Boundary Feedback Stabilization of a Vibrating String with an Interior Point Mass

W. Littman School of Mathematics University of Minnesota

Minneapolis MN 55455, USA

S. W. Taylor Departmen t of Mathematics University of Auckland Private Bag 90219 Auckland, New Zealand

Abstract We study the boundary feedbac k stabilization for a one-dimensional wave equation with an interior point mass. We show that if the initial data belong to a certain invarian t subspace of the semigroup of operators that generates the solution of the system, then the energy will decay like C/time. This impro ves a result of Hansen and Zuazua [1] who consider decay of solutions belonging to the domain of a power of the infinitesimal generator of the semigroup.

1 Intro duction.

In this paper we study the boundary feedback stabilization for a one-dimensional wave equation with an interior point mass. We show that if the initial data belong to a certain invariant subspace of the semigroup of operators that generates the solution of the system, then the energy will decay like C/time. This improves a result of Hansen and Zuazua [1] who consider decay of solutions belonging to the domain of a power of the infinitesimal generator of the semigroup. The system under investigation consists of two strings of length l_1 and l_2 respectively. In their rest states, the strings occupy the intervals Ω_1 = (− l_1,0) and Ω_2 = (0,l_2) of the x-axis respectively. At the origin, each string is tied to a particle of mass M whose displacemen t away from the x-axis at time t is given by z(t). The transv erse displacemen ts of the strings are given by u and v. In this model, the densities ρ_1, ρ_2 and the tensions σ_1, σ_2 are assumed constan t.

The equations satisfied by the system are listed below (more details are given in [1].)

ρ_1u_{tt} = σ_1u_{xx} , x ∈ Ω_1, t > 0, ρ_2v_{tt} = σ_2v_{xx} , x ∈ Ω_2, t > 0, Mz_{tt} + σ_1u_x (0,t) − σ_2v_x (0,t) = 0, t > 0, u(x, 0) = u^0(x), u_t (x, 0) = u^1(x), x ∈ Ω_1, v(x, 0) = v^0(x), v_t (x, 0) = v^1(x), x ∈ Ω_2. (1)

We are interested in the problem of velocity feedback at one end. Note that Hansen and Zuazua [1] consider also the case of velocity feedback at both ends, and they show that energy decays uniformly exponentially. We assume that the velocity feedback occurs at the end x = l_2, while at the other end x = − l_1 we simply have a Dirichlet boundary condition. The boundary conditions are thus { u(− l_1,t) = 0, t > 0, σ_2v_x (l_2,t) + γv_t (l_2,t) = 0, t > 0, (2) where γ is positive.

2 A Represen tation of the Solution.

We can simplify the exposition by scaling the space variable x separately for x < 0 and for x > 0 so that the wave speed of each wave equation becomes unity. This is achieved by considering a new variable

x̃ = { x(ρ_1/σ_1)^{1/2}, x < 0, x(ρ_2/σ_2)^{1/2}, x ≥ 0.

Thus, we may consider without loss of generalit y the following system (tildes have been removed)

u_{tt} = u_{xx} , x ∈ Ω_1, t > 0, v_{tt} = v_{xx} , x ∈ Ω_2, t > 0, Mz_{tt} + μ_1u_x (0,t) − μ_2v_x (0,t) = 0, t > 0, u(x, 0) = u^0(x), u_t (x, 0) = u^1(x), x ∈ Ω_1, v(x, 0) = v^0(x), v_t (x, 0) = v^1(x), x ∈ Ω_1, (3)

where the modified tensions are given by μ_1 = (ρ_1σ_1)^{1/2}, μ_2 = (ρ_2σ_2)^{1/2}. The boundary conditions now become { u(− l_1,t) = 0, t > 0, μ_2v_x (l_2,t) + γv_t (l_2,t) = 0, t > 0, (4)

and the total mechanical energy simplifies to

E(t) = M 2 |z_t (t)|^2 + μ_1 2 ∫_0

− l_1

|u_t (x, t)|^2 + |u_x (x, t)|^2 dx + μ_2 2 ∫_{l2} 0 |v_t (x, t)|^2 + |v_x (x, t)|^2 dx. (5)

