Generalized Elliptic Integrals and Mo dular Equations

by G. D. Anderson, S.-L. Qiu, M. K. Vamanam urth y, and M. Vuorinen

March 24, 1998 FILE:gem39.tex

Abstract

In geometric function theory, generalized elliptic integrals and functions arise ¿from the Schwarz-Christoffel transformation of the upper half-plane onto a parallelogram and are naturally related to Gaussian hypergeometric functions. Certain combinations of these integrals also occur in analytic number theory in the study of Raman ujan’s modular equations and approximations to π. The authors study the monotoneit y and convexity properties of these quantities and obtain sharp inequalities for them.

1991 Mathematics Sub ject Classification. Primary 30C62, 33C05; Secondary 26D15, 11F99.

Key words and phrases. Zero-balanced hypergeometric functions, modular equations, signature, degree, conformal, modulus.

1 Intro duction

In 1995B. Berndt, S. Bhargava, and F. Garvan published an importan t paper [BBG] in which they studied generalized modular equations and gave proofs for numerous statemen ts concerning these equations made by Ramanujan in his unpublished notebooks. No record of Ramanujan’s original proofs has remained. A generalized modular equation with signature 1/a and order (or degree) p is

F (a, 1− a;1;1− s^2) F (a, 1− a;1;s^2) = p F (a, 1− a;1;1 − r^2) F (a, 1− a;1;r^2)

, 0 < r < 1.

(1.1)

Here F is the Gaussian hypergeometric function defined in (1.2). The word generalized alludes to the fact that the parameter a ∈ (0,1) is arbitrary . In the classical case, a =^1_2 and p is a positive integer. Modular equations were studied extensively by Ramanujan, see [BBG], who also gave numerous algebraic identities for the solutions s of (1.1) for some rational values of a such as^1_6,^1_4,^1_3.

Before proceeding, we introduce some necessary notation. Given complex numbers a, b, and c with c ≠ 0,− 1,− 2,..., the Gaussian hypergeometric function is the analytic continuation to the slit plane C \ [1,∞ ) of

F (a, b;c;z)=_2F_1(a, b;c;z)≡ ∞∑ n=0 (a, n)(b,n) (c,n) z^n n! , |z| < 1.

(1.2)

Here (a, 0) = 1 for a ≠ 0, and (a, n) is the shifted factorial function

(a, n) ≡ a(a + 1)(a + 2) ···(a + n − 1)

for n ∈ N ≡ {k : k is a positive integer}. It is well known that F (a, b;c;z) has many importan t applications, and many classes of special functions in mathematical physics are particular or limiting cases of this function. For these, and for properties of F (a, b;c;z) see, for example, [AS, Ask, Be1–Be3, R, Var, WW].

To rewrite (1.1) in a slightly shorter form, we use the decreasing homeomorphism μ_a : (0,1) → (0,∞ ) defined by

μ_a(r) ≡ π 2sin(πa)

F (a, 1 − a;1;1 − r^2) F (a, 1 − a;1;r^2) , (1.3)

for a ∈ (0,1). We can now write (1.1) as

μ_a(s) = pμ_a(r), 0 < r < 1.

(1.4)

The solution of (??) is then given by

φ^a_K (r) ≡ μ^{− 1}_a (μ_a(r)/K), p = 1/K.

(1.5)

We call φ^a_K (r) the modular function with signature 1/a and degree p = 1/K.

For the parameter K = 1/p with p a small positive integer, the function (??) satisfies several algebraic identities. The main cases studied in [BBG] are: a = 1 6 , 1 4 , 1 3 , p = 2,3,5,7,11,... .

For generalized modular equations we use the Ramanujan notation:

α ≡ r^2, β ≡ φ^a_{1/p}(r)^2 .

We next state a few of the numerous identities [BBG] satisfied by φ^a_{1/p}(r) for various values of the parameters a and p.

1.6. Theorem. [?, Theorem 7.1] If β has degree 2 in the theory of signature 3, then, with a =^1_3,α = r^2,β = φ^a_{1/2}(r)^2 ,

(αβ)^{13} + {(1 − α)(1 − β)}^{13} = 1.

1.7. Theorem. [?, Theorem 7.6] If β has degree 5 then, with a = 1 3,α = r^2,β = φ^a_{1/5}(r)^2 ,

(αβ)^{13} + {(1 − α)(1 − β)}^{13} + 3{αβ(1 − α)(1 − β)}^{16} = 1.

1.8. Theorem. [?, Theorem 7.8] If β has degree 11 then, with a = 1 3,α = r^2,β = φ^a_{1/11}(r)^2 ,

(αβ)^{13} + {(1 − α)(1 − β)}^{13} + 6{αβ(1 − α)(1 − β)}^{16} + 3 √ 3{αβ(1 − α)(1 − β)}^{112} {(αβ)^{16} + {(1 − α)(1 − β)}^{16} } = 1.

Theorems 1.6 – 1.8 are surprising, because they provide algebraic identities for the modular function, which itself is defined in terms of the transcendental function μ_a(r). It is an interesting open problem to determine which of the modular equations in [BBG] can be solved algebraically, explicitly in terms of the modular function.

For r ∈ (0,1),a ∈ (0,1), and r^′ = √ 1 − r^2, the generalized elliptic integrals (cf. [BB1,Section 5.5]) are defined by

K_a = K_a(r) = π 2 F (a, 1 − a;1;r^2),

K^′_a = K^′_a(r) ≡ K_a(r^′),

K_a(0) = π 2 , K_a(1) = ∞ ,

(1.9)

and E_a = E_a(r) ≡ π 2 F (a − 1,1 − a;1;r^2),

E^′_a = E^′_a(r) ≡ E_a(r^′),

E_a(0) = π 2 , E_a(1) = sin(πa) 2(1 − a) . (1.10)

Clearly, K_a is increasing and E_a is decreasing on (0,1). These functions satisfy the remarkable identity

K^′_aE_a + K_aE^′_a − K_aK^′_a = π sin(πa) 4(1 − a) , (1.11)

which is a special case of Elliott’s formula (see (3.15)). This identity, along with some other properties of the functions E_a and K_a, is very useful for the study of the function μ_a. In the particular case a =^1_2, the functions K_a(r) and E_a(r) reduce to K(r) and E(r), respectively, which are the well-known complete elliptic integrals of the first and second kind, respectively [Bo, BF]. By symmetry of (1.9), unless stated otherwise, we assume that a ∈ (0,^1_2].

The purp ose of this paper is to study the modular function φ^a_K (r) for general a ∈ (0,^1_2], as well as the related functions μ_a, K_a, E_a, m_a, and η^a_K , investigating their dependence on r,K, and a, where

m_a(r) ≡ 2 π sin(πa) r^{′2}K_a(r)K^′_a(r), r ∈ (0,1),

(1.12)

η^a_K (x)≡ ( s s^′

)_2

, s= φ^a_K (r),r = √ x x+ 1

,x, K ∈ (0,∞ ).

