proposition remark equationsection

Valuation of bonds and options under floating interest rate.

V.Adamyan B.Pavlov

Abstract The evolution operators, generators of which contain a numerical parameter forming a Markov process, are considered in connection with problems of financial mathematics. Under certain conditions the exact and explicit expressions for the values of the evolution operators averaged over trajectories of the process and for the corresponding variances are derived. Obtained results are applied for valuation of some financial products with account of floating interest rates.

Department of Theoretical Physics, Odessa State University, Odessa, UKRAINE Department of Mathematics, The University of Auckland, Auckland, NEW ZEALAND, International Solvay Institute for Physics, Brussels, BELGIUM.

1 Introduction: Averaged evolution versus stochastic calculus.

The standard Black-Scholes analysis, [1, 2, 3] usually is based on hypothesis, that asset price follows lognormal random walk and the corresponding risk-free interest rate r ≡ r_0 and asset volatility are assumed to be known functions of time. The Black-Scholes algorithm for option pricing is derived under assumption that there are no arbitrage possibilities, which means that all risk- free portfolio earn the same return and trading of the underlying asset goes continuously so that one can sell or buy any share of the asset immediately, if it is necessary. By the fixed interest rate r = r_0 these assumption give the following standardized form of Black-Scholes equation for European call option value C normalized with respect to exercise price E in logarithmic scale of prices S = Ee^x and reverted time τ : t = T −^{2τ}_{σ2} : ∂v ∂τ = ∂^2v ∂x^2 + ( 2r σ^2 − 1 ) ∂v ∂x − 2r σ^2 v with the initial condition v(x, 0) = max(e^x − 1, 0)

and exponential asymptotics at x → ∞. Here σ is the volatility of the underlying asset’s price and r is the interest rate, see for instance [3]. The analysis of Bond pricing requires random interest rate, see for instance [4, 5]. In this case the interest rate is usually assumed to be governed by some stochastic differential equation defining the local increment of interest rate in dependence of time and absolute value of the interest rate, e.g. dr = w(r, t)dX + u(r, t)dt. For special choice of parameters u, w the equation for Bond price similar to Black- Scholes equation was solved by different authors, see [6] via stochastic calculus approach.

In this note we study the problem of option pricing under floating interest rate using remarkable properties of the averaged evolution noticed first by R. Griego and Hersh, see [8]. For the mathematically similar problem of description of quantum evolution on the Markov background these properties were rediscovered and intensely used by physicists for investigation of the Mössbauer Scattering in disperse media, see [9]. The rigorous analysis of the models of quantum systems on Markov background was done in [10] and [11]. In both papers [10, 11] the investigation of the averaged dynamics was successfully reduced to study of the spectral properties of the well-defined nonselfadjoint ( dissipative) operator - the generator of semigroup formed by the resolving operator for the Schroedinger equation with random Hamiltonian averaged over all trajectories of the stochastic process.

The actual paper is an attempt to demonstrate that the same approach may be applied to the problems concerning pricing of some financial products under random parameters in stochastic differential equations for underlying assets. In Section 2 we consider the Cauchy problem for the equation {_∂ ∂t ψ = −H(t)ψ, t > 0, ψ(0) = ψ_0 (1) in the Hilbert space K with densely defined closed operator function H(t), consequent values of which form some stochastic process. Following the main idea of [8] for the problem (1) we obtain under certain assumptions explicit formulae for the values of quadratic form and for matrix elements of resolving operator averaged over all trajectories of the process and for the corresponding variance at any moment of time t. In Section 3 the obtained general formulae are used in the simplest case dim K = 1 for calculation (in frameworks of some model) present values of zero-coupon bonds under assumption that spot values of interest rates form a Markov process. In Section 4 under the same assumption the exact expression for the analogue of the Black-Scholes formulas for averaged values of European options and corresponding variances are presented.

Our research was supported by Marsden Fund of the Royal Society of New Zealand, grant 3368152. V. Adamyan was also supported by the Civilian Research and Development Foundation of USA and the Government of Ukraine in the framework of joint project UM 1 - 298.

V. Adamyan is grateful to the Department of Mathematics of the University of Auckland for hospitality during his visit to New Zealand in 1998.

