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for scattering by Helmholtz resonator.

Boris Pavlov

Abstract

The analytic perturbation procedure is divergent on the continuous spectrum near the threshold of
creation of resonances. For scattering on Helmholtz resonator with a small opening we suggest a
modified procedure which is convergent and permits to observe the creation of the resonance. The
role of the first step (“jump-start”) in that perturbation procedure is played by a solvable model
of the resonator, which is completely fitted based on the resonance parameters.

PACS numbers: 73.63.Hs,73.23.Ad,85.35.-p,85.35.Be

1 Introduction

The classical problem on scattering frequencies of Helmholtz resonator, [1], was intensely studied
during previous century. The pure mathematical study since 1970, see for instance [2, 3, 4, 5, 6],was
aimed on proving existence of resonances and estimates of the resonance parameters. Another, more
applied series of papers, was aimed on obtaining of explicit approximate formulae for the scattered
waves. The demand for convenient approximate formulae for scattered waves was satisfied mainly
thanks to advanced analytical approximation technique. In particular, the scattering problem
for a resonator with a small opening or narrow channel was treated in [7, 8, 9] via matching
of asymptotic expansion [10]. The advanced analytical approximation methods supply complete
asymptotic expansions for the eigenfunctions or generalized resonance eigenfunctions, but they do
not give any operator-theoretic information, e.g completeness of the set of the generalized resonance
eigenfunctions on a certain sub-domain, factoring of the scattering matrix, convergence of expansion
by resonance states. The alternative operator-theoretic approach based on Lax-Phillips theory,
like [4, 5], which can be used to answer these questions, is hardly compatible with the complete
asymptotic expansions obtained by advanced approximation methods, because of non-analyticity
of the expansions with respect to the perturbation parameter.

In [11, 15] another approach to the scattering problem for a resonator with a small opening
was suggested. This approach was based on a solvable model obtained as revisiting of the classical
Kirchhoff model [12] where the perturbation of the field caused by the small opening is modelled
by the Green function of the non-perturbed problem. Note in this connection the book [13], where
another attempt to revisit the Kirchhoff method was done, on the physical level of rigor.

The model in [11, 15] is constructed in form of a self-adjoint extension of the Laplacian
defined on a domain containing singular deficiency elements, submitted to some asymptotic bound-
ary conditions. It gives explicit formulae for the relevant (“model”) scattering matrix and scattered



waves. The corresponding resonances are found as solutions of algebraic equations. These explicit
formulae can help to answer the operator- theoretic questions mentioned above. On the other hand
this model, being properly fitted, can exhibit also a qualitatively sensible physical behavior. First
attempt to choose appropriate parameters to guarantee the quantitative consistence of the model
was done in [15], see the further discussion and references in [16] . But the general question on
fitting of all parameters of the model remained unsolved, because these parameters do not have any
direct physical interpretation. Nevertheless the model based on operator extensions can emulate
the resonance transmission across the quantum well and was conveniently used for mathematical
design of nano-electronic devices, see [19, 20].

In this paper we suggest our version of analysis of a resonator with a small opening
(section 4) which gives an approximate formula for the the scattering amplitude in a convenient
form. Then we revisit the solvable model [11, 15] and suggest, in section 5, a fitting procedure.
Our suggestion is based on local rational approximation of the Dirichlet-to-Neumann map on an
essential interval of frequency. Note that the connection of the solvable model of a quantum network
with rational approximation of the corresponding Dirichle-to-Neumann map was noticed in [22].
Similar observation for Friedrichs model is describrd in [23].

Our solvable model L; may serve, see discussion in section 6, as a first step of a modified
analytic perturbation procedure on the continuous spectrum. The eigenfunctions of the the solvable
model and the scattering matrix SZ of the model are not analytic function of the perturbation
parameter. But the analytic perturbation procedure from the solvable model to the perturbed
problem with a narrow channel may be described in terms of analytic functions, if the exact spectral
data are used for fitting of the solvable model. The corresponding two-steps perturbation procedure
is described in section 6. We postpone to the following publication the derivation of the complete
asymptotic expansion for the complementary analytic factor Sj of the scattering matrix S = SS S;.

In contrast to the purely-analytic advanced approximation technique, our approach can be
based on numerical data of resonance eigenvalues and eigenfunctions of some intermediate operator
on the essential interval of energy, see for instance [24, 25]. This permits to straighten the way
to the derivation of the approximate formulae for the scattering matrix via avoiding some hard
analysis of the inner problem near to the resonance, and replacing it by the direct computing.
Note that the idea of using of the direct computing in combination with asymptotic analysis was
effectively applied by S. Merkuriev to Faddeev equations in nuclear scattering problems, see [26]
and references therein.

On the other hand, the suggested version of the analytic perturbation procedure pre-
ceded by “jump-start” has common features with some aspects of “geometric integration”, see [27].
Straightforward application of numerical methods to differential equation is based on discrete re-
duction of the differential equation. Generally the approximate solution exhibits an exponential
divergence from the exact solution. Modern geometric integration suggests special methods of dis-
crete reduction to suppress the exponential divergence via submitting the discrete system to some
geometric conditions. This conditions are selected such that the discrete model preserves essential
features of the structure of the original system, see [28, 29].

