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Abstract

This paper is part of a program to study the conjecture of E.C. Dade on counting charac
blocks for several finite groups. In this paper, we verify Dade’s invariant conjecture for the Che
groupsG2(pa) in the defining characteristic whenp �= 2 or 3. This implies Dade’s final conjectu
whenp �= 2 or 3.
 2005 Elsevier Inc. All rights reserved.

1. Introduction

Let G be a finite group,p a prime dividing the order ofG andB ap-block ofG. Dade
[7] generalized the Knörr–Robinson version [13] of the Alperin weight conjecture (se
and presented his ordinary conjecture exhibiting the number of ordinary irreducible
acters with a fixed defect in a givenp-block B in terms of an alternating sum of relate
values forp-blocks of certainp-local subgroups (i.e. thep-subgroups and their norma
izers) ofG. He also announced that his final conjecture can be confirmed by verify
for all non-abelian finite simple groups [8]; in addition, the invariant form of the con
ture is equivalent to the final conjecture if a finite group has both trivial Schur multi
and cyclic outer automorphism group. Dade’s invariant conjecture has been verifi
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the groupsG2(q) in the defining characteristic whenq = 2a or 3a [2] and non-defining
characteristics [3]. Our goal in this paper is to verify Dade’s invariant conjecture fo
groupG2(p

a) in the defining characteristic whenp �= 2 or 3, using the character tables
G2(q) and its Borel and parabolic subgroups [4,6]. Together with [12], this complete
verification of the conjecture for any blocks with positive defect of these groups.

The outline of this paper is as follows. In Section 2, we fix some notation and
Dade’s invariant conjecture. In Section 3, we prove two lemmas on the parameter s
Section 4, we verify Dade’s invariant conjecture forG2(p

a) whenp �= 2 or 3. Tables 2–5
provides details of characters with a fixed defect.

2. Dade’s invariant conjecture

Let R be ap-subgroup of a finite groupG. ThenR is radical if Op(N(R)) = R, where
Op(N(R)) is the largest normalp-subgroup of the normalizerN(R) = NG(R). Denote
by Irr(G) the set of all irreducible ordinary characters ofG, and by Blk(G) the set of
p-blocks. We denote the principal block ofG by B0. If H � G, B ∈ Blk(G), andd is an
integer, we denote by Irr(H,B,d) the set of charactersχ ∈ Irr(H) satisfying d(χ) = d and
B(χ)G = B (in the sense of Brauer), where d(χ) = logp(|H |p) − logp(χ(1)p) andB(χ)

is the block ofH containingχ .
Given ap-subgroup chain

C: P0 < P1 < · · · < Pn

of G, define the length|C| = n, Ck : P0 < P1 < · · · < Pk , C(C) = CG(Pn), and

N(C) = NG(C) = NG(P0) ∩ NG(P1) ∩ · · · ∩ NG(Pn).

The chainC is said to beradical if it satisfies the following two conditions:

(a) P0 = Op(G) and
(b) Pk = Op(N(Ck)) for 1� k � n.

Denote byR= R(G) the set of all radicalp-chains ofG.
Suppose 1→ G → E → E → 1 is an exact sequence, so thatE is an extension ofG

by E. ThenE acts onR by conjugation. GivenC ∈ R andϕ ∈ Irr(NG(C)), let NE(C,ϕ)

be the stabilizer of(C,ϕ) in E, and

NE(C,ϕ) = NE(C,ϕ)/NG(C).

For B ∈ Blk(G), an integerd � 0 andU � E, let k(NG(C),B,d,U) be the number o
characters in the set

Irr
(
NG(C),B,d,U

) = {
ϕ ∈ Irr

(
NG(C),B,d

)
: NE(C,ϕ) = U

}
.

Dade’s invariant conjecture is stated as follows.
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Dade’s Invariant Conjecture [8]. If Op(G) = 1 and B is a p-block ofG with defect
groupD(B) �= 1, then

∑
C∈R/G

(−1)|C|k
(
NG(C),B,d,U

) = 0,

whereR/G is a set of representatives for theG-orbits ofR.

