TRADING CROSSINGS FOR HANDLES AND CROSSCAPS

DAN ARCHDEACON, C. PAUL BONNINGTON, AND JOZEF ŠIRÁŇ

Abstract. Let c_k = cr_k(G) denote the minimum number of edge crossings when a graph G is drawn on an orientable surface of genus k. The (orientable) crossing sequence c_0, c_1, c_2, . . . encodes the trade-off between adding handles and decreasing crossings.

We focus on sequences of the type c_0 > c_1 > c_2 = 0; equivalently, we study the planar and toroidal crossing number of doubly-toroidal graphs. For every ϵ > 0 we construct graphs whose orientable crossing sequence satisfies c_1/c_0 > 5/6−ϵ. In other words, we construct graphs where the addition of one handle can save roughly 1/6th of the crossings, but the addition of a second handle can save 5 times more crossings.

We similarly define the non-orientable crossing sequence c̃_0, c̃_1, c̃_2, . . . for drawings on non-orientable surfaces. We show that for every c̃_0 > c̃_1 > 0 there exists a graph with non-orientable crossing sequence c̃_0, c̃_1, 0. We conjecture that every strictly-decreasing sequence of non-negative integers can be both an orientable crossing sequence and a non-orientable crossing sequence (with different graphs).

1. Introduction

One of the most important classes of graphs are the planar graphs: those which can be drawn on the plane (or on the surface of a sphere) so that edges don’t cross. Not every graph is planar. Traditionally, there are two ways to draw such non-planar graphs. The first is to draw them on the plane allowing edge crossings. The goal is then to minimize the number of crossings. The second is to draw the graph on a sphere with either handles or crosscaps attached so that edges do not cross. The goal is then to minimize the number of handles or crosscaps.

In this paper we combine the above concepts. Namely, we investigate the crossing number of a graph drawn on a surface. Let c_k = cr_k(G) denote the minimum number of crossings in a drawing of a graph G on the orientable surface with k handles, S_k. We call c_0, c_1, c_2, . . . the (orientable) crossing sequence of G. By studying crossing sequences we can study the “trade-off” between crossings and handles when drawing a graph. Similarly, we define the non-orientable crossing sequence c̃_0, c̃_1, c̃_2, . . . for graphs embedded in non-orientable surfaces with crosscaps and examine the trade-off between crossings and crosscaps.

What do crossing sequences look like? It is easy to see that they are strictly decreasing (we can always use a handle or crosscap to eliminate a single crossing) and eventually zero (when k achieves the orientable or non-orientable genus of the graph). Moreover, it is easy to construct examples where the difference between consecutive numbers in the crossing sequence is arbitrarily large. In the orientable case, take a graph with large planar crossing number but with a drawing where all crossings involve a fixed edge; in the non-orientable case take a projective planar

Date: 17 November, 2000. 1

graph with a large face-width (see [8] for information about the face-width of an embedding).

Crossing sequences were first introduced by Širáň [13]. He tried to characterize orientable crossing sequences. A sequence c_0, c_1, . . . is convex if c_i −c_{i+1} ≤ c_{i−1} −c_i for all i. Širáň showed [13] that any decreasing convex sequence of non-negative integers was the orientable crossing sequence of some graph. He conjectured that all orientable crossing sequences are convex.

A counterexample to Širáň’s conjecture would be a non-convex crossing sequence. For example, is there a crossing sequence where c_1 −c_2 > c_0 −c_1? Loosely speaking, if adding the second handle saves more edges than adding the first handle, why not add the second handle first? Despite its non-intuitive nature, we will show that it is possible to achieve this inequality with the crossing sequence of a graph.

More strongly, we believe the following.

Conjecture 1.1. Any strictly decreasing sequence of non-negative integers is the crossing sequence of some graph. It is also the non-orientable crossing sequence of a (different) graph.

To study the effect on the number of crossings of adding successive handles we focus on the simplest special case: sequences c_0 > c_1 > c_2 = 0. In other words, we examine the planar crossing number c_0 and the toroidal crossing number c_1 of graphs which embed in the double torus without crossings. Our main result is the following (where (_n k ) denotes a binomial coefficient).

