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Abstract

Differential-algebraic equations (DAEs) arise in a variety of applications.
Therefore their analysis and numerical treatment plays an important role
in modern mathematics. This paper gives an introduction to the topic of
DAEs. Examples of DAEs are considered showing their importance for
practical problems. Several well known index concepts are introduced. In
the context of the tractability index existence and uniqueness of solutions
for low index linear DAESs is proved. Numerical methods applied to these
equations are studied.
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Introduction

In this report we consider implicit differential equations
f@'(t),2(t),t) =0 (1)

on an interval J C R. If % is nonsingular, then it is possible to formally solve

(1) for 2’ in order to obtain an ordinary differential equation. However, if % is
singular, this is no longer possible and the solution x has to satisfy certain algebraic
constraints. Thus equations (1) where % is singular are referred to as differential-
algebraic equations or DAEs.

These notes aim at giving an introduction to differential-algebraic equations and
are based on four lectures given by the author during his stay at the University of
Auckland in 2003.

The first section deals with examples of DAEs. Here problems from different kinds of
applications are considered in order to stress the importance of DAEs when model-
ling practical problems.

In the second section each DAE is assigned a number, the index, to measure it’s
complexity concerning both theoretical and numerical treatment. Several index no-
tions are introduced, each of them stressing different aspects of the DAE considered.
Special emphasis is given to the tractability index for linear DAEs.

The definition of the tractability index in the second section gives rise to a detailed
analysis concerning existence and uniqueness of solutions. The main tool is a pro-
cedure to decouple the DAE into it’s dynamical and algebraic part. In section three
this analysis is carried out for linear DAEs with low index as it was established by
Marz [25].

The results obtained, especially the decoupling procedure, are used in the fourth
section to study the behaviour of numerical methods when applied to linear DAEs.
The material presented in this section is mainly taken from [18].



1 Examples of differential-algebraic equations

Modelling with differential-algebraic equations plays a vital role, among others, for
constrained mechanical systems, electrical circuits and chemical reaction kinetics.
In this section we will give examples of how DAEs are obtained in these fields.
We will point out important characteristics of differential-algebraic equations that
distinguish them from ordinary differential equations.

More information about differential-algebraic equations can be found in [2, 15] but
also in [32].

1.1 Constrained mechanical systems

Consider the mathematical pendulum in figure 1.1. Let
m be the pendulum’s mass which is attached to a rod
of length [ [15]. In order to describe the pendulum in
Cartesian coordinates we write down the potential energy

U(x,y) = mgh = mgl — mgy (1.1)

where (z(t),y(t)) is the position of the moving mass at
time t. The earth’s acceleration of gravity is given by g,
the pendulum’s height is h. If we denote derivatives of x
and y by & and gy respectively, the kinetic energy is given
by

Figure 1.1: The mathe-
matical pendulum

T(&,9) = %m(# +77). (1.2)
The term 32 + 92 describes the pendulum’s velocity. The constraint is found to be

0=g(z,y) =22 +y*>—1% (1.3)
(1.1)-(1.3) are used to form the Lagrange function

L(g,q) = T(#,9) = Ulz,y) — Ag(z,y).

Here ¢ denotes the vector ¢ = (x,y, A). Note that A serves as a Lagrange multiplier.

The equations of motion are now given by Euler’s equations
d (0L L
—(8—,) SOy k=123
dt \ gy Oqx

We arrive at the system

max + 2 x =0,
mi —mg + 2y =0, (1.4)
g(z,y) =0.

By introducing additional variables u=% and v =19 we see that (1.4) is indeed of the
form (1).



When solving (1.4) as an initial value problem, we observe that each initial value
(z(t0),y(to)) = (xo,yo) has to satisfy the constraint (1.3) (consistent initialization).
No initial condition can be posed for A, as A is determined implicitly by (1.4).

Of course the pendulum can be modeled by the second order ordinary differential
equation

. 9.
4,0——751114,0

when the angle ¢ is used as the dependent variable. However for practical problems
a formulation in terms of a system of ordinary differential equations is often not that
obvious, if not impossible.

1.2 Electrical circuits

Modern simulation of electrical networks is based on modelling techniques that allow
an automatic generation of the model equations. One of the techniques most widely
used is the modified nodal analysis (MNA) [7, §].

1.2.1 A simple example

To see how the modified nodal analysis works, con- e e
sider the simple circuit in figure 1.2 taken from [39]. ' /\/\/\/

It consists of a voltage source vy = v(t), a resistor i
with conductance G and a capacitor with capacitance

C > 0. The layout of the circuit can be described by Vv C I

-1 1 0 =

Ag = o -1 1], Figure 1.2: A simple
1 0 -1 circuit

where the columns of A, correspond to the voltage, resistive and capacitive branches
respectively. The rows represent the network’s nodes, so that —1 and 1 indicate the
nodes that are connected by each branch under consideration. Thus A, assigns a
polarity to each branch.

By construction the rows of A, are linearly dependent. However, after deleting one
row the remaining rows describe a set of linearly independent equations, The node
corresponding to the deleted row will be denoted as the ground node. The matrix

-1 10
a=("0 1)

is called the incidence matrix. It is now possible to formulate basic physical laws
in terms of the incidence matrix A [20]. Denote with ¢ and v the vector of branch
currents and voltage drops respectively and introduce the vector e of node potentials.
For each node the node potential is it’s voltage with respect to the ground node.

e Kirchhoff’s Current Law (KCL): For each node Fhe SHm } = Ai=0
of all currents is zero.

e Kirchhoff’s Voltage Law (KVL): For each loop t.he St } = v=ATe
of all voltages is zero.



For the circuit in figure 1.2 KCL and KVL read

—iv +1ig =0, —ig+ic =0 (1.5a)
and

vy = —eq, v = e1 — €3, Ve = en (1.5b)

respectively. If we assume ideal linear devices the equations modelling the resistor
and the capacitor are

dv,
o= G o= C—=. 1.5
iG VG, ic 7 (1.5¢)
Finally we have
vy = v(t) (1.5d)

for the independent source which is thought of as the input signal driving the system.
The system (1.5) is called the sparse tableau. The equations of the modified nodal
analysis are obtained from the sparse tableau by expressing voltages in terms of
node potential via (1.5b) and currents, where possible, by device equations (1.5¢):

—iy +G(e1 —ez)=0
—G(61 — 62) —i—CdstQ: 0

—e1="v
0 e1 ! G -G -1 e1 0

s |c][O010)fe]]|+|-G G O e | =1{0 (1.6)
0 iv -1 0 0/ \iv v

The MNA equations reveal typical properties of DAEs:

(i) Only certain parts of z = (e, e2,4y)” need to be differentiable. It is sufficient
if e; and iy are continuous.

(ii) Any initial condition z(¢g) = x¢ needs to be consistent, i.e. there is a solution
passing through zy. Here this means that we can pose an initial condition for
eo or iy only.

For (1.6) it is sufficient to solve the ordinary differential equation
eh(t) = —C7'G(v(t) + eat)).

ea(t) can be thought of as the output signal. The remaining components of the
solution are uniquely determined as

e1(t) = —v(t), iv(t) = G(e(t) — ea(t)).

Another important feature that distinguishes DAEs from ordinary differential equa-
tions is that the solution process often involves differentiation rather than integra-
tion. This is illustrated in the next example.



1.2.2 Another simple example

If we replace the independent voltage in figure 1.2 source by a current source iy = i(t)
and the capacitor by an inductor with inductance L, we arrive at the circuit in figure
1.3. The sparse tableau now reads

—ir +iq =0, —ig +ir =0,

dir,

dt’

(1
vy = —eq, VG = €1 — €9, vy, = es, (1.7b
iqc = Gug, vy =L (
(

ir = i(t).

Thus the modified nodal analysis leads to e

G(61 — 62) = Z(t) G
—G(ey —62)+iL=O (1.8)
L% — ey = 0
The solution is given by = =
Figure 1.3: Another simple
i = i(t), circuit

di(t)
dt

e1=e+Gli(t) =1L + G7Li(t),

under the assumption that the current i(¢) is differentiable. Notice that all compo-
nent values are fixed. To solve for es we need to differentiate the current i.

1.3 A transistor amplifier

We will now present a more substantial example adapted from [6]. Consider the
transistor amplifier circuit in figure 1.4. P. Rentrop has received this example from
K. Glashoff and H.J. Oberle and documented it in [34].

The circuit consists of eight nodes, U.(t) = 0.1sin(2007t) is an arbitrary 100 Hz
input signal and eg, the node potential of the 8" node, is the amplified output. The
circuit contains two transistors. We model the behaviour of these semiconductor
devices by voltage controlled current sources

Igate = (1 - a) g(egate - esource)a
Idrain - ag(egate - esource)y

Isource = g(egate - esource)

with a constant @ = 0.99, ¢ is the nonlinear function

g:R-R, ng(v):ﬁ<eXp(ULF)), 3=10"5 Ur=0.026.
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Figure 1.4: Circuit diagram for the transistor amplifier

It is also possible to use PDE models (partial differential equations) to model semi-
conductor devices. This approach leads to abstract differential-algebraic systems
studied in [23, 35, 40].

The modified nodal analysis can now be carried out as in the previous examples.
Consider for instance the second node. KCL implies that

0= —ic, — iR, — IRy — lgate,2
= —Civg, —ve,G1 — v6,Ga — (1 — a) g(e2 — e3)
= —Ci(eg — 61)/ —e2G1 — (ea = Up)Ga + (v — 1) g(eg — e3)
=C (61 - 62)/ — 62(G1 + Gg) + UGy + (o — 1)9(62 - 63).