This paper is dedicated to Professor S. Albeverio on occasion of his sixtieth birthday.

2 Operators of Averaged Evolution

If the variable interest rate r is a bounded measurable function of time, then the capital gain from the investment of x_0 dollars under this variable interest rate can be calculated via solution of the differential equation dx dt = r(t)x, x(0) = x_0,

which gives x(T ) − x_0 = x_0 [ e^{R T0 r(t)dt} − 1 ] . We assume now that r(t) is a Markov process governed by the Fokker-Plank equation for transition probabilities w: dw dt + Mw = 0, (2)

where M is a bounded operator acting in a Hilbert space of functions f(r) on the corresponding stochastic space - the set of all values of r(t). The operator M is submitted to the condition that the Markov property for transition probabilities holds. For the purpose of pricing of financial derivatives under the floating interest rate it is enough to consider the case, where is a finite or countable set. Therefore we will assume that is realized as C_N , N = card < ∞, with the euclidean norm or as the space l_2 in countable case, respectively. We will assume also that a finite or infinite matrix M has form M = λ(I − W ), (3) where λ > 0 and W is a stochastic matrix. Actually (3) means that possible changes of r(t) are only instantaneous random jumps between points of with the matrix of the transition probabilities W , which may happen at random moments of time distributed according to the Poisson law, that is the probability of occurance of n such moments in the interval (0, t) is equal to e^{−λt} (λt)^n n! . In other words 3 means that r(t) is a pseudo-Poisson process [14]. For such process the result of averaging of the present values of financial derivatives over all anticipated trajectories r(t), t > 0, which begin at r(0) = r_{in}, may be calculated in general on the base of the following special statement, Theorem 1 below, which is a result of application of the general ideas of the theory of quantum evolution on the Markov background [8, 9, 10, 11, 12] to our special case.

Let us consider operators H(r), r ∈ , which acts in a Hilbert space and

• are closed and have r-independent dense domain ; • ℜ(H(r)φ, φ) ≥ γ ‖φ‖^2 , φ ∈ , (4) where γ > −∞ is also r-independent;

• there exists C > 0 and α > 0 such that the evolution operators

Q(t; r) = exp (−tH(r)) , t > 0, (5) satisfy the following uniform estimate for arbitrary r, r^′ ∈ and t ∈ (0, T ), 0 < T < ∞ : ‖Q(t; r) − Q(t; r^′)‖ ≤ Ct^α. (6) The transformation of the Cauchy data ψ(0) ∈ of the equation ∂ ∂t ψ = −H(r(t))ψ, (7) along the selected trajectory r(t) is formally produced by T - product

ψ(t) := U(t; r)ψ(0) = T exp − t∫ 0 H(r(s))ds ψ(0). (8)

Under our assumptions r(t) and hence H(r(t)) with the probability equal to one are piecewise constant functions having only a finite number of jumps on each interval [0, t].

Let t_1 < t_2 < ... < t_s be the set of all possible jumps on the time interval (0, t) for the fixed trajectory r(t). The evolution operator along this trajectory of the Markov process

U(t; r) = Q(t − t_s; r(t_s + 0)) · Q(t_s − t_{s−1}; r(t_{s−1} + 0)) · ... · Q(t_1; r(0)) (9)

generally do not form a semigroup. Nevertheless averaging over trajectories generates a semigroup of bounded operators which may be used to calculate the evolution operator (9) averaged over all trajectories starting and finishing at the fixed points r(0) = r_{in} and r(t) = r_{out} : ⟨U(t; r)⟩ |_{rout, rin} as described below.

Let diag_rH be the linear operator in the tensor product × of the Hilbert spaces and , which acts on vectors of the form x ⊗ f(r), where x ∈ , f(·) ∈ , as follows diag_rH (x ⊗ f(·)) (r) = H(r)x ⊗ f(r). It is easy to see that ℜ diag_rH is a densely defined closed operator in × and ℜ diag_rH ≥ α > −∞. Let ^M be the bounded operator in × defined as I × M, where I is the identity operator in , Ie = e, e ∈ . Under our assumptions each vector h ∈ × can be represented as vector functions h(r), r ∈ , taking values in such that

‖h‖^2 = ∑ r∈ ‖h(r)‖^2 . We denote by P_r, r ∈ , operators from × onto , which acts on the vector h in × as P_rh = h(r). Observe that (P^∗_r x)(r^′) = x ⊗ δ_{r,r}0, x ∈ .