Theorem 1.2. For every m > 0, there exists a graph which embeds in the double torus without crossings, has planar crossing number 4 (_{3m} 2 ) , and has toroidal crossing number 3 (_{3m} 2 ) + 3 (_m 2 ) . Corollary 1.3. For every ϵ > 0, there exists doubly-toroidal graph whose orientable crossing sequence c_0, c_1, c_2 = 0, has the property (c_1 − c_2)/(c_0 − c_1) > 5 − ϵ. Equivalently, adding the first handle saves at most 1/6^{th} of the crossings.

Analogously, we study the effect on the number of crossings of adding successive crosscaps by focusing on the simplest special case: c̃_0 > c̃_1 > c̃_2 = 0. Thus we examine the planar crossing number c̃_0 and the projective-plane crossing number c̃_1 of graphs which embed in the Klein bottle without crossings. In this non-orientable case we have the following stronger result.

Theorem 1.4. For every c̃_0 > c̃_1 there exists a graph which embeds on Klein’s bottle without crossings, has planar crossing number c̃_0, and projective-plane crossing number c̃_1.

In Section 2 we introduce weights on edges and define the weighted crossing number. The purpose of the weights is to control, even prohibit, the crossings of some edges in a drawing achieving a crossing number. In Section 3 we use the weights to fix a large portion (called a “patch”) of any drawing that achieves a crossing number. Again, the purpose is to restrict the types of embedding so that the crossing number on a surface is more easily determined. In Section 4 we give the (weighted patched) graphs demonstrating our theorem for non-orientable surfaces. In Section 5 we give the (weighted patched) graphs demonstrating our theorem for orientable surfaces. We conclude in Section 6 with some directions for future research.

2. Weights

In this section we introduce weights on edges and the concept of the weighted crossing number. Loosely speaking by assigning a large enough (possibly infinite) weight to an edge we can guarantee it is not involved in a crossing in a drawing which achieves the crossing number.

A weight on an edge is a positive integer (or ∞) assigned to that edge. A weighted graph is a graph together with a weight on each edge. Let wt(e) denote the weight of edge e. Suppose that G is a weighted graph drawn on some surface. The weighted crossing number of the drawing is the sum wt(e) · wt(e^′) over all pairs e, e^′ of crossing edges. The (weighted) crossing number of a weighted graph G is the minimum weighted crossing number over all drawings of G. The weighted crossing number corresponds to the usual crossing number if all of the weights are 1.

Proposition 2.1. Let G be a cubic weighted graph. Then there exists a simple unweighted graph G^′ with the same crossing sequence as G.

Proof. We will first modify G to a non-simple graph G^{′′} with the same crossing sequence. Let e be an edge of G with weight k. Form G^{′′} by replacing e with k parallel edges e_1, e_2, . . . , e_k, each with weight 1. (If the reader prefers finite graphs, we replace an edge with weight ∞ with a sufficiently large number of parallel edges.)

We claim that G^{′′} has the same crossing sequence as G. Consider a drawing of G^{′′}. Among the new edges e_1, . . . , e_k pick the one with the fewest number of crossings, say e_1. We redraw e_i alongside e_1 without increasing the total number of crossings. Once all k edges are redrawn in parallel alongside e_1, we can replace them with a single edge of weight k. Thus we have constructed a drawing of G with the same weighted crossing number.

We form the desired G^′ by repeating this process for each edge of weight exceeding one. We then subdivide any parallel edges to make G^′ simple as claimed. □

3. Patches

Patches are a common method in topological graph theory to fix certain portions of an embedding. A patched graph is a graph G and a collection P_1, · · · , P_k of edge-disjoint closed trails in G (so vertices may be repeated but not edges). An embedding of G is a patch embedding if each P_i appears as a face boundary. Notice that we have not assigned a direction to the P_i; in an oriented surface we accept either P_i or P^{−1}_i as the face boundary. In some instances it is helpful to talk about the theory of oriented patches (see [2], [5] or [15]), but it is not needed here.

Patches are also known under many different names. Archdeacon referred to identified disk spaces [1], Širáň called them relative graphs [14], while Mohar and Robertson [10] used the word patches.

We also want to consider drawings with edge crossings in a patched graph. Specifically, we assign weight ∞ to all edges in a patch cycle and consider the minimum weighted crossing number over all patch embeddings in a given surface. Therefore edges in a patch boundary cycle are not allowed to cross any other edge, nor can the patch face contain any other portion of the graph. Define the orientable and non-orientable crossing sequence for patched graphs similar to that for unpatched graphs.