In our case, for scattering system, we actually also suggest a “structure-preserving” model,
which is completely fitted based on spectral data of a compact sub-system. We postpone to forth-
coming paper the comparison of the evolution of the model with the evolution of the original
system, but we aim on comparison of the corresponding scattering matrices. We show that the
model scattering matrix S_ has the same local structure on a certain interval of energy, as the scat-
tering matrix S of the original system. If the model is fitted based on exact resonance data, then

eq 1 . . . .
the ratio SS =5 [So] is an analytic function of the perturbation parameter and the spectral pa-
rameter on an essential interval of the spectral parameter. Hence our “locally-structure-preserving”



solvable model can play the role of a jump-start in analytic perturbation procedure: the analytic
perturbation series for the scattering data of the perturbed operator with respect to the solvable
model is convergent. The role of the geometric condition for our model is played by the condition
of vanishing of the relevant hermitian symplectic boundary form (the “normal current” associated
with the model Hamiltonian) on a Lagrangian plane defined by the specific boundary conditions.
The corresponding boundary parameters are defined in course of fitting of the model.

2 Rational approximations of the DN map

Let 2 be a complement in R ofa compact domain with a smooth boundary 9€). We present (2 as
a joining Q, UQ . of a compact and non-compact parts respectively, which have a common piece
I'=0Q,, U0Q,,, of the boundary . We consider the self-adjoint operator L" defined in L,(Q) by
the Laplacian L with the homogeneous Neumann condition on 0€2. Together with L we consider
the split operator Lgl ® L;Vut defined in the orthogonal sum Lo (£2y,) @ La(Qout) , by Laplacian with

additional homogeneous Neumann conditions on each side I'; , I" . of the common border I*:
o w2y - Gueut w,/2(T)
== O, —_—— 0
an Fin an Fout

Here the boundary values are taken in appropriate Sobolev Spaces, see [30]. Both L and Li\; &) Lffut
are self-adjoint extensions of the restricted operator L, defined by the same differential expressions
on the domain of functions which vanish in a neighborhood of I'. The operators LZ-[; out are defined in
a similar way by the Friedrich extension, see [30, 31| on domains Df:wut of W; - functions satisfying
the homogeneous Dirichlet condition on I', the Meixner condition in form D;’Out C W., in case

2
. e N,D
on inner angles, and Neumann boundary conditions on 0f2,, , \I' . The operators L are self-
s wn, out

adjoint operators in La(€2in, out) respectively. We denote by n the outer normal on I' with respect
to 2, . The corresponding resolvent kernels Gzl'\:[:ut (z, y,\) and the Poisson kernels

QGZ’M (z, y, A)
Ony

Pin,out (x’ y7 )\) = :F ’ y € Fin, out> (]-)

for complex values of the spectral parameter A are locally W2-smooth and square integrable in

Qin,out With boundary values GZ’O (z, y,\) € W;’/Q(F), rel,y€ Qpouw and P, .. (2, y, \) €

ut
W21/2(F), y € I',x € Qip our. The behavior of GZ\; ut (@5 ¥, A) when both x, y are near I' is described

by the following asymptotic which may be derived from the integral equations of potential theory :

(a:,xr,)\) =

in,out

1 log

+ gin, out

+ Gin o (A) +0(1), (2)

in,out

27|z — x|

here gf_zgout admits a logarithmic estimate and is independent of the spectral parameter, see [14],[15],

and the third term g, ., (A) contains the spectral information, see [32]. The spectra of the operators

L:L’D are discrete, and the spectra of L:Vu’tD are absolutely continuous on [0, c0) with no embedded

eigenvalues, see [17, 18]. Solutions of classical boundary problems for the corresponding equation
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u = AU, SA 7’é 0, u < WQQ(an, out)a = pin,out S W21/2(F)7

in,out



can be represented by the “re-normalized” simple layer potentials for Neumann problems:
N
um’om (x) - j:/ Gin, out (‘T’ y’ )\)pm, out (y)dr (3)
r

For the Dirichet problem with non-homogeneous data on I' :

L. =X, SA#£0, u€ W2(Qn.ow), ulr =1, .., € W),

in,out in, out

and homogeneous Neumann condition on 952, ,,\I' the solution is presented by the re-normalized
double-layer potential supported by I'

ZTL out / in, out '1: y’ )\)ﬁ’zn, out (y)dr (4)

The Dirichlet-to-Neumann map (DN-map) is represented for regular points A of the operators L’
as

in,out

(R Wit ) ) =

/ in, out x y7 A)ﬁ'zn,out(y)d]‘—‘ (5)
r=xr YT

The inverse maps +A Wl/ 2( r) — WQ/ (T") are presented at regular points of the operators

in,out

... as restrictions onto I' of the integral transformation (Neumann-to-Dirichlet map, ND map):

N
(Qin,out ()\)pin,out> ('1:1") = :l: /Gin,out ("L‘F’ y? )\)pin,out (y)dr (6)
T

For general properties of solutions of second order partial differential equations, and, in particular,
Laplace equation see [31], for discussion of connections between DN-map and inverse problems see
[33, 34, 35].

In scattering problems we need to evaluate DN - map on real axis of the spectral parameter
A. One can see from the straightforward integration by parts with W2-solutions of the boundary
problem that the DN-map is an analytic function of the spectral parameter A with a positive
imaginary part for exterior boundary problem and with a negative imaginary part for interior one.
We use hereafter the dot-product in L, (I') defined as (u, v) = [ @ vdl'. Then we have:

ou oG” (TpsYpy N) B
\$<u Aoutu >| %<urv %|F>|I‘ =9 87;{; )gn(l;j ) u(xr)u(yp)dxrdyr > 07
r r

ou AGT (21, yp, \)
o A _a ou _ 9 i\ Ty Yoo A
J(auw mul“>|1“ \$<u1"’ an|r>’1“ 871( F)an(yr)

for u. € W3/2( I'), SA # 0, and acts from w *(T') onto WZI/Z(F). It can be derived from [37],