Uy = 6 is the working voltage of the circuit and the remaining constant parameters
of the model are chosen to be

Gy =1073, Gp=3%-107% k=1,...,9, C,=10% k=1,...,5.

A similar derivation for the other nodes leads to the quasi-linear system

/
A(Da(1)) = bl (1)) (1.9)
with

Cq 0 0 0 0 —UGo+e1Gy

-C1 0 0 0 0
0 —Cy 0 0 0 —UpGate2(G1+G2)—(a—1)g(ea—e3)

A= 0 0 C3 O 0
- 0 0 -C3 0 0 ’ —g(e2—e3)+e3G3

0 0 0 —Cy O
0 0 0 0 Cs —UpGa+esGa+ag(ea—es
0 0 0 0 —Cs b(x) = ’ ( )

—UpGe+es(Gs+Gs)—(a—1)g(es—eq)
—-110 0 00 O
001 000O

0
0 —g(es—es)+ecGr

D = 000-1100 8 ) *U5G8+67G8+ag(65766)
1

000O0O010O0

000 O0O00-1 egGy

A numerical solution of (1.9) can be calculated using DASSL or RADAUS, see [6, 14].



A mathematically more general version of (1.9) is

A(z(t),t) (D) (1)) = b(x(t),1) (1.10)

with a solution dependent matrix A. We identified x; with the node potential e;.
Let us assume that No(t) = ker A(z(t),t)D(t) does not dependent on . We will
follow [16] and investigate (1.10) in more detail. With

Fly @) = A(x(t), )y — (= (1), 1),
(1.10) can be written as
F((D@®z@)),2(t),t) = 0. (1.11)

Denote B(y,z,t) = fi(y,x,t) and let Q(t) be a continuous projector function onto
No(t). Calculate

Gi(y, z,t) = Az, 1) D(t) + By, z, 1) Q(1)-

For the transistor amplifier (1.11) in figure 1.4 this matrix is always nonsingular. We
want to use this matrix in conjunction with the Implicit Function Theorem to derive
an ordinary differential equation that determines the dynamical flow of (1.10).

Let D(t)~ be defined by

DD™D =D, DD~ =I5,
D™ DD™ =D, D D=P:=1—-Q.

I, denotes the identity in R¥ and D(t)~ is a generalized reflexive inverse of D(t).
For more information on generalized matrix inverses see section 2.3.1 on page 18.
For a solution x of (1.11) define

u(t) = D(t)x(t), w(t) = D)~ (t) + Q(t)z(t).

Observe that A(Dz)' = ADw and x = Pr+ Qx = D™ Dz +Qx = D™ u+ Q. Thus
it holds that

(1.11) < ADw—i—b(:p,t) & F(w,u,t) = f(Dw,D_u+Qw,t) =0.
Note that
v = R'u+ Dw,

since Dw = DD~ u + DQx = (Ru)’ = v/ — R'u. The mapping F can be studied
without requiring x to be a solution. Let (yo, zo,t0) € ROT8F1 such that

f (Yo, 0,t0) = 0.
For wy = D(t9) yo + Q(to)xo, up = D(to)xo it follows that
hd F(w0>u07t0) = f(y()v xOvtO) =0,

o F! (wo,up,to) = Gy (yo,:vo,to) is nonsingular.



Due to the Implicit Function Theorem there is a ¢ > 0 and a smooth mapping
w : Bg(uo,to) xJ— R™
satisfying
w(up, tg) = wo, F(w(u,t),u,t) =0 V (ut)€ BQ(U07t0>.
We use w to define
x(t) = D(t) u(t) + Q(t)w(u(t),t), te7T.
where u is the solution of the ordinary differential equation
u'(t) = R'(t)u(t) + D(t)w(u(t),t), u(to) = D(to)wo. (1.12)
x is indeed a solution of (1.10), since
f((D(t)x(t))/,w(t),t) = f(«, D u+ Qu(u,t),t) = F(w,u,t) = 0.

This example shows that there is a formulation of the problem in terms of an ordinary
differential equation (1.12) as was the case for the mathematical pendulum in the
first example. However, (1.12) is available only theoretically as it was obtained
using the Implicit Function Theorem. Thus we have to deal directly with the DAE
formulation (1.10) when solving the problem. Nevertheless, (1.12) will play a vital
part in analyzing (1.10) and in analyzing numerical methods applied to (1.10).

In section 3 it will be shown how (1.12) can be obtained explicitly for linear DAEs.
Section 4 is devoted to showing that there are numerical methods that, when applied
directly to (1.10), behave as if they were integrating (1.12), given that (1.10) satisfies
some additional properties. In this case results concerning convergence and order of
numerical methods can be transferred directly from ODE theory to DAEs.

1.4 The Akzo Nobel Problem

The last example originates from the Akzo Nobel Central Research in Arnhem, the
Netherlands, and is again taken from [6]. It describes a chemical process in which
two species, FLB and ZLU, are mixed while carbon dioxide is continously added. The
resulting species of importance is ZLA. The reaction equations are given in [5].

1
2FLB + ; €O, kL FLBT 4+ H.0

ka/K
ZLA+FLB — FLBT +ZHU
k3
FLB + 2ZHU + CO, — LB + nitrate

1
FLB.ZHU + B CO, ZLA + H20

ZLB+Z7ZHU =— FLB.ZHU

The last equation describes an equilibrium where the constant
_ [FLB.ZHU]
~ [FLB] - [ZHU]

plays a role in parameter estimation. Square brackets denote concentrations.

S



The chemical process is appropriately described by the reaction velocities

ri = ki - [FLBJ* - [CO,)3,

ry = ko - [FLBT] - [ZHU)],
ko

3= 7

r4 = ks - [FLB] - [ZHU]?,

rs = ky - [FLB.ZHUJ? - [CO4]2,

- [FLB] - [ZLA],

see [6] for details. The inflow of carbon dioxide per volume unit is denoted by F;,
and satisfies

p(CO2)
Fin = KIA - (
H

- [€0s]).

kIA is the mass transfer coefficient, H the Henry constant and p(CO,) is the partial
carbon dioxide pressure [6]. It is assumed that p(CO2) is independent of [COy]. The
various constants are given by

k1 = 18.7, ky = 0.42, K, =115.83,
ko = 0.58, K = 34.4, p(CO2) = 0.9,
ks = 0.09, kIA = 3.3, H =1737.
If we identify the concentrations [FLB], [COs], [FLBT], [ZHU], [ZLA], [FLB.ZHU] with
x1,-..,Tg respectively, we obtain the differential-algebraic equation
1 —27r1 +r9 —r3 —71y
1 —371 —r4 =575 +Fn
1 , _ e —7ro +7r3
1 x'(t) = g 15— . (1.13)
1 T2 —T3 +75
0 Kszizq — 26

This DAE can be analyzed in a similar way as the previous example. The matrix

1000 0 0
001000 04206/
00100 0

Gr=AD+BQ=1, 4 g1 ¢ 0
0000 1 —084we /73
00000 1

is always nonsingular. Here, A = D = diag(1,1,1,1,1,0) was chosen.



2 Index concepts for DAEs

In the last section we saw that DAEs differ in many ways from ordinary differential
equations. For instance the circuit in figure 1.3 lead to a DAE where a differentiation
process is involved when solving the equations. This differentiation needs to be car-
ried out numerically, which is an unstable operation. Thus there are some problems
to be expected when solving these systems. In this section we try to measure the
difficulties arising in the theoretical and numerical treatment of a given DAE.

2.1 The Kronecker index

Let’s take linear differential-algebraic equations with constant coefficients as a start-
ing point. These equations are given as

Ex'(t) + Fz(t) = q(t), te7, (2.1)

with B, F € L(R™). Even for (2.1) existence and uniqueness of solutions is not
apriori clear.

Example 2.1 For the DAE

(é 8) (1) + <8 é) 2(t) = 0

a solution x = (z!) is given by zo(t) = ¢g(t) and x1(t) = —ftz g(s) ds, where the
function g € C'(J,R) can be chosen arbitrarily. O

In order to exclude examples like 2.1 we consider the matrix pencil A\E'+ F'. The pair
(E, F) is said to form a regular matrix pencil, if there is a A such that det(AE+F") #0.
A simultaneous transformation of F and F' into Kronecker normal form makes a
solution of (2.1) possible.

Theorem 2.2 (Kronecker [19]) Let (E,F) form a regular matriz pencil. Then
there exist nonsingular matrices U and V' such that

I 0 Cc 0
UEV—<0 N)’ UFV—<O I)’
where N = diag(Ny,..., Ng) is a block-diagonal matriz of Jordan-blocks N; to the
ergenvalue 0. O

The proof can be found in [9] or [15]. Notice that due to the special structure of
N there is i € N such that N#=1 #£ 0 but N* = 0. g is known as N’s index of
nilpotency. It does not depend on the special choice of U and V.

We solve (2.1) by introducing the transformation

() -

10



Thus (2.1) is equivalent to

UEV(V ™ z(t)) + UFVV ~tz(t) = Uq(t)
I 0\ (u®)\ | [(C 0\ (u®) _[a(t)
o &) o)+ (6 D00 -G)- e
The first equation is an ordinary differential equation
o' (t) + Cu(t) = alt)
for the u component. The second equation reads

v(t) = b(t) — Nv'(t)
= b(t) N(b’(t — NV'(t)) = b(t) — Nb'(t) + N*"(t)

= =Y (=N)ibD(p) (2.3)

determining the v component completely by repeated differentiation of the right
hand side b. Since numerical differentiation is an unstable process, the index p is a
measure of numerical difficulty when solving (2.1).