· · ·

. .

· · · v_1 v_2

Figure 1. A patch extension

For our purposes we need to consider only cubic patched graphs. Notice that in a cubic patched graph the patch trails are all vertex-disjoint simple cycles. We also allow weights on non-patch edges of a patched graph.

Let d be a positive integer and let C = (v_1, . . . , v_n) be a simple cycle. A d-dense patch extension on C is a 3-connected planar graph P with the following properties:

(1) the outer face of P is bounded by the cycle C^′ formed by replacing each edge of C with a path on 2d + 2 edges, (2) every internal face of P is a triangle, and (3) any path in P joining two non-adjacent vertices of C^′ and internally disjoint from C^′ is of length at least 2nd + 2n + 6d + 1.

Observe that it is easy to construct a d-dense patch extension for any length simple cycle. See for example Figure 1 which illustrates a patch extension along an edge v_1v_2.

The goal of this section is to prove the following.

Proposition 3.1. Let G be a weighted patched graph. Then there exists a weighted graph G^′ with the same crossing sequence.

Proof. We prove the proposition for orientable sequences only. The proof in the non-orientable case is an easy modification. Let d be the largest subscript such that c_d is non-zero (that is, d + 1 is the genus of the patched graph). We form the weighted graph G^′ from G by identifying each patch cycle C_i with the outer face of a d-dense patch extension P_i. Each edge in the patch extension is assigned infinite weight. The weights of edges which are not in patch cycles are left unchanged.

We need to show that for each patch drawing of G with weighted crossing number k, there is a drawing of G^′ with the same crossing number. But this is obvious: we can place the patch P_i inside the face bounded by C_i.

Now suppose that G^′ is drawn on S_g (g ≤ d) with weighted crossings k > 0. We need to demonstrate a drawing of the patched G on the same surface with the same weighted crossing number. Observe that edges in a patch extension P receive infinite weight, and therefore are not involved in any crossings in the drawing of G^′. Now consider the restriction of the drawing that only considers the patch extension P , capping off any unused handles or crosscaps. This restriction is an embedding of P . Let C = (v_1, . . . , v_n) be the cycle on the boundary of P . Claim: Either

(1) No face has more than one v_i, or (2) There is a face F so that (v_1, . . . , v_n) appear on the boundary of F in that order.

In the second case we can replace the given embedding of P with the planar embedding of the patch. This may lower the genus of the embedding, but will not increase the crossing number. In the first case each of the n edges connecting P to the remainder of G^′ lie on a different handle. (Recall that G is cubic and hence our patches are disjoint.) It is now easy to re-embed using the planar embedding of P . Finally, in either case we can fill the embedding of P to get an embedding of the patched graph G in the original surface.

To establish the claim, suppose that there is a face containing v_i and v_j with boundary walk W . If W contains a sub-path internally disjoint from C^′ which joins two non-adjacent vertices of C^′, then |W | ≥ 2nd + 2n + 6d + 1. (1) Let f_p be the number of faces in the planar embedding and let f_g be the number of faces in the S_g -embedding. Then f_g = f_p − 2g ≥ f_p − 2d. Let e denote the number of edges in P . Observe that in the planar embedding all faces are triangles except for one n(2d + 2)-gon, and hence 3(f_p − 1) + n(2d + 2) = 2e. Therefore,

2e − 3f_g ≤ 2e − 3(f_p − 2d) = n(2d + 2) + 6d − 3.

It follows that every face of the S_g-embedding of P has length at most 2nd+2n+6d, contradicting Equation (1). (Indeed, if one face had length at least 2nd+2n+6d+1 then 2e ≥ 3(f_g − 1) + 2nd + 2n + 6d + 1.) It follows that there is no walk between non-adjacent vertices of C^′ in W that is internally disjint from C^′.

In P , v_i and v_j (vertices of the original cycle C) divide C^′ into two v_iv_j -subwalks W_1 and W_2. It follows that W contains the vertices of W_i in the same order as they appear in C^′. There are two possibilities: either W contains the vertices of C^′ in the same order as they appear in W_iW^{−1}_i for some i, or W contains the vertices W_1W^{−1}_2 . In the latter case (v_1, . . . v_n) appear in order as claimed, so it only remains to rule out the former case.