We define the finite energy space H = {(U^0 ∈ H^1(Ω_1), V^0 ∈ H^1(Ω_2), Z^0 ∈ R, U^1 ∈ L^2(Ω_1), V^1 ∈ L^2(Ω_2), Z^1 ∈ R) : U^0(− l_1) = 0, U^0(0) = V^0(0) = Z^0} and equip H with the norm

||(U^0,V^0,Z^0,U^1,V^1,Z^1)|| = ( μ_1

∫_0

− l_1

|U^1(x)|^2 + |U^0_x (x)|^2 dx

+ M|Z^1|^2 + μ_2

∫_{l2} 0 |V^1(x)|^2 + |V^0_x (x)|^2 dx

)_{1/2} .

It is easy to see that H is a Hilbert space, and we define on H the operator A, with domain D(A) = {(U^0,V^0,Z^0,U^1,V^1,Z^1) ∈ H ⋂ (H^2(Ω_1) × H^2(Ω_2) × R × H^1(Ω_1) × H^1(Ω_2) × R) : U^1(− l_1) = 0, U^1(0) = V^1(0) = Z^1, μ_2V^0_x (l_2) + γV^1(l_2) = 0}, given by

A(U^0,V^0,Z^0,U^1,V^1,Z^1) = (U^1,V^1,Z^1,U^0_{xx} ,V^0_{xx} ,(μ_2V^0_x (0) − μ_1U_x (0))/M).

As is mentioned in [1], it is easy to check that A is the infinitesimal generator of a strongly continuous semigroup of contractions T(t) on H (the Lumer Phillips Theorem, which is stated in [2], can be used to deduce this). The finite energy solutions of (3), (4) are then given by

(u(.,t),v(.,t),z(t),u_t (.,t),v_t (.,t),z_t (t)) = T(t)(u^0,v^0,z^0,u^1,v^1,z^1).

A convenient way to analyse the decay of solutions of (3), (4) is to use the fact that the solution of each of the wave equations is a sum of two waves, one moving to the left and the other to the right: { u(x, t) = F (x + t + l_1) − G(t − x), x ∈ Ω_1, t ≥ 0, v(x, t) = H(x + t) − E(t − x + l_2), x ∈ Ω_2, t ≥ 0. (6)

The initial conditions of (3) imply that the functions F , G, H and E satisfy, modulo some irrelevant arbitrary constan ts,

F (s) =^1_2 u^0(s − l_1) +^1_2

∫_{s− l1} 0 u^1(σ) dσ, 0 < s < l_1, G(s) = −^1_2 u^0(− s) +^1_2

∫_{− s} 0 u^1(σ) dσ, 0 < s < l_1, H(s) =^1_2 v^0(s) +^1_2

∫_s 0 v^1(σ) dσ, 0 < s < l_2, E(s) = −^1_2 v^0(l_2 − s) +^1_2

∫_{l2 − s} 0 v^1(σ) dσ, 0 < s < l_2. (7)

The values of these functions for other positive values of their argumen ts are found by solving a system of differential–delay equations, which are obtained from the conditions at x = 0 of (3) and the boundary conditions (4). Specifically, for s > 0,

G(s + l_1) = F (s), F (s + l_1) + E(s + l_2) = G(s) + H(s), H^′(s + l_2) = qE^′(s), M(F (s + l_1) − G(s))_{ss} = μ_2(H^′(s) + E^′(s + l_2)) − μ_1(F^′(s + l_1) + G^′(s)), (8)

where q = (γ − μ_2)/(γ + μ_2).