LetA = Aut(G) andO = Out(G) be the automorphism and outer automorphism gro
of G, respectively. Then we may supposeE = Out(G). If moreover, Out(G) is cyclic, then
we set

k
(
NG(C),B,d, |U |) = k

(
NG(C),B,d,U

)
.

Dade’s invariant conjecture is equivalent to his final one (see [8]) ifG has a trivial Schur
multiplier and a cyclic outer automorphism group. IfG = G2(q), then Out(G) is cyclic
and the Schur multiplier ofG is trivial except whenq = 3 or 4, in which caseG2(3) and
G2(4) have Schur multipliers 3 and 2, respectively.

3. Two lemmas

Let G = G2(p
a) with p �= 2 or 3, letW be a Borel subgroup,P,Q the parabolic sub

groups ofG. Let O = Out(G). If p �= 2 or 3, thenO = 〈α〉 andA = G � 〈α〉, whereα is
a field automorphism of ordera.

If L ∈ {G,W,P,Q}, then the character table ofL is given in [4,6]. We will follow the
same notation. LetX = X(q) be a parameter set given by [4], and letU � O. Denote by
CX(U) the set of fixed-points ofX under the action ofU .

Lemma 3.1. In the notation of[4] (cf. also[9,10]), supposep �= 2 or 3, q = pa , andt | a.
LetX(pa) be one of

R0
(
pa

)
, 2R2

(
pa

) ∪ 2T1
(
pa

)
, 2R3

(
pa

) ∪ 2T1
(
pa

)
, 2R1

(
pa

) ∪ 2S1
(
pa

)
,

2R∗
1

(
pa

) ∪ 2S∗
1

(
pa

)
.

Suppose〈α〉 acts onX(pa) byxα = px andH = 〈αt 〉. Then

CX(pa)(H) 	 X
(
pt

)
asH -sets, whereα acts similarly onX(pt ).

Proof. (i) Supposek ∈ R0(p
a), and

CR (pa)(H) = {
x ∈ R0

(
pa

)
: xαt = x

} = {
x ∈ R0

(
pa

)
: ptx = x

}
.
0
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We identify R0(p
a) with Zpa−1. Thenk ∈ CR0(p

a)(H) if and only if (pt − 1)k = 0 in
Zpa−1 (i.e. (pt − 1)k ≡ 0 modZpa−1). Let

Lt = 〈(
pa − 1

)
/
(
pt − 1

)〉
� Zq−1.

Then k ∈ CR0(p
a)(H) if and only if k ∈ Lt . But Lt 	 Zpt−1 = R0(p

t ) as H -sets, so
CR0(p

a)(H) 	 R0(p
t ) asH -sets.

(ii) Let f = (p2a − 1)/(p2t − 1) and K2t = 〈f 〉 � Zq2−1 = T0(p
a), so thatK2t 	

T0(p
t ) = Zp2t−1. Supposex = {i, qi} ∈ 2T1(p

a), and

C2T1(p
a)(H) = {

x ∈ 2T1
(
pa

)
: xαt = x

} = {
x ∈ 2T1

(
pa

)
:

(
pt i,ptqi

) = (i, qi)
}
.

Thenx ∈ C2T1(p
a)(H) if and only if pt i = i or pt i = qi sinceptqi = qi is equivalent to

pt i = i, andptqi = i is equivalent topt i = qi. In both cases,i ∈ K2t .
If 2t | a, then(pt + 1) | (pa − 1), so that

f = pa − 1

p2t − 1
(q + 1)

and by definition,i /∈ T1(p
a). This is impossible, so that 2t � a.