Suppose that W contains the vertices of W_1W^{−1}_1 in that order. Recall that every edge of C has been replaced by a path with 2d + 2 edges and that d ≥ g. Hence, among the vertices of W_1 we have 2g+3 consecutive vertices u_0, u_1, . . . u_{2g+2}. Inside of the face W we draw g + 1 chords connecting the two occurrences of u_i, where i = 1, 3, . . . , 2g + 1. These chords correspond to simple cycles in the surface, and hence they are homologically non-null. Because the surface is of genus g, in any collection of g + 1 disjoint cycles there are at least two cycles (chords in our case) whose removal disconnects the surface. However, by the choice of the u_i’s, we have that removal of two vertices disconnects the graph P , a contradiction.

We have established the claim and so the proposition follows. □

4. Non-orientable Crossing Sequences

We begin with the non-orientable case because the construction is slightly easier to describe.

Theorem 4.1. Let c̃_0 > c̃_1 > c̃_2 = 0. Then there exists a weighted patched graph G with non-orientable crossing sequence c̃_0, c̃_1, c̃_2.

Proof. We begin by showing that n, n − 1, 0 is the non-orientable crossing sequence of a patched graph. The graph is shown in Figure 2. This graph comprises a Hamiltonian cubic graph together with a patch (shown as shading) on a fixed ā_m ā_3 ā_2 ā_1

· · · b b̄ a_1 a_2 a_3 a_m

Figure 2. The patched graph for non-orientable sequences

ā_m ā_3 ā_2 ā_1 b b̄ a_1 a_2 a_3 a_m

ā_k a_k

Figure 3. Embedding the patched graph in the projective plane

Hamiltonian cycle (b, a_1, . . . , a_m, b̄, ā_m, . . . , ā_1, b). We need to show the two claims about the non-orientable crossing numbers.

We first show that the planar crossing number is as claimed. There is a unique embedding of this patched graph in the plane with a simple cycle on the boundary of the only unpatched face. All other edges must lie in this face. Two edges cross if and only if their edge ends alternate in the boundary of this cycle. Hence the crossing pairs of edges are exactly bb̄ and a_iā_i, i = 1, . . . , m. There are exactly n edge crossings.

We next show the graph embeds on the Klein bottle (the non-orientable surface of genus 2). This is clear since G − {bb̄} is planar. Hence we can add a single anti-handle (the equivalent of two crosscaps) to accommodate the edge bb̄.

We need only show the claim for the projective crossing number. We can assume that all non-infinity weight edges lie in a single face which contains a crosscap. Notice that the crossing number is at most n − 1 since we can exclude a single crossing in the planar embedding by adding a crosscap. (See Figure 3, the dotted circle represents a crosscap).

Suppose that we have a drawing achieving the projective crossing number. Then there must exist a k such that bb̄ does not cross a_kā_k (if not, there would exist at least n crossings). Consider the unique projective embedding without crossings of the graph formed by deleting all edges a_iā_i where i ≠ k. This embedding must be induced by the drawing achieving the crossing number. But in this embedding a_i and ā_i lie on different faces. Hence the edge a_iā_i must cross another edge in the drawing. Since there are n − 1 such edges, there are at least n − 1 crossings.

To achieve an arbitrary sequence c̃_0 > c̃_1 > c̃_2 = 0 we vary the construction slightly. Namely, we pick one of the edges a_kā_k and assign it weight c̃_1 − c̃_0. The c_6 . . . c_1 d_6 . . . d_1 a_1 . . . a_6 b_1 . . . b_6

d̄_1 . . . d̄_6 ā_6 . . . ā_1 b̄_6 . . . b̄_1

c̄_1 . . . c̄_6

Figure 4. The patched graph G_m for orientable sequences (m = 2)

total number of vertical edges is m = c̃_2 − c̃_1 + 1. Again, it is easy to see the graph has the desired drawings on the plane and on Klein’s bottle. A drawing on the projective plane can eliminate at most one unweighted crossing. This is minimized by eliminating the crossing with edge a_kā_k. □

5. Orientable Crossing Sequences

In this section we give graphs with an interesting orientable crossing sequence. These graphs will embed on the double-torus but not on the torus. The toroidal crossing number will be almost 5/6th of the planar crossing number. Thus the addition of a second handle saves a greater number of edge crossings than did the addition of the first handle. By Propositions 2.1 and 3.1 it suffices to show the result for weighted patched graphs.

