VERY REGULAR ZERO SETS FOR THE BERGMAN SPACES

N.F. DUDLEY WARD AND P.C. FENTON

Abstract. We obtain a condition which is both necessary and sufficient such that a sequence of regularly spaced points in the unit disc is a zero set for a Bergman space L^p_a.

1. Introduction

Let D = {z : |z| < 1} denote the unit disc in the complex plane and L^p_a(D ), p ≥ 1, be the Bergman space of functions f(z) analytic in D such that ‖f‖^p = ∫ ∫ D |f(z)|^pdA(z) < ∞, where dA(z) is normalised Lebesgue area measure on D . A sequence of points {z_n} in D is called a zero set for L^p_a if there exists f ≢ 0 which vanishes precisely on the z_n. It is an open problem to give a geometric classification of the zeros sets for the Bergman spaces [2].

The case for the Hardy spaces H^p is simpler [1]. A sequence {z_n} ⊂ D is a Blaschke sequence provided ∑_∞ n=1(1 − |z_n|) < ∞, and the zero sets for H^p are precisely the Blaschke sequences. Functions which vanish on the z_n are given by the Blaschke products: B(z) = ∞∏ n=1 z − a_n 1 − a_nz −|a_n| a_n . All H^p spaces have the same zero sets and a union of two zero sets is a zero set. Horowitz [3] showed that neither statement holds for the Bergman spaces.

For Bergman spaces we consider zero sets of the following form. Given an integer q, q ≥ 2, and a positive number K, let r_j = 1 − Kq^{−j} , for j ≥ j_0 = log K/ log q, and on each circle |z| = r_j take η_j = q^j equally spaced points z_{j,1}, z_{j,2}, . . . , z_{j,ηj} : (1) z_{j,k} = r_je^{iθj,k} , k = 1, . . . , η_j, where θ_{j,k} = 2πki/η_j. We ask for conditions on q and K that make A = {z_{j,k}} a zero set for some Bergman space L^p_a(D ).

A case to bear in mind is the following. With q = 2 and K = 1,

Date: September 27, 2002.

Key words and phrases. Bergman spaces, zero sets. 1

(2) z_{j,k} = ( 1 − 2^{−j} ) e^{2πki/ηj} , k = 1, . . . , η_j . Such a set is separated in the pseudo-hyperbolic metric but is thick in the sense that a union of pseudo-hyperbolic balls with centres z_{j,k} covers the disc [7]. It turns out that this set is not a zero set for L^1_a although it is a zero set for L^p_a for p sufficiently small. By thinning the sequence we obtain zero sets for larger values of the parameter p.

We prove the following result:

Theorem 1. Given an integer q, with q ≥ 2, and a positive number K, let r_j = 1 − Kq^{−j} and η_j = q^j, j ≥ j_0 = log K/ log q. Suppose that A = {z_{j,k}} is the set of points defined by (1). Then A is a zero set for L^p_a if, and only if, p < log q K . The sequences defined by (1) do not satisfy the Blaschke condition.

However ∑ j,k (1 − |z_{j,k}|)^2 < ∞, and so the Weierstrass product

Π(z) = ∏ j,k z − z_{j,k} 1 − z_{j,k}z −|z_{j,k}| z_{j,k} e ( 1+^{z−zj,k} 1−zj,k z |zj,k| zj,k ) , converges uniformly on compact subsets of D and vanishes precisely on the z_{j,k} [8]. Part of the proof of Theorem 1 depends on estimates of the Bergman norm of a function related to Π(z).

2. Proof of Theorem 1 2.1. Necessity. Suppose that p ≥^{log q}_K . We will show that, given f(z), analytic in D and having A as its zero set, ‖f‖^p = +∞.

Let n(t) be the counting function of zeros of f(z) and N(r) = ∫_r 0 n(t) t dt. According to Jensen’s formula,

(3) log |f(0)| + N(r) = 1 2π ∫_{2π} 0 log |f(re^{iθ})|dθ, so that, multiplying both sides by p > 0 and exponentiating, |f(0)|^pe^{pN(r)} = e^{12π ∫ 2π0 log |f(reiθ )|pdθ}. Therefore, by Jensen’s inequality,

(4) |f(0)|^pe^{pN(r)} ≤ 1 2π ∫_{2π} 0 |f(re^{iθ})|^pdθ. To show that ‖f‖^p = +∞ then, it is enough to show that