Supposex = {i, qi} such thati ∈ K2t and i = (pt + 1)k for somek ∈ K2t . Theni ∈
〈(pt + 1)f 〉. Since

(
pt + 1

)
f = pa − 1

pt − 1
(q + 1),

it follows that i /∈ T1(p
a), which is impossible. Thus,i ∈ T1(p

t ) and x = {i, qi} =
{i,pt i} ∈ 2T1(p

t ). Here we identifyK2t with T0(p
t ). Conversely, supposex = {i,pt i} ∈

2T1(p
t ) and 2t � a. Identify K2t with T0(p

t ). Thenx = {i,pai} ∈ C2T1(p
a)(H). It follows

that

C2T1(p
a)(H) 	

{ 2T1
(
pt

)
if 2t � a,

∅ if 2t | a
asH -sets.

(iii) SupposeY(pa) = 2R2(p
a), andx = {(i, j), (j, i)} ∈ Y(pa). Thenx ∈ CY(pa)(H)

if and only if pt i = i andptj = j or pt i = j andptj = i in R0(p
a) = Zq−1. Let

Y�

(
pa

) =
{{{

(i, j), (j, i)
} ∈ CY(pa)(H): pt i = i, pt j = j

}
if � = 1,{{

(i, j), (j, i)
} ∈ CY(pa)(H): pt i = j, ptj = i

}
if � = 2.

If x ∈ Y1(p
a), theni, j ∈ Lt 	 Zpt−1 = R0(p

t ); and if i − j = 0 in Lt , theni − j = 0
in R0(p

a), which is impossible, so that(i, j) ∈ R2(p
t ), and hencex ∈ Y(pt ). Conversely,
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each element ofY(pt ) is an element ofCY(pa)(H) after identifyingLt with R0(p
t ). Thus

Y1
(
pa

) 	 Y
(
pt

)
asH -sets.

Supposex = {(i, j), (j, i)} ∈ Y2(p
a). Then (p2t − 1)i = 0 in Zpa−1 and (p2t − 1) |

(pa − 1), so 2t | a. In particular,i ∈ L2t = 〈(pa − 1)/(p2t − 1)〉 	 T0(p
t ) = Zp2t−1. If

i = (pt +1)k for somek ∈ L2t , thenj = pt i = pt(pt +1)k = (p2t +pt)k = (pt +1)k = i

and(i, j) /∈ R2(p
a), which is impossible. Thusi /∈ (pt + 1)Zp2t−1 andi ∈ T1(p

t ), {i, j} =
{j, i} = {i,pt i} ∈ 2T1(p

t ). Conversely, suppose{i,pt i} ∈ 2T1(p
t ) and 2t | a. Identify L2t

with T0(p
t ). Thenx = {(i, j), (j, i)} ∈ Y2(p

a), wherej = pt i. It follows that

Y2
(
pa

) 	
{ 2T1

(
pt

)
if 2t | a,

∅ if 2t � a

asH -sets.
(iv) SupposeU(pa) = 2R3(p

a), and x = {(i, j), (i, i − j)} ∈ U(pa). Then x ∈
CU(pa)(H) if and only if pt i = i andptj = j or pt i = i andptj = i − j in R0(p

a) =
Zq−1.

Let

U�

(
pa

) =
{{{

(i, j), (i, i − j)
} ∈ CU(pa)(H): pt i = i, pt j = j

}
if � = 1,{{

(i, j), (i, i − j)
} ∈ CU(pa)(H): pt i = i, pt j = i − j

}
if � = 2.

If x ∈ U1(p
a), theni, j ∈ Lt 	 Zpt−1 = R0(p

t ); and if i −2j = 0 in Lt , theni −2j = 0
in R0(p

a), which is impossible, so that(i, j) ∈ R3(p
t ), and hencex ∈ U(pt ). Conversely,

supposex = {(i, j), (i, i − j)} ∈ U(pt ). Identify Lt with R0(p
t ). Thenx ∈ U1(p

a). It
follows that

U1
(
pa

) 	 U
(
pt

)
asH -sets.