(1.13)

For a =^1_2 these functions reduce to well-known special cases denoted by φ_K ,μ, K,E,m, η_K , which often occur in geometric function theory [AVV, LV], number theory [BB1], and analytic function theory. For example, μ(r) appears in the classical modular equation of degree p, p > 0 (see [Be3] and [BB1]), that is, in the particular case a =^1_2 of formula (1.1), while the upper bound in Schottky’s Theorem is given in terms of μ(r) [Mart, Theorem 1.1]. Numerous properties of μ(r) have been studied (see, for instance, [AVV] and [LV]). For a =^1_3, J. M. Borwein and P. B. Borwein [BB2] recently proved that there exists δ ∈ (0,1) such that the beautiful identity of Ramanujan,

K^′_{1/3}

( ( 1 − r

1 + 2r

)_{3/2})

= (1 + 2r)K_{1/3}(r^{3/2}),

is valid for all r ∈ (0,δ). They used it to derive a cubically convergent algorithm for the computation of π.

In Section 2 we construct a conformal map of a parallelogram with angles πa, π(1 − a), 0 < a < 1, onto a half-plane. This map is denoted by sn_a. For a =^1_2 this map reduces to the well-known Jacobian elliptic function sn [Bo].

In Sections 3 and 4 we summarize some of the basic properties of the hypergeometric functions, obtaining a new proof for a formula due to Ramanujan. We also derive differentiation formulas for K_a, E_a, for applications in Section 5, in which we generalize several inequalities for K_a, E_a, μ_a, proved in [AVV] for a =^1_2. Our main results, which are based on the work in Section 5, are proved in Section 6.

We now state some of our main results for the generalized modular function φ^a_K (r). The first two results show that this function satisfies simple multiplicativ e functional inequalities. For the special case a =^1_2 see [AVV, Lemma 10.7 and Theorem 10.28].

1.14. Theorem. For each a ∈ (0,^1_2] and K ∈ (1,∞ ), the function f (x) ≡ log(1/φ^a_K (e^{− x})) is increasing and convex on (0,∞ ), while g(x) ≡ log(1/φ^a_{1/K} (e^{− x})) is increasing and concave on (0,∞ ). In particular,

φ^a_K (r)φ^a_K (t) ≤ (φ^a_K ( √ rt))^2,

φ^a_{1/K} (r)φ^a_{1/K} (t) ≥ (φ^a_{1/K} ( √ rt))^2.

1.15. Theorem. For each a ∈ (0,^1_2],K ∈ (1,∞ ), and r ∈ (0,1), the function f (x) ≡ φ^a_K (rx)/φ^a_K (x) is increasing from (0,1) onto (r^{1/K} ,φ^a_K (r)), while g(x) ≡ φ^a_{1/K} (rx)/φ^a_{1/K} (x) is decreasing from (0,1) onto (φ^a_{1/K} (r),r^K ). In particular, φ^a_K (rt) ≤ φ^a_K (r)φ^a_K (t),

φ^a_{1/K} (rt) ≥ φ^a_{1/K} (r)φ^a_{1/K} (t)

for each r,t ∈ (0,1), with equality if and only if K = 1.

Because the derivative ∂φ^a_K (r)/∂r is unbounded on (0,1), we now introduce a simple transformation which, when applied to φ^a_K (r), yields a function whose derivative has range (1/K,K). Because of its moderating influence on φ^a_K (r), we refer to this transformation as a linearization .

1.16. Theorem. Let p : (0,1) → (−∞ ,∞ ) and q : (−∞ ,∞ ) → (0,1), be given by p(x) = 2log(x/x^′) and q(x) = p^{− 1}(x) = √ e^x/(e^x + 1), and for a ∈ (0,^1_2], K ∈ (1,∞ ) let g,h : (−∞ ,∞ ) → (−∞ ,∞ ) be defined by g = p ∘ φ^a_K ∘ q, h = p ∘ φ^a_{1/K} ∘ q. Then g and h are increasing, g is convex, h is concave, and 1 K ≤ g^′(x) ≤ K, 1 K ≤ h^′(x) ≤ K,

for all x ∈ (0,1).

In Section 7 we study the dependence of the functions K_a, E_a, μ_a, μ^{− 1}_a , and φ^a_K on the parameter a.

Throughout this paper the hyperbolic sine, cosine, and tangent functions and their inverses are denoted by sh,ch,th and arsh,arch,arth , respectively. Whenever r ∈ (0,1) we denote r^′ = √ 1 − r^2.

2 Conformal mapping of a half plane onto a parallelogram

2.1. Definition. For each a ∈ (0,^1_2], r ∈ (0,1), Im t ≥ 0, let g(t) ≡ t^{− a}(1− t)^{a− 1}(1− r^2t)^{− a} denote the analytic branch such that the argument of each of the factors t, 1− t, and 1− r^2t, is π whenever it is real and negative.

We define the generalized elliptic sine function sn_a(w) = sn_a(w,r) to be the inverse of the function

w = f (z) ≡ sin(πa) 2 ∫_z 0 g(t)dt, Im z ≥ 0.

By [Bo, p. 61, Example VI(4)], f is a conformal mapping of the upper half z-plane onto the interior of a parallelogram with angles πa and π(1− a). The next result makes this notion more precise.

2.2. Theorem. Let H denote the closed upper half-plane Im z ≥ 0, and let r ∈ (0,1). The function f defined above is a homeomorphism of H onto the parallelogram with vertices f (0) = 0, f (1) = K_a(r), f (1/r^2) = K_a(r) + e^{i(1− a)π} K^′_a(r), and f (∞ ) = e^{i(1− a)π} K^′_a(r), conformal in the interior.

Pro of. The function f is a Schwarz-Christoffel mapping of H onto the polygon with interior angles (1 − a)π, aπ, (1 − a)π, and aπ, hence a parallelogram [Mark, §20]. Clearly f (0) = 0 and f (1) = K_a(r). Next, by [AVV, Theorem 1.19 (2)], f ( 1 r^2 ) = sin(πa) 2 ∫_{1/r}2 0 g(t)dt = sin(πa) 2 ∫_1 0 g(t)dt + sin(πa) 2 ∫_{1/r}2 1 g(t)dt

= K_a(r) + sin(πa) 2 ∫_{1/r}2 1 g(t)dt

= K_a(r) + sin(πa) 2 ∫_1 0 e^{iπ (1− a)}u^{a− 1}(1 − u)^{− a}(1 − r^{′2}u)^{a− 1}du

= K_a(r) + e^{iπ (1− a)}K^′_a(r),

where in the last step we have made the change of variable t = 1/(1 − r^{′2}u). Finally, by symmetry, f (∞ ) = e^{iπ (1− a)}K^′_a(r). □

2.3. Corollary . Let P be a parallelogram with sides of length L, L^′ and angles π(1 − a), πa, 0 < a <^1_2. Then the conformal modulus of P [LV] is K^′(r)/K(r), where

(2.4) r = r_a ≡ μ^{− 1}_a ( π 2sin(πa)

L^′ L ) .