Theorem 1 Let operators H(r) and the process r(t) satisfy the above assumptions. Then the evolution operator (9) averaged over all trajectories of the process with fixed ends r(0) = r_{in}, r(t) = r_{out} , is given by the expression ⟨U(t; r)⟩ |_{rout ,rin} = P_{rout} G(t)P^∗_{rin} , (10) where G(t), t > 0, is the semigroup of bounded operators in × generated by diag_rH + ^M , i.e.

G(t) = exp ( −t ( diag_rH + ^M )) , t > 0. (11)

Proof. Let us consider the evolution operator U(t; r) for the equation (9) on a fixed trajectory r(t) which has s jumps in (0, t). This operator we approximately represent in the form of a T-product

U_n(t; r) = n∏ k=1 exp (−Δ_N H(r_k + 0)) ,

Δ_n = t N , r_k = r((k − 1)Δ_n + 0). (12)

According to (4), (6) and (7, 8) for the uniform error of this approximation we have the estimate ‖U(t; r) − U_n(t; r)‖ ≤ s Ct^αe^{−γt} n^α . (13)

To calculate the average of the evolution over the set of all trajectories with the fixed ends r_{in}, r_{out} we form first the T-product (12) over all trajectories passing the prescribed gates r_k, k = 1, ..., N − 1 at the fixed moments leaving at t_k = kΔ_n. By (2) the emergency probability of such trajectory is given by the product w(r_1, ..., r_{n−1} | r_{in}(= r_0), r_{out}(= r_n)) = n∏ k=1 G(r_k, r_{k−1}, Δ_n), G(r_k , r_{k−1}, Δ_n) = (exp(−MΔ_n))_{|rk , rk}�_1 . (14)

Multiplying the evolution operator U(t; r)_{|rout ,rin} along a certain trajectory by the corresponding emergency probability (14) and forming a sum of the obtained expressions over all trajectories fitting the at the moments t_k to all prescribed^{′′}gates^{′′}r_k, 1 ≤ k ≤ N − 1 we receive P_{rout} ⟨U(t; r)⟩ P^∗_{rin} . Applying the same procedure to U(t; r)_n yields the expression P_{rout} ⟨U(t; r)_n⟩ P^∗_{rin} = ∑ r_k ∈ n∏ k=1 G(r_k , r_{k−1}, Δ_n) exp (−Δ_nH(r_{k−1})) =

P_{rout} n∏ k=1 (exp(−MΔ_n) exp (−diag_rHΔ_n)) P^∗_{rin} =

P_{rout} ( exp(− ^M t n ) exp ( −diag_rH t n ))_n P^∗_{rin} . (15)

By our assumptions the probability of some trajectory r(t) to have exactly s jumps on the interval (0, t) is e^{−λt} (λt)^s s! . Therefore by (13) ‖⟨U(t; r)⟩ |_{rout,rin} − ⟨U(t; r)⟩_n |_{rout ,rin} ‖ ≤ ≤ ⟨‖U(t; r) |_{rout ,rin} −U(t; r)_n |_{rout,rin} ‖⟩ ≤ ≤ ⟨‖U(t; r) − U(t; r)_n‖⟩ ≤ λt^{1+α} n^α e^{−γt}. (16) Applying to (15) the Trotter formula [15], which is valid under our assumptions, we obtain the following formula for the strong limit of the products 15 s − lim_{n→∞} ( exp(− ^M t n ) exp ( −diag_rH t n ))_n = exp ( −t ( diag_rH + ^M )) , (17)

Combining (17) and (16) yields the assertion of the theorem.

Corollary Let operators H(r) and the Markov process r(t) satisfy the above assumptions and ψ_{in}(t), t > 0, be a random vector function defined by the expression

ψ_{in}(t) := U(t; r)ψ_{in} = T exp − t∫ 0 H(r(s))ds ψ_{in}, ψ_{in} ∈ .