Supposex = {(i, j), (i, i − j)} ∈ U2(p
a). Thenpt i = i andptj = i − j = pt i − j ,

so thati ∈ Lt , pt(i − j) = j , p2t j = pt(i − j) = j andj ∈ L2t 	 T0(p
t ) = Zp2t−1. In

particular,(p2t −1) | (pa −1) and so 2t | a. If j = (pt +1)k for somek ∈ L2t , theni −j =
ptj = (p2t + pt)k = (1 + pt)k = j and(i, j) /∈ R3(p

a), which is impossible. Thusj /∈
(pt + 1)Zp2t−1 andj ∈ T1(p

t ). Thus{j,pt j} = {j, i − j} ∈ 2T1(p
t ). Conversely, suppos

{j,pt j} ∈ 2T1(p
t ) and 2t | a. Identify L2t with T0(p

t ). Thenx = {(pt + 1)j, j), ((pt +
1)j,pt j)} ∈ U2(p

a). It follows that

U2
(
pa

) 	
{ 2T1

(
pt

)
if 2t | a,

∅ if 2t � a

asH -sets.



S. Huang / Journal of Algebra 292 (2005) 110–121 115
(v) Let (E(pa),F (pa)) ∈ {(2R1(p
a), 2S1(p

a)), (2R∗
1(pa), 2S∗

1(pa))}, and letX(pa) =
E(pa) ∪ F(pa). If x = {k,−k} ∈ X(pa), thenx ∈ CX(pa)(H) if and only if (pt − 1)k = 0
or (pt + 1)k = 0. Let

X±
(
pa

) = {{k,−k} ∈ CX(pa)(H):
(
pt ± 1

)
k = 0

}
,

so thatX+(pa) ∩ X−(pa) = ∅. Supposex = {k,−k} ∈ X−(pa), so thatk ∈ Lt 	 Zpt−1 =
R0(p

t ). Thus, if E(pa) = 2R1(p
a), thenk ∈ R1(p

t ), and if E(pa) = 2R∗
1(pa), thenk ∈

R∗
1(pt ). So x ∈ E(pt ). Conversely, ifx ∈ E(pt ), thenx ∈ X−(pa) after identifyingLt

with R0(p
t ). It follows that

X−
(
pa

) 	 E
(
pt

)
asH -sets.

Supposex = {k,−k} ∈ X+(pa). Then(pt + 1) | (pa − 1) or (pt + 1) | (pa + 1) ac-
cording as 2t | a or 2t � a. In the former case, letJt = 〈(pa − 1)/(pt + 1)〉 	 Zpt+1,
and in the later case letJt be the subgroup〈(pa + 1)/(pt + 1)〉 � Zq+1. Thenk ∈ Jt

and Jt 	 S0(p
t ) = Zpt+1 as H -sets. Thus, ifF(pa) = 2S1(p

a), then k ∈ S1(p
t ), and

if F(pa) = 2S∗
1(pa), then k ∈ S∗

1(pt ). So x ∈ F(pt ). Conversely, ifx ∈ F(pt ), then
x ∈ X+(pa) after identifyingJt with S0(p

t ). It follows that

X+
(
pa

) 	 F
(
pt

)
asH -sets. �
Lemma 3.2. Supposep �= 2 or 3, q = pa , andt | a. Let

X
(
pa

) = 4T3
(
pa

) ∪ 4T3
(
pa

) ∪ 6V ∗
1

(
pa

) ∪ 6W ∗
1

(
pa

) ∪ 12R6
(
pa

) ∪ 12S6
(
pa

)
(disjoint union).

Suppose〈α〉 acts onX(pa) byxα = px andH = 〈αt 〉. Then

CX(pa)(H) 	 X
(
pt

)
asH -sets, whereα acts similarly onX(pt ).