Definition 2.3 Let (E, F) form a regular matriz pencil. The (Kronecker) index of
(2.1) is 0 if E is nonsingular and u, i.e. N'’s index of nilpotency, otherwise.

2.2 The differentiation index

How can definition 2.3 be generalized to the case of time dependent coefficients or
even to nonlinear DAEs? If we consider (2.3) again, it turns out that

pn—1

V(t) =Y (=N)BIHD (1),

=0

meaning that exactly u differentiations transform (2.2) into a system of explicit
ordinary differential equations. This idea was generalized by Gear, Petzold and
Campbell [4, 10, 11]. The following definition is taken from [15].

Definition 2.4 The nonlinear DAE

f(.il?/(t), iL‘(t), t) =0 (24)
has (differentiation) index p if p is the minimal number of differentiations
£ 0ot t) —o, TEQAOD o AIEO 00y

such that the equations (2.5) allow to extract an explicit ordinary differential system
2'(t) = gp(:ﬂ(t),t) using only algebraic manipulations.

11



We now want to look at four examples to get a feeling of how to calculate the
differentiation index. We always assume that the functions involved are smooth
enough to apply definition 2.4.

Example 2.5 For linear DAEs with constant coefficients forming a regular matrix
pencil we have differentiation index p if and only if the Kronecker index is p. 0

Example 2.6 Consider the system

7 = f(z,y) (2.6a)
0=g(z,y). (2.6b)

The second equation yields

0= dg(;t’y) = ga(@,9)7" + gy(2, )y

If g,(x,y) is nonsingular in a neighbourhood of the solution, (2.6) is transformed to
v = f(a.y) (262)
Y = —gy(2,9) (@, y)a’ = —gy(w,y) " ga(x,y) f(2,7) (2.6b")

and the differentiation index is p = 1.

The DAE (1.6) modelling the circuit in figure 1.2 is of the form (2.6) with

o= u= (1) flo) = Gl - ea) and glay) = (72 7).

el +oy
G -1\. . . . .
Note that g,(z,y) = 1 o) B nonsingular so that (1.6) is an index 1 equation.
]
Example 2.7 The system
2’ = f(z,y) :
0=g(z) (2.8b)
can be studied in a similar way. (2.8b) gives
dg(x ,
0= YD _ g (21 = g,(@) f(2.) = (a1, (2.80)

Comparing with example 2.6 we know that (2.8a), (2.8b’) is an index 1 system if
hy(z,y) remains nonsingular in a neighbourhood of the solution. If this condition
holds, (2.8) is of index 2, as two differentiations produce

v = f(zy) (2.8a)
Y = —hy(z,y) " ha(z,y) (2, y)
= —(9:(@)y (@.9)) " (90@) (@) F @) 4 90(2) folw) f9) ). (28D7)

(2.8b”) defines the “hidden constraint” of the index 2 equation (2.8).

12



The DAE (1.8) modelling the circuit in figure 1.3 can be written as

) 1 .
i, = 72 = flir,e2) (2.10a)
OIiL—i]:g(iL). (2.10b)

The remaining variable e; is determined by e; = ey + G~ tiy, where i is the input
current. (2.10) is of the form (2.8) with z = iy, and y = es. hy(z,y) = gofy =1+ +
is nonsingular and the index is 2. O

Example 2.8 Finally take a look at the system

2 = f(x,y) (2.11a)
Y =g(z,y,2) (2.11Db)
0 = h(z). (2.11c)
Differentiation of (2.11c¢) yields
dh(x) , -
0=—— =ho(2)2" = ho(2) f(2,y) = h(z.y) (2.11¢")
and
Y= (%) = (g{if;fz))) = f(r,y)  (2.11a) and (2.11b) (2.12a)
0 =h(z,y) =g (2.11¢) (2.12b)

g
is of the form (2.8) with r = () and y = z. Define

h(x.v) = 8 (©)f(x. v)
and compare with (2.8b’) to find that (2.12) is of the index 2 if

by (5,9) = 8e(®)fy(5,0) = (ho ) (ﬁ)

0
= (hzx(fa ) + ha fa hmy(fa ) + hxfy) <g ) = hzfygz
z
remains nonsingular. This shows that (2.11) is an index 3 system if the matrix

ha(x) fy(z,y)g-(x,y, 2) is invertible in a neighbourhood of the solution (z,y, 2).
Hidden constraints are given by (2.11¢’) but also by

b(x,0) = 8:(Of(x,0) = haa(f, f) + hafof + hafyg =0,
which is condition (2.8b’) in terms of the index 2 system (2.12).

Consider again the mathematical pendulum from section 1.1 in the formulation

ZC'/:’U, :fl(x7y7u7”)

y/:’U 9 :f2(x7y,%v)

u/ = ——\x :gl(m,y,u,v,/\) (213)

g

Vi=4g - Ay = ga(,y,u,v,0)

0=a?+y> 1> =h(xy).
For [ > 0 the value h(yy) fruv)gr = —%(xQ + 92) is always nonsingular so that
(2.13) is an index 3 problem. O

13



2.3 The tractability index

In definition 2.4 the function f is assumed to be smooth enough to calculate the
derivatives (2.5). In applications this smoothness is often not given. For instance in
circuit simulation input signals are continuous but often not differentiable.

In this section we want to study the tractability index introduced by Griepentrog,
Mérz [13]. In fact we consider the generalization of the tractability index proposed
by Mérz [25]. The idea is to replace the smoothness requirements for the coefficients
by the requirement on certain subspaces to be smooth.

To define the tractability index we introduce linear DAEs with properly stated
leading terms. A second matrix D(t) is used when formulating the DAE as

A)(D®)z(t)) + B(t)z(t) = q(t). (2.14)
In contrast to the standard formulation
Et)z(t) + F(t)x(t) = q(t) (2.15)

the leading term in (2.14) precisely figures out which derivatives are actually in-
volved.

The formulation (2.14) was first used in [1] to study linear DAEs and their adjoint
equations. For (2.15) the adjoint equation

is of a different type. For the more general formulation (2.14) the adjoint equation
fits nicely into this general form:

D* (A*y)/ — By =p.
In this section we consider linear DAEs (2.14) with matrix coefficients
AeC(3,L(R",R™)), DeC(J,LER™R"), BeC(J,LERM)).

Neither A nor D needs to be a projector function. Note that A(t) and D(t) are
rectangular matrices in general. However, A and D are assumed to be well matched
in the following sense.

Definition 2.9 The leading term of (2.14) is properly stated if
ker A(t) ®im D(t) =R", te7,

and there is a continuously differentiable projector function R € C! (j, L(R”)) with
im R(t)=im D(t), ker R(t)=ker A(t) te7J.

By definition A(t) and D(t) have a common constant rank if the leading term is
properly stated [25].

Definition 2.10 A function x : 3 — R™ is said to be a solution of (2.14) if
r € CH(3,R™) = {z € C(3,R™) | Dz € C'(3,R™)}
satisfies (2.14) pointwise.

Let us point out that a solution z is a continuous function, but the part Dz : J — R"
is differentiable.
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We now define a sequence of matrix functions and possibly time-varying subspaces.
All relations are meant pointwise for ¢t € J. Let Gog = AD, Bg= B and fori >0

N; = ker Gy,
Si={zeR"|BizcimG;} ={z€R"|Bz€imgG,},
Qi=QF, imQ;=N;, P=1-Q;,
Git1 = Gi + BiQi,
Bit1 = BiP; — Gi1D~C},DPy--- P,
Cit1=DFy--- P, 1D

(2.16)

Here, D™ : 3 — L(R",R™) denotes the reflexive generalized inverse of D such that
DDD=D, D DD =D, DD =R, D D=PF. (217

Note that D~ is uniquely determined by (2.17) and depends only on the choice of
(Qo. Section 2.3.1 contains more details about generalized matrix inverses.

Definition 2.11 The DAFE (2.14) with properly stated leading term is said to be a
reqular DAE with tractability index p on the interval J if there is a sequence (2.16)
such that

e (3; has constant rank r; on J,
e Q; € C(J,L(R™)), DRy---P,D~ € C*(3,L(R")), i >0,
¢ Qiy1Q;=0,5=0,...,4,1>0,
e 0<rg<---<ry1 <mandr,=m.
(2.14) is said to be a reqular DAE if it is reqular with some index .

This index criterion does not depend on the special choice of the projector functions
Qi [28]. As proposed in [24] the sequence (2.16) can be calculated automatically.
Thus the index can be calculated without the use of derivative arrays [27].

Example 2.12 Consider the DAE

() (= ()« (5 3) () -0

taken from [25]. With ker A(¢) = {0}, im D(¢) = R the leading term is properly
stated. Calculate
—t ¢ 5 ,
Go(t) = A(t)D(t) = 1 and No(t) ={zeR*|F aeR, z=a(!)}

to find that Ny(t) C ker B(t). Independently of the choice of Q) in (2.16) we have

G1(t) = Go(t) + B(t)Q(t) = Go(t).
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Similarly it follows that G;(t) = Go(t) for every ¢ > 0. This is not a regular DAE in
the sense of definition 2.11. Note that for every v € C'(J,R) a solution is given by
z(t) = v(t) (1). Solutions are therefore not uniquely determined. This is the case
in spite of the fact that for every ¢ the local matrix pencil AAD + (B + AD') of the
reformulated DAE
2
0= A(®) D)2 (t) + (B(t) + A() D' (8))x(t) = (j i) 2 (t) + (1)

is regular. O

The following lemma shows that definition 2.11 is indeed a generalization of the
Kronecker index, i.e. in the case of constant coefficients, the Kronecker index and
the tractability index for regular DAESs coincide. To show this, define the subspaces

Sprp={2€R™ | Fz€imFE}, Ng =ker E.

for given matrices F, F' € L(R™). Obviously for fixed ¢t € J we have N;(t) = Ng, )
and S;(t) = Sg,+)B;(+) in sequence (2.16).