In terms of these functions, the energy (5) may be written

E(t) = μ_1

∫_0

− l_1

|F^′(t − x)|^2 + |G^′(t − x)|^2 dx

+ μ_2

∫_{l2} 0 |E^′(t + x)|^2 + |H^′(t + x)|^2 dx + 1 2 M| d dt (F (t + l_1) − G(t))|^2. (9)

We define

f (λ) =

∫_∞ 0 e^{− λt} F^′(t) dt, f^1(λ) =

∫_{l1} 0 e^{− λt} F^′(t) dt, g(λ) =

∫_∞ 0 e^{− λt} G^′(t) dt, g^1(λ) =

∫_{l1} 0 e^{− λt} G^′(t) dt, h(λ) =

∫_∞ 0 e^{− λt} H^′(t) dt, h^1(λ) =

∫_{l2} 0 e^{− λt} H^′(t) dt, e(λ) =

∫_∞ 0 e^{− λt} E^′(t) dt, e^1(λ) =

∫_{l2} 0 e^{− λt} E^′(t) dt.

(10)

Note that the Laplace transforms in Equations (10) should be interpreted in the sense of Fourier-Planc herel transforms. This is because for finite energy solutions the functions F^′, G^′, H^′ and E^′ are all locally L^2(0,∞ ) functions whose L^2 norms on any bounded subinterval of (0,∞ ) are bounded by constan ts that depend on the length, but not the location, of the subinterval. Thus, if λ = σ+ iξ and σ > 0 then f (λ) is just the Fourier transform ofe^{− σt} F^′(t)χ_{[0,∞ ]}(t). Here and in what follows we use the usual convention that χ_A denotes the characteristic function of a set A.

Formally, Equations (8) imply that

0 = g(λ) − g^1(λ) − f (λ)e^{− l1 λ} , 0 = e^{l1 λ} (f (λ) − f^1(λ)) − g(λ) − h(λ) + e^{l2 λ} (e(λ) − e^1(λ)), 0 = h(λ) − h^1(λ) − e^{− l2 λ} qe(λ), 0 = M(λe^{l1 λ} (f (λ) − f^1(λ)) − F^′(l_1) + G^′(0) − λg(λ)) − μ_2(h(λ) + e^{l2 λ} (e(λ) − e^1(λ)) + μ_1(e^{l1 λ} (f (λ) − f^1(λ)) + g(λ)).

(11)

The solutions of these equations are easily found. First we define

S(λ) = (1 − qe^{− 2l2 λ} )^{− 1} ( [ Mλ + μ_1 + ( 1 + qe^{− 2l2 λ} 1 − qe^{− 2l2 λ} ) μ_2 ]

− e^{− 2l1 λ} [ Mλ − μ_1 + ( 1 + qe^{− 2l2 λ} 1 − qe^{− 2l2 λ} ) μ_2

])_{− 1} , (12)

and now we may write the solutions of System (11) as follows.

f (λ) = {f^1(λ)[Mλ + μ_1 + μ_2 − qe^{− 2l2 λ} (Mλ + μ_1 − μ_2)] + g^1(λ)e^{− l1 λ} [Mλ − μ_1 + μ_2 − qe^{− 2l2 λ} (Mλ − μ_1 − μ_2)] + 2μ_2h^1(λ)e^{− l1 λ} + 2qμ_2e^1(λ)e^{− (l1 + l2 )λ} + M(F^′(l_1) − G^′(0))e^{− l1 λ} (1 − qe^{− 2l2 λ} )}S(λ), (13)

g(λ) = {g^1(λ)[Mλ + μ_1 + μ_2 − qe^{− 2l2 λ} (Mλ + μ_1 − μ_2)] + f^1(λ)e^{− l1 λ} [Mλ + μ_1 + μ_2 − qe^{− 2l2 λ} (Mλ + μ_1 − μ_2)] + 2μ_2h^1(λ)e^{− 2l1 λ} + 2qμ_2e^1(λ)e^{− 2l1 λ} + M(F^′(l_1) − G^′(0))e^{− 2l1 λ} (1 − qe^{− 2l2 λ} )}S(λ), (14) h(λ) = {h^1(λ)[Mλ + μ_1 + μ_2 − e^{− 2l1 λ} (Mλ − μ_1 + μ_2)] + e^1(λ)qe^{− l2 λ} [Mλ + μ_1 + μ_2 − e^{− 2l1 λ} (Mλ − μ_1 + μ_2)] + 2μ_1qf^1(λ)e^{− (l1 +2 l2 )λ} + 2qμ_1g^1(λ)e^{− 2l2 λ} − qM(F^′(l_1) − G^′(0))e^{− 2l2 λ} (1 − e^{− 2l1 λ} )}S(λ), (15)