Proof. Let Fq be a finite field withq elements and�Fq an algebraic closure ofFq . Let T

the maximal torus ofG = G2(�Fq) andW = NG(T )/T the Weyl group ofG.
Let χ = χ(x) be an irreducible character ofG2(q) labeled by the parameterx [4]. Then

χ(x)α = χ(px) (which will be verified later). In addition, let(s,µ) be the semisimple
and unipotent labels ofχ(x). Thenx ∈ X(pa) if and only if (s,µ) = (s,1) with s regular
(cf. [11, p. 359]), so thatCG(s) = T . Thusχαt = χ if and only if (s)α

t

G = (s)G, namely,

sαt = sw for somew ∈ W , where(s)G is the conjugacy class ofG containings. Thus
χαt = χ if and only if s ∈ C (αtw−1), namely,s is a regular element ofG2(p

t ), since
T
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rs

c-
CT (αtw−1) is a maximal torus ofG2(p
t ). But a regular elements of G2(p

t ) labels an
irreducible characterψ = ψs,1 of G2(p

t ) such that its parametery (see [4]) lies inX(pt ).
It follows that

CX(pa)(H) 	 X
(
pt

)
asH -sets. �
Remark. Lemma 3.2 can also be proved by a direct calculation as that of Lemma 3.
part of Lemma 3.1 can be proved using a similar idea to that of Lemma 3.2.

4. Proof for G2(p
a)

In this section, we prove Dade’s invariant conjecture forG = G2(p
a) in the defining

characteristic whenp �= 2 or 3.
Supposep �= 2,3, O = Out(G) = 〈α〉, whereα is a field automorphism ofG with or-

dera. We may assume thatα stabilizesW , P andQ. According to the Borel–Tits theorem
[5], the normalizers of radicalp-subgroups are parabolic subgroups. The radicalp-chains
of G (up toG-conjugacy) are given in Table 1.

SinceC(5): 1 < Op(Q) < Op(W) andC(6): 1 < Op(W) have the same normalize
NG(C(5)) = NG(C(6)) andNA(C(5)) = NA(C(6)), it follows that

k
(
NG

(
C(5)

)
,B0, d,u

) = k
(
NG

(
C(6)

)
,B0, d,u

)
.

Thus, the contribution ofC(5) andC(6) in the alternating sum of Dade’s invariant conje
ture is zero. Dade’s invariant conjecture forG is equivalent to

k(G,B0, d,u) + k(W,B0, d,u) = k(P,B0, d,u) + k(Q,B0, d,u) (1)

for anyu | a.

Theorem 4.1. Let B be ap-block ofG = G2(p
a) with a positive defect. ThenB satisfies

the invariant conjecture of Dade.

Table 1
Radicalp-chains ofG

C NG(C) NA(C)

C(1) 1 G A

C(2) 1 < Op(P ) P P � 〈α〉
C(3) 1 < Op(P ) < Op(W) W W � 〈α〉
C(4) 1 < Op(Q) Q Q � 〈α〉
C(5) 1 < Op(Q) < Op(W) W W � 〈α〉
C(6) 1 < Op(W) W W � 〈α〉
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Proof. SinceD(B) �= 1, it follows thatB = B0 = B0(G) is the principal block. LetL ∈
{G,W,P,Q}. By [4,6], k(L,B0, d) = 0 whend /∈ {3a,4a,5a,6a}.

The action ofO on the conjugacyL-classes induces an action ofO on the set
Irr(L,B0, d), and then an action on the parameter sets. Using the values of charac
Irr(L,B0, d) acting on the classes listed in the last column of Tables 2–5, we can de
the action ofO on the parameter sets.

(i) If d = 3a, then Irr(G,B0,3a) = {X31}, Irr(P,B0,3a) = {θ8}, Irr(W,B0,3a) =
Irr(Q,B0,3a) = ∅. Thus (1) holds.

(ii) Supposed = 4a, so that Irr(L,B0, d) is given by Table 3. Ifθ ∈ {X21 ∈
Irr(G), θi(k) ∈ Irr(W): i = 7,8}, then by the degrees or values ofθ on the classes give
in the last column of Table 3, it follows thatθα = θ . Similarly, if θ ∈ {θi ∈ Irr(P ), θ12 ∈
Irr(Q): 9 � i � 12}, then by the degrees or values ofθ on the classes given in the la
column of Table 3, it follows thatθα = θ .