Lemma 2.13 For matrices E, F' € L(R™) the following statements are equivalent:
1° NgnSgr = {0}
2° For every projector Qg onto Ng the matrix E + F Qg is nonsingular.
3° Np & Sgr =R™
4° (E, F) form a regular matriz pencil with Kronecker indez 1.

Proof: (1° = 2°) (E+ FQg)z = 0 implies Qrz € Spr. Since Qpz € Ng too,
we have Qpz € Ng N Sgr = {0} and Qgz = 0. Thus 0 = Ez + FQgz = Ez and
z € Ngp =im Qp. Therefore z = Qgz = 0.

(2° = 3°) Ggr = E + FQpg is nonsingular. Show that Q. = QEGE};F is the
projector onto N along Sgp.

(3° = 4°) There is exactly one projector Q. onto Ng along Sgp. Since 3° = 1° =

2°, we find Q. = Q.G F with Gpr = E+ FQ.. Let P, = I — Q..
Show that A E+F is nonsingular for A ¢ spec(P.G 51 F) so that (B, F) form a regular
matrix pencil. Due to theorem 2.2 there are nonsingular matrices U,V € GLg(m)
such that

VEU=(!y)=E, VFU=(Y,) =F.
It follows that Ny =ker E=U"!'Ng and Spp={2 € R™ | Fz € mE}=U"'Sgp
so that

NgNSgr=U"YNgnSgr) = {0}. (2.18)
On the other hand

N ={(Z)€eR™z; =0, z2 € ker N} and
Spr ={(%) eR"|(9') € imE} ={(3) €R™ | 2 € im N},

2
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meaning that im N Nker N = {0} and N = 0. Thus the Kronecker index is 1.
(4° = 1°) Kronecker index 1 gives N = 0 and Sz = {0}, Nz N Sgr = {0}. Use
(2.18) to see Ng N Sgr =U(NgN Sgp) = {0} U

As in the previous section we now want to calculate the index of the DAEs modelling
the electrical circuits in figure 1.2 and 1.3.

Example 2.14 For (1.6) we calculate Gy = (§ (37 §> and Ng = Rx {0} xR. Choose
G 0 -1

Qo = (0 0 0) to find that G; = (—Cf (6’ 8 ) is nonsingular. For the circuit in figure

1.2 we therefore have index 1. O

Example 2.15 Equation (1.8) can be written as

/

0 el G -G 0\ [e i(t)
0]({0© 0 1)fe|] +|-G G 1]||e]=|0 (1.8")
L 1L 0 -1 0 ir 0
: 000 . 100
leading to G = (882)’ No =R xR x {0}. With Qp = (8(1)8) it turns out that
G 00
G1 = (—G G12> is singular and Ny = {z € R} | a €R, 21 = 20 = oL, z3 = }.
G -G O
= (0 0 L) is a projector onto N7 satisfying Q1Q¢ = 0. Finally G5 = (—G G1 i)
is nonsingular. Thus the index is 2. Note that the terms Cj,; dissappear in (2.16)
as Qg does not depend on ¢. O

Nevertheless, in general the derivatives of C;11 appearing in the definition of B;1
in sequence (2.16) are necessary in order to determine the index correctly. We will
illustrate this in the next example which can be found in [25] as well.

Example 2.16 The DAE

Th=q — 11 = f(z1) (2.19a)

s =qo — (L +n)x2 — nt(qr — 1) = g(z1, 22, 73) (2.19b)
0=gq3 —nteg — 3 = h(we,x3) (2.19c¢)

is easily checked to have (differentiation) index 3 as repeated differentiation of (2.19c)

yields

0=g5—q2+a2
O=q5—dgy+aq— 21
T =q5 —q +q-
The index does not depend on the value of . We now write (2.19) as

/

1 0 01 o\ [ 1 0 O T qn
e (0 0 1) v || 10 14n 0 [22] =] (2.19))
0 0 x3 0 nt 1 x3 q3
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with a properly stated leading term and calculate the sequence (2.16)

010 100 110 0-10
077t1>7 Q0:(000>7 Glz(on 1)7 Q1:<0 1 0)7
000 000 000 0—nt0

1 1 0 0 nt 1 1 1 0
G2:<8nt0+1(1))7Q2: 0o -nt -1 7G3:(0nt+11>,

0 nt(nt+1) nt+1 0 nt 1

<+

Since det G3 = 1, (2.19’) is a regular DAE with index 3 independently of . However,
if we dropped the terms Cj;1 in (2.16) and defined G; 11 = G; + B;Q;, Bi11 = B/P;
with Go = AD and By = B we would obtain

1 1 0 1 0 nt 1 1 1 0
Gy = (0 nt+1+n 1)’ Q9 = S 0 —nt -1 , g3 = (0 nt+1+n 1>.
0 0 0 T\ 0 (nt+14n)nt nt+14n 0 nmxt 1

det G3 = 1 + 1 shows that G3 is singular for n = —1. Thus the use of the simpler
version of B; would lead to an index criterion not recognizing the index properly. [J

The previous example gives rise to investigating the relationship between G; and G;
further. Due to G;P; = G; the matrix G;1 may be written as

Git1 = (Gi+ Bi-1Pi-1Q;) (I — PLD™C{DPy - - - P;_1Q;).
For low indices we thus find
Go = Go, Gy =G, Go =Go(I — PLD™C1DPyQ1)

with the nonsingular factor I — PiD~C{DPy@Q1. The matrices G2 and G have
therefore common rank and we had to choose an index 3 example in 2.16 to show
the necessity of the second term in the definition of B; ;.

We don’t have to restrict ourselves to linear DAEs (2.14). Nonlinear DAEs
Ala(t),t) (d(x,1),t) + b(a(t),t) = 0 (2:20)

can also be considered. For (2.20) the index p is defined in such a way that all
linearizations along solutions have the same index g in the sense of definition 2.11.
The index 1 case is studied extensively in [16]. We have already made use of this
approach when investigating the transistor amplifier example in section 1.3. More
information on nonlinear DAEs can be found in [27, 29].

2.3.1 Some technical details

In order to define the sequence (2.16) we introduced the generalized reflexive inverse
D~ of D. Here we want to provide a short summary of the properties of generalized
matrix inverses [41].

For a rectangular matrix M € L(R™ R"), a matrix M € L(R",R™) is called a
generalized inverse of M if

MMM = M.
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If the condition
MMM =M

holds as well, then M is called a reflexive generalized inverse of M. Observe that
for any reflexive generalized inverse M of M the matrices

(MM)? = MMMM = MM,  (MM)?>=MMMM = MM

are projectors. Reflexive generalized inverses are not uniquely determined. Unique-
ness is obtained if we require M M and M M to be special projectors. We could, for
instance, require them to be ortho-projectors

(MM =MM,  (MM)T = MM.

In this case M is called the Moore-Penrose inverse of M, often denoted by M.

In the case of DAEs with properly stated leading terms we appropriated the pro-
jectors Py(t) € L(R™) and R(t) € L(R") to determine D~ (¢) € R™,R™) uniquely.
D~ (t) is the reflexive generalized inverse of D(t) defined by

DD~ D =D, D DD =D, DD~ =R, D™D =PF,. (2.21)
If there was another generalized inverse D~ satisfying (2.21), then

D =D DD =D R=D DD =P,DD" =D DD =D".

In definition 2.11 the condition

is required. We will show briefly that the projectors @; in sequence (2.16) can always
be chosen to satisfy (2.22).

If for a given DAE (2.14) there was an index 4, such that N;, 41 N N;, # {0}, then
(2.14) would not be a regular DAE as all G; would be singular. Thus Non Ny = {0}
is a necessary condition for a regular DAE and the projector Q1 onto N can be
chosen such that Ny C ker Q.

For an index ¢ > 1 let the projectors Q; for j = 1,...,4 satisfy Q;Qr = 0, k =
0,...,7 — 1. Then N;41 N N; = {0} implies Ny ﬂNj = {0} for 7 =1,...,7 and
Qi+1 can be chosen such that Ng @ Ny @ --- & N; C ker Q;41.

2.4 Other index concepts

As seen in the previous sections a DAE can be assigned an index in several ways. In
the case of linear equations with constant coefficients all index notions coincide with
the Kronecker index. Apart from that, each index definition stresses different aspects
of the DAE under consideration. While the differentiation index aims at finding
possible reformulations in terms of ordinary differential equations, the tractability
index is used to study DAEs without the use of derivative arrays.

There are several other index concepts available. Here we want to introduce some
of them briefly.
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2.4.1 The perturbation index

The perturbation index was introduced for nonlinear DAEs

F@ (), 2(t) = 0 (2.23)

by Hairer, Lubich and Roche in [14]. (2.23) has perturbation index p along a solution
xz onJ = [0,7] if p is the smallest integer such that, for all functions & having a
defect

f@'(t),2(t) = a(t),
there exists on J an estimate

J#(t) = 2(0)] < C(|#(0) = 2(0)]| + max: [6(E)] +-- + max 6~ (©)])

whenever the expression on the right-hand side is sufficiently small. Here C' denotes
a constant which depends only on f and the length of J.