Pro of. Choose r so K^′_a(r)/K_a(r) = L^′/L. Then P is similar to the parallelogram P^′ with vertices 0, K_a(r), K_a(r) + e^{iπ (1− a)}K^′_a(r), and e^{iπ (1− a)}K^′_a(r). Then by (1.3) we have μ_a(r) = π 2sin(πa)

L^′ L , implying that r is as in (2.4). By Theorem 2.2, sn_a maps P^′ conformally onto the upper half-plane, taking its vertices onto 0, 1, 1/r^2, and ∞ , respectively. Since the Jacobian elliptic sine function sn = sn_{1/2} also maps the rectangle with vertices 0, K(r), K + iK^′(r), and K^′(r) conformally onto the upper half plane, taking its vertices onto 0, 1, 1/r^2, and ∞ , respectively [Bo], it follows that the conformal modulus of P is K^′(r)/K(r). □

2.5. Remark. Given two parallelograms P and Q with angles π(1 − a), πa and π(1 − b),πb, and sides of lengths A,A^′ and B,B^′, respectively, the extremal quasiconformal mapping with least dilatation K from P onto Q, is given by

f = ψ ∘ sn^{− 1}_b (·,s) ∘ sn(·,s) ∘ g ∘ sn^{− 1}(·,r) ∘ sn_a(·,r) ∘ φ,

where φ and ψ are similarity mappings and g is an affine mapping. Here

r = μ^{− 1}_a ( π 2sin(πa)

A^′ A ) , s= μ^{− 1}_b ( π 2sin(πb)

B^′ B ) , and K = max { μ(r) μ(s) , μ(s) μ(r) } .

3 Prop erties of F (a, b;c;x)

F (a, b;c;x)

In this section, we study some monotoneit y properties of the function F (a, b;c;x) and certain of its combinations with other functions. We first recall some well-known properties of this function which will be used in the sequel.

It is well known that hypergeometric functions are closely related to the classical gamma function Γ(x), the psi function ψ(x), and the beta function B(x, y). For Re x > 0, Re y > 0, these functions are defined by

Γ(x) ≡ ∞∫ 0 e^{− t}t^{x− 1}dt, ψ(x) ≡

Γ^′(x) Γ(x)

, B(x, y) ≡

Γ(x)Γ( y) Γ(x + y) , (3.1) respectively (cf. [WW]). It is well known that the gamma function satisfies the difference equation [WW, p. 237] Γ(x + 1) = xΓ(x),

(3.2) and the reflection property [WW, p. 239]

Γ(x)Γ(1 − x) = π sin πx

= B(x, 1 − x).

(3.3)

We shall also need the function

(3.4) R(a, b)≡ − 2γ− ψ(a)− ψ(b), R(a)≡ R(a, 1− a), R ( 1 2 ) = log16,

where γ is the Euler-Mascher oni constant given by

γ = lim_{n→∞}

(_n ∑ k=1 1 k − logn ) = 0.577215... .

(3.5)

By [QVu2, Lemma 2.14(2)], for a ∈ (0,^1_2],

R(a) ≡ R(a, 1 − a) ≥ A · ( 1 2 − a )_2

+ log16,

(3.6)

with equality if and only if a =^1_2, where A = 14 ·ζ(3) = 16.82879..., and where ζ(·) is the Riemann zeta function [WW].

The hypergeometric function (1.2) has the following simple differentiation formula d dx F (a, b;c;x) = ab c F (a + 1,b+ 1;c+ 1;x).

(3.7)

An importan t tool for our work is the following classification of the behavior of the hypergeometric function near x = 1 in the three cases a + b< c,a + b= c, and a + b> c :

F (a, b;c;1) =

Γ(c)Γ( c− a − b) Γ(c− a)Γ( c− b)

, a + b< c,

B(a, b)F (a, b;a+ b;x)+ log(1− x)= R(a, b)+ O((1− x) log(1− x)), F (a, b;c;x) = (1− x)^{c− a− b}F (c− a, c− b;c;x), c < a+ b.

(3.8)

The above asymptotic formula for the zero-balanced case a + b= c is due to Ramanujan (see [Ask], [Be2]). This formula is implied by [AS, 15.3.10].

The asymptotic formula (3.8) gives us a precise description ofthe behavior of the function F (a, b;a + b;x) near the logarithmic singularit y x = 1. In the next theorem we show that by an exponential change of variables we can cancel this singularit y and that the transformed function will be nearly linear.

3.9. Theorem. For a, b> 0, let g(x) = F (a, b;a+ b;1− e^{− x}),x > 0. Then g is an increasing and convex function with g^′((0,∞ )) = (ab/(a + b),Γ(a + b)/(Γ( a)Γ( b))).

Pro of. By [AS, 15.3.3] for |z| < 1,

F (a, b;a + b+ 1;z) = (1 − z)F (a + 1,b+ 1;a + b+ 1;z).

From this relation and (3.7) we obtain

(a+ b)g^′(x)/(ab)= F (a+ 1,b+ 1;a+ b+ 1;1−e^{− x})e^{− x} = F (a, b;a+ b+ 1;1−e^{− x}),

so that g^′ is positive and increasing and has the asserted range, by (3.8). □ 3.10. Theorem. Given a, b > 0, and a + b > c, d ≡ a + b − c, the function f (x) = F (a, b;c;1 − (1 + x)^{− 1/d}), x > 0, is increasing and convex, with f^′((0,∞ )) = (ab/(cd),Γ(c)Γ( d)/(Γ( a)Γ( b))).

Pro of. By [AS, 15.2.1 and 15.3.3],

f^′(x) = ab c F (a + 1,b+ 1;c+ 1;1 − (1 + x)^{− 1/d})(1 + x)^{− 1/d− 1} 1 d = ab cd ((1 + x)^{− 1/d})^{− d− 1}

(1 + x)^{1+1 /d}

F (c− a, c− b;c+ 1;1 − (1 + x)^{− 1/d}) = ab cd F (c− a, c− b;c+ 1;1 − (1 + x)^{− 1/d}),

so that f^′ is increasing and has the asserted range, by (3.8). □

3.11. Gauss con tiguous relations and deriv ativ e form ula. The six functions F (a ± 1,b;c;z),F (a, b± 1;c;z),F (a, b;c ± 1;z) are called contiguous to F (a, b;c;z). Gauss gave 15 relations between F (a, b;c;z) and pairs of its contiguous functions [AS, 15.2.10–15.2.27], [R, Section 33]. Using these relations, we shall write the differentiation formula (3.7) as in Theorem 3.12, which will be useful in our study. In particular, the differentiation formulas for the generalized elliptic integrals in Section 4 follow from Theorem 3.12. We prove this result, since this is not included in [AS]and since we have not found a proof in the literature. However, parts (1) and (2) of Theorem 3.12 are stated in [Mi, p. 267] in a slightly different form. Part (4) of Theorem 3.12 seems to be new.

3.12. Theorem. For a, b,c > 0, r ∈ (0,1), let u = u(r) = F (a − 1,b;c;r), v = v(r) = F (a, b;c;r), u_1 = u(1 − r), v_1 = v(1 − r). Then

(1) r du dr = (a − 1)(v − u),

(2) r(1 − r) dv dr = (c− a)u + (a − c+ br)v,

or, equivalently, (3) ab c r(1 − r)F (a + 1,b+ 1;c+ 1;r) = (c− a)u + (a − c+ br)v,

(4) r(1 − r) d dr ( uv_1 + u_1v − vv_1 ) = (1 − a − b) [ (1 − r)uv_1 − ru_1v − (1 − 2r)vv_1) ] . Pro of. (1) Observing that ( r d dr + (a − 1) ) u(r) = ∞∑ n=0 (a − 1 + n)

(a − 1,n)(b,n) (c,n)n!

r^n

= (a − 1) ∞∑ n=0 (a, n)(b,n) (c,n)n!

r^n = (a − 1)v(r), we have the desired equality.