Let A(pa) = R0(p
a) andB(pa) = 2R1(p

a) ∪ 2S1(p
a) ∪ {1} with 1α = 1. Here, 1 de-

notes the parameter ofθ7 ∈ Irr(P ). Then

∣∣A(
pa

)∣∣ = ∣∣B(
pa

)∣∣ = pa − 1.

Let U(pa) = A(pa) ∪ B(pa). Then using the values of characters on the classes list
the last column of Table 3, we know that the action ofα onU(pa) is given byxα = px for

Table 2
The characters of defect 3a

Group Character Degree Parameter Number Class

G2(pa) X31 q3(q3 + ε) 1
P θ8 q3(q − 1) 1

Table 3
The characters of defect 4a

Group Character Degree Parameter Number Class

G2(pa) X21 q2(q4 + q2 + 1) 1

W χ7(k) q2(q − 1) R0 q − 1 C11(i)

θ7(k) q2(q − 1)2/2 2 B34
θ8(k) q2(q − 1)2/2 2 B34

P χ7(k) q2(q2 − 1) 2R1 (q − 3)/2 C11(i)

χ8(k) q2(q − 1)2 2S1 (q − 1)/2 D11(i)

θ7 q2(q − 1) 1
θ9 q2(q − 1)2/2 1 A61
θ10 q2(q − 1)2/2 1 A61
θ11 q2(q2 − 1)/2 1 A61
θ12 q2(q2 − 1)/2 1 A61

Q θ12 q2(q − 1) 1
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d in
anyx ∈ U(pa)\{1}. If t | a andH = 〈αt 〉 � O, then by Lemma 3.1,CA(pa)(H) 	 A(pt )

andCB(pa)(H) 	 B(pt ), so that

A
(
pa

) 	 B
(
pa

)
(2)

asO-sets. It follows that (1) holds.
(iii) Supposed = 5a, so that Irr(L,B0, d) is given by Table 4. Sinceθ2(k, �) =

IndQ
W(θ2(k, �)) for each pair(k, �), it follows that

θ2(k, �)α = IndQ
W

(
θ2(k, �)α

)
,

and{Qθ2(k, �)} 	 {Wθ2(k, �)} asO-sets.
Similarly, sinceθ3(x) = IndQ

W(θ(x)) for eachx ∈ K∗ andε = 1, it follows that

θ3(x)α = IndQ
W

(
θ(x)α

)
,

and{Qθ3(x)} 	 {Wθ(x)} asO-sets.
Moreover, sinceθ4(x) = IndQ

W(θ(x)) for eachx ∈ K andε = −1, it follows that

θ4(x)α = IndQ
W

(
θ(x)α

)
,

and{Qθ4(x)} 	 {Wθ(x)} asO-sets.
Let

ΦG = {X23,X24,X13,X14,X17,X18,X19,X19} ⊆ Irr(G),

ΦP = {
θ2(k), θ3(k), θ4, θ5, θ6(k)

} ⊆ Irr(P ),

ΦQ = {
θ5(k), θ6(k), θ7, θ8, θ9, θ10

} ⊆ Irr(Q).

If θ ∈ ΦG∪{θi(k) ∈ Irr(W): 3� i � 6}, then by the degrees or values ofθ on the classe
given in the last column of Table 4, it follows thatθα = θ . Similarly, if θ ∈ ΦP ∪ ΦQ, then
by the degrees or values ofθ on the classes given in the last column of Table 4, it follo
thatθα = θ .