The perturbation index measures the sensitivity of solutions with respect to pertur-
bations of the given problem [15].

2.4.2 The geometric index

Here we present the geometric index as it is introduced in [38]. Consider the au-
tonomous DAE

f(@',z)=0 (2.24)

and assume that My = f~1(0) is a smooth submanifold of R™ x R™. Then the DAE
(2.24) can be written as

(2',x) € M.

Each solution has to satisfy ©z € Wy = w(Mp), where 7 : R™ x R™ — R™ is the
canonical projection onto the second component. If Wy is a submanifold of R™, then
(', ) belongs to the tangent bundle TWy of Wy. In other words

($/,$) € M; = MygNTW,.

M, is called the first reduction of My. Iterate this process to obtain a sequence
My, M1, Ma, ... of manifolds where M;; is the first reduction of M; and

(l’,, 33‘) S ﬂ M;.

>0

The geometric index is defined as the smallest integer p such that M, = M, 1. This
index notion was introduced in [33] and studied extensively in [31] by Rabier and
Rheinboldt.
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2.4.3 The strangeness index

This index notion is a generalization of the Kronecker index to DAEs
E@t)x'(t) + F(t)z(t) = q(t), teJCR, (2.25)

with time-dependent coefficients. It is due to Kunkel and Mehrmann [22]. The
matrices U and V' in theorem 2.2 now depend on ¢, i.e. (2.25) is transformed to

UEVY + (UFV —UEV')y = Uq N By + Fy=q.

The pairs of matrix functions (E, F) and (E, F) are said to be globally equivalent.
For fixed t € J define matrices T(t), T(t), Z(t) and V(t) such that the column
vectors of T'(t), T(t), Z(t) and V (t) span the subspaces ker E(t), im ET, ker ET and
im(Z(t)T N (t)T(t))*, respectively. Use these matrices to define

r(t) = rank E(t), d(t) =r(t) — s(t),
a(t) = rank (Z(t)TN(t)T(t)), u(t) =m —r(t) —a(t) — s(t),
s(t) = rank (V)T Z(t)TN()T'(1)).

We assume that the functions r, s and a are constant on J. Then (E, F) is globally
equivalent to the pair

00000 8%28514?15
07,000 24 I'25
00000]),l 0 011 0 0O = (Ep, FY)
00000 I 0 0 0 0
00000 00 0 O 0

The proof can be found in [21]. The value s is called the strangeness of the pair
(E,F). Denote (E,F) by (Eo, Fy) and sg = s. Similarly we define the strangeness
s1 of the pair (E7, F1). If we repeat the procedure described above, we arrive at a
sequence of globally equivalent pairs (E;, F;), i > 0, each having strangeness s;. The
strangeness index or s-index is then defined by

pw=min{i=0,1,2,... | s, =0}.

Relations between the tractability index and the strangeness index are given in [36].
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3 Solvability of linear DAEs
with properly stated leading term

In this section we consider linear differential-algebraic equations
A@) (D)) + Bt)x(t) = q(t), teT (3.1)

with properly stated leading terms as in definition 2.9. A, B and D are continuous
matrix functions with

D(t) € L(R™,R"), A(t) € L(R",R™)
B(t) € L(R™,R™), q(t) e R™

A function z : 3 — R™ is said to be a solution of (3.1) if
r € CH(I,R™) = {z € C(J,R™) | Dz € C*(3,R")}

satisfies (3.1) pointwise.
As in the previous section we define for ¢ € J pointwise Gg = AD, By = B and
fort>0

N; = ker G, )
Si={zeR"|BjizcimG;} ={z€R"|Bz €imgG,},
Qi=QF, imQ;=N;, P=1-Q;,

Git1 = G; + B;Q;,

Biy1 = BiP; — Gi11D~Cj DRy --- P,

Cit1=DFy--- P, 1D

(3.2)

D™ is again the reflexive generalized inverse of D from section 2.3.

For completeness we repeat the definition of index 1 from the previous section.

Definition 3.1 The DAFE (3.1) with properly stated leading term is said to be a
reqular DAE with tractability index p on the interval J if there is a sequence (3.2)
such that

e (3; has constant rank r; on J,
e Q; € C(J,L(R™)), DRy---P,D~ € C*(3,L(R")), i >0,
e Qiy1Q;=0,5=0,...,4,1>0,
e 0<rg<---<ry1 <mandr,=m.
(3.1) is said to be a reqular DAE if it is reqular with some index .

The material presented here is mainly taken from [25], [1] and [26].
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3.1 Decoupling of linear index-1 DAEs

Let (3.1) be a regular index 1 DAE with properly stated leading term. Due to
definition 3.1 the Matrix (7 is nonsingular.

Lemma 3.2 The matrices of sequence (3.2) satisfy
(a) Pb=D~D, PhD~=D~, DPy=D, DPpD =DD™ =R,
(b)) RD=DD~D =D,
(c) A= AR = ADD™,
(d) Qo= Gy 'BQo,
(e) Py =G{'AD,
(f) Pox = Poy < DPyx = DPyy % Dx = Dy.

Proof: (a) and (b) are just the properties of the generalized reflexive inverse
D~. Remember that R € C! (3, L(R”)) is the smooth projector function realizing
the decomposition ker A(t) @ im D(t) = R™ provided by the properly stated leading
term. ker A = ker R implies (c). G1Qo=ADQy+BQZ= BQ, proves (d). Similarly
G1Py = ADPy + BQoPy = AD shows (e). For (f) we only have to show “<”. If
DPyz =0 then Pyz € ker D = ker AD = ker Py and thus FPyz = 0.

ker D =ker AD holds due to the properly stated leading term. O
Let’s assume that x is a solution of the DAE (3.1). Scaling with G7! yields

A(Dz) + Ba=q & G7'A(Dz) +Gy'Bx =Grle. (3.3)
Note that

(c)

e G{'A(Dz)' = G{'AR(Dz)' = G{'ADD~ (Dz)’ 5 PyD~ (Dz)’,
e G{'Bx=G{'BPyz + G{'BQoz 7 G{'BPyx 4 Qoz.
Thus multiplication of (3.3) by Py and Q¢ from the left shows that
A(DCL’), +Br=q & GflA(Dm)' + GleCL‘ = G’Ilq

- {POD(Dx)/ + PRG{'BPu = POG;Iq}
QoGi'BPz + Qor = QoGi'q

- {DPOD(Dx)'+DP0G1_1BPOx = DPOGl_lq}
() QG 'BPiz + Qor = QuGi'q
- {R(D:):)/ + DGi'BPyx = DG;lq}
(a) QuGy'BRz + Qoz = QoGi'q
- {(Dx)’—R’DerDG;lBPOx = DGi'g }
(b) QuG1'BPix + Qoz = QuGi'g
- {(Dx)/ = R’(Da:)—l?Gl_lBD(D:U)—i—DlGl_lq}

(a) Qox = —Q()Gl_ BD_(Dx) +Q0G1_ q
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Every solution x can therefore be written as

x = Pyx + Qoxr = D™ (Dz) + Qoxr = D™ (Dz) — QoGy'BD™(Dx) + QoG 'q

= (I - QuG{'B)D u+ QuGi'q (3.4)
where v = Dx is a solution of the ODE
v = R'u— DGT'BD u + DG 'q. (3.5)

Definition 3.3 The explicit ordinary differential equation (3.5) is called the inher-
ent regular ODE of the index-1 equation (3.1).

Lemma 3.4 (i) im D is a (time varying) invariant subspace of (3.5).
(i) (3.5) is independent of the choice of Q.

Proof:
(i) Because of im D = im R = ker(I — R) multiplication of (3.5) by I — R gives
(I - R = (I — R)R'u= —(I — R)'Ru
and v = (I — R)u satisfies the ODE v' = (I — R)v.

If there is t, € J such that u(ty) = R(t«)u(t«) € im D(t4), then v(t,) = 0. This
means v(t) = 0 and thus u(t) = R(t)u(t) for every t.

(ii) Let Qo be another projector with im Qo = Ny and let B, ﬁ_Abe defined as
in £2.16). Then G1 = G1(I + QoQoFy) implies Gl_l = - QOQOPO)Gl_l and
DGy = DG, Finally note that

DG{'BD~ 5 DGT'BPyD~ = DGT'BD~ — DG{'BQyD~

7 DG{'BD™ — DQyD~ = DG{'BD". O

The decoupling procedure above and lemma 3.4 enable us to prove existence and
uniqueness of solutions for the index 1 DAE (3.1).
Theorem 3.5 Let (3.1) be a regular index 1 DAE. For each d € im D(typ), to € J,
the initial value problem

AW(DO(®) + Bzt = q(t),  Dl(to)a(te) = d (3.6)
1s uniquely solvable in C’ll)(j,Rm).
Proof: There is exactly one solution u € C1(J,R™) of the inherent ODE

u' = R'u — DGT'BD u+ DG 'q
satisfying the initial condition u(tp) = d. Lemma 3.4 shows that u(t) = R(t)u(t) for
every t. Therefore

= (I —QuG{'B)D u+ QyG;'q € CH(3,R™)

is a solution of (3.6) satisfying Dz = u. The decoupling process shows the unique-
ness. U

Note that the initial condition D(ty)x(tg) = d for d € im D(ty) can be replaced by
D(to).r(to) = D(to)xo, 20 e R™.
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3.2 Decoupling of linear index-2 DAEs

We now want to repeat the same argument for linear index 2 differential-algebraic
equations. We assume that (3.1) is an index 2 DAE with properly stated leading
term. Due to definition 3.1 and lemma 2.13 we have N;(t) ® Si(t) = R™. In this
section we choose ()1 to be the canonical projector onto N7 along S;. Lemma 2.13
also implies Q1Qy = Q1G2_1B1Q0 = 0 as required in definition 3.1.