For arbitrary ψ_{out} ∈ the value of the functional Ψ_{out,in}(t) := (ψ_{in}(t), ψ_{out}) averaged over all trajectories r(t) beginning at r_{in} and ending at r_{out} is equal respectively to ⟨Ψ_{out,in}(t)⟩_{rin} = ∑ r_{out} (P_{rout} G(t)P^∗_{rin} ψ_{in}, ψ_{out}) (18) or ⟨Ψ_{out,in}(t)⟩_{rout} = ∑ r_{in} (P_{rout} G(t)P^∗_{rin} ψ_{in}, ψ_{out}), . (19) We use the avaraging techniques to compute the variance of the random evolution. We assume in addition now that

• the linear operator diag_rH × I × I + I × diag_rH × I in the tensor product × × , which is defined on the linear set × × and acts on vectors of the form x_1 ⊗ x_2 ⊗ f(r), where x_1, x_2 ∈ , f(·) ∈ , as follows

(diag_rH × I × I + I × diag_rH × I)) (x_1 ⊗ x_2 ⊗ f(·)) (r) = H(r)x_1 ⊗ x_2 ⊗ f(r) + x_1 ⊗ H(r)x_2 ⊗ f(r)

is closable and its closure diag_rW has the property ℜdiag_rW ≥ 2γ > −∞.

• the semigroups generated by the operators H(r), diag_rH, diag_rW are real i.e. the congugation operator J, J^2 = I, (Jx, y) = (x, y)

defined on the whole space , commutes with operators of all above semigroups in corresponding Hilbert spaces.

Let ^^M be the bounded operator in × defined as I × I × M. Observe that M and ^^M are real operators. As above we represent each vector h ∈ × × as vector functions h_{×2}(r), r ∈ ,with values in × and denote by P^{×2}_r , r ∈ , operators from × × onto , which acts on h ∈ × × as P^{×2}_r h = h_{×2}(r).

Applying the same arguments as in proof of Theorem 1 we obtain in addition to (18) a tool for calculation of the variance

Var[Ψ_{out,in}(t)] := ⟨ |Ψ_{out,in}(t)|^2 ⟩ r_{in} − | |⟨Ψ_{out,in}(t)⟩_{rin} | |^2 . (20)

Theorem 2 Let operators H(r) and the Markov process r(t) satisfy the all above assumptions. Then the value of functional |Ψ_{out,in}(t)|^2 averaged over all trajectories r(t) inceptive at r_{in} or ending at r_{out} equals ⟨ |Ψ_{out,in}(t)|^2 ⟩ r_{in} = ∑ r_{out} (P^{×2}_{rout} G_{×2}(t)P^{×2∗}_{rin} ψ_{in} ⊗ Jψ_{in}, ψ_{out} ⊗ Jψ_{out})_× (21) or ⟨ |Ψ_{out,in}(t)|^2 ⟩ r_{out} = ∑ r_{in} (P^{×2}_{rout} G_{×2}(t)P^{×2∗}_{rin} ψ_{in} ⊗ Jψ_{in}, ψ_{out} ⊗ Jψ_{out})_×, (22)

where G_{×2}(t), t > 0, is the semigroup of bounded operators in ×× generated by diag_rW +^M, i.e.

G_{×2}(t) = exp ( −t ( diag_rW + ^^M )) , t > 0. (23)

Proof. Under our assumption for a certain trajectory r(t) with arbitrary end r_{in} the operator U(t; r) is real. Therefore |Ψ_{out,in}(t)|^2 = (U(t; r)ψ_{in}, ψ_{out})(U(t; r)ψ_{in}, ψ_{out}) = = (U(t; r)ψ_{in}, ψ_{out})(U(t; r)Jψ_{in}, Jψ_{out}) = = (U_{×2}(t; r)(ψ_{in} ⊗ Jψ_{in}), ψ_{out} ⊗ Jψ_{out})_× , (24)

where U_{×2}(t; r) = U(t; r) ⊗ U(t; r) is the resolving operator for the Cauchy problem for the equation ∂ ∂t ψ = (H(r(t)) × I + I × H(r(t)))ψ in × . Now using (24) and repeating word for word the reasonings given as a proof of the Theorem 1 we obtain (21) with G_{×2}(t) defined by (23).