Let C(pa) = 2R∗
1(pa) ∪ 2S∗

1(pa) ∪ {1} ∪ {2} with 1α = 1 and 2α = 2. Here, 1,2 denote
the parameters ofX15,X16 ∈ Irr(G). Using the values of characters on the classes liste
the last column of Table 4, we know that the action ofα onC(pa) is given byxα = px for
anyx ∈ C(pa) \ ({1} ∪ {2}). If t | a andH = 〈αt 〉 � O, then by Lemma 3.1,CC(pa)(H) 	
C(pt ). Since|C(pa)| = pa − 1, it follows that

C
(
pa

) 	 A
(
pa

)
(3)

asO-sets, whereA(pa) is defined as in the proof of (ii). Similarly, (ii) (whereB(pa) with
1 as parameter ofX33 ∈ Irr(G)) still holds whend = 5a. It follows by (2) and (3) that (1
holds.
s

w

)
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Table 4
The characters of defect 5a

Group Character Degree Parameter Number Class

G2(pa) X13 q(q4 + q2 + 1)/3 1 A1
X14 q(q4 + q2 + 1)/3 1 A1
X15 q(q + 1)2(q2 − q + 1)/2 1
X16 q(q + 1)2(q2 + q + 1)/6 1
X17 q(q − 1)2(q2 + q + 1)/2 1
X18 q(q − 1)2(q2 − q + 1)/6 1
X19 q(q2 − 1)2/3 1 B0
X19 q(q2 − 1)2/3 1 B0
X23 q(q4 + q2 + 1) 1 A2
X24 q(q4 + q2 + 1) 1 A31
X33 q(q + ε)(q3 + ε) 1
X1a q(q + 1)(q4 + q2 + 1) 2R∗

1 (q − 4− ε)/2 C22(i)

X1b q(q + 1)(q4 + q2 + 1) 2R1 (q − 3)/2 C12(i)

X2a q(q − 1)(q4 + q2 + 1) 2S1 (q − 1)/2 D12(i)

X2b q(q − 1)(q4 + q2 + 1) 2S∗
1 (q − 2+ ε)/2 D22(i)

W χ4(k) q(q − 1) R0 q − 1 C51(i)

χ5(k) q(q − 1) R0 q − 1 C41(i)

χ6(k) q(q − 1) R0 q − 1 C21(i)

θ(x)(ε = 1) q(q − 1)2 K∗ q − 1
θ(x)(ε = −1) q(q − 1)2 K q

θ2(k, �)(ε = +1) q(q − 1)2/3 9
θ3(k) q(q − 1)2/2 2 B25
θ4(k) q(q − 1)2/2 2 B25
θ5(k) q(q − 1)2/2 2 B11
θ6(k) q(q − 1)2/2 2 B11

P χ3(k) q R0 q − 1 C31(i)

χ6(k) q(q2 − 1) R0 q − 1 C31(i)

θ2(k) q(q − 1)(q2 − 1)/2 2 B11
θ3(k) q(q − 1)(q2 − 1)/6 2 B11
θ4 q(q − 1)(q2 − 1)/3 1 B2(1),B2(2)

θ5 q(q − 1)(q2 − 1)/3 1 B2(1),B2(2)

θ6(k) q(q − 1)(q2 − 1)/3 2 B2(1),B2(2)

Q χ3(k) q R0 q − 1 C31(i)

χ6(k) q(q2 − 1) 2R1 (q − 3)/2 C21(i)

χ7(k) q(q2 − 1) R0 q − 1 C11(i)

χ8(k) q(q − 1)2 2S1 (q − 1)/2 D11(i)

θ2(k, �)(ε = +1) q(q − 1)(q2 − 1)/3 9
θ3(x)(ε = +1) q(q − 1)(q2 − 1) K∗ q − 1
θ4(x)(ε = −1) q(q − 1)(q2 − 1) K q

θ5(k) q(q − 1)(q2 − 1)/2 2 B11
θ6(k) q(q − 1)(q2 − 1)/2 2 B11
θ7 q(q − 1)2/2 1 A41
θ8 q(q − 1)2/2 1 A41
θ9 q(q2 − 1)/2 1 A41
θ10 q(q2 − 1)/2 1 A41
θ11 q(q − 1) 1
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Table 5
The characters of defect 6a

Group Character Degree Parameter Number Cla

G2(pa) X11 1 1
X32 q3 + ε 1
X22 q4 + q2 + 1 1

X
′
1a

(q + 1)(q4 + q2 + 1) 2R∗
1 (q − 4− ε)/2 E1(i)

