a " a))k = (hle)k = h~ 'k € H.

< (3 marks) Suppose = and y in G are given, and 2~y € H. Let h = x~'y. Then y = zh. Also we
have z = xe € xH. Thus z and y are in the same element, zH, of (2.

(b) (3 marks) We claim the subgroup H = nZ = {nm : m € Z}. H; is a subgroup since it contains
e, and is closed under the group operation, and taking inverses. We have x congruent to y mod n iff
n|lx — y iff there exists m € Z such that x —y = mn iff x —y € H. Thus congruence mod n is the
equivalence relation of (a) where G = Z and H = nZ.

. (a) (6 marks) We use Prop 1.32. H; is a subgroup since it contains e, and is closed under the group
operation, and taking inverses. Similarly Hs is a subgroup since it contains e, and is closed under the
group operation, and taking inverses, because a? = e. Similarly H3 is a subgroup because 5% = e.
Similarly Hy is a subgroup because 42 = e. Hj is not a subgroup since ¢? = 1 ¢ Hs, and Hj is not
closed under the group operation. Similarly Hg is not a subgroup since 12 = ¢ ¢ Hg. Hy is a subgroup,
because ¢? = ¥, 9 = ¢, ¢ = e, and ¥ = e, giving Hy is a subgroup since it contains e, and is closed
under the group operation, and taking inverses. Hg is not a subgroup because a3 = ¢ ¢ Hg. Hyg is not
a subgroup because |Hg| [ |S3|, whereas by Lagrange’s Th the number of elements in any subgroup is
a divisor of 6.

(b) (4 marks) There are three cosets. He = {e,a}. [SHs = {fe,fa} = {8,¢} = ¢Hy. ~vyHy =
{rve,va} = {7, ¢} = ¥H,.

H; ={e,¢,1¢} . The other left coset is {«, 3,7}, because it contains three elements of S3, hence all of
the elements not in Hy.
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