3 Bond valuation

Recall that a pure discount bond, or zero coupon bond, makes no intermediate payments between its issue date and its maturity date T . It promises only to pay a certain amount at its maturity, which is called its par value, or face value. The difference at any intermediate t between the par value Z and the lower selling price V (t, T ) is the bond discount. If the varying interest rate is deterministic, then

V (t, T ) = exp − T∫ t r(s)ds Z. (25)

If values of interest rates r(s) form the Markov process governed by (2), r(t) = r_{in} and there are no arbitrage opportunities, then

V (t, T ) = ⟨ exp − T∫ t r(s)ds Z ⟩

r_{in} , (26)

where as before the brackets with subscript r_n denote the ensemble averaging over all trajectories of the process inceptive at r_{in}.

Let us assume that r(s) takes only 2N + 1 or 2N equally spaced values r_m = r_0 + mδ, m = 0, ±1, ..., ±N, δ > 0, (27) or r_m = r_0 + mδ, m = ± 1 2 , ..., ± 2N + 1 2 , δ > 0, (28)

respectively. Then for the problem of calculation of V (t, T ) the operator M in (2) can be considered as a (2N + 1) × (2N + 1) or 2N × 2N matrix ensuring the Markov property and the conservation law for transition probabilities. If the space of states for each value r_m is one-dimensional then the operator H(r_m) is simply the multiplication by r_m and hence diag_rH is the diagonal matrix r_0I +R with elements r_mδ_{m,m}0 , where δ_{m,m}0 is the Kronecker symbol, I is the unity matrix.Applying Theorem 1 and Corollary 2 we obtain the expression for the averaged selling price of the Bond in form: V (t, T ) = ∑ m ( e^{−(R+M)(T −t)} ) m,m_{in} · e^{−r0(T −t)}Z. (29) under present value of the interest rate r(t) = r_0 + m_{in}δ.

¿From now on we shall consider the special case, where for r taking N^′ = 2N + 1 or N^′ = 2N values (27) or (28), respectively we have

M = λ(I − P ), P = 1 N^′ 1, 1, ... 1 1, 1, ... 1 ... ... ... ... 1, 1, ... 1 , λ > 0. (30)

Here I is the identity matrix; P is the rank one matrix, which represents the projection onto the onedimensional subspace of column vectors with the all elements equal to each other. Observe that such a choice of M provides the property e^{−(T −t)M} = P + (I − P )e^{−λ(T −t)}_{T →∞} ,

lim_{T →∞} e^{−(T −t)M} = P = 1 N^′ 1, ... 1 ... ... ... 1, ... 1 . Using the notation e = 1 √ N^′ 1 ... 1 . we get the representation for P in form

P = (∗, e)C_N 0 e.

and for the generator of the averaged evolution

R + M = λI + R − λ(., e)C_N 0 e.

Basing on the Theorem 1 we calculate now the averaged evolution of the investment via the Riesz integral of the resolvent of R + M. Let us consider the resolvent of the “nonperturbed’ diagonal operator R:

G_w = (R − w)^{−1}.

Then the resolvent of R + M is given by the Krein formula

(R + M − w)^{−1} = G_{w−λ} + λΘ(w − λ)^{−1}(∗, G_{w−λ}e)C_N 0 G_{w−λ}e

involving the perturbation denominator

Θ(w) = 1 − λ(G_we, e) = 1 − λ N^′ ∑ m 1 mδ − w . For N^′ = 2N + 1 and N^′ = 2N we have

Θ_{2N+1}(w) = 1 + λ 2N + 1 ( 1 w + N∑ n=1 2w w^2 − n^2δ^2 ) ,

Θ_{2N} (w) = 1 + λ N N∑ n=1 w w^2 − (n −^1_2 )^2δ^2 . Considering the Riesz Integral over some simple contour Λ encircling all eigenvalues of the operators R and R + M we may represent the evolution operator as e^{−(R+M)(T −t)} = − 1 2πi ∮ Λ e^{−(T −t)w}(R + M − w)^{−1}dw =

− 1 2πi ∮ Λ e^{−(T −t)w} ( G_{w−λ} + λΘ(w − λ)^{−1}(∗, G_{w−λ}e)C_N 0 G_{w−λ}e ) dw. (31) Since ∑ m ( G_{w−λ} + λΘ(w − λ)^{−1}(∗, G_{w−λ}e)C_N 0 G_{w−λ}e ) m,m_{in} = Θ(w − λ)^{−1} 1 m_{in}δ + λ − w Then for the present value of the interest rate r_0 + m_iδ from (29) and (31)we obtain the sum of residues: V (t, T ) = e^{−(T −t)(r0+λ)} ∑ w_n 1 Θ^′(w_n)(w_n − m_{in}δ) e^{−(T −t)wn} , (32) where w_nruns over the set of all zeros of the perturbation determinant Θ(w).