∫_1 re^{pN(r)}dr = +∞, or, what amounts to the same thing,

∫_1 e^{pN(r)}dr = +∞. For r_n ≤ r < r_{n+1} we have

N(r) = log r n∑ j=j_0 η_j − n∑ j=j_0 η_j log r_j,

so that, since (5) r_j^{ηj} = (1 − Kq^{−j})^{qj} < e^{−K} , for all j, and log r ∑_n j=j_0 ηj = O(q n+1 log r_{n+1} = O(1)), we have N(r) > Kn + O(1), as r → 1. It follows that ∫_{rn+1} r_n e^{pN(r)}dr > K(1 − q^{−1})q^{−n}e^{pKn+O(1)} ≥ K(1 − q^{−1})e^{O(1)}, and therefore

∫_1 e^{pN(r)}dr = +∞. 2.2. Sufficiency. We will show if p < (log q)/K, then, with j_0 as in the statement of the theorem, f(z) = ∞∏ j=j_0 π_j (z)σ_j (z)

belongs to L^p_a, where

π_j (z) = η_j∏

k=1 z − z_{j,k} 1 − z_{j,k}z −|z_{j,k}| z_{j,k} e ( 1+^{z−zj,k} 1−zj,kz |zj,k| zj,k )

and σ_j (z) = exp ( − 2Kr^{ηj}_j z^{ηj} 1 − r^{ηj}_j z^{ηj} ) . Evidently f(z) vanishes precisely at the points of A, so that A is a zero set for L^p_a.

Consider first π_j (z). The general term in π_j (z) has the form (1−u)e^u, where

u = 1 + ( z − z_{j,k} 1 − z_{j,k}z ) |z_{j,k}| z_{j,k} = (1 + z|z_{j,k}|/z_{j,k}) 1 − |z_{j,k}| (1 − z_{j,k}z) , and since |(1 − u)e^u| ≤ e^{|u|2/2}, |u| ≤ 2, we have |π_j (z)| ≤ e^2 ∑η_j k=1 (_{1−|zj,k |} |1−zj,kz| )_2

= e^2 ∑η_j k=1 (_{1−rj} |1−zj,kz| )_2 .

Now, with z = re^{iθ}, ( 1 − r_j |1 − z_{j,k}z| )_2 = (1 − r_j)^2 1 − r^2_j r^2

1 − r^2_j r^2 |1 − z_{j,k}z|^2 = (1 − r_j)^2 1 − r^2_j r^2 ∞∑ m=−∞ r^{|m|}_j r^{|m|}e^{im(θj,k −θ)}. Also θ_{j,k} = 2πkq^{−j}, k = 1, 2, . . . , η_j = q^j are the η_jth roots of unity and so for m not an integer multiple of η_j , ∑_{ηj} k=1 e^{imθj,k} = 0. For m = lη_j η_j∑

k=1 e^{imθj,k} = η_j = q^j . Therefore η_j∑

k=1 ( 1 − r_j |1 − z_{j,k}z| )_2 = K(1 − r_j ) 1 − r^2_j r^2 ∞∑ l=−∞ r^{|l|ηj}_j r^{|l|ηj} e^{−ilηjθ}

= K(1 − r_j ) 1 − r^2_j r^2 1 − r^{2ηj}_j r^{2ηj} |1 − r^{ηj}_j z^{ηj} |^2 = K(1 − r_j ) 1 − r^2_j r^2 ℜ ( 1 + r^{ηj}_j z^{ηj} 1 − r^{ηj}_j z^{ηj} ) , and so |π_j (z)| ≤ exp ( 2K(1 − r_j) 1 − r^2_j r^2 ℜ ( 1 + r^{ηj}_j z^{ηj} 1 − r^{ηj}_j z^{ηj} )) . Supposing that r_n ≤ r < r_{n+1}, we consider two cases: j satisfying 1 ≤ j ≤ n, and j satisfying j ≥ n + 1.

(i) j ≥ n + 1. Since 1 − r_j 1 − r^2_j r^2 ≤ 1 − r_j 1 − r^2 ≤ 1 − r_j 1 − r ≤ 1 − r_j 1 − r_{n+1} = q^{n+1−j}, we have, taking account of (5), |π_j(z)| ≤ exp ( 2q^{n+1−j} ( 1 + r^{ηj}_j r^{ηj} 1 − r^{ηj}_j r^{ηj} ))

≤ exp ( 2q^{n+1−j} ( 1 + r^{ηj}_j 1 − r^{ηj}_j ))

