ASYMPTOTIC BALAYAGE IN HARDY AND BERGMAN SPACES

NICHOLAS F. DUDLEY WARD

Abstract. For a range of Hardy and Bergman spaces X and sets of uniqueness K we show that for any functional ϕ ∈ X^∗ there exists a sequence of measures (μ_n) supported on K converging weak* to ϕ. In particular, we consider H^2 of the right half plane and obtain a Carleman-type formula for the continuous wavelet transform.

Keywords: Measures, Balayage, Hardy spaces, Bergman spaces, Sets of uniqueness. AMS subject classification: 30, 41, 46.

1. Introduction

1.1. Notation and conventions. Let D denote the unit disc in the complex plane: D = {z = x + iy : |z| < 1}, and T the unit circle: T = {z = x + iy : |z| = 1}. For 1 ≤ p < ∞, H^p(D ) is the Hardy class of functions f(z) analytic in D with ‖f‖^p = sup_{r<1} ∫_π −π |f(re^{iθ})|^p dθ 2π < ∞. For 1 ≤ p < ∞, L^p_a(D ) is the Bergman space of functions f(z) analytic on D with ‖f‖^p = ∫ D |f(z)|^pdA(z) < ∞, where dA denotes Lebesgue area measure on D .

The disc algebra A(D ) is algebra of functions analytic on D and continuous on D . Let Ω be a measurable subset of the plane. A Banach function space, (BFS) X = X(Ω) is a Banach space of analytic functions defined on Ω.

Let K be a compact subset of the complex plane. M(K) is the Banach space of regular Borel measures on K with finite total variation.

For K a measurable subset of T or R, |K| denotes the linear measure of K, and χ_K the characteristic function of K.

Theorem A (etc) will denote a known result in the literature. Numbered results will be proved. 1

1.2. Background. This paper is motivated by a problem in systems theory: to what extent can a transfer function be reconstructed from measurements restricted to an interval K? Transfer functions are normally assumed to belong to a Hardy space H^p, in which case it follows from the F&M Riesz theorem that reconstruction is possible; moreover, the Carleman formula can be used to perform this reconstruction.

In practise, however, the measurements are both corrupted and finite in number and we cannot directly apply the Carleman formula. In this situation we can formulate a wellposed and applicable problem by asking for the best analytic approximant to an L^p function on the interval, subject to a norm constraint outside the interval where the measurements are taken. It turns out in this more general context that the Carleman formula is still very useful; a full discussion can be found in [2] and [3].

Carleman’s formula states that if K is a subset of the unit circle T which has positive linear measure and {Φ_n : n = 1, 2, . . . } is the system of outer functions defined by

Φ_n(z) = exp [ n ∫_π −π e^{it} + z e^{it} − z χ_K dt 2π ]

then ([1], page 2) for f ∈ H^p the sequence f_n

f_n(z) = 1 2π ∫ K f(e^{iθ}) Φ_n(e^{iθ}) Φ_n(z) 1 1 − ze^{−iθ} dθ converges locally uniformly in the disc to f(z) . Using Toeplitz operators and the boundedness of the Riesz projection Patil [12] showed that f_n → f in H^p for 1 < p < ∞.

This formula is an example of a sweeping process: the map f → f(z) (for z ∈ D fixed)

defines a bounded linear functional on H^p and the measures dμ_n =

Φ_n(e^{iθ}) Φ_n(z) 1 1 − ze^{−iθ} dθ 2π functionals on L^p(K).

In applications to systems theory we are often interested in reconstructing coefficient functionals in a given basis expansion of a transfer function from measurements of the function given on a set of uniqueness (See §3 for an example).

For a given BFS X and set of uniqueness K, we ask whether for each functional ϕ ∈ X^∗ there exists a sequence of measures dμ_n supported on K converging weak* to ϕ.

The breakdown of this paper is as follows. In §2 we define asymptotic balayage (AB) and we show, Theorem 2 that AB is possible for a range of Hardy and Bergman spaces. In §3 we consider the particular case of the wavelet transform and the Hardy space H^2 of a half plane and obtain a Carleman-type formula, Theorem 5, for the continuous wavelet transform. In particular we obtain, Theorem 5 (ii), a wavelet version of the Patil result, using distinct methods.

1.3. Sets of uniqueness. Suppose that X = X(Ω) is a BFS. A subset K of Ω is called a set of uniqueness for X if f ∈ X and f|_K = 0 implies f ≡ 0.