e(λ) = {e^1(λ)[Mλ + μ_1 + μ_2 − e^{− 2l1 λ} (Mλ − μ_1 + μ_2)] + h^1(λ)e^{− l2 λ} [Mλ + μ_1 − μ_2 − e^{− 2l1 λ} (Mλ − μ_1 − μ_2)] + 2μ_1qf^1(λ)e^{− (l1 + l2 )λ} + 2μ_1g^1(λ)e^{− l2 λ} − M(F^′(l_1) − G^′(0))e^{− l2 λ} (1 − e^{− 2l1 λ} )}S(λ). (16) Lemma 1 S(λ) has no poles in the closed right half plane. Pro of. We let Q(λ) =

1 + qe^{− 2l2 λ} 1 − qe^{− 2l2 λ} . A simple calculation shows that

Re Q(σ + iξ) =

1 − q^2e^{− 4l2 σ} 1 − 2qe^{− 2l2 σ} cosξ + q^2e^{− 4l2 σ} . Hence 1 − qe^{− 2l2 σ} 1 + qe^{− 2l2 σ}

≤ Re Q(σ + iξ) ≤

1 + qe^{− 2l2 σ} 1 − qe^{− 2l2 σ} . But |q| < 1, so Re Q(σ + iξ) > 0 in the set σ > −^{log q}_{2l2} , which contains the right half plane. Hence, Re (Mλ + μ_1 + Q(λ)μ_2) > Re (Mλ − μ_1 + Q(λ)μ_2) if Re λ ≥ 0. It is clear that Im (Mλ + μ_1 + Q(λ)μ_2) = Im (Mλ − μ_1 + Q(λ)μ_2), so |Mλ + μ_1 + Q(λ)μ_2| > |Mλ − μ_1 + Q(λ)μ_2| (17) if Re λ ≥ 0, and the assertion of the lemma follows immediately . Lemma 2 The following formulae hold.

F^′(t) = 1 2πi ∫_{σ+ i∞}

σ− i∞

f (λ)e^{λt} dλ,

F (t) = F (0) + 1 2πi ∫_{σ+ i∞}

σ− i∞

f (λ) λ e^{λt} dλ,

where σ > 0 and f is given by Equation (13). Similar formulae hold for G, H and E.

Sketc h of Pro of. Convergence of the integrals is in the sense of Fourier- Planc herel transforms. Indeed, we have 1 2πi ∫_{σ+ i∞}

σ− i∞

f (λ)e^{λt} dλ = e^{σt} 2π ∫_∞ − ∞ f (σ + iξ) dξ

Since f^1(σ+ iξ) is just the Fourier transform of e^{− σt} F^′(t)χ_{[0,l 2 ]}(t), it follows from Planc herel’s equalit y that f^1(σ + iξ) is an L^2 function of ξ. Similar statemen ts hold for g^1, h^1 and e^1. By Lemma 1, the coefficien ts of f^1(σ+ iξ), g^1(σ+ iξ), etc. are bounded functions of ξ. Hence the terms involving f^1(σ + iξ), g^1(σ + iξ), etc., in f are all members of L^2 as function of ξ. The other terms in Equation (1) may be treated similarly.

The next step in the proof is to verify that Equations (8) are satisfied. We do not do that here because the details are simple and somewhat lengthy. This completes our sketch of the proof.

3 Energy Deca y Estimates.

In this section we analyse the decay of energy of the string-mass system. We find that the energy of the string to the right of the particle (i.e. the part of the string corresp onding to the interval (0,l_2) of the x-axis) decays uniformly when the initial data have finite energy. A similar decay rate holds for the remainder of the energy, but this requires an extra derivative in the initial data for the part of the string to the left of the particle.