2
that it has weak non-tangential boundary values on real axis from the upper and the lower half-

planes, which we denote by A, , (A & ¢0) respectively. Similarly the weak limits of A, (\) exist

u(zp)u(yy )dedy, <0,

on the complement of the discrete spectrum o of the inner Dirichlet problem in 2, and are
bounded operators from W23 / 2( ) onto Wl/ 2( I'). The following statement, see [38], shows, that the

singularities of the DN-map Am (\) as an unbounded operator in W; 2 (T"), and the poles at the
eigenvalues of the inner Dirichlet problems may be separated :



Theorem 2.1 Consider the Dirichlet Laplacian LZ in L,(£2,,) on a compact domain 0, C R,
with a smooth boundary. The DN-map A, of LZ has the following representation on the comple-

ment of the corresponding spectrum Ui in complex plane X, with M > 0:

AL () = A,

in

(=M) = (A+ M)P* P, — (A + M)*P R\P_,,, (7)
where Ry is the resolvent of LZ, and P, is the corresponding Poisson kernel. The operators

+
A' (7M)? P,IMP—M

mn

are respectively bounded from W;/Q(F) onto W21/2(F) and compact in W;/2 (T"), and the operator-
function

0ps (0. \Ops
(PirhsPu) teose) = 52 GRS ®)

AsezL

is compact in W23/2(F).

Similar statement is true for the local DN-map when the Dirichlet boundary conditions are required
only of the part I' of the boundary. Then the Poisson map is defined only on I'. The theorem 2.3
gives a convenient approach to construction of rational approximations of the DN- map, because
the spectral series (8) is convergent in appropriate sense on the complement of spectrum of the
operator the operator LZ. The rational approximation of the Dirichlet-to-Neumann map serves
a tool for constructing solvable models. In this paper we use a local few - approximation on an
“essential interval of the spectral parameter”.

Dirichlet-to Neumann map for the Laplacian on the non-compact domain is defined as the
boundary current 88% of the square integrable solution of the Helmholtz equation — Au, = Au,, if
A is regular. On the continuous spectrum, A > 0, the Dirichlet-to-Neumann map is defined as the
boundary current of the outgoing solution , which is obtained as lim__,u, , . In this paper the
non-compact €2, , domain is obtained as a complement of a compact domain §2,,. We calculate the
boundary currents for both inner and outer domain via differentiation in outgoing direction with
respect to 2, . A statement similar to theorem 2.3 is true also for DN-map in the exterior domain,

e—0

Aout(N) = Mot (= M) + A+ M)P" P+ (A+M)>?P" R\P_,,, (9)

with only difference that first terms of the decomposition contain the DN-map and Poisson kernel
for the exterior domain and the generalized kernel in the last term is represented via the integral
over the absolutely continuous spectrum o¢ = [0,00) . The integrand is combined of the normal
derivatives of the scattered waves ¢ (z, |k|,v), k = |k|v, |v] = 1:

+
,P,M R/\P—IM (‘Tr’ yr) =

1 / g%(l'rv |k‘?y)%’l{,{; (yF |k|’y)d3k.
|k|2ex}

(2n)? (k[ + M)2(K[2 = A)

., of of both operators qu’tN fill the positive semi-axis 0 <
A < oo with infinite multiplicity and the scattered waves ¢ (z, k)- are parametrized by the energy
A >0, |k| = VA, and the direction v, |v| = 1, or just by the momentum k = |k|v € R’.

The absolutely-continuous spectra afu’N



3 DN-map in Scattering problems

The asymptotic of the scattered wave at infinity in the direction w , x — w, oo, |w| = 1, involves
so-called scattering amplitude a(|k|,w, v) = a(k,)for k = w|k|, | = v|k| :

—i|k||z] 1
a(k,l) + o(—

]

¢($7 k’) — 6i‘k‘<1’,l/> o 27_‘_26

. 10
o ) (10)
The scattering matrix is defined on the space Ly(X2) of all square-integrable functions on the unit
sphere Yo by the unitary operator

(Sh) (w) = h(w) — irk] /E ay (|k|w, |k|)h(v)dEs = (I +T) h,

where the integral operator T in the right side is called T-matrix. The kernel of T-matrix is the
scattering amplitude.

The Scattering matrix is connected with DN-maps of the operators L , by the formula
(22). To derive that formula we need to introduce the notion of matching. Recall that the split
operators LZ’ ® Louiv were constructed as self-adjoint extensions of the restricted operator L.
Practically all self-adjoint extensions can be obtained via restrictions of the adjoint operator L;ro
onto Lagrangian planes where the boundary form of Lzo vanishes. The deficiency indices of L, are
infinite and the corresponding boundary form of the adjoint operator Lar = LJr @® L} , on elements
v @ v from WE(Qn) ® W2(Qout) can be calculated in terms of boundary Values of elements
from the domain of L;ro and the boundary values of their normal derivatives on I', for instance

+ + ou au
jout (u,'l)) - <L0utu7 U> - <u7 Loutv> 87’”/1) B % T

out

We introduce the symplectic coordinates - the boundary values - of the deficiency elements to
represent the boundary form. Denote by

[o]r = v* | — o™ € W3/A(T), (11)

the jump of the element u := v @ u°* at the boundary and by

{v}
r

1
— 5 {Uout

|- G

respectively the jump and the mean value of it’s normal derivatives. Then we represent the bound-
ary form of the adjoint operator L(; as an hermitian bilinear form of the boundary values integrated
on the bilateral surface I' = I';;, U L'z

0v  Ou 0v  Ou
+ _ + — -z _ 7 _ - _ 7
(Lgou, v) — (u, Lgyv) / < o 8nv> dr /Fout <u8n 3nv> ar,

or as a linear combination of bilinear forms of jumps/mean values integrated over I':

/F(— [gﬂ {0} + {u} [gZDdF —A(—{?Z [17]+[u]{g:i}> dr = Je(u,v) + Jac(u,v).  (14)