(2) If we change a − 1 to a in (1), then dv dr = a r (w − v),

where w = F (a + 1,b;c;r). Gauss’ relation for contiguous functions [AS, 15.2.10] yields w = 1 a(1 − r) ( (c− a)u + (2a − c− ar + br)v ) . Thus dv dr = a r ( 1 a(1− r)

((c− a)u+ (2a− c− ar + br)v)− v ) = (c− a) r(1− r) u+ (a− c+ br) r(1− r) v, as desired.

Part (3) follows from (3.7) and part (2). Part (4) follows from (1), (2), and the product and chain rules. □

We next apply Theorem 3.12 to give a new proof in Corollary 3.13 (3) for a special case of Ramanujan’s formula for the derivative of the quotient of two hypergeometric functions (cf. [Be2, p. 88, Corollary]). In Corollary 3.13 (5) we give a generalization of formula (1.11). Both (1.11) and 3.13 (5) are generalizations of the Legendre relation for elliptic integrals.

3.13. Corollary . For a, b,c > 0,r ∈ (0,1), let u = u(r) = F (a − 1,b;c;r), v = v(r) = F (a, b;c;r), u_1 = u(1 − r), and v_1 = v(1 − r). Then

(1) − r(1 − r)v^2 d dr ( v_1 v ) = (c− a) (uv_1 + u_1v) + (b+ 2(a − c)) vv_1 and (2) r d dr [(1 − r)vv_1] = (c− a) [uv_1 − u_1v]+ [(2b− 1)r − b]vv_1.

For n = 0,1,2,...,

(3) r d^{n+1} u dr^{n+1}

= (a − 1) d^n v dr^n

− (a + n − 1) d^n u dr^n ,

(4) r(1− r) d^{n+1}v dr^{n+1}

= (a− c+ br+ 2nr − n) d^n v dr^n

+ (n^2+ n(b− 1)) d^{n−1}v dr^{n−1}

+ (c− a) d^n u dr^n . In particular, if a ∈ (0,1), b= 1 − a < c, then

(5) uv_1 + u_1v − vv_1 = u(1) =

Γ(c)^2 Γ(c+ a − 1)Γ(c− a + 1) . In addition, if c = 1, then (6) d dr ( v_1 v ) = − sin(πa) πr(1 − r)v^2 ,

(7) r d dr ((1 − r)vv_1) = sin(πa) π + v[(1− 2a)rv_1 − 2(1 − a)u_1].

Pro of. Parts (1) – (4) follow from Theorem 3.12 (1) and the Leibnitz Rule for higher derivatives. Next, let a, b ∈ (0,1) and b = 1 − a < c. Then Theorem 3.12 (4) implies that the function in (5) is constant. If we let r tend to 0 and make use of (3.7) and (3.8), it follows that this constant has the asserted value, and (5) follows. If, in addition, c = 1, then (6) and (7) follow from (1) and (2), respectively. □

3.14. Elliott’s form ula. E. B. Elliott [El] (cf. [Bat, p. 85]) proved the identity

(3.15) F ( 1 2 + λ, − 1 2 − ν;1 + λ + μ;z)F ( 1 2 − λ, 1 2 + ν;1 + ν + μ;1− z)

+ F ( 1 2 + λ, 1 2 − ν;1 + λ + μ;z)F (− 1 2 − λ, 1 2 + ν;1 + ν + μ;1− z)

− F ( 1 2 + λ, 1 2 − ν;1 + λ + μ;z)F ( 1 2 − λ, 1 2 + ν;1 + ν + μ;1− z)

= Γ(1 + λ + μ)Γ(1 + ν + μ) Γ(λ + μ + ν +^3_2 )Γ(^1_2 + μ) .

If we put λ = ν =^1_2 − a and μ = c+ a −^3_2 in Elliott’s identity, we obtain the generalized Legendre relation in Corollary 3.13 (5).

3.16. Conjectures. Let u(a, b,c,r) = F (a − 1,b;c;r), v(a, b,c,r) = F (a, b;c;r), and let

L(a, b,c,r) = u(a, b,c,r)v(a, b,c,1 − r) + u(a, b,c,1 − r)v(a, b,c,r)

− v(a, b,c,r)v(a, b,c,1 − r) for r ∈ (0,1). Note that L(a, a, a, r) ≡ 0 for a > 0. Observe also that by the generalized Legendre relation in Corollary 3.13 (5), L(a, 1 − a, c,r) is a constant for a ∈ (0,1),1 − a < c.

(1) For a, b ∈ (0,1),a + b ≤ 1 (≥ 1), we conjecture that the function L(a, b,1,r) is concave (convex) as a function of r on (0,1).

(2) For a, b∈ (0,∞ ), we conjecture that L(a, b,c,r) < 0 for b> max{a, c}, r ∈ (0,1), and that L(a, b,c,r) > 0 for b∈ (0,max{a, c}), r ∈ (0,1).

4 Deriv ativ e form ulas

The following derivative formulas are analogous to those well-known ones when a =^1_2. In particular, formulas (1), (2), (3), (4) are analogues of [BF, 710.00, 710.02, 710.05, 710.04], respectively, while (4), (5), (6), (7), (8), (9), (10), (11) generalize formulas (9), (19), (22), (23), (24), (18), (25), (26), respectively, in [AVV, Appendix E].

4.1. Theorem. For each a ∈ (0,^1_2] the following derivative formulas hold for r ∈ (0,1) and x, K ∈ (0,∞ ) : (1) dK_a dr = 2(1 − a)(E_a − r^{′2}K_a) rr^{′2} .

(2) dE_a dr = 2(a − 1)(K_a − E_a) r .

(3) d dr (K_a − E_a) =

2(1 − a)rE_a r^{′2} .

(4) d dr (E_a − r^{′2}K_a) = 2ar K_a.

(5) dμ_a(r) dr = − π^2 4rr^{′2}K_a(r)^2 .

(6) dμ^{− 1}_a (y) dy = − 4rr^{′2}K_a(r)^2 π^2

, wher e r = μ^{− 1}_a (y).

(7) ∂φ^a_K (r) ∂r = 1 K ss^{′2}K_a(s)^2 rr^{′2}K_a(r)^2 = ss^{′2}K_a(s)K^′_a(s) rr^{′2}K_a(r)K^′_a(r) = K ss^{′2}K^′_a(s)^2 rr^{′2}K^′_a(r)^2 ,

(8) ∂φ^a_K (r) ∂K = 4ss^{′2}K_a(s)^2

π^2 μ_a(r) K^2 , where s = φ^a_K (r). (9) dm_a(r) dr = 2 πr sin(πa) [ π sin(πa) 2 − 4(1−a)K_a(r)E^′_a(r)+ 2(1−2a)r^2K_a(r)K^′_a(r) ] .

(10)

∂η^a_K (x) ∂x = 1 K ( r^′sK_a(s) rs^′K_a(r)

)_2 = K ( r^′sK^′_a(s) rs^′K^′_a(r)

)_2 = ( r^′s rs^′

)_2

K_a(s)K^′_a(s) K_a(r)K^′_a(r) .

(11)

∂η^a_K (x) ∂K = 8η^a_K (x)μ_a(r)K_a(s)^2 π^2K^2 . In (10) and (11), r = √ x/(x + 1) and s = φ^a_K (r).