In the simplest case when the interest rate randomly jumps between two values r_0 ±^δ_2 , applying (32) yields

V (t, T ) = e^{−(r0+ λ2 )(T −t)}{cosh 1 2 √ λ^2 + δ^2(T − t) + λ ± δ √ λ^2 + δ^2 sinh 1 2 √ λ^2 + δ^2(T − t)}Z, r(t) = r_0 ± δ 2 . (33)

Since in the case of bond valuation dim = dim ×K = 1 Theorem 2 appers to be trivial for calculation of the mean-square deviation of the bond price from the anticipated value of it

Dm_{in} (V ) := ⟨ exp −2 T∫ t r(s)ds ⟩

r_{in} − V^2(t, T ) 1 2 (34)

Indeed, by (34) the average of the distribution of squares of the bond prices may be found by the same formulas (32), (33), in which only r_0and δ must be redoubled.

For the model (33) under the condition δ ≪ λ, λ(T − t) ≪ 1 we have

Dm_{in} (V ) V (T, t) = O (√ λδ^2(T − t)^{32} ) . Note that the above obtained expressions may be used for specification of time values of a series of payments, future values etc. with account of random jumps of interest rates.

4 The averaged formula for the Black-Scholes option pricing model

¿From the formal point of view calculation of averaged values of financial derivatives in the frameworks of the Black-Scholes model is reduced to determination of the averaged resolving operator of the Cauchy problem for the equation ∂v ∂τ = ∂^2v ∂x^2 + (q(τ ) − 1) ∂v ∂x − q(τ )v, q(τ ) = 2r(τ ) σ^2 , −∞ < x < ∞, (35)

Here r(τ ) ≥ 0, 0 < τ < ∞,is the stochastic process with transition probabilities governed by the equation dw dτ = − 2 σ^2 Mw, τ = σ^2 2 (T − t). (36)

Under our assumption the set of values of r(τ ) is finite or countable. Equation (35) has form (1) with densely defined closed operator H_{BS} (r) = − ∂^2 ∂x^2 − (q(τ ) − 1) ∂ ∂x + q(τ )

in the Hilbert space = L^2(−∞, ∞), which is defined on the r-independent linear set of all absolutely continuous functions with absolutely continuous first derivative and square integrable second derivative.

Proposition 3 Operators H(r) satisfy conditions (4) and (6) with α =^1_2

Proof The standard unitary Fourier transform in L^2(−∞, ∞) (Ff)(k) :=^1√_{2π}^{∞∫}_{−∞} e^{−ikx}f(x)dx, f ∈ L^2(−∞, ∞), grades H_{BS} (r) into the multiplication operator by the function ^H_{BS} (r; k) := k^2 + q − ik(q − 1). We see that (4) holds since ℜ ^H_{BS} (r; k) = k^2 + q ≥ 0.

The image of the semigroup of operators Q(t; r) generated by H_{BS} (r) under the Fourier transformation is the semigroup of the multiplication operators

^Q(t; r)(k) = exp ( − ^H_{BS} (r; k)t ) , t > 0. Taking into account that for different values r_1, r_2 satisfying the condition | |e^{−r}1^t − e^{−r}2^t | | ≤ t holds the inequality

4e^{−2k2t} sin^2 ( r_1 − r_2 2 kt ) = 1 2 t(r_1 − r_2)^2 ( 2k^2te^{−2k2t} ) 4 sin2 ( r1−r2_2 kt) (r_1 − r_2)^2k^2t^2 ≤ 1 2e (r_1 − r_2)^2t,

we obtain for any f ∈ L^2(−∞, ∞) the estimate ∞∫ −∞ |Q(t; r_1)(k) − Q(t; r_2)(k)|^2 |f(k)|^2 dk