+ ,Uin
r

} e WI(T), (12)
T

the mean value of it and by
1/2
e W, (1) (13)




The second integral in the last line vanishes for all non-jumping elements u : [u]|so = 0, {u}|gn =
ulpq from the domain W3 (Qi) ® W3 (Qout) of LY. Together with the restriction L,, we consider
the restriction L, to the domain of all elements « vanishing on the surface I" with zero jump of the
normal derivative :

w,/2(r)
u prm— O-
Ir on
The adjoint operator L(J{ is an extension of L,. It is defined by the same differential expression

on all elements from D(Lg;) which are continuous ( have zero jump at the surface I'): [u]|r = 0.
The boundary form of the operator L coincides with the first addendum J.(u,v) in (14) which is

weAm [au]

r

represented, due to u — {u}| = 0 for continuous functions, as

T

jc(u7v):A<[—?l]v+u{gZ]>dF. (15)

Both forms (14,15) are hermitian symplectic forms in the infinitely-dimensional space of corre-
sponding complex symplectic variables - the boundary data. In particular the boundary data for
(15) are {u, [g—ﬂ} Any self-adjoint extension of the restricted operator Log, or Lo may be described
by some boundary condition connecting the symplectic variables by hermitian operator thus defin-
ing the corresponding Lagrangian plane, see [32]. In particular the underlying operator L can be
considered as an extension of Ly which corresponds to the matching boundary conditions

Wy [ov
wlle =0, ||

We will connect the resolvent of the self-adjoint operator L with the resolvent of the orthogonal
sum of the self-adjoint operators Lj\; &) Li\;t defined in Lo(in) @& La(Qoue) by the homogeneous

Neumann boundary conditions. We will re-write the above boundary conditions on I' in terms of
deficiency elements. The deficiency elements of the operator Lg have non jumping boundary values

wy2(r)

2, (16)

r

from W23 /2 (T") and satisfy the adjoint homogeneous equation
La'up = — A, = Aup,.

They may be represented in form of a re-normalized simple-layers formed of re-normalized potentials
as:

uin,out(m’x) = / Gin,out (.T, 87 )\)p(s)dr7 %A 7& 0 (17)
r
. oy 1/2 ~ 3/2 871171, out
with densities p € W,’"(I"). They have the normal boundary values tin out € Wy' ('), —522= €
W21 / 2(F), which are evaluated via integration by parts:

Qlin,out (x) = /I_\Gin,out (x7 87 A)pin’out(s)dl—‘s =

(Qin,out * pin,out) (x), zel,

ou,

#(i) = :l:pin,out (ﬂf), YIS F (18)
From the last formula (18) we see, that the boundary values of the non-jumping deficiency elements
u : [u]|r = 0 of the operators Ij” °** are connected by the infinite-dimensional analog of the Krein’s

Q-function [36]:
ATTL.0U 8ﬂin ou
(U ! = j:Qin,out * 87; t’ (19)




in. oue ¥ transform W21/2(F) into W23/2 (T"). We see, that these operators,
if exist for given A, are inverse of the corresponding Dirichlet-to-Neumann maps A, oue. Taking
into account the continuity of the piece-wise defined solution @ and non-jumping condition for its
normal derivatives

where the integral operators Q,

o, ou

mn

ain (1'1") = ﬂout(xr)7 pin(xr) = 877/ (.fl") = T;’;‘t(wr) = _Ioout(xr)

we obtain, see [38], the following statement:

Theorem 3.1 The resolvent kernel Gy(x,y) of the operator L" for x,y in Qo is represented by
the Krein formula N N
G (l’,y,)\) :Gout(ﬂ?,y,A)—

N

N —1
G (@60 [QuN) + Q] G (53, (20)

out

where the starlets stay for variables on I'. The corresponding formula for the scattered waves v, in
outer domain has the form

Y, N) = 92, N)—
G (0, N Q0 (N) + Quu (V] 710 (5, M), 21)

where all operator-functions for real A are calculated as limits from the upper half-plane. The
expression for the scattering amplitude of the operator LY s given by the formula:

a(w, v, \) = a®(w, v, \)—

1 - ou
00 (5, M) Q4 )+ QNI 5, ). (22
where all operator-functions are calculated as weak limits from the upper half-plane.

Proof 1t is sufficient to prove that the formal expressions which stay in the formulae for the resolvent
kernel and the for the scattering matrix, are correctly defined, at least almost everywhere. We will
verify the fact for the scattering matrix. Really, the scattered wave 1% is locally W; - smooth, hence
the restriction of it onto I at least belongs to W; 2 (T"). The inverse of the operator [Q, (A) + Qoutrl
exists almost everywhere of real axis lambda and acts from W;m (T") into W; /2(F ). Hence the
result [Q, (A) + Qout]_l oul(x, \) belongs to VV;/2 (") and hence may serve as a functional on

Ul (k. \) € W; /2(F). This is sufficient to define correctly the expression for the amplitude in (22)
almost everywhere.