Pro of. Formulas (1) and (2) follow from Theorem 3.12 and the Chain Rule (see also [BB1, (5.5.5)]), while (3) and (4) follow from (1) and (2). Formula (5) follows immediately from Corollary 3.13 (1), and (6) follows immediately from (5).

For (7), we let s = φ^a_K (r). Then μ_a(s) = (1/K)μ_a(r). Hence, from (5), − π^2 4ss^{′2}K_a(s)^2 ∂s ∂r = − 1 K π^2 4rr^{′2}K_a(r)^2 , and (7) follows. Similarly, from (5) we obtain

− π^2 4ss^{′2}K_a(s)^2 ∂s ∂K = − 1 K^2 μ_a(r),

which yields (8).

Formula (9) follows from Corollary 3.13 (7) and the Chain Rule.

For (10), since η^a_K (x) = (s/s^′)^2, where r = √ x/(x + 1) and s = φ^a_K (r), formula (7) gives

∂η^a_K (x) ∂x = 2 ( s s^′

)_2 [ 1 s ∂s ∂x + s s^{′2} ∂s ∂x ] = 2 ( s s^′

)_2 1

ss^{′2} 1 K ss^{′2}K_a(s)^2 rr^{′2}K_a(r)^2 ∂r ∂x = 2 s^2 s^{′2} 1 K K_a(s)^2 rr^{′2}K_a(r)^2 r^{′4} 2r = 1 K ( r^′sK_a(s) rs^′K_a(r)

)_2

= K ( r^′sK^′_a(s) rs^′K^′_a(r)

)_2 = ( r^′s rs^′

)_2

K_a(s)K^′_a(s) K_a(r)K^′_a(r) .

Finally, for (11), with η^a_K (x) = (s/s^′)^2 as in (10), formula (8) yields

∂η^a_K (x) ∂K = 2 ( s s^′

)_2 [1 s + s s^{′2}

] ∂s ∂K = 2η^a_K (x) 1 ss^{′2}

4ss^{′2}K_a(s)^2 π^2 μ_a(r) K^2 = 8 π^2K^2 η^a_K (x)μ_a(r)K_a(s)^2. □

4.2. Hyp ergeometric differen tial equation. Since the hypergeometric function y = F (a, b;c;x) satisfies the differential equation

x(1 − x)y^{′′}+ [c− (a + b+ 1)x]y^′− aby = 0

[R, p. 54], it follows from the Chain Rule that y = F (a, b;c;r^2) satisfies

rr^{′2} d^2y dr^2

+ [(2c− 1) − (2a + 2b+ 1)r^2] dy dr − 4abry = 0.

For a review ofthe theory ofthis differential equation, see [Var]. In particular, the functions y = K_a(r) (or K^′_a(r)) and z = E_a(r) (or E^′_a(r)) satisfy the differential equations

(4.3) rr^{′2} d^2y dr^2

+ (1 − 3r^2) dy dr − 4a(1 − a)ry = 0,

rr^{′2} d^2z dr^2

+ r^{′2} dz dr + 4(1 − a)^2rz = 0.

These reduce to the standard differential equations for K (or K^′) and E (or E^′) [BF, 118.02], respectively, when a =^1_2.

4.4. Particular values. According to [AS, 15.1.26], [BB1, p.191, Exercise 22], or [R, p. 69, Exercise 3], we have the following formula:

K_a ( 1 √ 2 ) = c 4 √ π sin(πa), c = Γ

( 1 − a 2 ) Γ ( a 2 ) , (4.5)

while (4.5) and (1.11) give

E_a ( 1 √ 2 ) = 4π^2 + (1 − a)c^2 sin(πa) 8 √ π(1 − a)c . (4.6)

4.7. Some iden tities. It is easy to see that, for each a ∈ (0,^1_2], the function μ_a in (1.3) and its inverse are strictly decreasing functions and satisfy the identities

μ_a(r)μ_a(r^′) = π^2 4sin^2(πa)

(4.8) and μ^{− 1}_a (x)^2 + μ^{− 1}_a (y)^2 = 1,

(4.9)

for r ∈ (0,1), r^′ = √ 1 − r^2, x, y ∈ (0,∞ ) with xy = π^2/(4 sin^2(πa)) (see the solution of [AVV, Exercise 5.45 (1), p. 364]).

For a =^1_2 the relation (??) reduces to a well-known property of the function μ(r) (cf. [LV, p. 61, (2.7)]). The function m_a(r) introduced in (1.12) is easily seen to satisfy the identities

(4.10) m_a(r)+ m_a(r^′)= 2 π sin(πa)

K_a(r)K^′_a(r) and r^2m_a(r)= r^{′2}m_a(r^′). ¿

5 Generalized elliptic integrals

The following monotone form of l’Hôpital’s Rule [AVV, Theorem 1.25] will be extremely useful in our proofs.

5.1. Lemma. For −∞ < a < b < ∞ , let f ,g : [a, b] → R be continuous on [a, b], and be differentiable on (a, b). Let g^′(x) ≠ 0 on (a, b). If f^′(x)/g^′(x) is increasing (decreasing) on (a, b), then so are

[f (x) − f (a)]/[g(x) − g(a)] and [f (x) − f (b)]/[g(x) − g(b)].

If f^′(x)/g^′(x) is strictly monotone, then the monotoneity in the conclusion is also strict.

In the next two lemmas and the following theorem we study how these generalized elliptic integrals K_a and E_a depend upon the variable r. When a =^1_2, Lemma 5.2 (1), (3), (4), (10), (12) reduce to Theorem 3.21 (1), Exercise 3.43 (32), (46), and Theorem 3.31 (6), Exercise 3.43 (15), respectively, in [AVV].

5.2. Lemma. Let a ∈ (0,^1_2] be given, and let b = 1 − a, c = (sin(πa))/b. Then the function

(1) f_1(r) ≡ (E_a − r^{′2}K_a)/r^2 is increasing and convex from (0,1) onto (πa/2,c/2).

(2) f_2(r) ≡ r^{′2}K_a/E_a is decreasing from (0,1) onto (0,1). (3) f_3(r) ≡ (K_a − E_a)/(r^2K_a) is increasing from (0,1) onto (b,1). (4) f_4(r) ≡ (E_a − r^{′2}K_a)/(r^2K_a) is decreasing from (0,1) onto (0,a). (5) f_5(r) ≡ (E_a − r^{′2}K_a)/(K_a − E_a) is decreasing from (0,1) onto (0,a/b). (6) f_6(r) ≡ r^{′2}(K_a − E_a)/(r^2E_a) is decreasing from (0,1) onto (0,b). (7) f_7(r) ≡ ((π/2)^2 − (r^′K_a)^2)/(E_a − r^{′2}K_a) is increasing from (0,1) onto (π(a^2 + b^2)/(2a), π^2/(2c)).

(8) f_8(r) ≡ (K_a − π/2)/log(1/r^′) is increasing from (0,1) onto (πab,bc). (9) f_9(r) ≡ (E_a − (1− r)K_a)/r is decreasing from (0,1) onto (c/2,π/2). (10) f_{10}(r) ≡ r^{− 2}[(E_a − r^{′2}K_a)/r^2 − πa/2] is increasing and convex from (0,1) onto (πa^2b/4,(c− πa)/2).

(11) f_{11}(r) ≡ [a(K_a − E_a) − (1 − a)(E_a − r^{′2}K_a)]/(2 log(1/r^′) − r^2) is increasing from (0,1) onto (πa^2b/2,abc/2).