We consider X = H^p(D ), 1 ≤ p < ∞ or X = A(D ) and subsets K of the unit circle. The F&M Riesz theorem ([9], p.51) says that such K of positive measure are sets of uniqueness for X.

We also consider the Bergman spaces L^p_a(D ). A classification of sets of uniqueness for L^p_a is not known but an important subclass are the sets of sampling: a discrete subset (z_j ) of D is called a set of sampling for L^p_a if there exist positive constants A and B such that for all f ∈ L^p_a the following inequalities hold: A‖f‖^p ≤ ∑ j |f(z_j)|^p(1 − |z_j|)^2 ≤ B‖f‖^p. The existence of sets of sampling is proved in the paper of Coifman and Rochberg [6] and an exact classification given in Seip [14].

2. Asymptotic balayage Let X be a BFS on D and K ⊂ D a set of uniqueness for X. Then we say that asymptotic balayage onto K is possible for X if for any functional ϕ in X^∗ there exists a sequence (μ_n) ∈ M(K) such that

(1) ∫ fdμ_n → ϕ(f), n → ∞, for every f belonging to X. That is, ϕ is a weak* limit of measures supported on K. If instead, for each functional ϕ in X^∗ there exists a measure μ ∈ M(K) such that ∫ fdμ = ϕ(f), we say that exact (or classical) balayage onto K is possible. Remarks .

(i) The Carleman formula shows that the point evaluation functionals ϕ(f) = f(z), for z ∈ D are weak* limits of measures supported on K.

(ii) The classical case is X = h(Ω), the space of harmonic functions on Ω with continuous extension to K = ∂Ω. Here AB reduces to exact balayage [10].

In this paper we are interested in the case that X = H^p, L^p_a or A.

Lemma 1. Suppose that K is a set of positive measure on T and that ϕ_k, k = 0, 1, . . . are the functionals on H^1 given by

ϕ_k(f) = ∫_π −π f(e^{iθ})e^{−ikθ} dθ 2π , f ∈ H^1. Then for each k there exists a sequence of measures μ_n supported on K such that ∫ K fdμ_n → ϕ_k(f), f ∈ X.

Proof. Fix r < 1. For k = 0, 1, 2, . . . we may write

ϕ_k(f) = 1 2πr ∫_π −π f(re^{iθ})e^{−ikθ}dθ. We approximate ϕ_k(f) by Riemann sums: writing θ_j = 2πj/N we have 1 rN N∑ j=1 f(re^{inθj} )e^{−ikθj} → ϕ_k(f), as N → ∞. Next using the Carleman formula ([1], page 2) we have for each j, j = 1, . . . , N | | |f(re^{iθj} ) − ∫ K f(e^{iθ})dμ_{n,j} | | | ≤ e^{−n|K|} 1 − r ‖f‖_1. where dμ_{n,j} =

Φ_n(e^{iθ}) Φ_n(re^{iθj} ) 1 1 − re^{i(θj −θ)} dθ 2π . Therefore given ϵ > 0 we may choose N and n so that | | | | ϕ_k(f) − 1 rN N∑ j=1 ∫ K f(e^{iθ})dμ_{n,j}(e^{iθ}) | | | | < ϵ‖f‖_1. □ Theorem 2. (i) For X = H^p, 1 ≤ p < ∞, or A(D ) and K a subset of the unit circle of positive linear measure AB onto K is possible.

(ii) For X = L^p_a, 1 < p < ∞, and K = (z_j ) a discrete subset of D which is a set of uniqueness for X and for which there exists B > 0 with ∑ j |f(z_j)|^p(1 − |z_j |)^2 ≤ B‖f‖^p, f ∈ L^p_a, AB onto K is possible.

Proof. We first consider the case X = H^p or L^p_a where 1 < p < ∞. We define the operator T : X → L^p(K) or ℓ^p((1 − |z_j|)^2) by T : f → f|_K Since K is a set of uniqueness for X it follows that the map T is injective. The Hahn- Banach theorem implies that T^∗ has weak* dense range. But

T^∗ : L^q → X^∗, 1 p + 1 q = 1, T^∗ : μ → μ(T f) = μ(f|_K), f ∈ X. Since X is reflexive, T^∗ has norm dense range. Thus if ϕ belongs to X^∗, there exists (μ_n) ⊂ L^q(K) with ‖T^∗μ_n − ϕ‖ → 0 as n → ∞. This implies that

∫ fdμ_n → ∫ fdμ, f ∈ X, which completes the proof for X = H^p or L^p_a, 1 < p < ∞.

For X = H^1 or X = A(D ) the preceding argument does not work since one is only able to infer that the unit ball of X^∗ is metrisable ([13], Theorem 3.16). However it is possible to proceed by more concrete arguments.