X
′
2b

(q − 1)(q4 + q2 + 1) 2S∗
1 (q − 2+ ε)/2 E2(i)

X
′
1b

(q + 1)(q4 + q2 + 1) 2R1 (q − 3)/2 E2(i)

X
′
2a

(q − 1)(q4 + q2 + 1) 2S1 (q − 1)/2 E1(i)

X1 (q + 1)2(q4 + q2 + 1) 12R6 (q2 − 8q + 17+ 2ε)/12 C11(i)

X2 (q − 1)2(q4 + q2 + 1) 12S6 (q2 − 4q + 5− 2ε)/12 D11(i)

Xa q6 − 1 4T3 (q − 1)2/4 C22(i)

Xb q6 − 1 4T3 (q − 1)2/4 C12(i)

X3 (q2 − 1)2(q2 − q + 1) 6V ∗
1 (q2 + q − 1− ε)/6 E3(i)

X6 (q2 − 1)2(q2 + q + 1) 6W∗
1 (q2 + q − 1+ ε)/6 E4(i)

W χ1(k, �) 1 R0 × R0 (q − 1)2 C41(i)

χ2(k) q − 1 R0 q − 1 C61(i)

χ3(k) q − 1 R0 q − 1 C31(i)

θ1 (q − 1)2 1

P χ1(k) 1 R0 q − 1 C31(i)

χ2(k, �) q + 1 2R3 (q − 1)(q − 2)/2 C31(i)

χ4(k) q − 1 2T1 q(q − 1)/2 C41(i)

χ5(k) q2 − 1 R0 q − 1 C21(i)

θ1 (q − 1)(q2 − 1) 1

Q χ1(k) 1 R0 q − 1 C31(i)

χ2(k, �) q + 1 2R2 (q − 1)(q − 2)/2 C31(i)

χ4(k) q − 1 2T1 q(q − 1)/2 C41(i)

χ5(k) q2 − 1 R0 q − 1 C31(i)

θ1 (q − 1)(q2 − 1) 1

(iv) Supposed = 6a, so that Irr(L,B0, d) is given by Table 5. LetX(pa) be given as
in Lemma 3.2 andD(pa) = 2R2(p

a) ∪ 2T1(p
a) ∪ {1} with 1α = 1. Here, 1 denotes th

parameter ofθ1 ∈ Irr(Q). Then

∣∣D(
pa

)∣∣ = ∣∣X(
pa

)∣∣ = (
pa − 1

)2 + 1.

Using the values of characters on the classes listed in the last column of Table
know that the action ofα on D(pa) ∪ X(pa) is given byxα = px for anyx ∈ (D(pa) ∪
X(pa))\{1}. If t | a andH = 〈αt 〉 � O, then by Lemmas 3.1 and 3.2,CD(pa)(H) 	 D(pt )

andCX(pa)(H) 	 X(pt ) so that

D
(
pa

) 	 X
(
pa

)
asO-sets.
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Let E(pa) = 2R3(p
a) ∪ 2T1(p

a) andF(pa) = R0(p
a) × R0(p

a). Then

∣∣E(
pa

)∣∣ = ∣∣F (
pa

)∣∣ = (
pa − 1

)2
. (4)

Using the values of characters on the classes listed in the last column of Table 5, w
that the action ofα onE(pa) ∪ F(pa) is given byxα = px for anyx ∈ (E(pa) ∪ F(pa)).
If t | a andH = 〈αt 〉 � O, then by Lemmas 3.1,CE(pa)(H) 	 E(pt ) andCF(pa)(H) 	
F(pt ) so that

E
(
pa

) 	 F
(
pa

)
asO-sets. Similarly, (2) (with 1 as the parameter ofX11 ∈ Irr(G)) and (3) (with 1,2 as the
parameters ofX22,X32 ∈ Irr(G)) still hold. It follows by (2)–(4) that (1) holds. �
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