4 Transport properties of a narrow channel

Assume that the inner and outer domains (2, , are connected by the narrow channel 2, which
is included into 2, .. We are able to derive an approximate expression for the amplitude under
certain assumptions about the geometry of the channel. We assume that the channel €2 has a form

of a circular cylinder, hight H, 0 < x < H, radius §, 0 < p < 4, with the bottom section I', =T,

2
and the upper section I',,. Denote by Vi L(0) = 5 [1/; S] the eigenvalues of the Laplacian on the
section of the cylinder, with homogeneous Neumann boundary conditions at p = 4, and by P, |
the projections onto the corresponding normalized eigenfunctions Y, .J, (v, , p) with Y, (¢) = Const

+ing

and the eigenvalues Vj =4 (l/l)j defined by J’ (v, ,0) = 0. Denote by P, the projection

8



onto the constant eigenfunction Y, , = (v/7 (5)_1 corresponding to the eigenvalue yj = 0 and by
P

n,s’

. D P
0. Denote Z(n,s#(o,o) e

respect to the scaled variables 5 x, with eigenvalues (1/:)2. We define the Dirichlet-to-Neumann

(n,s) # (0,0) other eigen-projections which correspond to eigenvalues Vis(d) = Vi,s(l) § 4

= P Tt is convenient to consider the Neumann Laplacian —A, with

map A’ of the channel as an algorithm of calculation of the normal current in the outgoing direction
with respect to €2, for the solution of the Helmholtz equation in €2, with the boundary data w,,, u
on the upper and lower sections I', I',,. By separation of variables we obtain:

HH HT
by _
A — ( AFH AFF ) No\ ( cos VIH 1 >P0+

A A - sin VA H 1 —cosVAH
i Z/i,s - A cosh /v’ —\H -1 P Al (29)
) n,s :: + *
o1 Sinh ,/yj . AH 1 — cosh szs —\H ’ 0 0

We say that the channel Q) is narrow, if

0H ' <<1, A <<1.
If the following additional condition is fulfilled:
AH << 1,

we say that the channel is both short and narrow. In particular, for narrow channel the DN-map
of the channel is defined mainly by the constant eigenfunction of the cross-section:

-1 1
A5 ~ Az + ( 5 _Al PH -1 0 1 ) 5 (24)
0 =R, P

where —/\, is the Neumann Laplacians in the orthogonal complement of constants on the sections
presented in terms of the scaled variables (on the corresponding scaled section radius 1). In case
of narrow channel we can neglect, compared with 1, the exponentially small terms e ™ and the
terms containing factors AS°. For short narrow channels further cancellations are possible, see
below. One can see from the asymptotic (24), that the non-trivial transmission through narrow
channel and/or short narrow channel is observed only for zero modes. This observation is crucial
for construction and fitting of the solvable model below. But if the analytic perturbation procedure
is developed, then the complete formula (23) must be used.

We represent the exterior domain in form of a joining of the channel {}; and the non-
compact complement €2,

Q.. =9, UQ,.

Consider the Laplacian L,, on €, with Neumann homogeneous boundary condition on 0 (€2,,\Q,) \I';,

and Dirichlet boundary condition on I',,. Denote by A" the Dirichlet-to-Neumann map of L, :

AH ) W3/2

2

(T,) — W, ()

and the inverse ND-map



where G’Z is the Green function of the Neumann problem in 2,. The operator Q,, is dissipative,
for complex A, hence QL/Q is defined as an operator acting from I/V:/2 (T',,) to W; (T',,). Recall that

A" W23/2(FH) — W (T',;). Then the one-dimensional operators a, = P, AHPO, b, =P, AHP0
1/2
()

2
act respectively from W;/Q (T',,) to W;/Q (T',,) and from Wj/Q(FH) to W,

Transport properties of the narrow and short narrow channel are revealed via comparison
of the inverse ND-maps @),,, ;. associated with Neumann Laplacean Lg, L]FV in Q, and Q. =
Q, UQ;. Though the calculation are done in general narrow channel case, the final result is
formulated for most practical short narrow channel. We postpone general analysis of the narrow
channel of constant length H to forthcoming publication, see also analysis of elliptic equations in

domain with narrow channel in [8, 39] and references therein.

Lemma 4.1 For short narrow channel the ND-map Q). on the bottom section is connected to the
ND map on the upper section by the approximate formula:

I
Va7

Proof Assuming that the Green function GZ (x,s) of LZ is known, we calculate the Green function

Gg (x,s) of LJFV on the bottom section I'. In fact, it is sufficient to find the solution u(x) of the
Neumann problem for Laplacian Lu = Au with boundary data u! = %(%) = v, on the bottom
section. On the upper section this solution should match smoothly the solution of the exterior

Neumann problem represented as

uy, (z) = —/F Gg(x, s)v,(s)ds, z €8, (26)

Quoy ~ —[Q) + Q1 V/=A Q. v, +

where v, is the normal derivative in the outward direction on I',;. Denoting by u., v, and u,, v,
respectively the Cauchy data of u on the bottom and upper sections of the channel, and denoting
by z the variable along the channel, 0 < z < H, we can present u as:

cos Vz W —COS\/X(Z_H)’UO—I—

Vsin VIH VisinvVH T
coshy/— A =Xz o coshy/— A =\(z—H) -

V= A =Xsinhy/—=A -XH 7 /= A —Xsinhy/—A-XH "~

Here v’ = P,v and vT =Pl - projections onto the spectral subspaces of Neumann Laplacian
A on the section of the channel: P, is the spectral projection onto the constant eigenfunction

u(z) = —

(27)

corresponding to zero eigenvalue and P =I6 P,. Then

1 0 COt\/XH 0 I 1 coth/— A =) \H 1

v

F:_ﬁsin\f)\HUH_ Na\ UF+\/—A—)\cosh\/—A—>\HUH+ V—A =) r’

" 7_COt\AHU0_ 1 Uo+coth\/—A—)\HU¢+ 1 UJ_
" VAT VsinyAH T V=D0O X  H ' J=A Asinhy/—A AH U

Then, from the equations

u

(28)

Uy = QHUH’ Up = Qrvr (29>
for narrow channel § — 0 we find
cot VAH o 1 0 I L _H/S
Uy =————F——U_ — v, + v, +0(e ,
Quvs T e =m0 )
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cot VAH 1 1
o T+ 7 o™
vV Vsin VAH — N -

where by O(e_H/é) are denoted terms admitting an exponentially small estimate in the Sobolev’s
norm || * || on the section of the channel. Neglecting the exponentially small terms and denoting