(12) f_{12}(r) ≡ (K_a − E_a)/log(1/r^′) is decreasing from (0,1) onto (sin(πa), πb).

(13) f_{13}(r) ≡ (π/2 − r^{′2}K_a)/r^2 is increasing and convex from (0,1) onto (π(a^2 + b)/2,π/2).

(14) f_{14}(r) ≡ (π^2/4 − r^{′2}K^2_a)/r^2 is increasing from (0,1) onto (π^2(1 − 2a + 2a^2)/4,π^2/4).

Pro of. (1) It follows from (1.2), (1.9), and (1.10) that (5.3)

E_a − r^{′2}K_a = π 2 {^∞∑ n=0 (a − 1)(a, n − 1)(1 − a, n) − (a, n)(1 − a, n) (n!)^2 r^{2n} + ∞∑ n=0 (a, n)(1 − a, n) (n!)^2 r^{2(n+1)} }

= π 2 ∞∑ n=1 n^2(1− a, n− 1)(a, n− 1)− (1− a, n)[(1− a)(1,n− 1)+ (a, n)] (n!)^2 r^{2n}

= πa 2 ∞∑ n=1 n(a, n − 1)(1 − a, n − 1)

(n!)^2 r^{2n}

= πa 2 r^2 ∞∑ n=0 1 n + 1 a_n r^{2n} ,

where a_n = (a, n)(1 − a, n)(n!)^{− 2}, and hence the result follows immediately.

(2) This follows from r^{′2}K_a/E_a = 1− ((E_a − r^{′2}K_a)/E_a), since E_a − r^{′2}K_a is increasing and E_a is decreasing by Theorem 4.1 (4), (2), respectively. The limiting values are clear, as in (1).

(3) We write f_3(r) = g_3(r)/h_3(r), where g_3(r) = K_a − E_a and h_3(r) = r^2K_a. Then g_3(0) = h_3(0) = 0 and

g^′_3(r) h^′_3(r) = 2(1 − a)rE_a r^{′2} [2rK_a + 2(1 − a)r(E_a − r^{′2}K_a)/r^{′2}] = (1 − a)E_a (1 − a)E_a + ar^{′2}K_a = 1 − a 1 − a + ar^{′2}K_a/E_a , which is increasing by (2). Clearly f_3(1− ) = 1, while f_3(0+) = 1 − a by l’Hôpital’s Rule. Hence (3) follows from Lemma 5.1.

(4) This follows from (3), since f_4(r) = 1 − f_3(r). (5) This follows from (3) and (4). (6) Since f_6(r) = 1 − f_1(r)/E_a, the result follows from (1).

(7) Write f_7(r) = g_7(r)/h_7(r), where g_7(r) = (π^2/4)− (r^′K_a)^2 and h_7(r) = E_a − r^{′2}K_a. Then g_7(0) = h_7(0) = 0 and

g^′_7(r) h^′_7(r) = 2rK^2_a − 4(1− a)K_a(E_a − r^{′2}K_a)/r 2ar K_a = K_a a [ 1− 2(1− a)

E_a − r^{′2}K_a r^2K_a ] , which is increasing by (4). By l’Hôpital’s Rule, f_7(0+) = π(1− 2a+ 2a^2)/(2a), while f_7(1− ) = π^2/(4E_a(1)) = π^2(1 − a)/(2 sin(πa)).

(8) Write f_8(r) = g_8(r)/h_8(r), where g_8(r) = K_a − π/2 and h_8(r) = log(1/r^′). Then g_8(0) = h_8(0) = 0 and g^′_8(r)/h^′_8(r) = 2(1− a)(E_a − r^{′2}K_a)/r^2, which is increasing by (1). Hence f_8(r) is increasing by Lemma 5.1. The limits f_8(0+) = a(1 − a)π and f_8(1− ) = 2(1 − a)E_a(1) = sin(πa) follow by l’Hôpital’s Rule.

(9) Write f_9(r) = g_9(r)/h_9(r), where g_9(r) = E_a − (1− r)K_a and h_9(r) = r. Then g_9(0) = h_9(0) = 0 and

g^′_9(r) h^′_9(r)

= − 2(1 − a)

K_a − E_a r + K_a −

2(1 − a)(E_a − r^{′2}K_a) r(1 + r)

= − (1 − 2a)K_a + 2(1 − a)

E_a 1 + r , which is decreasing. The limit f_9(0+) follows from l’Hôpital’s Rule, while f_9(1− ) is clear from (1.9). Hence f_9 is decreasing by Lemma 5.1.

(10) Since f_{10}(r) = πa 2 ∞∑ n=1 a_n n + 1 r^{2(n− 1)}

by (5.3), the result follows immediately.

(11) Write f_{11}(r) = g_{11}(r)/h_{11}(r), where g_{11}(r) and h_{11}(r) are the numerator and denominator, respectively, of the fraction defining f_{11}(r). Then g_{11}(0) = h_{11}(0) = 0 and

g^′_{11}(r) h^′_{11}(r)

= a(1 − a)

E_a − r^{′2}K_a r^2 , which is increasing by (1), with limits πa^2(1 − a)/2 and a(sin(πa))/2 at 0 and 1, respectively. Hence the result follows from Lemma 5.1.

(12) Write f_{12}(r) = g_{12}(r)/h_{12}(r), where g_{12}(r) = K_a − E_a and h_{12}(r) = log(1/r^′). Then g_{12}(0) = h_{12}(0) = 0 and g^′_{12}(r)/h^′_{12}(r) = 2(1 − a)E_a, and the result follows from Lemma 5.1 since E_a is decreasing.

(13) It follows from (1.2) and (1.9) that

f_{13}(r) = π 2r^2

[_∞ ∑ n=0 (a, n)(1 − a, n)

(n!)^2 r^{2(n+1)} − ∞∑ n=1 (a, n)(1 − a, n) (n!)^2 r^{2n} ]

= π 2r^2 ∞∑ n=1 (a, n − 1)(1 − a, n − 1) (n!)^2

(n + a^2 − a)r^{2n}

= π 2 ∞∑ n=0 (a, n)(1 − a, n) [(n + 1)!]^2

(n + a^2 + b)r^{2n} ,

and hence the result follows.

(14) Write f_{14}(r) = g_{14}(r)/h_{14}(r), where g_{14}(r) = π^2/4 − r^{′2}K^2_a and h_{14}(r) = r^2. Then g_{14}(0) = h_{14}(0) = 0, and

g^′_{14}(r) h^′_{14}(r)

= K^2_a · [ 1 − 2(1 − a)(E_a − r^{′2}K_a) r^2K_a ] , which is increasing, with f_{14}(0+) = π^2(1− 2a+ 2a^2)/4, by part(4). The value f_{14}(1− ) = π^2/4 is clear. Hence, the result follows ¿from Lemma 5.1. □

In the next lemma, when a =^1_2, parts (1), (2), (4), (5) reduce to Theorem 3.21 (7), (8) and Exercise 3.43 (30), (45), respectively, in [AVV], while part (3) becomes the monotone property of E.

5.4. Lemma. Let a ∈ (0,^1_2]. Then the function (1) f_1(r) ≡ r^{′c}K_a is decreasing if and only if c ≥ 2a(1 − a), in which case r^{′c}K_a is decreasing from (0,1) onto (0,π/2). Moreover, √ r^′K_a is decreasing for each a ∈ (0,^1_2].