In order to prove our results, it is useful to consider for m = 1,2,..., the following approximations S_m (λ) to S(λ).

S_m (λ) = (1 − qe^{− 2l2 λ} )^{− 1} m∑ k=0 e^{− 2kl1 λ} [ Mλ − μ_1 +

(_{1+ qe− 2l 2 λ}

1− qe^{− 2l} 2^λ ) μ_2

]_k [ Mλ + μ_1 +

(_{1+ qe− 2l 2 λ}

1− qe^{− 2l} 2^λ ) μ_2

]_{k+1} . (18)

Lemma 3 lim_{m → ∞} S_m (λ) = S(λ), with uniform convergence on sets of the form {λ : Re λ ≥ σ}, where σ > 0.

Pro of. The stated convergence properties of the geometric series are an immediate consequence of Inequalit y (17).

We now consider each part of the energy. Specifically, we write E = E_1 + E_2 + E_3, where

E_1(t) =^{μ 1}_2

∫_0

− l_1 |ut (x, t)|

2 + |u_x (x, t)|^2 dx = μ_1

∫_0

− l_1 |F

′(t − x)|^2 + |G^′(t − x)|^2 dx, E_2(t) =^M_2 |z_t (t)|^2 =^1_2 M|^d_{dt} (F (t + l_1) − G(t))|^2, E_3(t) =^{μ 2}_2

∫_{l2} 0 |v_t (x, t)|^2 + |v_x (x, t)|^2 dx = μ_2

∫_{l2} 0 |E^′(t + x)|^2 + |H^′(t + x)|^2 dx.

(19)

Theorem 1 There exists a constant C such that all finite energy solutions of the string-mass system satisfy

E_3(t) ≤ CE(0)/t, t > 0.

Pro of of Theorem 1 (P art 1). We start with the expression

H^′(t) = 1 2πi ∫_{σ+ i∞}

σ− i∞

h(λ)e^{λt} dλ

and rewrite it as a sum of “go od” and “bad ” parts, H^′(t) = H^1_g (t) + H^1_b (t), where

H^1_g (t) = 1 2πi ∫_{σ+ i∞}

σ− i∞

h_g(λ)e^{λt} dλ, H^1_b (t) = 1 2πi ∫_{σ+ i∞}

σ− i∞

h_b(λ)e^{λt} dλ,

h_g(λ) = h^1(λ) + qe^{− 2l2 λ} e^1(λ) − qe^{− 2l2 λ} M(F^′(l_1) − G^′(0))/(Mλ + μ_1) 1 − qe^{− 2l2 λ}

, (20)

h_b(λ) = S(λ){2qμ_1e^{− 2l2 λ} (e^{− l1 λ} f^1(λ) + g^1(λ)) − (1 − qe^{− 2l2 λ} )^{− 1}(h^1(λ) + qe^{− 2l2 λ} e^1(λ)) + (1 − qe^{− 2l2 λ} )^{− 1}(Mλ + μ_1)^{− 1}qe^{− 2l2 λ} M(F^′(l_1) − G^′(0)) (μ_2(1 − e^{− 2l1 λ} )(1 + qe^{− 2l2 λ} ) + 2μ_1e^{− 2l1 λ} (1 − qe^{− 2l2 λ} ))}.

(21)

We analyse the “go od” functions in this part of the proof, and we leave the “bad ” functions to Part 2 of the proof. We deform the contour defining H^′_g(t) so that it becomes the line Re λ = − γ, where

γ = min(μ_1/(2M),− log(q)/(4l_2)). But f^1(− γ + iξ) =

∫_{l1} 0 F^′(t)e^{γt} e^{− iξt} dt,

and thus by the Planc herel equalit y, the L^2 norm of f^1(− γ + iξ), as a function of ξ is no greater than e^{γl1} (E(0)/μ_1)^{1/2}. All of the other terms in the expression for h_g(− γ+ iξ) may be estimated similarly and thus the L^2 norm of h_g(− γ+ iξ) as a function of ξ is no greater than a constan t times (E(0))^{1/2}. But again by the Planc herel equalit y, this implies that H^1_g (t) is equal to e^{− γt} times a function whose L^2 norm is no greater than a constan t times (E(0))^{1/2}. Thus the term in the energy corresp onding to H^1_g decays exponentially with time. This completes Part 1 of the proof.