For the sequence (3.2) to make sense we have to assume DP; D~ € C'(3J, L(R")).
Then DQ1D~ = —DP,D~ + DD~ = —DPyD™ + R is also smooth. Note that
DQ1D~ and DP, D~ are projector functions.

In addition to (a), (b), (c¢) and (f) from lemma 3.2 we now have

(9 = Q1G5 By,

(h) G3'AD = PP,

Qix=Qry & DQixz = D@y,

(k) QQQ =0 for every projector function 2 € Cl( (]R”))

) @
)
(i) G3'B=Gy'BPyP, + PLD~(DP,D~)DQ; + Q1 + Qo,
(7)
)

Proof: (g) follows from lemma 2.13, (h) can be proved similar to (e) in lemma
3.2, but (7) is a consequence of B = BPy+ BQy = BPyP; + BPyQ1 + BQo and

G2Qo = BQo, G2Q1=B1Q1, BPyQ1 = B1Q1+ GoP D™ (DP,D™)'DQ;.

To show (j) assume that DQ1z = 0. Then Q12 € ker D = ker Py and Q12 = Q32 =

Q1PrQ1z = 0.
Finally 0 = (I — Q)Q implies 0 = (I —Q)/Q+ (I —Q)Q' = -0+ (I -Q). O

In order to decouple (3.1) in the index 2 case we again assume that x is a solution
of the DAE. Since G5 is nonsingular, we find

A(Dz) +Bx=q & Gy'A(Dz)' +Gy'Bx=Gylq (3.7)
& PD™(Dz)+Gy'BPyPiz+PiD (DP,D™) DQiz+Qiz+Qozr =Gy 'q
using (a), (¢), (h) and (7). Due to I = P + Q1 = PoP1 + QoP1 + Q1 we can
decouple (3.7) by multiplying with Py Py, QoP; and Q1 respectively. (3.1) is therefore
equivalent to the system

PyP\D™ (D2)+ PyPyGy'BPyPyx+PyP D~ (DPyD7)DQ1x=PyPiGy'q, (3.8a)
QoP1D™ (Dz)' + QoP\Gy ' BPyPix

+QoPiD™(DP,D™) DQ1x + Qor=QoP1G5'q, (3.8h)

Q1Gy'BPyPiz + Q1r=Q1G5 ¢, (3.8¢)
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With (@) and (f) equation (3.8a) takes the form

DP, D™ (Dz)' + DP\Gy' BPyPiz + DPiD~(DP,D~)'DQiz = DP1Gy 'q.
Use the product rule of differentiation to find

DP D™ (Dz)' = (DPiz)' — (DP,D™)(Da).
On the other hand

DPD~(DP,D™)DQ, = (DP,D”)' D@
as (DP,D~)'DPPyQ1 = 0, so that (3.8a) is equivalent to

(DPiz)' — (DPD™) (DPiz) + DPIGy ' BD™(DPyz) = DPiGylq.  (3.82))
A similar analysis involving (g), (j) and (k) from lemma 3.6 yields

~Qo@1D™ (DQ1z) + Qo@Q1 D~ (DQ1D ™) (DPix)
+QoP1Gy ' BD™(DPix) + Qoz = QoP1Gy g, (3.8D))
DQix = DQ1G5q. (3.8¢)

Each solution z of (3.1) can thus be written as

= Pyx+ Qor = D" Dx + Qopx
= KD u—QoQ1 D (DQ1 D™ )u+(QoP1+PoQ1)G5'q+QoQ1 D (DQ1G5q)

where

K=1-QyPG,'B
and v = DP;x satisfies the ordinary differential equation

W — (DP.D™) u+ DPiGy'BD u = DPiGy 'q.
As in the index 1 case this ODE will be referred to as the inherent regular ODE.
Definition 3.7 The explicit ordinary differential equation

W' = (DP,D”)'u~ DPGy'BD u+ DPiGy'q (3.10)
is called the inherent regular ODE of the index 2 equation (3.1).

For the index 2 case we now prove the lemma corresponding to lemma 3.4 from the
previous section.

Lemma 3.8 (i) im DP; is a (time varying) invariant subspace of (3.10).

(ii) (3.10) is independent of the choice of Qo and thus uniquely determined by the
problem data.
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Proof: To prove (i), carry out a similar analysis as in the proof of lemma 3.4 but
with R replaced by DP;D~. To see (ii) consider another projector Qo with im Qo =
Np and the relation Gy = Gi1(I + QOQOPO). The subspaces Ny = (I — QOQOPO)Nl
and S = S are given in terms of N7 and S7 so that Ql =+ QOQOPO)Ql is the
canonical projector onto Ny along S;. This implies DP,D~ = DP,D~. Use the
representation

CATY2_1 = (I + Qop()PlP())Ggl

to see that DP1G2_1 and DP1G2_1BD* are independent of the choice of Q. O

As in the previous section we are now able to prove existence and uniqueness of
solutions for regular index 2 DAEs with properly stated leading terms. We make
use of the function space

c! (3, R™) ={ € C(3,R™) | DQ1Gy'z € C'(3,R") }.

DQLGy
Theorem 3.9 Let (3.1) be a regular index 2 DAE with q € CJIDQngl (3,R™). For
each d € im D(tg)P1(to), to € J, the initial value problem

A@6)(D()a(1))' + B(t)a(t) = q(t), D(to)Pi(to)z(to) = d (3.11)
is uniquely solvable in CL(3,R™).
Proof: Solve the inherent regular ODE (3.10) with initial value u(ty) = d.

Lemma 3.8 yields u(t) € im D(¢)P;(t) for every ¢ and
z = KD u—QoQ1 D (DQ1D™)u+(QuP1+PoQ1)G5'q+QoQ1 D (DQ1Gy )

is the desired solution of (3.11). O

The initial condition D(t)Pi(to)z(to) = d can be replaced by D(to)Pi(to)x(tg) =
D(to)Pl(to)SUO for Y € R™.

3.3 Remarks

In sections 1.3 and 1.4 we presented examples of nonlinear differential-algebraic
equations f ((Dm)’ , T, t) = 0, where the solution could be expressed as

z(t) = D) u(t) + Qt)w(u(t),t), teI.
u was the solution of

u'(t) = R'(t)u(t) + D(t)w(u(t),t), ulto) = D(to)zo (3.12)
and w was implicitly defined by

F(w,u,t) = f(Dw, D™ u+ Qu,t) = 0.

The ordinary differential equation (3.12) is thus only available theoretically.
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In this section we made use of the sequence (3.2) established in the context of the
tractability index in order to perform a refined analysis of linear DAEs with properly
stated leading terms. We were able to find explicit expressions of (3.12) for these
equations with index 1 and 2.

This detailed analysis lead us to results about existence and uniqueness of solutions
for DAEs with low index. We were able to figure out precisely what initial conditions
are to be posed, namely D(to)x(tg) = D(tg)z? and D(to) Pi(to)x(to) = D(to)Py(to)z°
in the index 1 and index 2 case respectively.

These initial conditions guarantee that solutions u of the inherent regular ODE (3.5)
and (3.10) lie in the corresponding invariant subspace. Let us stress that only those
solutions of the regular inherent ODE that lie in the invariant subspace are relevant
for the DAE. Even if this subspace varies with ¢ we know the dynamical degree of
freedom to be rank Gy and rank Go+rankG;—m for index 1 and 2 respectively
[25].

The results presented can be generalized for arbitrary index p. The inherent reg-
ular ODE for an index p DAE with properly stated leading term is given in [25].
There it is also proved that the index p is invariant under linear transformations
and refactorizations of the original DAE and the inherent regular ODE remains
unchanged.

Finally let us point out that we assumed A, D and B to be continuous only. The
required smoothness of the coefficients in the standard formulation

Ex' + Fx=q (3.13)

was replaced by the requirement on certain subspaces to be spanned by smooth
functions. Namely, the projectors R, DP; D~ and DQ D~ are differentiable if DNy
and DS are spanned by continuously differentiable functions [1].

However, if the DAE

A(Dz) + Bx =q (3.14)

is given with smooth coefficients and we orient on C'-solutions, then comparisons
with concepts for (3.13) can be made via

ADz' + (B — AD")x = q.

On the other hand, if E has constant rank on J and Pg € C* (3, L(Rm)) is a projector
function onto ker E, we can reformulate (3.13) as

E(Ppz) + (F — EPp)z =q

with a properly stated leading term.
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4 Numerical methods for linear DAEs

with properly stated leading term
The last part is devoted to studying the application of numerical methods to linear
DAE:s of index =1 and p = 2. From the previous section we know that (3.4) and
(3.9) are representations of the exact the solution, respectively. In fact, it turns out
that (3.4) is just a special cases of (3.9). To see this, observe that for yu = 1 the
matrix (G7 is nonsingular so that )1 = 0, P, = I and G5 = GG1. We therefore treat

index 1 and index 2 equations simultaneously in this section.
We will show how to apply Runge-Kutta methods to DAEs

A(t) (D(t)x(t))/ + B(t)z(t) = q(t) (4.1)

with properly stated leading terms. Results presented here follow the lines of [17,
18, 26]. Runge-Kutta methods for DAEs are also studied in [14].