We consider next X = A(D ). By Fejèr’s theorem there exist trigonometric polynomials p_n such that for all f ∈ C(T) (2) ∫_π −π fp_n dθ 2π → ∫_π −π fdμ, n → ∞. Here the p_n are formed from the n’th Césaro means of the Fourier coefficients for μ. In particular (2) holds for f ∈ A(D ). Now if p_n = ∑_n k=−n ake −ikθ, ∫_π −π fp_n dθ 2π = n∑ k=−n a_k ∫_π −π fe^{−ikθ} dθ 2π . Now since f ∈ A(D ), ∫_π −π fe^{−ikθ} dθ 2π = 0,

for k = −1, −2, −3, . . . and so ∫_π −π fp_n dθ 2π = n∑ k=0 a_k ∫_π −π fe^{−ikθ} dθ 2π . We then apply Lemma 1 and deduce that there exists a sequence of measures μ_n supported on K such that ∫ K fdμ_n → ∫ fdμ, for every f belonging to A(D ). The proof for H^1 is the same and will be omitted. □

It is interesting to know when asymptotic balayage reduces to classical balayage. Theorem 3. Exact balayage obtains for X = H^p, L^p_a or A(D ) if, and only if, there exists a positive constant A such that sup_{z∈K} |f(z)| ≥ A‖f‖_∞, if X = A(D ) ‖f‖_Lp_{(K)} ≥ A‖f‖_p, if X = H^p , 1 ≤ p < ∞

( ∑ j |f(z_j)|^p(1 − |z_j |)^2 )_{1/p} ≥ A‖f‖_p, f ∈ X = L^p_a. Proof. We consider the operator T : X → Y, T : f → f|_K , where Y = C(K) or L^p(K) when X = A(D ) or X = H^p(D ) or L^p_a respectively. This is an injection since K is a set of uniqueness for X.

Note that exact balayage is possible if T^∗ is a surjection. We know from the Hahn- Banach theorem that T^∗ has weak* dense range. We need to show that T^∗ has closed range. We prove:

(*) T^∗ has weak* closed range if, and only if, there exists A > 0 such that ‖T f‖ ≥ A‖f‖, f ∈ X. Suppose first that T^∗ is weak* closed. Then by Banach’s closed range theorem range(T ) is closed in Y so is complete. Therefore by the open mapping theorem there exists a positive constant A such that for each y in Y there is an x in X with y = T x and A‖x‖ ≤ ‖y‖. Thus ‖T^{−1}‖ ≤ A or ‖T ‖ ≥ A. Next suppose that ‖T f‖ ≥ A‖f‖ for some positive constant A. Then T has closed range: let (y_n) be a Cauchy sequence in range T and suppose y_n → y ∈ Y . Then y_n = T x_n and the condition assumed on T implies that (x_n) is a Cauchy sequence in X and thus converges to x ∈ X. By the continuity of T , we note that y = T x and deduce that T has closed range. Thus by the closed range theorem again, T^∗ is weak* closed in X^∗ which establishes the other implication in (*) and hence the theorem. □ Remark . The proof of Theorems 2 and 3 may be applied to an arbitrary set of uniqueness. The restriction operator T : f → f|_K defines a map into a normed space Y with norm given by ‖y‖ = ‖f‖ where y = T f. By completing the space we have a mapping between Banach spaces.

3. A Carleman formula for the continuous wavelet transform

In [8] the continuous wavelet transform and its discrete analogue are used to obtain wavelet decompositions of a range of Hardy-Sobolev Spaces H^{2,p} using as wavelets simple rational functions. In a systems theory context rational functions are desirable since they correspond to finite dimensional systems and a central problem is to approximate or reconstruct a transfer function using rational functions in the H^2 or H^∞ norms.

The main result in this section, Theorem 5, is a Carleman formula for the continuous wavelet transform. In particular part (ii) is a wavelet analogue of the Patil result. The principal ingredient in the proof of Theorem 5 is an atomic decomposition of H^2 using Cauchy kernels, Theorem 6.