(2) f_2(r) ≡ r^{′c}E_a is increasing if and only if c ≤ − 2(1− a)^2. In particular, r^{′− 2(1− a)2} E_a is increasing from (0,1) onto (π/2,∞ ). Moreover, E_a/r^{′2} is increasing for each a ∈ (0,^1_2].

(3) f_3(r) ≡ E_a + (1 − 2a)(E_a − r^{′2}K_a) is decreasing from (0,1) onto (sin(πa),π/2).

(4) f_4(r) ≡ rK_a/arth r is decreasing from (0,1) onto (sin(πa),π/2). (5) For b = (sin(πa))/(2(1 − a)) and 0 < c ≤ 2(1 − a + a^2), f_{5,c}(r) ≡ (E_a − r^{′2}K_a)/(1 − r^{′c}) is decreasing from (0,1) onto (b,πa/c). In particular, f_{5,3/2} is decreasing from (0,1) onto (b,2πa/3).

Pro of. (1) By Theorem 4.1 (1),

rr^{′2− c}f^′_1(r) = − cr^2K_a + 2(1 − a)(E_a − r^{′2}K_a),

which is nonpositive if and only if

c ≥ 2(1 − a) sup_r

E_a − r^{′2}K_a r^2K_a

= 2a(1 − a),

by Lemma 5.2 (4) . Finally, we note that since max{2a(1− a) : 0 < a ≤^1_2} = 1 2, the function √ r^′K_a will be decreasing for each a ∈ (0,^1_2]. The limiting values follow from (1.9) and part (1).

(2) By Theorem 4.1 (2), we have

rf^′_2(r) = − cr^{′c− 2}r^2E_a + 2(a − 1)r^{′c}(K_a − E_a),

which is nonnegativ e if and only if

− c ≥ 2(1 − a) sup_r r^{′2}(K_a − E_a) r^2E_a

= 2(1 − a)^2,

by Lemma 5.2 (6). Finally, since max{2(1 − a)^2 : 0 < a ≤^1_2} = 2, it follows that E_a/r^{′2} will be increasing for each a ∈ (0,^1_2]. The limiting values are clear from (1.9).

For (3) we may write

rf^′_3(r) = − 2(1 − a)(K_a − E_a) + 2a(1 − 2a)r^2K_a.

Hence, by Lemma 5.2 (4),

f^′_3(r) 2rK_a

= 2a(1 − a) − 1 + (1 − a)

E_a − r^{′2}K_a r^2K_a

< 3a(1 − a) − 1 ≤ − 1 4 , and so f_3 is decreasing on (0,1). The limiting values are clear.

(4) Write f_4(r) = g_4(r)/h_4(r), where g_4(r) = rK_a and h_4(r) = arth r. Then g_4(0) = h_4(0) = 0 and g^′_4(r)/h^′_4(r) = f_3(r), hence decreasing by (3). By l’Hôpital’s Rule, we have f_4(0+) = K_a(0) = π/2 and

f_4(1− ) = lim_{r→ 1−} [2(1− a)(E_a − r^{′2}K_a)] = 2(1 − a)E_a(1) = sin(πa).

(5) The limit f_{5,c}(1− ) is clear by (1) and (1.9). For monotoneit y write f_{5,c}(r) = g_5(r)/h_5(r), where g_5(r) = E_a − r^{′2}K_a and h_5(r) = 1 − r^{′c}. Then g_5(0) = h_5(0) = 0 and g^′_5(r) h^′_5(r) = 2a c r^{′2− c}K_a,

and the monotoneit y of f_{5,c} follows from (1) and Lemma 5.1. By l’Hôpital’s Rule, f_{5,c}(0+) = πa/c. Finally, since 2(1− a + a^2) ≥ 3/2, the result for f_{5,3/2} follows. □

When a =^1_2, parts (1), (2), (3), (4), (6) of the next theorem are contained in [AVV, Theorems 3.21 (3), 5.13 (2), 3.30 (1), 5.16 (1), (2)], respectively.

5.5. Theorem. For each a ∈ (0,^1_2] the function (1) f_1(r) ≡ K_a(r)/sin(πa) + logr^′ is decreasing from (0,1) onto (R(a)/2, π/(2 sin(πa))).

(2) f_2(r) ≡ μ_a(r) + logr is decreasing and concave from (0,1) onto (0,R(a)/2).

(3) f_3(r) ≡ m_a(r) + logr is decreasing and concave from (0,1) onto (0,R(a)/2).

(4) f_4(r) ≡ μ_a(r)/log(1/r) is increasing from (0,1) onto (1,∞ ). (5) f_5(r) ≡ μ_a(r)arth r is increasing from (0,1) onto (0,π^2/(4 sin^2(πa))). (6) f_6(r) ≡ μ_a(r)/log(e^{R(a)/2)}/r) is decreasing from (0,1) onto (0,1). (7) f_7(r) = K_a(r)(μ_a(r) + logr) is increasing from (0,1) onto (πR(a)/4, π^2/(4 sin(πa))).

(8) f_8(r) = ((arth r)/r)(μ_a(r) + logr) is increasing from (0,1) onto (R(a)/2,π^2/ (4 sin^2(πa))).

(9) f_9(r) ≡ [(R(a)/2) − (μ_a(r) + logr)]/r^2 is increasing from (0,1) onto ((1 − 2a + 2a^2)/2,R(a)/2).

Pro of. Part (1) follows from the fact that B(a, b)F (a, b;a + b;r)+ log(1 − r) is decreasing from (0,1) onto (R(a, b),B(a, b)) [ABRVV, Theorem 1.3 (2)]. Parts (2), (3), and (6) were obtained in [QVu2, Corollary 3.12], [QVu3, Theorem 2.29 (1)], and [QVu3, Theorem 1.13 (3)], respectively, while parts (4) and (5) are implied by [QVu3, Theorem 1.13 (1)] and [QVu2, Theorem 1.28 (2)], respectively.

For (7), we write f_7(r) = g_7(r)/h_7(r), where g_7(r) = μ_a(r) + logr and h_7(r) = 1/K_a(r). Then g_7(1− ) = h_7(1− ) = 0 and, after simplification,

g^′_7(r) h^′_7(r) = ( π 2 )_2

− (r^′K_a)^2 2(1 − a)(E_a − r^{′2}K_a) , which is increasing by Lemma 5.2 (7). Hence, by Lemma 5.1, f_7(r) is also increasing. Finally, f_7(0+) = πR(a)/4 follows from (2) and (1.9), while f_7(1− ) = π^2/(4 sin(πa)), since

K_a(r) logr = (r^{′2}K_a(r)) logr r^{′2} tends to 0 as r tends to 1, by Lemma 5.4 (1) and l’Hôpital’s Rule.

