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N.B. This is a presentation by one of the authors [A.V.] of work done in
collaboration [2, 3].

1 Notations

Take > as a compact surface of genus g with constant curvature K. The
Gauss—Bonnet formula implies: —K X Area(X) = 4n(g—1). Below X will be
either the sphere S? (with K = +1, g = 0), or a hyperbolic surface X (with
K = -1, g > 2). If —Ay is the positive Laplacian on X, we associate with
it the ‘almost positive’ operator:

P = (—AE n %) 1)
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where the square root is taken positive on each eigenspace where P2 is pos-
itive. In the hyperbolic case, denoting by {\,} the spectrum of —Ax and
by {pn =\ + K/4)1/2} the spectrum of Py, we recall that the first few
values A, + K/4 are negative (e.g., Ao = 0) and for these values we agree for
instance that arg p, = —7/2.

We denote by P the set of periodic, oriented, primitive geodesics of the hy-
perbolic surface X and by 7(p) the length of p € P. The length spectrum of
all the periodic geodesics, primitive or repeated, is the set

{m7(p)lp € P, m e N\ {0}} .

This spectrum is placed in duality with the spectrum of eigenvalues of Px
by Selberg’s trace formula [12, 8]

Th(Py) = 3 hip)

= (g—1) /joo h(p)p tanh(mwp) dp + Z Z Rymh (m7(p)) (2)
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and R, ,, is the ‘hyperbolic weight’
7(p)
R, m=— . 3
P 2sinh(m7(p)/2) )

In (2) the test function hA(p) must be defined and analytic in some strip
Im p| < % + €, in order for the series over the geodesics to converge, and
decreasing of order O (|p|™27°) as p — oo, in order for the two other terms
to converge. Moreover, h(p) must be even.

The classical restrictions on the function h(p) can be weakened, as we will
show below, by using the analogy with Poisson’s Summation Formula,

> h(n) =21 h(2mm). (4)
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2 The determinant formula [15, 7, 11, 14]

Poisson’s Summation Formula can be understood from the two classical for-
mulae for sinh(7k)

sinh(mk) = mﬁ (1 + “—2) (5)

sinh(7k) = %em (1—e?™). (6)



Supposing a little analyticity for h(p), we evaluate the integral
1
i ). h(—ik) dlog sinh(mk)
taken on the contour of figure 1 by two different methods.
If we use (5) and the residue formula we immediately obtain the left-hand
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Figure 1: Contour of integration.

side of (4). On the other hand, if we use (6) in the half-plane Rex > 0 and
the symmetric formula in Rex < 0 we get the right-hand side of (4). This
proof is ‘microanalytic’ in the sense that it is based on the decomposition of
the real distribution ) _, 0(p — n) as the difference of the boundary values
of the analytic function —1/(2 tanhimp) as Im p — =£0.

Analogs of the formulae (5,6) for the Selberg case would arise by putting
h(p) = —log(p*+ k%) in (2) (k plays the role of a parameter)—were it
not for the fact that the formula written this way diverges since h(p) is
not O (\ p\_2_5). However, it becomes convergent if we apply the operator
d/d(k?) twice. It is then transformed into the classic trace formula for h(p) =
(p® + K2)"7 which expresses the function Tr (P% + x2) >

If we introduce the generalised zeta function

Gs(ssa) = Tr (~Bs o) =T (B2 - ) 7)
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where Res > 1 and a € R_, we see that we can remove the two differentia-
tions in k2 thanks to the functional equation:

+oo
sls.) =5 [ Gals+ L) (®)
In particular, by applying (8) twice to
(x(2,°—1) = Z (P2 + KQ)_Q
n=0

we get 2(y (s, k% — 1) |S:0. Now, this by definition is — logdet (P% + k?),
where det designates the functional determinant of an operator (or the zeta-
regularised determinant) [10].

After all calculations are completed, the trace formula regularised then ex-

ponentiated gives us:

det (P} + k%) = (6”2 det (Pg2 + /4)) e zx (2 4 k) (9)

where

zx (4 k) = H ﬁ (1 — eT(p)(k‘L%M)) , (Rerk >1/2) (10)

peEP k=0

is the Selberg zeta function [12].
The formulae (9,10) are similar to (5,6). The appearance of the operator Pg:
on the sphere S? in (9) will be explained below.

3 An extension of the trace formula [2, 3]

If we suppose that the test function h(p) is indeed even and analytic in
Im p| < 1 + ¢, we can recover the classic trace formula (2) from (9,10) by
evaluating the integral

1 .

i o h(—ik) dlog det(P§ + £%)

taken on the contour C of figure 2 in two different ways, by analogy with the
above proof of Poisson’s Summation Formula.

But the same reasoning can extend to functions h(p) having different
analyticity properties, simply by changing the integration contour! The
most interesting case is where h(p) is not even, but is analytic in a sec-
tor |arg p| < § + 0y, and the integration is along the contour C’ of figure 2.
Under very mild decrease assumptions on h(p) (just to allow some contour
deformations), we thus obtain a new trace formula:

Z h(pn) = (29—2) /0+<>0 h(p)p tanh(mp) dp+/0+oo h_(k)dlog zx (3 + & — i0)
" (11)
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Figure 2: Contours of integration (k = ip).

where we have defined

1
h (k) = 5 (h(—ik) — h(+ir)) , |arg k| < by (12)
i
(the shift K — xk — 0 in (11) corresponds to the convention: argp, = —m/2

if p2 < 0).