When using the s-stage Runge-Kutta method

L’ﬁi’fa A:(a”)EL(RS), C:Aev ﬁERS, e:(l,...,l)TGRS,

to solve an ordinary differential equation
o' (t) = F(x(t),t) (4.2)

numerically with stepsize h, an approximation x;_; to the exact solution x(¢;_1) is
used to calculate the approximation x; to z(¢;) = x(t;—1 + h) via

S
r=x1-1+h Z@X{Z (4.3a)
i=1
where X, is defined by
X = F(Xh',tli), i=1,...,s, (4.3b)
and t;; = t;_1 + ¢;h are intermediate timesteps. The internal stages X; are given by
S
Xy =x-1+ hZ Oél'le,j. (4.30)
j=1

Observe that (4.3a) and (4.3c) depend on the method and only (4.3b) depends on
the equation (4.2). If the ODE (4.2) is replaced by the DAE

f(2'(t),z(t),t) =0
we also replace (4.3b) by
F(XGi Xiiytis) =0, i=1,...,s (4.3b”)

in the Runge-Kutta scheme.

The matrix g :f, is singular. Therefore some components of the increments X/, need

to be calculated from (4.3c) as seen in the following trivial example.
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Example 4.1 If f(2/,z,t) = x — q(t), then z(t) = ¢(¢t). The numerical method
(4.3a), (4.3b’), (4.3c) now reads

S S
vi=w by BiXp,  q(tn) = Xu =z +h Y X
i=1 j=1

This system can be solved if and only if A is nonsingular. O

In the following, we always assume 4 to be nonsingular. This leads to an expression
of XJ, in terms of Xj;.

Lemma 4.2 Let A = (;j) be nonsingular and A~' = (&;;). Then

s s
. I - .
Xli:l'l_l—i—hjélainl/j, i1=1,...,5 & Xl/i:hjglaij(le—l’l_l), 1=1,...,s.

Proof: If ® denotes the Kronecker product and e,, = (1,...,1)T € R™ then

() menerenasn () = () =5t |()-ewn] 0

Now consider the linear DAE (4.1) with continuous matrix functions
A(t) € L(R",R™), D(t) e L(R™,R"), B(t)e L(R™,R™).

and a properly stated leading term.

When applying the numerical scheme (4.3a),(4.3b),(4.3c) we don’t want to lose the
additional information provided by the properly stated leading term. According to
lemma 4.2 we therefore replace (4.3c) by

[DX]}; = Zam (D Xij — Di—1z1-1) (4.3¢")
j 1

and solve the system
AulDXy; + BuXy = qu, i=1,...,s (4.3b)

for Xj;. Here we write D;—1 = D(t;—1), Dy; = D(t;;), Ai; = A(t;) and so on. Using
this ansatz the output value

S S
T =T 1+h2@ Zazj (Xpj—ai1)=(1=pT AT )1+ Y Bici; Xy
i=1 = i=1 j=1
is computed. For RadaullA methods this expression simplifies considerably.
Definition 4.3 The s-stage RadaullA method is uniquely determined by requiring

C(s), D(s), cs = 1 and choosing ci,...,cs—1 to be the zeros of the Gauss-Legendre
polynomial ps.

For the conditions C(s), D(s) see [3]. The Gauss-Legendre polynomial ps is or-
thogonal to every polynomial of degree less than s. RadaullA methods are A- and
L-stable and have order p = 2s — 1. The last row of A coincides with 37 [3, 15].
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Lemma 4.4 For the s-stage RadaullA method 1—3T A= e = 0 holds and the output
value computed by (4.3a), (4.3b”), (4.3c), (4.3¢’) is given by the last stage Xis.

Proof: 1-8TAte=1-Z,(A)A te=1-(0,...,0,1)e=0 and
S S X
=(1-8TA ez 6 Xy = ((0,...,0,1) @ I, <~l-1):XS. 0
o= (1-pg"A""e)xy 1+;;5O¢; 5= (00,...,0,1)®In,) X !

To summarize these results we present the following algorithm for solving the DAE
(4.1) using RadaulIA methods.

Algorithm 4.5 Given an approzimation x;_1 to the exact solution x(t;—1) and a
stepsize h, solve

Au[DX; + BuXy = qu, i=1,...,s (4.3b”)
for Xi; where [DX]), is given by
1 S
[DX]}; = 7 D aij (D X5 — Diyi—y). (4.3¢")
j=1
Return the output value x; = X5 as an approzimation to x(t;) = x(t;j—1 + h).

The exact solution z of (4.1) satisfies

z(t) € Mo(t) ={z € R™| B(t)z — q(t) € im (A(t)D(t))} V t.
Since Xj; € My(t;;) for every i and ¢; = 1 we have

1= Xi5 € Mo(tis) = Mo(ty)

for every RadaullA method. Thus the RadaullA approximation satisfies the al-
gebraic constraint and RadaullA methods are especially suited for solving DAEs
[14, 15].

4.1 Decoupling of the discretized equation
Algorithm 4.5 replaces the DAE

A(Dz) + Bz =q (4.1)
by the discretized problem

Au[DX)}; + BuXiu = qu, i=1,...,s. (4.4)

As seen in section 3.2, the analytic solution = of index 1 and index 2 equations (4.1)
can be represented as

= KD u~QoQ1D(DQ1D™)ut+(QoPi+PoQ1)G5'q+QuQ1 D (DQ1G5Yg) (4.5)
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where K = I — QoP1G5 !B and the component © = DPyx satisfies the inherent
regular ordinary differential equation
W — (DP.D™) 'u+ DPiGy'BD u = DPiGy'q. (4.6)

If we applied the Runge-Kutta method directly to the inherent regular ODE, due
to lemma 4.2 we would obtain

1 S
- Z a; (U —wi—1) — (DPlD_);iUli +(DPG3'BD™)U;; = (DPGy 'q),; (4.7)
j=1

fori=1,...,s. Our aim is to show that the Runge-Kutta method, when applied to
(4.1), behaves as if it was integrating the inherent regular ODE (4.6).
We start by repeating the decoupling procedure from section 3.2 for the discretized
equation (4.4). Doing so (4.4) is found to be equivalent to the system
(DPD™),[DX]}; + (DP\Gy ' BPy ), Xy;
+H(DPLD7)};DiQ1iXu = (DG q),
—(Qu@1 D7), [DX]}; + (QuPGy ' BPyPy) , X (4.8)
+(QoPLD™)ii(DPLD ™), DyiQ11 X1s + QouiXii = (QoP1G3'q)
DiiQ1i X = (DQ1G3'q),; )
for ¢ =1,...,s. The decoupled system (4.8) immediately implies the convergence

of RadaulTA methods applied to (4.1) on compact intervals J if the stepsize h tends
to zero [18]. A careful analysis of (4.8) also leads to the main result in this section.

Theorem 4.6 Let (4.1) be an index pu equation, p € {1,2}. Let the subspaces
D(-)S1(-) and D(-)Ni(-) be constant. Then the difference between the exact solution
and the solution obtained by using a RadaullA method can be written as

x(t)—x = KDy (u(ty) —w)
k
+ QD7) { (DQiGs )= 3 s (D@16 'a) ;- (D165 1), )}
j=0

Here u; is exactly the RadaullA approximation to the solution u(t;) of the inherent
reqular ODE (4.6).

Note that % Z?:o gj <(DQ1G2_1q)lj _ (DQnglq)l—l) is exactly the Runge-Kutta

approximation to (DQlG; 1q);. The proof of theorem 4.6 will use the following
lemma.

Lemma 4.7 DPy D~ and DQ1 D~ are projector functions satisfying
(Z) DS =imDP, = imDP D™, DNy, = 1InDQ1 = imDQlD*.

If the subspaces DS1 and DNy are constant, so that there are constant projectors
V, W onto DS1 and DNy respectively, then the following relations hold:

(i) DP.D"V =V, DP,D-W =0, DQD"W =W, D@D~V =0,
(iti) (DP,D~YV =0, (DP,D~YW=0 ,(DQD~)W=0, (DQ;D~)V =0.
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Proof: DPy D™ and D@1 D™ are projector functions due to lemma 3.2 and 3.6.
The same lemmas imply (i), so that DP,D™V =V and DQiD~W = W hold as
well. These relations together with (i) show (ii). Finally use (ii) to prove (iii) by
noting that V' and W are constant projectors and therefore do not depend on ¢. [J

Proof of theorem 4.6: The proof will be divided into four parts. In [0 we
analyze (DPlD_)h.[DX]Ei and (QngD_)li[DX]EZ., so that we can find a repre-
sentation of the numerical solution in part . This representation will depend on
Uis = DisP1,15Xis. In O we show that u; = U, is exactly the RadaullA solution of
the inherent regular ODE. The poof will be completed by comparing the analytic
and the numeric solution in part 0.