The weighted patched graph G_m, m = 2, is shown in Figure 4. It has two patched faces (outside the large rectangle and inside the small rectangle), and two edges with infinite weights (shown in bold). There are 12m other edges of weight 1. These 12m edges are broken into 4 groups of size 3m, each group on vertices a_i, b_i, c_i, d_i respectively. The graph G_m, m ≠ 2 is defined similarly, differing only in the number 3m of edges in each of the 4 groups. In particular, any two edges from the same group cross in the drawing shown. Theorem 5.1. The orientable crossing sequence of G_m is

c_0 = 4 ( 3m 2 ) , c_1 = 3 ( 3m 2 ) + 3 ( m 2 ) , c_2 = 0.

Proof. Let H_m denote the patched subgraph consisting of the two patch faces and the two infinite weight edges in G_m. Observe that H_m has exactly two embeddings in an unoriented plane. In one embedding the faces are as shown in Figure 5; in the other the inside patch face can be reflected about a horizontal line containing the infinite-weight edges so that a_i and ā_i lie on different unpatched faces. We call these the matched and unmatched embeddings respectively.

Our proof proceeds by a sequence of claims. Claim 1: The planar crossing number of G_m is 4 (_{3m} 2 ) . The upper bound on this crossing number is established by the drawing in Figure 4. To show the lower bound c_6 . . . c_1 d_6 . . . d_1 a_1 . . . a_6 b_1 . . . b_6

d̄_1 . . . d̄_6 ā_6 . . . ā_1 b̄_6 . . . b̄_1

c̄_1 . . . c̄_6

Figure 5. The matched embedding of H_m.

d_6 . . . d_1 ā_6 . . . ā_1 b̄_6 . . . b̄_1 c̄_1 . . . c̄_6 d̄_1 . . . d̄_6 b_1 . . . b_6 a_1 . . . a_6

c_6 . . . c_1

Figure 6. An embedding of G_m in the double torus

we first consider the embedding of H_m. If H_m has the unmatched embedding, then there is no face with a_1 and ā_1 on the same face. It follows that the edge a_1ā_1 crosses a second edge of infinite weight or crosses a patch. No such drawing has a finite crossing number.

It follows that H_m has the matched embedding. For each x ∈ {a, b, c, d} and each i there is a unique unpatched face of H_m containing x_i and x̄_i. It follows that in any drawing achieving the minimal crossing number has the edge x_ix̄_i in this face. Two edges cross in this face if and only if they lie in the same group. A simple count gives the desired lower bound.

Claim 2: G_m embeds on the double torus The proof is established in Figure 6. In this figure there are two handles indicated by a dotted ellipse labelled with one or two arrows to indicate the orientation. Identifying the arrows in the directions indicated gives the desired embedding.

Claim 3: The toroidal crossing number of G_m where H_m has the unmatched embedding is at least 18m^2. To avoid crossing an infinite weight edge the boundary d_6 . . . d_1 c_6 . . . c_1 b̄_1 . . . b̄_6 a_1 . . . a_6 b_1 . . . b_6 c̄_6 . . . c̄_1 d̄_6 . . . d̄_1

ā_1 . . . ā_6

Figure 7. A cylindrical face of H_m with the unmatched embedding

Figure 8. Two non-toroidal patched graphs

cycles of the two unpatched faces in the planar embedding must bound the same face in the toroidal embedding restricted to H_m. Hence this face is a cylinder bounded by two cycles as shown in Figure 7.

Consider an arbitrary set of three vertices x_i, y_j , z_k where i + j + k ≡ 0(mod 3m) and x, y, z are distinct elements from the set {a, b, c, d}. Observe that the embedding of H_m ∪ {x_ix̄_i, y_jȳ_j , z_kz̄_k} is non-planar. Hence there must exist a crossing among these three new edges in an optimal drawing of G_m. There are 4(3m)^2 such triples. These triples count each crossing at most twice: if say x_ix̄_i and y_jȳ_j cross, then the third edge is either z_kz̄_k or w_kw̄_k where i + j + k ≡ 0 (mod 3m) and x, y, z, w are all distinct. Hence this drawing of G_m has at least 4(3m)^2/2 = 18m^2 crossings as claimed.