4 A new interpretation of the trace formula

The extended trace formula (11) applies to the function h(p) = e . Thus
we obtain a formula for ©x(t) := Tr e7"* when Ret > 0

Ox(t) = (29-2) <t2 +2 i(—l)m(t + 27rm)2)

1 [T
+ —/ sin(tk) dlog zx (3 + £ — i0) . (13)
T Jo

The integral yields an odd meromorphic function of ¢ with simple poles at
the points t = +im7(p). The corresponding residues are (1/27)R,,,, (all of
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this follows from (10)). Poisson’s formula on a manifold actually predicts
these singularities which it situates at the lengths of the periodic geodesics
of the said manifold [4, 5].
The formula (13) thus establishes a meromorphic extension for © x (¢) but now
also displaying double poles on the negative real axis at the points —27wm,
m € N. We interpret these poles as the contributions of complex periodic
geodesics with lengths 2mim, m € Z which appear through the change ¢t — it
implying K — — K. Indeed, in the direction of imaginary time, the geometry
of X becomes the geometry of the sphere S? for which the periodic geodesics
are well known. The sphere moreover admits an exact Poisson summation
formula

Oga(t) = Tre 52 =23 " (=1)"(t — 2mim) > (14)

meZ

which strongly resembles the summation term in (13), as is made evident by
the functional equation

Ox (1) +Ox (1) = (2 - 29)Os:(it) (15)

These results confirm the hypothesis of Balian and Bloch [1] that the quan-
tum evolution can be formulated in an exact way by a resummation of terms
associated with real and complexr classical trajectories. Here the quantum
problem is to find the spectrum of the Laplacian on X and the classical tra-
jectories are the periodic geodesics on the same surface. On the test functions
h(p) = e~ (parametrised by t > 0) Selberg’s trace formula revealed itself
to be a Poisson summation formula indexed by the real and complex periods
of the geodesic flow on X®. We can also describe these contributions of the
complexified flow as the manifestation of a 2-dimensional tunnel effect within
the problem. Otherwise, Balian—Bloch decompositions have only been effec-
tively achieved in one-dimensional cases, using ordinary-differential equation
techniques [13, 6]. Our interpretation of Selberg’s trace formula thus consti-
tutes the first hint in favour of a generalisation of [13, 6] to partial differential
equations.

5 The generalised zeta function

We briefly mention another application of formula (11), to generalised zeta
functions (x(s,a) defined by (7). We will see that from the point of view
of their dependence on the variable s these functions become particularly
simple, in the case of constant curvature surfaces, if we evaluate them at
a = K /4, whereas the more traditional choice is @ = 0 (Minakshisundaram-—
Pleijel).

Indeed, starting with K = +1, (s2(s, a) is expressed in terms of the Riemann
zeta function for (and only for) a = +1/4:

Cs2(s,+3) = (2% —2) ¢(2s — 1). (16)
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But it is equally true in the hyperbolic case (K = —1) that (x(s,a) takes its
simplest form for a = —1/4; now, since a < 0, this result follows from the
extended trace formula (11) which gives:

1—g sin(ws) [T, ,
_m§52(3,+}1)+ - /0 K2 dlogzx(%—i—/i—zO)
(17)

(compare with [9] for the case a > 0). We must understand (17) as an identity
linking two meromorphic extensions, that of (x(s, —1/4) from Res > 1, and
that of the Mellin integral from Res < 1/2 ! The analog of (17) for the
sphere S? consists of writing Poisson’s summation formula for (g2(s, +1/4),
which restores Riemann’s functional equation for ((s).

References

[1] R. Balian and C. Bloch. Ann. Phys., 85:514-545, 1974.

[2] P. Cartier and A. Voros. C. R. Acad. Sci. Paris Sér. I Math., 307:143—
148, 1988.

[3] P. Cartier and A. Voros. Une nouvelle interprétation de la formule des
traces de Selberg. In P. Cartier, L. Illusie, N. M. Katz, G. Laumon,
Y. Manin, and K. A. Ribet, editors, The Grothendieck Festschrift (vol.
II), volume 87 of Progress in Mathematics, pages 1-67. Birkh&auser, 1990.

[4] J. Chazarain. Invent. Math., 24:65-82, 1974.
[5] J. J. Duistermaat and V. W. Guillemin. Invent. Math., 29:39-79, 1975.

[6] J. Ecalle. Singularités irrégulieres et résurgence multiple. in Cing appli-
cations des fonctions résurgentes, preprint Maths-Orsay 84 T 62, 1984.

[7] J. Fischer. An Approach to the Selberg Trace Formula via the Selberg
Zeta-Function, volume 1253 of Lecture Notes in Mathematics. Springer-
Verlag, Berlin, 1987.

[8] D. A. Hejhal. The Selberg Trace Formula for PSL(2,R) (vol. I), volume
548 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1976.

9] B. Randol. Trans. Amer. Math. Soc., 201:241-246, 1975.
[10] D. Ray and I. M. Singer. Ann. Math., 98:154-177, 1973.
[11] P. Sarnak. Comm. Math. Phys., 110:113-120, 1987.

[12] A. Selberg. J. Ind. Math. Soc., 20:47-87, 1956.

[13] A. Voros. Ann. Inst. H. Poincaré, 39A:211-338, 1983.



[14] A. Voros. Phys. Lett. B, 180:245-246, 1986.

[15] A. Voros. Comm. Math. Phys., 110:439-465, 1987.