= ∞∫ −∞ | | |e^{−(ik+1)r1t} − e^{−(ik+1)r2t} | | |^2 e^{−2k2t} |f(k)|^2 dk

≤ | |e^{−r}1^t − e^{−r}2^t | |^2 ‖f‖^2 + 4 ∞∫ −∞ e^{−2k2t} sin^2 ( r_1 − r_2 2 kt ) |f(k)|^2 dk

≤ ( t^2 + 1 2e t ) (r_1 − r_2)^2 ‖f‖^2 .

Therefore ‖Q(t; r_1) − Q(t; r_2)‖_{t→0} =O( √ t). Due to Proposition 3 operators H(r) satisfy all conditions of the Theorem 1. Hence the averaged resolving operator for the Cauchy problem for the equation (35) can be calculated via the Theorem 1 and Corollary 2 using as a tool the related semigroup G(t) in the space L^2(−∞, ∞) × L, which may be considered as the Hilbert space L^2(−∞, ∞; L) of vector functions f(x) on the real axis with values in L and the norm

‖f‖^2 = ∞∫ −∞ ‖f(x)‖^2_L dx.

Under the unitary Fourier Transform the semigroup G(t) grades into the semigroup of operators acting as ”multiplication” by the operator functions

^G(t)(k) = exp ( −( ^H_{BS} (r; k) + 2 σ^2 M)τ ) . We assume now that r(τ ) takes only a finite number of different equally spaced values like in (27), (28) and M has form (30) as in Section 3 and keep the notations r_0, r_m introduced there:

q_0(k) =

2r_0 σ^2 − ik( 2r_0 σ^2

− 1) + k^2; ϵ(k) = (1 − ik) 2δ σ^2 , η = 2λ σ^2 . Then for each k ∈ (−∞, ∞) we see that

diag_r ^H(r; k) = q_0(k) · I + R(k)

is the diagonal matrix with elements (q_0(k) + ϵ(k)m)δ_{m,m}0. With all this notations

^G(t)(k) = e^{−q}0^{(k)τ} exp (−(R(k) + ηM)τ) . (37)

If M is defined by (30), then introducing as above the function

Θ(z, k) = 1 − η((R(k) − z)^{−1}e, e) = 1 − η N^′ ∑ m 1 mϵ(k) − z and repeating arguments resulted in (32) we obtain the following expression for the Fourier transform of the resolving operator of the Black - Scholes equation (35) averaged over all trajectories of r with r(t) = r_{in}. For the problem with given data at time T > t this coincides with the multiplication by the function G(k, T − t) = exp ( − σ^2 2 q_0(k)(T − t) ) × ∑ w_n 1 Θ^′(w_{n;r} , k)(w_{n;k} − m_{in}ϵ(k)) e^{−(T −t)wn;k} , (38) where w_{n;k} runs the set of all zeros of Θ(w, k).

Observe that the factor

G_0(k, T − t) = exp ( − σ^2 2 q_0(k)(T − t) )

in (38) is just the Fourier transform of the Green function for the Black-Scholes equation with the constant interest rate r_0equal to the simple mean of those over the stochastic space and a given value of a sought function at the moment T .

Let us introduce the Fourier transform of (38)

D(x, T − t; r_{in}) := ∑ w_n ∞∫ −∞ dk 2π 1 Θ^′(w_{n;r} , k)(w_{n;k} − m_{in}ϵ(k)) e^{−(T −t)wn;k +ikx}

and denote by C(S, T −t; E, r_0, σ) the price of simple European call option on some asset with the present value S = Ee^x calculated via the Black-Scholes formula[1] for the given strike price E, volatility σ and the interest rate r_0. The following assertion is an interpretation of the expression (38).

Theorem 4 Let the random r(τ ) takes only a finite number of different equally spaced values and the matrix of transition probabilities M for the stochastic process has form (30). Then the present value of the simple European call option averaged over all trajectories of the process r(t^′) inceptive at t^′ = t at r_{in} is given by the formula

⟨C(S, T − t; E, r, σ)⟩_{rin} = ∞∫ 0 dS^′ S^′ D(ln S S^′ , T − t; r_{in})C(S^′, T − t; E, r_0, σ).