≤ exp ( 2q^{n+1−j} e^K + 1 e^K − 1 ) , and therefore, for all large n, ∞∏ j=n+1 |π_j(z_)| ≤ exp ( 2(e^K + 1) (1 − q^{−1})(e^K − 1) ) . (ii) j_0 ≤ j ≤ n. Since 1 − r_j 1 − r^2_j r^2 ≤ 1 − r_j 1 − r^2_j = 1 1 + r_j = 1 2 + Kq^{−j} 2 − Kq^{−j} < 1 2 + Kq^{−j}/2, and ℜ ( 1 + r^{ηj}_j z^{ηj} 1 − r^{ηj}_j z^{ηj} ) = 1 + ℜ ( 2r^{ηj}_j z^{ηj} 1 − r^{ηj}_j z^{ηj} ) , and also, from (5), ℜ ( 2r^{ηj}_j z^{ηj} 1 − r^{ηj}_j z^{ηj} ) ≤ 2 1 − e^{−K} , we have |π_j(z)| ≤ exp ( K + ℜ ( 2Kr^{ηj}_j z^{ηj} 1 − r^{ηj}_j z^{ηj} ) + 3K^2q^{−j} 1 − e^{−K} ) . Recalling the definition of σ_j (z), then, n∏ j=1 |π_j (z)σ_j (z)| ≤ exp ( Kn + 3K^2 (1 − q^{−1})(1 − e^{−K} ) ) . Finally ∞∏ j=n+1 |σ_j (z)| ≤ exp ( 2Ke^{−K} 1 − e^{−K} ∞∑ j=n+1 r^{ηj} )

≤ exp ( 2Ke^{−K} 1 − e^{−K} ∞∑ j=n+1 (1 − Kq^{−n−1})^{qn+1Kqj−n−1} )

≤ exp ( 2Ke^{−K} 1 − e^{−K} ∞∑ j=0 e^{−K2qj} ) , and, since q^j > (q − 1)j for all j ≥ 0, this last series is convergent,and thus ∏ j≥n+1 |σj(z)| is bounded independently of z.

Combining our results we obtain, for r_n ≤ r < r_{n+1}, |f(z)| ≤ Me^{Kn}, where M = M(q, K) is a constant. Hence ∫ r_n≤r<r_{n+1} |f(z)|^pdA(z) ≤ 2πKM^pe^{Kpn}(q^{−n} − q^{−n−1}) = 2πKM^p(1 − q^{−1})e^{(Kp−log q)n}.

Since Kp < log q, ∫ r_1≤r<r_{n+1} |f(z)|^pdA(z) = ∞∑ n=1 ∫ r_n≤r<r_{n+1} |f(z)|^pdA(z) < ∞, and f ∈ L^p_a.

Remarks . (i) Let r_j = 1 − K2^{−j}. For K = 1, A = {z_{j,k}} is a zero set for L^p_a with p < 0.693 . . . . For K = 1/2, A is a zero set for p < 1.386 . . . and for K = 1/4, for p < 2.772 . . . .

(ii) We obtain easily zeros sets A = {z_{j,k}} and B = {w_{j,k}} whose union is not a zero set for the same L^p_a. For example take z_{j,k} = ( 1 − 1/2^j ) e^{2πki/2j} , w_{j,k} = ( 1 − 1/2^j ) e^{2π(k+1/2)i/2j} .

(iii) Plainly in order to obtain a geometric description of more general zero sets one has to consider also the angular distribution of the zeros. In two seminal papers [4], [5] Korenblum uses the Beurling-Carleson characteristic to give a geometric classification of certain growth spaces related to the Bergman spaces. In particular he characterised the zero sets for the union of all Bergman spaces.

In conclusion we express our warm gratitude to Professors Milne Anderson and Walter Hayman FRS for discussions which lead to this work. We are also grateful to Professor Korenblum for drawing our attention to a paper of Professor Leucking [6] who also proves Theorem 1.

References

[1] J. B. Garnett. Bounded Analytic Functions. Academic Press, 1981. [2] H. Hedenmalm, B. Korenblum, and K. Zhu. Theory of Bergman Spaces.

Springer, 2000.

[3] C. Horowitz. Zeros of functions in the Bergman spaces. Duke Math. J., 41:693– 710, 1974.

[4] B. Korenblum. An extension of the Nevanlinna theory. Acta Mathematica, 135:187–219, 1975.

[5] B. Korenblum. A Beurling-type theorem. Acta Mathematica, 138:265–293, 1976. [6] D. H. Luecking. Zero sequences for Bergman spaces. Complex Variables, 30:345– 362, 1996.

[7] E. M. Stein. Singular integrals and differentiability properties of functions.

Princeton, 1970.

[8] E. C. Titchmarsh. Theory of Functions. Oxford University Press, 1954.

Department of Mathematics, University College, Gower Street, London, WC1E 6BT, UNITED KINGDOM.

Current address: Department of Mathematics, Auckland University, Private Bag 92019, Auckland, NEW ZEALAND.

E-mail address: nfdw@math.ucl.ac.uk

Department of Mathematics, Otago University, PO Box 56, Dunedin, NEW ZEALAND.

E-mail address: pfenton@maths.otago.ac.nz