Qrop = — ) (30)

3/2
Wy
10

P Q,P :=Q,,P Q,P:=Q, ..., we obtain:

1 I 10 o0 10 o
UH:—QM_ —Q, v, =[[+0()]vV-A-2Q, v,
VAN
because || v— A =\ QZL |< C6” due to embedding theorem || u — Pyu ||, LS Cé|lu HW o

Then

= v . 31
A H \ﬂsin\AHUF (31)

Substituting the found expression for UZ into the second equation (30) and cancelling the exponen-
tial small terms we obtain an approximate formula for @:

(Q?:mQZO-FQf-FCOt\/XH) vo 1 0

cot VAH 1 1 cot VIH | o I L
v

VA WASART Q5+ QuVE Ay | VA T Ve

Now we proceed assuming that the channel is both narrow and short, for given A:

QFUF ~ [_

§ H<<1,VAH << 1,\/— A -\~ /-4,

which allows us to substitute sin vV AH by VAH and assume cos VAH ~ 1. Then we obtain further
simplification of the expression for Q.

Qe —— Bt U By o Lo QR QL
L+ AH (Q) + Q) V=5Q;)) NaS
End of the proof.

Later we will calculate asymptotically the first term in the square bracket and prove that
the non-constant part of the second term is dominated by the first term.

The formula (22) fore the scattering amplitude contains the values of the scattered waves
¥,.. on the bottom section of the channel, while normally the values of the scattered waves on the
upper section are more convenient for observation. Another aspect of the transport properties of
the narrow/ short narrow channel is: the trivial transmission the boundary data of the scattered

wave 1__, from the upper section to the bottom section.

out

Lemma 4.2 In case of narrow channel the values wiv\r on the bottom section of the channel are

connected with the values wiv|H of the scattered wave on the upper section of the of the channel by
the formula:

N N N 1/2 N
ww |I‘ ~ Po¢w ‘r ~ COS\&HPH#’_J |H - ()‘) Pod}w ‘H'

Proof is based on the connection between the values on the sections of the channel:

ST S Y N PO B VT
AFH AFF quf’r 0 9

11



the explicit formula DNs and the asymptotic (24). The projection P, should be applied to both
left and right side of both equations. End of the proof.
Note that for short channel, due to Neumann boundary condition on I' A, z/ziv] g =

%M — 0 when H — 0, hence

Ul ~ Pyl ~ cos VAHP, |, & Py, |- (32)

5 Scattering amplitude for Helmholtz resonator with
the narrow channel

Now we are able to derive the approximate formula for the scattering amplitude of the Helmholtz
resonator with short narrow channel. We will base on the exact expression (22) for the amplitude,
but substitute into it the asymptotic expressions for Q. = @), derived in lemma 3.1 and the above
asymptotic formula for ¢_ |, in terms of ¢_|,,. This gives the following approximate equation:

a(w, v, \) ~ a®(w, v, \)—

00 0L 10 I -1
— P, | Q { mN) T+ [-Q, +Q, V-2Q, ]+ VA
This asymptotic formula allows major simplifications. Fix a a regular value of the spectral param-
eter M < 0 and introduce the spectral characteristic of the inner problem constructed in form of
the spectral series over eigenfunctions 1, of LZ\; at the center z . of the section I'

P2 .. (33)

U (o) V)
2 ooV o =M (34)

The similar spectral characteristics of the outer problem is presented in form of the spectral integral
over scattered waves of Lg at the center z,, of the upper section:

! (o K1) o (o, 1K)
e [ 0 [ oS e oo L2

Theorem 5.1 There exist a real function with asymptotic behavior near origin, (5, M) = ’y1571 +
7, In 5+ v, defined by the coefficients v, > 0,7, ,7,, such that the scattering amplitude of the
Helmholtz resonator is defined by the approximate formula

out out
ou w
a(w,v,\) = a®(w,v,\) — g ./\/l —i—’H./\/l n 'y(l;)l (36)

Proof We just need to solve the equation:

Q,, (N +[-Q) +QV=AQ, 1+

I t
VB R e
Applying the projections P,, P to both parts of this equation we obtain the linear system for

L
u=(uy,, u ):

POQm()‘)uo_{'Pon()‘)PLul+[ Q +Q \/_AQ u :Po¢3Ut|H

12



Pl Qi"(/\)uo + Pl Qm(/\)Plul + \/fiAUL =0.

From the second equation we see that

—1
1 1 1 I 1
u =—|P Q (MNP +—| P Q. (Mu
an( ) \/I an( ) 0
Similarly to the corresponding reasoning in lemma 4.1 we conclude that on the selected essential
interval A of the spectral parameter the operator in the square brackets is invertible if A # A and

d << 1, so that
| V=AP Q. (NP [|[<C’ min|A—A,| 6 <1,
Ag€A

and , .
—(14+8)vV—=AP Q, (MNu,

We also need the estimates on the essential interval A:

| V=AP @, () 1< € min A= A" 6 || Q,(A)V=AP @, () < € min[x~ A~

One can see from the second estimate that on the essential interval A outside a small neighborhood
of the eigenvalues of the inner operator LZL the term P,QP, dominates | Q, (\)V—AP™ Q,, (\).
Hence, outside the small neighborhood of the eigenvalues the first equation can be rewritten ap-
proximately after neglecting the term containing the factor 5 as

[P (NP, = Qy +Qy V=EQ, | uy = P,

All terms of the last express depend essentially on . We calculate the asymptotics of the for é — 0.
Using the symptotics (2) for Green functions Givn (z,y) on I and for GZ (z,y) on I',, and Hilbert
formula we obtain for some regular M in form of spectral series/ integrals:

) = (@) ()
G (ry) = ——— +a,In—— +C, + vie 7
m( v) 2m|x — y| " =y : ;(/\s_ YA, — M)
N 1 1 1 z, [k]) ¥, (y, |k])
G (z,y)=——+a,In—+4+C +7/ k dk/ dw . 37
@) = gt gy T Ot g [ (kIR |k\ NE =) 0

Then the calculation of P, G oy By G uFo
eigenfunctions e, = (/7 5

dxdy
G (2, y)dad //
76 // (@, y)dedy = 76 r F27T|95—y\

is reduced to integrals over I" with constant cross-section

z, k) . (, [k])
e /m ey +C, +8 / k| d|k:|/ dw |k| Va0t
1 (Top s [E]) Y, (4, K])
87r/ k| dyk|/ duw |k| N an o). (38)

Here z,, is the center of I',;, and the integrals can be reduced to the integrals on the unit disc D, :

// dxdy _11/ / dxdy
62 - F27T|£C*y| 27r|acfy|
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1 1 - 1
—2/111 dxdy = Inéd g / In dxdy.
mo Jro o=yl m Iﬂf—y\

The integral ( 7r5 fF (z,y)dxdy is calculated in a similar way, but includes the spectral term

U (@) Y ()
20N, - an M)

s=1

The spectral integral in the formula (38) will be denoted by M, (\). It remains to calculate the
asymptotic of the additional term QOl V- QLO Non-trivial contribution to to it is defined only by

Consider the function ¢(z) = [ —dy_ € W (T'). Due to embedding

the polar terms b7 f&

1
2mle—y|
result quoted just above the formula (31) we have:

0) =1l Q, V=20Q, lI= (V=Blp - Pw), (e - Pl <l eIl , 4. (39)

Due to homogeneity the integral can be presented as 07T ( ), where Z(1) is the corresponding integral
for § = 1. Terms (76")  ((—A)"* S

the pole and the logarithmic singularity are estlmated by In §~'. Contributions from all terms
which depend on A are estimated by 55, (> 0 and hence can be neglected. Summarizing obtained

estimates we see . .
1 Py Byl

81> M, + M, +~(0)

P I In ‘ds> := L(J) containing a combination of

27r|* s|?

a(w, v, \) = a®(w, v, \) — (40)
where v(0) is a real function with prescribed asymptotic behavior near 6 = 0, v(d) = 71571 +
Y, In 5§+ Y,- One can see from above reasoning that the first coefficient is standard, the second
depends on local geometrical characteristics of the resonator at the entrance and exit of the channel,
and the last depends on M accumulates spectral characteristics of the outer and inner problem.
We postpone exact calculation of the coefficients v, , 7,,7, to the forthcoming publication. End of
the proof.

6 Solvable model

In case when the opening is small, dv/\ << 1, one can assume that both I',I',, degenerate into
points v, 7. Assuming that the channel Q; is short H VA, we may ignore the wave-process in 5
Then one can expect that the operator L may be substituted by a solvable model suggested in [11].
The model is constructed based on restriction of the Laplacians LZ,LZ in the inner and outer
domains €2, , 2, onto smooth functions vanishing near 7, v,. The role of deficiency elements is
played by the the Green function GZL @y Y, A) of LZ,LZ at the poles v, v,,. Due to Hilbert
identity we have 7

N N N
G, (z,7)=G_,, (z,7) +(A+ M)G (2, )G _,, (*,7)- (41)
Due to (2) the first term of (41) in the right-hand side has the asymptotic for z — ~
N 1 log
G (z,7) = 9in (1)

2|z — 1

The second term of (41) is continuous at = = =

9. (1 A) = A+ MG, (7, %G, (,7)

14



and contains the spectral information on the operator LZ. Thus we have:

N 1 lo
G, (z,7\) = m +9ing(7) + 9, (1, A) +0o(1), © — 7, (42)

see [11, 14, 15, 20]. Similar asymptotic is valid for the Green-function of the outer problem

1 log

F Gy (V) + 9o (1, ) +0(1), @ — 7. (43)

N
A)=-—
G, (2, v A) 2ale =] 9

It is worth to notice that the functions g,, (v, A), g, (7, A) which appear in the asymptotics coincide
with the functions M, M, introduced in (34,35). The solvable model is constructed as a self-
adjoint extension of the orthogonal sum (Lj_\;)0 @ (LZ)O of the restricted operators. The domain of
the extension is obtained via imposing a special boundary conditions, see (44), onto the asymptotic

boundary values of elements from the domain of the corresponding adjoint operators (Li\;): @(LZ );r
The boundary forms of the adjoint operators are calculated in terms of the boundary values A, B

for inSta‘nce : uout ('/L‘) = AZut {m + gi:,g (ry):| + B:ut’ uout ~ (AZut7 B:ut) and UOUt ~ (AZut7 :ut)’
then

v v

L70'u,t (U, /U) = B:ut A
Similarly the inner boundary form is calculated. The self-adjoint extension is obtained via restric-
tion of the direct sum of the inner and outer adjoint operators onto the Lagrangian plane £ where
the sum J,, (u,v) + 7, (u,v) vanishes. This plane is obtained via imposing appropriate conditions
on the asymptotic boundary values, for instance