The reader may note that considering these edges as points and these triples as blocks yields a group-divisible design with 4 groups of size 3m each, block size 3, and λ = 2. See [7] for details.

Claim 4: The toroidal crossing number of G_m where H_m has the matched embedding is 3 (_{3m} 2 ) + 3 (_m 2 ) . We first note that one of the two unpatched faces in the planar embedding of H_m is also a face in the restricted embedding of G_m. Without loss of generality say it is the face with d_id̄_i and c_jc̄_j . It follows that there are 2 (_{3m} 2 ) crossings in that face.

We now turn our attention to crossings in the other face. First, suppose that there exist edges a_iā_i, a_jā_j which do not cross and edges b_kb̄_k, b_lb̄_l which do not cross. Then the restriction of G_m to H_m ∪ {a_iā_i, a_jā_j , b_kb̄_k, b_lb̄_l} has no crossings. However, this patched embedding is non-toroidal, a contradiction (see the left side of Figure 8). We conclude that without loss of generality each pair of edges b_kb̄_k, b_lb̄_l cross in an optimal drawing of G_m. Note that this gives a total of 3 (_{3m} 2 ) crossings among edges of the form x_ix̄_i where x ∈ {b, c, d}.

We finally turn our attention to crossings on edges a_iā_i. First suppose that there were four pairwise non-crossing edges a_iā_i, a_jā_j , a_kā_k, a_lā_l. Then the drawing a1 a2 a3 a4 a5 a6

ā1 ā2 ā3 ā4 ā6 ā5

Figure 9. Part of the torodial drawing of G_m with crossing number 3 (_{3m} 2 ) + 3 (_m 2 )

of G_m restricted to H_m ∪ {a_iā_i, a_jā_j , a_kā_k, a_lā_l} has no crossings. But this patched embedding is non-toroidal, a contradiction (see the right side of Figure 8).

Now form a graph T_m as follows. The vertex set of T_m are the 3m edges a_iā_i. Join two of these vertices i, j with an edge of T_m if the corresponding edges a_iā_i, a_jā_j do not cross in the drawing of G_m. Note that to minimize the number of crossings in G_m is to maximize the number of edges in T_m. Also note that since there does not exist four pairwise non-crossing edges in G_m, there is no induced K_4 in T_m. By Turán’s Theorem [16] the maximum number of edges in a K_4-free graph on 3m vertices is (_{3m} 2 ) − 3 (_m 2 ) . Hence there are at least 3 (_m 2 ) crossings involving edges a_iā_i and the claim follows. (See [12] for a similar application of Turán’s Theorem to crossing numbers.)

A toroidal drawing of G_m with crossing number 3 (_{3m} 2 ) + 3 (_m 2 ) can be obtained with a small modification of the drawing G_m in Figure 4: Place near the a_iā_i group of edges a single handle that carries two-thirds (= 2m) of the edges, as shown in Figure 9. The crossings that occur in this drawing are the (_{3m} 2 ) crossings in each of the groupings b_ib̄_i, c_ic̄_i and d_id̄_i, plus the 3 (_m 2 ) crossings that occur in the a_iā_i group near the handle.

After having established Claims 1-4, the proof of Proposition 5.1 is complete. □

6. Conclusion

We conclude with a discussion of some directions for future research. Initially, the authors felt that a non-convex crossing sequence was not possible.

However, we quickly discovered a counter-example with crossing sequence 3, 2, 0. This was subsequently generalized to the following example. Consider the weighted patched graph illustrated in Figure 10. The thick edges have weights a ≥ b ≥ c, and the optimal planar drawing is the one given. One can easily show that an optimal toroidal drawing is achieved by attaching the ends of a handle to dashed regions 1 and 2 to carry the edge crossing the edge weighted a. The double-toroidal embedding is achieved by adding a second handle to dashed region 3 and the first handle. Hence, the crossing sequence is a + b + c, b + c, 0. In other words, one can obtain any crossing sequence c_0, c_1, c_2 = 0, where c_1 − c_2 c_0 − c_1 ≤ 2. For some time, the authors felt that this upper bound on the ratio might be the best possible. However, our Theorem 5.1 now leads us to believe it can be arbitrarily large (see Conjecture 1.1).