Now on the base of Theorem 2 let us calculate ⟨ C^2(S, T − t; E, r, σ) ⟩ r_{in} . In the part of

operator W appearing in this theorem now acts the properly defined closed normal operator H_{×2BS} (r) = − ∂^2 ∂x^2_1 − ∂^2 ∂x^2

− (q(τ ) − 1) ( ∂ ∂x_1 + ∂ ∂x_2 ) + 2q(τ )

in the Hilbert space = L^2(−∞, ∞) ⊗ L^2(−∞, ∞) = L^2(E_2).

Using the two dimensional Fourier transformation we can prove as above that operators H_{×2BS} (r) satisfy conditions (4), (6) with α =^1_2 . Therefore the averaged resolving operator for the Cauchy problem for the equation ∂v ∂τ = H_{×2BS} (r)v, −∞ < x_1, x_2 < ∞, can also be calculated on basis of Theorem 1 and Corollary 2 . The image of resulted semigroup G_{×2}(t) under two-dimensional Fourier transformation acts as the multiplication operator in L^2(E_2) ⊗ on the matrix function

^G_{×2}(t)(k) = e^{−q}0^{(k}1^{)τ} e^{−q}0^{(k}2^{)τ} exp (−(R(k_1 + k_2) + ηM)τ ) .

This yields the following assertion:

Theorem 5 Let the random r(τ ) is such as in Theorem 4. Then of the square of the present value of the simple European call option averaged over all trajectories of the process r(t^′) inceptive at t^′ = t at r_{in} is given by the formula ⟨ C^2(S, T − t; E, r, σ) ⟩ r_{in} = ∞∫ 0 dS^′ S^′ D(ln S S^′ , T − t; r_{in})C^2(S^′, T − t; E, r_0, σ). References

[1] Black,F., Scholes,M. The pricing of options and corporate liabilities. Journ. Pol. Econ.

1973 81, p 637-659.

[2] Blank, S.C., Carter, C.A.,Schmiesing, B.H., Futures and Option Markets, Prentice-Hall, 1991.

[3] Wilmott P., Howison S., Dewynne J., The Mathematics of financial Derivatives, Cambridge University Press,1995, 315 p.

[4] Cox, J.C., Ingersol, J. Ross, S. A theory of the term structure of interest rates. Econometrica, 1985 53 p.385-467.

[5] Hull, J., White, A. Pricing interest rate derivative securities. Rev. Fin. Stud. 3, p. 573 - 592.

[6] Hull, J., Options, Futures and other Derivative Securities, second edition, Prentice Hall, 1993.

[7] Albeverio, S. Non linearity and disorder in classical and quantum systems, deterministic and stochastic, in: Proc. El Escorial Summer School, 1993, Ed. L. Vazquez et al.

[8] Griego,R., Hersh,R.,Random evovutions, Markov chains and systems of partial differential equations, Proc. Nat. Acad. USA,62,(1969), p 305-308

[9] Belozerskij,G., Pavljuhin, Y., Mössbauer effect in disperse media. Zhurnal eksperimentalnoj i teoreticheskoj fisiki,70,2,(1976),p717,in russian.

[10] Pavlov B.,Ryshkov A. Scattering on a random point , in the book: Lecture notes in Physics N324, Springer-verlag 1989

[11] Cheremshantsev, S., Theory of Scattering by a Brownian particle, Proceedings of Steklov Institute of Acad.Sci.USSR,184 (1990).

[12] Pavlov, B., Quantum Dynamics on Markov Background and Irreversibility, Nonlinear Dynamics, Chaotic and Complex Systems, ed.I.Infeld, R, Zelazny and A. Galkowsky, Cambridge University Press,1997,p190 - 205.

[13] Chueshov, I., Differential Equations and Methods of Functional Analysis, Kiev,1978, 133-141 ( English translation in Selecta Mathematica Sovietica 4,1985)

[14] Feller,W., An Introduction to probability theory and its application, Vol. II, John Willey & Sons, Inc.,1966

[15] Trotter E., Approximation of semi-groups of operators, Pacific J. Math., 8 (1958), 887-919