We define the Hardy class H^2 for the right half plane. For g belonging to L^2((0, ∞)) we write G = (Lg)(s) for the Laplace transform of g

G(s) = (Lg)(s) = ∫_∞ 0 g(t)e^{−st}dt. H^2(C_+ ) denotes the Hardy space of functions F (s) analytic in the right half plane and such that

‖F ‖_2 = sup_{x>0} ∫_∞ ∞ |F (x + iy)|^2dy < ∞. By the Paley-Wiener theorem every F (s) belonging to H^2(C_+ ) is the Laplace transform of some f(t) ∈ L^2((0, ∞)) such that ‖F ‖_2 = (2π)^{1/2}‖f‖_2. Upper case letters will be used to denote the Laplace transform of the corresponding lower case letter. e.g. Ψ(s) = (Lψ)(s). (For further details of Hardy spaces defined on a half plane see [9], Chapter 8.)

First we recall the foundations of the theory of the continuous wavelet transform applied to H^2(C_+ ). For further details the reader is referred to the recent paper [8].

A function Ψ(s) = L(ψ)(s), s = x+iy, x > 0 belonging to H^2(C_+ ) is called an admissible wavelet provided the following condition obtains:

C_Ψ = ∫_∞ 0 |ψ(t)|^2 t dt < ∞. For a positive parameter a and real b define

Ψ_{a,b}(y) = a^{1/2}Ψ ( y − b a ) . Daubechies [7] proves the following basic results.

Theorem A. Suppose that Ψ(s) ∈ H^2 is admissible. Then the following two statements hold:

(i) For F, G ∈ H^2 ⟨F, G⟩ = 1 C_Ψ ∫_∞ −∞ ∫_∞ 0 dadb a^2 ⟨F, Ψ_{a,b}⟩ ⟨Ψ_{a,b}, G⟩ . (ii) For F ∈ H^2 we have ‖ ‖ ‖ ‖ F (y) − 1 C_Ψ ∫∫ A_1≤a≤A_2 |b|≤B dadb a^2 ⟨F, Ψ_{a,b}⟩ Ψ_{a,b} ‖ ‖ ‖ ‖_2 → 0, as A_1 → 0 and A_2, B_1 → ∞.

Suppose that K is a subset of the imaginary axis of positive linear measure. We define a system G_n(z), n = 1, 2, . . . of bounded analytic functions by

G_n(z) = exp [ n π ∫_∞ −∞ χ_K tz + i t + iz dt 1 + t^2 ] . Note that |G_n(iy)| = 1 for almost all real y with iy ∉ K. By transforming to the disc we see also that |G_1(z)| > 1 for z ∈ C_+ and since G_n(z) = (G_1(z))^n it follows that |G_n(z)| → ∞ as n → ∞. The following identity will be used in the proof of Theorem 5.

Lemma 4. For F , G ∈ H^2 we have 1 C_Ψ ∫_∞ −∞ ∫_∞ 0 dadb a^2 ⟨F G_n, Ψ_{a,b}⟩ ⟨ Ψ_{a,b}, H G_n ⟩ = ⟨F, H⟩ Proof. For F , H ∈ H^2, we have F G_n and H/|G_n| ∈ L^2 and so by Proposition 2.4.1 in [7], page 24,

⟨F, H⟩ = ⟨ F G_n, H G_n ⟩

= 1 C_Ψ ∫_∞ −∞ ∫_∞ −∞ dadb a^2 ⟨F G_n, Ψ_{a,b}⟩ ⟨ Ψ_{a,b}, H G_n ⟩ . For a < 0, Ψ_{a,b} is antianalytic so that ⟨F G_n, Ψ_{a,b}⟩ = 0. Hence ⟨F, H⟩ = 1 C_Ψ ∫_∞ −∞ ∫_∞ 0 dadb a^2 ⟨F G_n, Ψ_{a,b}⟩ ⟨ Ψ_{a,b}, H G_n ⟩ . □ We now state the main result of this section.

Theorem 5. Suppose that K is a subset of the imaginary axis of positive linear measure and χ_K the characteristic function of K. Then with the system G_n defined above we have (i) For F , G ∈ H^2 1 C_Ψ ∫_∞ −∞ ∫_∞ 0 dadb a^2 ⟨F G_nχ_K , Ψ_{a,b}⟩ ⟨ Ψ_{a,b}, H G_n ⟩ → ⟨F, H⟩ , (ii) For F ∈ H^2 we have ‖ ‖ ‖ ‖ F − 1 C_Ψ ∫ ∫ A_1≤a≤A_2 |b|≤B dadb a^2 ⟨F G_nχ_K , Ψ_{a,b}⟩ Ψ_{a,b} G_n ‖ ‖ ‖ ‖_2 → 0, as A_1 → 0 and A_2, B_1 → ∞.