A
(e ) (e )-(%) @

The operator L;V defined by this boundary condition is self-adjoint. The difficult part of the
problem is fitting of the parameters of the model, in particular, the physically reasonable choice
of the matrix 3, . It is not clear a-priori if elements of that matrix have any physical meaning.
But we guess that the choice of the matrix may depend on “essential” interval A of the spectral
parameter and is defined by the properties of the resonance eigen-functions which correspond to
the resonance eigenvalue(s) A, ... of the inner operator L, situated inside the interval. We will fit
the boundary parameters based on comparison of the explicit expression for the model scattering
amplitude and an approximate expression (40).
We choose the Ansatz for the scattered waves of the model operator in form:

W (x) =, (@) + Ay G (2,75, N)

—u
out Aout Bout :

in Q,,, and
3 N
ww (l‘) - AFGF (Z‘,"}/,)\),

where GZ (x, \), G]FV (x, \) are, respectively the limit values of the Green functions of Lg , LfX from
the upper half-plane: A = A +i0. The asymptotic boundary values of the Ansatz are calculated as

Aout = AH’ Bout = ww(/yH) + AH gout (fYH’ A)’ Azn = AF’ an = AF gzn(’Y’ )\)

Then, inserting the asymptotic boundary values into the boundary condition (refbconditions) we
obtain, after an elementary calculation the expression for A, :

2
o ﬁoo (511 + gm) — |501|
= > .
" 9in + /811 - /BOOgout (B11+gm) + |/801| out
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Comparing with approximate expression (40) for the scattering amplitude, with regard of g, =
2 -1 -1

M., g,.. = My, we conclude that 3, =0, |5,,|" =1, 5,, =) =76  +r, Ind +~,, where

the coefficient in the leading term is defined as 2% I, 0, and other coefficients are defined
4 1 1

by the local structure of the boundaries 02,,, 02, near the points v,,, 7.

7 Analytic perturbation procedure with jump-start

Connection between the resonances and convergence of analytic perturbation procedure in celestial
mechanics was noticed by Poincare, [40] and intensely discussed by Prigogine and his collaborators,
see for instance [41, 42, 43]. We suggested to use the solvable model as the first step in analytic
perturbation procedure, see [22, 23]. It can be interpreted as a realization of the dream of Prigogine
about the intermediate operator in the perturbation problem for the pair A,,A. = A, + V.
Prigogine assumed that there exists a function B, of the non-perturbed operator A, for which the
spectral analysis can be done in explicit form, and such that the perturbation series for the pair
B,, A_is convergent. In our case the role of the intermediate operator is played by the solvable
model - the one-dimensional perturbation of A,. But the perturbation is chosen locally - for
scattering processes in given interval of the spectral parameter - near to the resonance eigenvalue.
The essence of our suggestion in simplest case of Lax-Phillips scattering [44] is the following.
Assume that A, A_ is a Lax-Phillips pair and S(p, ) is the corresponding scattering matrix with
the spectral parameter p = VA, Sp > 0. The scattering matrix in [44] is presented in the upper
half-plane Sp > 0 in form S = © B of a product of a singular factor © and the Blaschke-Potapov
product B, see [45]. In simplest case of perturbation problem each elementary factor of the product
is defined by the position of the corresponding zero (the “resonance”) p,(¢) and the corresponding
orthogonal projection P, (¢) which depend on & analytically:

B.(p) = B’;:gzg] PP

If the order of Blaschke-factors is fixed, then the projections P, are uniquely defined:

s

_ P—D, (6)} L } _.

B(p) 1:[{[1)—1)3(6) P + P .1:[39. (45)
We assume now that for € — 0 the resonance p, (¢) is approaching the real point ,, such that the
real and imaginary parts of the resonance are real analytic functions of €, but other resonances
are separated from k,. Then the product of them is an analytic function Bl(p,s) in a certain
vicinity w; (0) X w(k,) of (0,k,) in the appropriate product space. we assume that the singular
factor © = ©(p, ¢) is also an analytic in the same neighborhood. The important fact is that the

Blaschke-factor b, is not analytic there, because the zero p, and the pole (p), shrink to x, when
€ — 0. Hence we have the decomposition of the scattering matrix into the product

S(p,e) = O(p.€)B (p,e) x b, (p,€) := 5, (p,e) x S (p, e) (46)

of analytic and non-analytic factors. The non-analyticity of the factor s' (p,e) = b,(p,e) causes
the non-analyticity of the whole product S(p,e) and corresponds to the fact of the non-analyticity
of the Scattering matrix with respect to the perturbation parameter at the “threshold of creation
of resonances”. We suggest to modify the perturbation procedure locally, eliminating, for instance,
the non-analytic factor Sg := B, via the “jump-start”: by introducing of the intermediate operator

Ai, which is selected such that Sl(p, e) = b, (p, ) is the Scattering matrix for the pair A:, A, It
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is important that the the operator A: can be constructed as a solvable model. The complementary
factor scattering matrix S, (p,e) of the scattering matrix coincides with the scattering matrix of
the pair A_, Ai. It is an analytic function in w;(0) x w; (k,). In particular, the corresponding
scattering amplitude can be decomposed into the power series of on € converging in wi (0) x wi (Ky)-
This is what we call jump-start of the analytic perturbation procedure (the term suggested by L.
Faddeev). The solvable model we constructed in previous section is one of simplest realization of
this construction. Note that the statement concerning analyticity of the complementary factor is
true under condition that the jump-start scattering matrix S, (p, €) coincides exactly with the factor
b, (p, €) of the scattering matrix. Hence the construction of the solvable model requires exact spectral
data x,, P, of the perturbed operator. Recovering of them may be a difficult problem, comparable
with the original spectral problem. But if we do not attempt to construct the convergence of
the series of successive approximations for the spectral data of the perturbed operator, but just
a reasonably convenient approximation for the spectral data in a “ small, but not too small”
neighborhood of x, then some good asymptotic for «,, P, will serve perfectly. Practical corollaries
from this observation will be discussed elsewhere.
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