Before preceding to Part 2 of the proof of Theorem 1, we state and prove an inequalit y that we will need in the proof.

Lemma 4 If γ, θ, μ and k are real and k > 0, γ > μ > 0 then | | (γ + iθ)^k (μ + iθ)^{k+1} | | 2 ≤ 1 (k + 1)(μ^2 − γ^2)

Pro of. Differentiating the expression with respect to θ shows that a maximum occurs at θ = 0 if kμ^2 − (k + 1)γ^2 ≤ 0 and at θ^2 = kμ^2 − (k + 1)γ^2 if kμ^2 − (k+ 1)γ^2 > 0. In both cases, one easily sees that the inequalit y is satisfied. this completes the proof of the lemma.

Pro of of Theorem 1 (P art 2).

We would like to deform the contour defining H^1_b so that it ends up as a line parallel to the imaginary axis in the left half plane. But unfortunately this is impossible because, unlike h_g, h_b has a sequence of poles converging to the imaginary axis. These poles in fact corresp ond to the sequence of eigenvalues converging to the imaginary axis, and we note that this sequence has been investigated in [1]. However, there is a way to get around this problem. We define h_{b,m} (λ) by the same formula (21) defining h_b, the only difference being that S(λ) is replaced by S_m (λ). Next, we note that

S_m (λ) − S(λ) = e^{− 2(m +1) λl1} [ Mλ − μ_1 + Q(λ)μ_2 Mλ + μ_1 + Q(λ)μ_2

]_{m +1} S(λ)

This shows that if t < 2(m + 1)l_1 then ∫_{σ+ i∞}

σ− i∞

(h_{b,m} (λ) − h_b(λ))e^{λt} dλ → 0

as σ → ∞ Since the expression is independent of σ, it must be zero for t < 2(m + 1)l_1. Thus, for t in this range, we may use h_{b,m} (λ) instead of h(λ) in the formula for H^1_b (t).

We now consider 0 < γ < min(μ_1/(2M),− log(q)/(4l_2)) and use the contour Re λ = − γ. Applying Lemma 4, we see that the kth term of the integrand is bounded by an L^2 function multiplied by

[(k + 1)(αμ_2 − Mγ)]^{− 1/2},

where α = Re Q(− γ + iξ). Note that, by the proof of Lemma 1, we can always choose γ so that αμ_2 − Mγ is bounded below by a positive constan t. Finally, we note that if we take t in the interval (2ml_1,2(m + 1)l_1), and if m is sufficien tly large, we obtain the required estimate for H^1_b . The analysis for E^′ is similar.

Theorem 2 If, in the interval (− l_1,0), the initial displacement is in H^2 and the initial velocity is in H^1, and all of the initial data has finite energy, then the energy at time t satisfies an estimate

E(t) ≤ C(E(0) + J (0))/t, t > 0,

where J (t) denotes the sum of the H^2(− l_1,0) norm of the initial displacement and the H^1(− l_1,0) of the initial velocity.

Pro of (Outline). The proof is similar to the proof of the preceding theorem. We start by integrating the formulae for f^1 and g^1 by parts to make use of the extra smoothness.

References

[1] S. Hansen and E. Zuazua, Exact Contr ollability and Stabilization of a Vibrating String with an Interior Point Mass, SIAM J. Control Optim 33 no. 5 (1995) 1357–1391.

[2] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations , Springer-Verlag (1983).

[3] V. Komornik, Contr ollability and Stabilization: The Multiplier Method, Chichester, New York: Wiley, Paris: Masson (1994).

[4] J. E. Lagnese, G. Leugering and E. J. P. G. Schmidt, Control of Planar Networks of Timoshenk o Beams, SIAM J. Contr ol and Optimization 31, No. 3 (May, 1993) 780–811.