In order to prove Theorem 5 we establish an atomic decomposition of H^2 using normalised Cauchy kernels following the techniques used by Bonsall [4], [5]. The theorem is essentially proved in Luecking [11] for the disc case although details for the norm inequalities equivalent to the first part of the next result are lacking. We establish the norm inequalities using the method in [7], Chapter 3, which has the merit of giving explicit bounds for the constants A and B given below.

We define mixed norm spaces ℓ^{2,1} and ℓ^{2,∞} by

ℓ^{2,1} = {λ = (λ_{j,k}) : ‖λ‖_{2,1} = ∑ j ( ∑ k |λ_{j,k}|^2)^{1/2} < ∞}, and ℓ^{2,∞} = {λ = (λ_{j,k}) : ‖λ‖_{2,∞} = sup_j ( ∑ k |λ_{j,k}|^2)^{1/2} < ∞}. It is readily seen that ℓ^{2,∞} may be identified with the Banach space dual of ℓ^{2,1}. Theorem 6. Let C(y) = (1 + iy)^{−1} = L(e^{−t}) be the Cauchy kernel for the right half plane. For a fixed positive parameter b_0 and for j, k ∈ Z, define the system C_{j,k} by setting C_{j,k}(y) = 2^{j/2}C(2^jy − kb_0).

(i) Then for b_0 positive and sufficiently small there exist constants A = A(b_0) and B = B(b_0) such that for F ∈ H^2 the following pair of inequalities hold: A‖F ‖^2 ≤ sup_{j∈Z} 1 2^j ∑ k∈Z |F (2^j + i2^j kb_0)|^2 ≤ B‖F ‖^2

(ii) Every F may be decomposed in the sense of the H^2 norm in the form

(3) F = ∑ λ_{j,k}C_{j,k} where λ = (λ_{j,k}) ∈ ℓ^{2,1} and moreover B^{−1/2}‖F ‖_2 ≤ inf ‖λ‖_{2,1} ≤ A^{−1/2}‖F ‖_2, where the infimum is taken over all decompositions (3) of F .

3.1. Proof of Theorem 5 (i): By Lemma 4, 1 C_Ψ ∫_∞ −∞ ∫_∞ 0 dadb a^2 ⟨F G_n, Ψ_{a,b}⟩ ⟨ Ψ_{a,b}, H G_n ⟩ = ⟨F, H⟩ . Therefore ⟨F, H⟩ − 1 C_Ψ ∫_∞ ∞ ∫_∞ 0 dadb a^2 ⟨F G_nχ_K , Ψ_{a,b}⟩ ⟨ Ψ_{a,b} G_n , H ⟩

= 1 C_Ψ ∫_∞ ∞ ∫_∞ 0 dadb a^2 ⟨ F G_nχ_{R\K} , Ψ_{a,b} ⟩ ⟨ Ψ_{a,b} G_n , H ⟩

We apply Theorem 6 to H and write H = ∑ λ_{j,k}C_{j,k} with ∑ j( ∑ k |λ_{j,k}|^2)^{1/2} < ∞. Then

using the reproducing nature of the C_{j,k}’s we obtain | |⟨F, H⟩ − 1 C_Ψ ∫_∞ ∞ ∫_∞ 0 dadb a^2 ⟨F G_nχ_K , Ψ_{a,b}⟩ ⟨ Ψ_{a,b} G_n , H ⟩| | = | | | 1 C_Ψ ∫_∞ ∞ ∫_∞ 0 dadb a^2 ⟨ F G_nχ_{R\K} , Ψ_{a,b} ⟩ ⟨ Ψ_{a,b} G_n , H ⟩| |

= | | | | | 1 C_Ψ ∫_∞ ∞ ∫_∞ 0 dadb a^2 ⟨ F G_nχ_{R\K} , Ψ_{a,b} ⟩ ⟨ Ψ_{a,b} G_n , ∑ j,k λ_{j,k}C_{j,k} ⟩| | | | = | | | | 1 C_Ψ ∑ j,k λ_{j,k} ∫_∞ ∞ ∫_∞ 0 dadb a^2 ⟨ F G_nχ_{R\K} , Ψ_{a,b} ⟩ ⟨ Ψ_{a,b} G_n , C_{j,k} ⟩| | | | = | | | | 1 C_Ψ ∑ j,k λ_{j,k} G_n(2^j + i2^jkb_0) ∫_∞ ∞ ∫_∞ 0 dadb a^2 ⟨ F G_nχ_{R\K} , Ψ_{a,b} ⟩ ⟨Ψ_{a,b}, C_{j,k}⟩ | | | | ≤ ∑ j ( ∑ k |λ_{j,k}|^2 |G_n(2^j + i2^jkb_0)|^2 )_{1/2} × ( ∑ k | ⟨ F G_nχ_{R\K} , C_{j,k} ⟩ |^2 )_{1/2}

= ∑ 1 + ∑ 2 Here ∑ 2 is a sum over j,k with N taken so large that

∑ |j|<N ∑ |k|≥N |λ_{j,k}|^2 |G_n(2^j + i2^jkb_0)|^2 1/2 + ∑ |j|≥N ( ∑ k |λ_{j,k}|^2 |G_n(2^j + i2^j kb_0)|^2 )_{1/2} < ϵ This is possible since (λ_{j,k}) ∈ ℓ^{2,1} and |G_n|^{−1} < 1.