3 c b 1 a

2

Figure 10. First non-convex example

In [4], Archdeacon and Bonnington discuss crossings that arise when two graphs are jointly embedded on the same surface – the only crossings permissible were crossings involving edges from different graphs. If one relaxes this restriction, the notion of jointly embedding graphs can give rise to “joint crossing sequences”. Let cr_k(G, H) denote the minimum number of crossings possible in a drawing of G and H simultaneously on the same surface S_k. Now, it is clear that cr_{2k}(G, G) ≤ 2cr_k(G). Indeed, to obtain a drawing that achieves this upper bound, take two optimal drawings of G on two disjoint copies of S_k, and “glue” the two surfaces to a single S_{2k}.

Do there exist graphs G for which cr_{2k} (G, G) < 2cr_k(G)? (In other words, is there a better way of drawing two copies of G on S_{2k} other than the method described?) Our main theorem implies that (at least for some graphs and k = 1) the answer is in the affirmative. Indeed, let G be one of the double-toroidal graphs from Theorem 5.1. Take a double-toroidal embedding of G and insert into one of the faces of this embedding a (planar) drawing of a second copy of G. Therefore, clearly we have cr_2(G, G) ≤ cr_0(G). However, by Theorem 5.1, cr_2(G, G) < 2cr_1(G), as required. (In the nonorientable case, one can obtain an even larger difference between cr_2(G, G) and 2cr_1(G).)

Acknowledgements. The work of the second author is supported by the Marsden fund grant number UOA825 administered by the Royal Society of New Zealand.

The work of the third author is supported in part by the GACR grant No. 201/98/1451 and VEGA grant No. 43/11/99.

References

[1] D. Archdeacon, The non-orientable genus is additive, J. Graph Theory 10(1986)363-383. [2] D. Archdeacon, The orientable genus is non-additive, J. Graph Theory 10(1986)385-401. [3] D. Archdeacon, Densely embedded graphs, J. of Combin. Theory Ser. B 54(1992)13-36. [4] D. Archdeacon and C.P. Bonnington, Two maps on one surface, to appear J. Graph Theory. [5] C.P. Bonnington and C.H.C. Little, The Foundations of Topological Graph Theory, Springer, New York (1995) [6] H.R. Brahana, Systems of circuits of two-dimensional manifolds, Ann. of Math. 30(1923)234- 243.

[7] C. Colbourn and J. Dinitz, The CRC handbook of combinatorial designs, CRC Press (1996) [8] J. Fiedler, J.P. Huneke, R.B. Richter, and N. Robertson, Computing the orientable genus of projective graphs, J. of Graph Theory 20(1995)297-308.

[9] J. Gross and T. Tucker, Topological Graph Theory, Wiley, New York (1987). [10] B. Mohar and N. Robertson, Planar graphs on nonplanar surfaces, J. of Combin. Theory Ser. B 68(1996)87–111.

[11] S. Negami, Crossing numbers of graph embeddings pairs on closed surfaces, to appear J. of Graph Theory.

[12] R.B. Richter and J. Širáň , The crossing number of K_{3,n} on a surface, J. of Graph Theory 21(1996)51-54.

[13] J. Širáň , The crossing function of a graph, Abh. Math. Sem. Univ. Hamburg 53 (1983)131- 133.

[14] J. Širáň and M. Škoviera, Relative embeddings of graphs on closed surfaces, Math.

Nachrichten 136 (1988)275-284.

[15] S. Stahl, Permutation-partition pairs: a combinatorial generalization of graph embeddings, Trans. Amer. Math. Soc. 259(1980)175-182.

[16] P. Turán, Eine extremalaufgabe aus der graphentheorie, Mat. Fiz Lapook 48(1941)436-452.

Department of Mathematics and Statistics, University of Vermont, Burlington, VT, USA 05405

E-mail address: dan.archdeacon@uvm.edu

Department of Mathematics, University of Auckland, Auckland, New Zealand E-mail address: p.bonnington@auckland.ac.nz

Department of Mathematics, Slovak Technical University, Radlinského 11, 2813 68 Bratislava, Slovakia

E-mail address: siran@lux.svf.stuba.sk