0 Analyze (DP1D™),[Dx];; and (QoQ1 D), [Dx]j,
Write Uli = Dlipl,lini and Uj—1 = Dl,1P17l,1.’Bl,1. Then

1 .
(DPLD7), [Dally = 5 (DPD™),; 3 i (Dy Xa; = Dioazia)
j=1
1 S
= E(DPlD—)li Zdij (Ulj + Dy Q11 X1y — u—1 — (Dle)z—1>'
j=1

Use lemma 4.7 to see that
(DPiD™)ii(Upj —w—1) = (DPAD7 ), V(Uij —w—1) = V(Uj —wg—1) = Upj — w1
and
(DP,D™),(DijQ1:X1j—(DQ12)1-1) = (DPLD™) ;W (D1 Q1,1 X1;—(DQ1);-1) =0.
We arrive at
(DP.D™),,[Dal}; = Z (Ulj _ uH).
—1

Similarly, lemma 4.7 implies

(D@1D™),,[Da]}; = Z& (Dl]Ql i Xij — (DQiz), 1)

]:

b\*—‘

Because of

(Qu@1D7), = (Qu(@1Po@1)D7),, = ((QuQ1D™)(DQ1D7)),,

it follows that

(Qu@Q1D™),[DX]}; = %(QleDf)li Zdij (Dlel,lz'le - (DQll‘)l,l)'

33



O Obtain a representation of the numerical solution z;

The discretized system (4.8) now reads
% ijl &ij (Ulj — ul_l) + (DPnglBD_)liUli
+(DPyD7),; D@1 X = (DP1Gy'q) i
—7(QoQ1D7),; 325, Gij (DyQuiXey — (DQux),_y)
—|—(Q0P1G2_1BD7)MUM
+(QoPLD™)ii(DPLD ™), DyiQ11: X1i + QoiXii = (QoP1G3q)

DyiQ1iXii = (DQ1G3'q),; )

but due to lemma 4.7 this reduces to
#301@i(Uy —wr) + (DG, 'BD™) Ui = (DPIGy 'q),

—#(Qo@Q1D™),, Y5 @ij (D@1 X1y — (DQux), )
+(QuP1G3 ' BD™) Uy + QouiXii = (QuP1G5 'q),

D@1 X1 = (DQ1G3'q),,

The numerical solution can thus be written as

21 = Xi5 = PousXis + QousXis = Dy (DisPris Xis + DisQ1,5X1s) + Qo5 Xis
= (I = (QoP1G5 ' B)is) D Uis + (PoQ1 + Qo P1) (G5 'q), (4.9)
S

1
++(QuQiD7), ;dsj ((Dngglq)lj _ (DQnglq)l_l).

The stage approximations Uj; satisfy the recursion
i 5= 63 (Ui — wia) + (DPIG ' BD™) Ui = (DP1Gy 'q) - (4.10)

O (4.10) is the RadaullA method applied to the inherent regular ODE

Again, lemma 4.7 implies

—\/ —\/
(DP.D™) Ui = (DPLD™),VU; =0
in (4.7). This shows that (4.10) and (4.7) coincide. Therefore, and due to ¢s = 1,
u; = Ups is exactly the Runge-Kutta solution of the inherent regular ODE (4.7).

O Compare the analytic and the numeric solution
Use Lemma 4.7 to see, that in (4.5)

(DQ1D™)u(ty) = (DQ1D™)Vu(ty) = 0.

Now the assertion follows by comparing (4.5) and (4.9). O

Theorem 4.6 is the central tool in analyzing the behaviour of RadaullA methods
when applied to DAEs (4.1). In the case of index p = 1 theorem 4.6 shows that
discretization and the decoupling procedure commute.
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Corollary 4.8 Let the DAE (4.1) be of index 1. Assume that im D(t) is constant.
Then we have for any RadaullA method

x(ty) —x = KD (u(t) —w), K =1-QuGy'B.

Proof: If the index is 1, we have @1 = 0 and P, = I. Thus N; = {0} and
S; = R™. Since im D(t) is constant, the subspaces DS; and DN;j are constant as
well. We can therefore apply theorem 4.6. g

Due to corollary 4.8 the following diagram commutes for index 1 equations with
constant im D.

A(Dz)' + Bz = q RadaulIA Ay DX, + BiXy = qii
(41) discretization (44)
J{decoupling decouplingl
=KD u+ QoGy'q RadaullA 7= KiD; w + QozGﬁlfﬂ
W + DGT'BD u = DGylq | discretization | + S°F_ aij(Uyj—w_1)+ DGy ByD; wy= DGyt
1 = 1 4 iscretization n =0 Qi \Uj —Uj—1 1G Dy wp=D1Gqqi

If the index is 2, we cannot expect the corresponding diagram to commute. However,
the term

%Z@sj((DQlGEIQ)U—(DQle‘lq),_l) = [DQ:1Gy 4]},
j=1

appearing in theorem 4.6 is exactly the RadaullA approximation to (DQlGQ_ 1q);
(lemma 4.2) so that

2(ty) — = KD} (u(t) = w) + QuQuD; { (D163 ), — [DQ1G3 aly, }.

In this sense we have the following statement:

When applying a RadaulIA method to problems of index p € {1,2} with constant
subspaces D.S1 and DNy, then discretization and decoupling commute.

num. method

—_— [DAE discretized]
i decoupling l decoupling

inherent ODE discretized
+ constraints (discretized)

inherent ODE | ——>
+ constraints | Mum. method

Definition 4.9 The DAE (4.1) of index u € {1,2} is said to be numerically quali-
fied, if

e =1 andim D 1is constant,

e =2 and DSy, DNy are constant.
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The commutativity of discretization and the decoupling process is the desired prop-
erty for DAEs since it guarantees a good behaviour of the numerical method. Even
though the numerical method is applied to the DAE directly, it behaves as if it was
integrating the regular inherent ODE (4.6). In this case results concerning conver-
gence on compact intervals J hold automatically. The RadaullA method applied
to a numerically qualified DAEs is convergent with the same order as for ODEs.
Results obtained for ODEs concerning the reflexion of qualitative behaviour by the
numerical solution can be transferred directly to DAEs using theorem 4.6. More
information about stability preserving integration of index 1 and 2 DAEs can be
found in [17, 18].

However, the representation (4.9) shows that the Runge-Kutta scheme is weakly
unstable when applied to index 2 DAEs. This is due to the inherent differentiation
and becomes apparent for small stepsizes h.

We focused on the application of RadaullA methods. This restriction is not neces-
sary. All results presented here can be proved in a similar way for BDF methods.
The application of general linear methods to DAEs is currently being studied.

4.2 A numerical example

Consider the index 2 example due to Gear and Petzold [12].

O O / 1 ’)7t . e_t
(1 77t> x'(t) + <0 1 +77> x(t) = < 0 ) , 1N € R constant (4.11)

- { :Ul(t)—kntxg(t):e_t}
7y (1) + ey (t) + (1 +m) z2(t) =0

In [12] it is shown that the BDF method fails completely for n = —1 and is expo-
nentially unstable for all other parameter values —1 < n < —0.5. In [14] (4.11) is
said to pose difficulties to every numerical method.

Numerical results are given in figure 4.1. (4.11) was solved on the interval [0, 3]
using the implicit Euler method, the BDFs-formula and the RadaullA method with
two stages. The step-size used was h = 10715, The exact solution is given by
21(t) = (1—nt)e ! and xo(t) = e *, so that 2 = (1,1)7 is a consistent initial value.
All numerical methods used fail even for moderate values of 77 due to the exponential
instability.

Consider the following reformulation

(2) (1 nt)x() + (é ”1t> 2(t) = <60t>. (4.12)

(4.12) now has a properly stated leading term and DN; = R, DS; = {0} show that
the reformulated problem is numerically qualified. We therefore know discretization
and the decoupling process commute. This means that solving the reformulated
problem yields the correct numerical results as figure 4.2 shows.
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1 T T . . . 1 T T . . .
—— exact solution exact solution
Implicit Euler Method Implicit Euler Method
0.8 --- BDF2 0.8 --- BDF2
---- RadaullA-Method --- RadaullA-Method
0.6 1 0.6
0.41 1 0.4
0.2} 1 02
0 : : : ‘ : 0 : : : e
0 0.5 1 15 2 25 3 0 0.5 1 15 2 25 3
n=—0.20 n=—0.26
1 ‘ ‘ R ‘
—— exact solution 1o exact solution
Implicit Euler Method N i Implicit Euler Method
0.8f --- BDF2 0.8 1 --- BDF2
--- RadaullA-Method N -~ RadaullA-Method
[TH A
0.6f 5 I
i Lo
0.4f i o4
\ b o
! i v
0.2 | uiaend 0200
| i o
| e beon
0 v oLt
0 0.5 1 15 2 25 3 0 0.5 1 15 2 25 3
n=—0.28 = —0.52

Figure 4.1: Numerical solutions (2. component) of (4.11).

. . 1 . .
—— exact solution exact solution
Implicit Euler Method Implicit Euler Method
0.8f --- BDF2 0.8 --- BDF2
---- RadaullA-Method --- RadaullA-Method
0.6¢ 1 0.6
0.4f 1 0.4
0.2f 1 0.2
0 - - - - - 0 - - - - -
0 0.5 1 15 2 25 3 0 0.5 1 15 2 25 3
n=—-0.20 n=—-0.26
1 1
—— exact solution exact solution
Implicit Euler Method Implicit Euler Method
0.8f --- BDF2 0.8 --- BDF2
---- RadaullA-Method ---- RadaullA-Method
0.6¢ 1 0.6
0.4r 1 0.4
0.2r 1 0.2
0 0
0 0.5 1 15 2 25 3 0 0.5 1 15 2 25 3
n=—0.28 n=—0.52

Figure 4.2: Numerical solutions (2. component) of (4.12).
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