Next we choose n so large that ∑ 1 = ∑ |j|<N ∑ |k|≤N |λ_{j,k}|^2 |G_n(2^j + i2^j kb_0)|^2 1/2 < ϵ Now ⟨ F G_nχ_{R\K} , C_{j,k} ⟩ is a constant multiple of the analytic projection of F G_nχ_{R\K} at

2^j + i2^j kb_0, and so since |G_n(iy) = 1| a.e. for iy ∉ K we have

sup_j ∑ k | ⟨ F G_nχ_{R\K} , C_{j,k} ⟩ |^2 ≤ B‖F ‖^2 Thus we have

| | | |⟨F, H⟩ − 1 C_Ψ ∫_∞ −∞ ∫_∞ 0 dadb a^2 ⟨F G_nχ_K , Ψ_{a,b}⟩ ⟨ Ψ_{a,b} G_n , H ⟩| | | < 2B^{1/2}‖F ‖^2ϵ Since ϵ was arbitrary the limit in (i) obtains as n → ∞.

3.2. Proof of Theorem 5 (ii): By the Hahn-Banach theorem and Lemma 4 ‖ ‖ ‖ ‖F − ∫∫ A_1≤a≤A_2 |b|≤B dadb a^2 ⟨F G_nχ_K , Ψ_{a,b}⟩ Ψ_{a,b} G_n ‖ ‖ ‖ ‖ 2 = sup_{‖H‖2=1} | | | | ⟨ F − 1 C_Ψ ∫ ∫ A_1≤a≤A_2 |b|≤B dadb a^2 ⟨F G_nχ_K , Ψ_{a,b}⟩ Ψ_{a,b} G_n , H ⟩| | | = | | | | 1 C_Ψ ∫_∞ −∞ ∫_∞ 0 dadb a^2 ⟨F G_n, Ψ_{a,b}⟩ ⟨ Ψ_{a,b} G_n , H ⟩

− 1 C_Ψ ∫ ∫ A_1≤a≤A_2 |b|≤B dadb a^2 ⟨F G_nχ_K , Ψ_{a,b}⟩ ⟨ Ψ_{a,b} G_n , H ⟩

− 1 C_Ψ ∫ ∫ A_1≤a≤A_2 |b|≤B dadb a^2 ⟨ F G_nχ_{R\K} , Ψ_{a,b} ⟩ ⟨ Ψ_{a,b} G_n , H ⟩

+ 1 C_Ψ ∫∫ A_1≤a≤A_2 |b|≤B dadb a^2 ⟨ F G_nχ_{R\K} , Ψ_{a,b} ⟩ ⟨ Ψ_{a,b} G_n , H ⟩| | | ≤ | | | 1 C_Ψ ∫_∞ −∞ ∫_∞ 0 dadb a^2 ⟨F G_n, Ψ_{a,b}⟩ ⟨ Ψ_{a,b} G_n , H ⟩

− 1 C_Ψ ∫ ∫ A_1≤a≤A_2 |b|≤B dadb a^2 ⟨F G_n, Ψ_{a,b}⟩ ⟨ Ψ_{a,b} G_n , H ⟩| | | + | | | | 1 C_Ψ ∫∫ A_1≤a≤A_2 |b|≤B dadb a^2 ⟨ F G_nχ_{R\K} , Ψ_{a,b} ⟩ ⟨ Ψ_{a,b} G_n , H ⟩| | | = | | | | 1 C_Ψ ∫ ∫ D dadb a^2 ⟨F G_n, Ψ_{a,b}⟩ ⟨ Ψ_{a,b} G_n , H ⟩| | | + | | | | 1 C_Ψ ∫∫ A_1≤a≤A_2 |b|≤B dadb a^2 ⟨ F G_nχ_{R\K} , Ψ_{a,b} ⟩ ⟨ Ψ_{a,b} G_n , H ⟩| | | | = S_1 + S_2

where D is the complementary domain to

A_1 ≤ a ≤ A_2 |b| ≤ B }

We proceed to analyse S_1. By Lemma 4

1 C_Ψ ∫_∞ −∞ ∫_∞ 0 dadb a^2 ⟨F G_n, Ψ_{a,b}⟩ ⟨ Ψ_{a,b}, H G_n ⟩ = ⟨F, H⟩ , and so 1 C_Ψ ∫∫ D dadb a^2 ⟨F G_n, Ψ_{a,b}⟩ ⟨ Ψ_{a,b} G_n , H ⟩ → 0 as A_1 → 0 and A_2, B → ∞.

We now proceed as in (i) and apply Theorem 6 to H and write H = ∑ j,k λ_{j,k}C_{j,k} with ∑ j ( ∑ k |λ_{j,k}|^2)^{1/2} < ∞. We deduce that | ⟨Ψ_{a,b}, H/G_n⟩ | can be made arbitrarily small by taking n sufficiently large. Hence as n → ∞, A_1 → 0 and A_2, B → ∞ the limit in (ii) obtains.

3.3. Proof of Theorem 6. To prove the first part of Theorem 6 it is sufficient to find a discrete analogue of ∫_∞ −∞ |F (2^j + iy)|^2dy for j ∈ Z. We follow the method in [7]. Note first that F (2^j + iy) = L(e^{−2j t}f(t)). By applying the Poisson summation formula ∑ l∈Z exp(ilax) = 2πa^{−1} ∑ k∈Z δ(x − 2πka^{−1}) we obtain the following set of deductions: ∑ k | ⟨F, C_{j,k}⟩ |^2 = ∑ k ∫_∞ −∞ F (iy)C_{j,k}(y)dy ∫_∞ −∞ F (iy^′)C_{j,k}(y^′)dy^′ = 2π ∑ k ∫_∞ 0 f(t)2^{−j/2}c(2^{−j}t)e^{i2−j kb0t}dt × ∫_∞ 0 f(t^′)2^{−j/2}c(2^{−j}t^′)e^{−i2−j kb0t′} dt^′ = (2π)^2 b_0 ∑ k ∫_∞ 0 ∫_∞ 0 f(t)f(t^′)c(2^{−j}t)c(2^{−j}t^′) × δ(t^′ − t − 2πk2^jb^{−1}_0 ) dt dt^′ = (2π)^2 b_0 ∑ k ∫_∞ 0 f(t)f(t − 2π2^jk)c(2^{−j}t) × c(2^{−j} t − 2πkb_0)dt = (2π)^2 b_0 ∫_∞ 0 |f(t)|^2|c(2^{−j}t)|^2dt + rest(f) = 2π b_0 ∫_∞ −∞ |F (2^{−j} + iy)|^2dy + rest(f)

≤ 2π b_0

‖F ‖^2 + | rest(f)|, where

rest(f) =

(2π)^2

b_0 ∑ k≠0 ∫_∞ 0 f(t)f(t − 2πk2^j)c(2^{−j}t) × c(2^{−j}t − 2πkb^{−1}_0 )dt. By the Cauchy-Schwarz inequality for integrals we have

| rest(f)| ≤ (2π)^2 b_0 ∑ k≠0 {∫_∞ 0 |f(t)|^2|c(2^{−j}t)||c(2^{−j}t − 2πkb^{−1}_0 )|dt }_{1/2}

× {∫_∞ 0 |f(t − 2πk2^j)|^2|c(2^{−j}t)||c(2^{−j}t − 2πkb^{−1}_0 )|dt }_{1/2} . We make the substitution t−2πk2^jb^{−1}_0 → t in the second integral and noting that c(t) = e^{−t}, t > 0 and is zero otherwise deduce that

| rest(f)| ≤ (2π)^2 b_0 ∑ k≠0 {∫_∞ 0 |f(t)|^2|c(2^{−j}t)||c(2^{−j}t − 2πkb^{−1}_0 )|dt }_{1/2}

× {∫_∞ 0 |f(t)|^2|c(2^{−j}t)||c(2^{−j}t + 2πkb^{−1}_0 )|dt }_{1/2} .

Now for k with k ≥ 0, |c(2^{−j}t)||c(2^{−j}t − 2πkb^{−1}_0 )| ≤ 1, while |c(2^{−j}t)||c(2^{−j}t + 2πkb^{−1}_0 )| = |c(2^{−j}t)|^2e^{−2πkb−10} , and so ∑ k≥0 ≤ 2Π b_0 ‖F ‖_2‖F (2^{−j} + iy)‖_2 ∑ k≥0 e^{−2πkb−10} . Similarly for k < 0 we have |c(2^{−j}t)c(2^{−j} + 2πkb^{−1}_0 )| ≤ 1, and |c(2^{−j}t)||c(2^{−j}t − 2πkb^{−1}_0 )| = |c(2^{−j}t)|^2e^{−2πkb−10} = |c(2^{−j}t)|^2e^{−2πkb−10} .

Therefore in either case ‖ rest(f)‖ ≤ ‖f‖^2 ∑ k≠0 e^{−π|k|b−10} . By the integral test it is easily seen that the sum on the right decreases with b_0. Hence for sufficiently small b_0 we may take A = 2π b_0 ( 1 − ∑ k≠0 e^{−2πkb−10} ) , and B = 2π b_0 ( 1 + ∑ k≠0 e^{−2πkb−10} ) . Thus the inequalities in (i) follow.

To prove the second claim of the theorem we consider the operator T : ℓ^{2,1} → H^2 where ℓ^{2,1} is the Banach space of sequences defined above and T is defined by T : λ → ∑ j,k λ_{j,k}C_{j,k}. Let E be the subset of ℓ^{2,1} defined by λ_{j,k} = ⟨G, C_{j,k}⟩ , j = j_0 fixed = 0, otherwise By the first part of the theorem ‖λ‖_{2,1} < ∞. Also

‖T^∗G‖_{2,∞} = sup λ∈ℓ^{2,1} |(T^∗G)(λ)| ‖λ‖_{2,1} ≥ sup_E | | | ∑ j,k λ_{j,k} ⟨G, C_{j,k}⟩ | | | ‖λ‖_{2,1} = sup_E ∑ k |⟨G, C_{j,k}⟩|^2 (|⟨G, C_{j,k}⟩|^2)^{1/2} = sup_E (| ⟨G, C_{j,k}⟩ |^2)^{1/2} ≥ A‖G‖_2. Thus T^∗ has zero kernel and closed range so by Banach’s closed range theorem T is a surjection. The proof of the inequalities given in (ii) is elementary and identical to the proof of Theorem 1 equation (2) in [4] and will be omitted.

In conclusion I would like to express my gratitude to my friend Aimo Hinkkanen for reading an early draft of this paper and drawing my attention to several errors and inaccuracies.

References

[1] L. Aizenberg. Carleman’s formula in Complex Analysis. Kluwer Academic publishers, 1993. [2] L. Baratchart and J.Leblond. Hardy approximation to L^p functions on subsets of the circle with 1 ≤ p < ∞. To appear in Constructive Approximation.

[3] L. Baratchart, J.Leblond, and J. Partington. Hardy approximation to L^∞ functions on subsets of the circle. Constructive Approximation, 12:423–435, 1996.

[4] F. F. Bonsall. Decompositions of functions as sums of elementary functions. Quart. J. Math. Oxford(2), 37:129–136, 1986.

[5] F. F. Bonsall. A general atomic decomposition theorem and Banach’s closed range theorem. Quart.

J. Math. Oxford(2), 42:9–14, 1991.

[6] R. R. Coifman and R. Rochberg. Representation theorems for holomorphic and harmonic functions in L^p. Asterisque, 77:12–66, 1980.

[7] I. Daubechies. Ten lectures on Wavelets, volume 61 of CBMS-NSF regional conference series on applied mathematics. SIAM, 1992.

[8] N. F. Dudley Ward and J. R. Partington. A construction of rational wavelets and frames in Hardy- Sobolev spaces with applications to system modelling. SIAM Journal of Control Optim, 36:654–679, 1998.

[9] K. Hoffman. Banach spaces of analytic functions. Prentice-Hall, 1962.

[10] N. S. Landkoff. Foundations of Modern Potential Theory, volume 180 of Grundlehren der mathematischen Wissenschaften. Springer-Verlag, 1972.

[11] D. H. Luecking. Representation and duality in weighted spaces of analytic functions. Indiana Univ.

Math. J., 34:319–336, 1985.

[12] D. J. Patil. Representation of H^p functions. Bull. Amer. Math. Soc., 78:617–620, 1972. [13] W. Rudin. Functional Analysis. McGraw-Hill, 1972.

[14] K. Seip. Beurling type density theorems in the unit disc. Inventiones mathematicae, 113:21–39, 1993.

Department of Mathematics, University College London, Gower Street, London WC1E 6BT UNITED KINGDOM

E-mail address: nfdw@math.ucl.ac.uk