Part (8) follows from (7) and Lemma 5.4 (4). For (9), f_9(r) = g_9(r)/h_9(r), where g_9(r) = (R(a)/2)− (μ_a(r)+ logr) and h_9(r) = r^2. Then g_9(0) = h_9(0) = 0, and

g^′_9(r) h^′_9(r) = 1 2 1 (r^′K_a)^2

(π^2/4) − (r^′K_a)^2 r^2 , which is increasing, with f_9(0+) = π^2(1 − 2a + 2a^2)/4, by Lemma 5.2 (14). The value f_9(1− ) = R(a)/2 is clear. Hence, the result follows from Lemma 5.1. □

5.6. Theorem. For each a ∈ (0,^1_2), the function f (x) ≡ μ_a(1/ch x) is increasing and concave from (0,∞ ) onto (0,∞ ). In particular, for r,s ∈ (0,1),

μ_a

( rs 1 + r^′s^′ ) ≤ μ_a(r) + μ_a(s) ≤ 2μ_a ( √ 2rs √ 1 + rs + r^′s^′ ) , with equality in the second inequality if and only if r = s.

Pro of. Let r = 1/ch x and s = 1/ch y. Then

f^′(x) = π^2 4r^′K_a(r)^2 , which is positive and increasing in r by Lemma 5.4 (1), hence decreasing in x. Therefore, f is increasing and concave on (0,∞ ). In particular, f ((x+ y)/2) ≥ ((f (x) + f (y))/2, with equality if and only if x = y. Now

ch^2

( x + y 2 ) = 1 + rs + r^′s^′ 2rs . Hence 1 2 (f (x) + f (y)) ≤ f ( x + y 2 ) gives

μ_a(r) + μ_a(s) ≤ 2μ_a √ 2rs 1 + rs + r^′s^′ , with equality if and only if r = s. Finally, since f (0+) = 0 and since f^′(x) is decreasing in x, it follows from Lemma 5.1 that f (x)/x is decreasing on (0,∞ ). Hence f (x + y) ≤ f (x) + f (y) by [AVV, Lemma 1.24]. □

5.7. Corollary . For each a ∈ (0,^1_2] and r,s ∈ (0,1), μ_a(r) + μ_a(s) ≤ 2μ_a( √ rs), with equality if and only if r = s.

Pro of. Since μ_a is decreasing,

μ_a √ 2rs 1+ rs+ r^′s^′

≤ μ_a( √ rs) ⇐ ⇒ 1+ rs+ r^′s^′ ≤ 2 ⇐ ⇒ r^′s^′ ≤ 1− rs

⇐ ⇒ 1 − r^2 − s^2 + r^2s^2 ≤ 1 − 2rs + r^2s^2 ⇐ ⇒ (r − s)^2 ≥ 0,

with equality at each step if and only if r = s. Hence the result follows from Theorem 5.6. □

6 Mo dular functions

The next lemma gives some basic properties ofthe functions φ^a_K (r) and η^a_K (r), generalizing Theorem 10.5 (1) and Exercise 10.65 (13) in [AVV].

6.1. Lemma. For each a ∈ (0,1/2], K ∈ (0,∞ ), r ∈ (0,1), x ∈ (0,∞ ), we have

(1) φ^a_K (r)^2 + φ^a_{1/K} (r^′)^2 = 1,

(2) η^a_K (x)η^a_{1/K} (1/x) = 1.

Pro of. Let s = φ^a_K (r),u = φ^a_{1/K} (r^′). Then μ_a(s) = μ_a(r)/K and μ_a(u) = Kμ_a(r^′). Hence, by (4.8),

μ_a(s)μ_a(u) = μ_a(r)μ_a(r^′) = π^2 4sin^2(πa)

= μ_a(s)μ_a(s^′).

Thus s^′ = u, so that (1) follows.

(2) Let r = √ x/(x + 1). Then, by (1), η^a_K (x) = (s/s^′)^2 and η^a_{1/K} (1/x) = (s^′/s)^2, so that (2) follows. □

The next lemma will be needed for the proofs of some of the main results stated in the Introduction. Parts (1), (2), (3) generalize Lemma 10.7 (3), (1), (2), respectively, in [AVV].

6.2. Lemma. For each a ∈ (0,^1_2],K ∈ (1,∞ ), r ∈ (0,1), let s = φ^a_K (r) and t = φ^a_{1/K} (r). Then the function

(1) f (r) ≡ K_a(s)/K_a(r) is increasing from (0,1) onto (1,K), (2) g(r) ≡ s^′K_a(s)^2/(r^′K_a(r)^2) is decreasing from (0,1) onto (0,1), (3) h(r) ≡ sK^′_a(s)^2/(rK^′_a(r)^2) is decreasing from (0,1) onto (1,∞ ), (4) F (r) ≡ K_a(t)/K_a(r) is decreasing from (0,1) onto (1/K,1), (5) G(r) ≡ t^′K_a(t)^2/(r^′K_a(r)^2) is increasing from (0,1) onto (1,∞ ), (6) H(r) ≡ tK^′_a(t)^2/(rK^′_a(r)^2) is increasing from (0,1) onto (0,1).

Pro of. By Theorem 4.1 (1), (7), we have

K_a(r)^2f^′(r) = 2(1− a) [ K_a(r)

E_a(s)− s^{′2}K_a(s)

ss^{′2} ds dr − K_a(s)

E_a(r)− r^{′2}K_a(r) rr^{′2} ]

= 2(1 − a)K_a(s)

rr^{′2}K^′_a(r) [ K^′_a(s)(E_a(s) − s^{′2}K_a(s))

− K^′_a(r)(E_a(r) − r^{′2}K_a(r)) ] . Thus f^′(r) is positive since s > r and

K^′_a(x)(E_a(x) − x^{′2}K_a(x)) = (x^2K^′_a(x))

E_a(x) − x^{′2}K_a(x) x^2 is increasing in x by Lemmas 5.4 (1) and 5.2 (1). Hence f is increasing. The limiting values are clear.

Next, g^′(r) is negative if and only if

K^′_a(s)[s^2K_a(s) − 4(1 − a)(E_a(s) − s^{′2}K_a(s))]−

K^′_a(r)[r^2K_a(r) − 4(1 − a)(E_a(r) − r^{′2}K_a(r))] is positive. This is true if

g_1(r) ≡ K^′_a(r)[r^2K_a(r) − 4(1 − a)(E_a(r) − r^{′2}K_a(r))]

is increasing. Now,

g_1(r) = r^2K_a(r)K^′_a(r) [ 1 − 4(1 − a)

E_a(r) − r^{′2}K_a(r) r^2K_a(r) ] , which is positive and increasing, by Lemmas 5.2 (4) and 5.4 (1).

(3) Since h(r) = 1/g(s^′), F (r) = 1/f(t), G(r) = 1/g(t), and H(r) = 1/h(t), parts (3) - (6) follow from parts (1) and (2). □

6.3. Pro of of Theorem 1.14. Let r = e^{− x} and s = φ^a_K (r). Then

f^′(x) = 1 K ( s^′K_a(s) r^′K_a(r)

)_2 , which is positive and increasing in x, by Lemma 6.2 (1), (2). Hence f is strictly increasing and convex. Thus f ((x + y)/2) ≤ (f (x) + f (y))/2, so that

1/φ^a_K (e^{− (x+ y)/2}) ≤ 1/(φ^a_K (e^{− x})φ^a_K (e^{− y}))^{1/2}.

Now putting r = e^{− x} and t = e^{− y} gives the result. The proof for g(x) is similar. □

6.4. Pro of of Theorem 1.15. Let t = rx, u = φ^a_K (t), and s = φ^a_K (x). Then f^′(x) f (x) = 1 u 1 K ruu^{′2}K_a(u)^2 tt^{′2}K_a(t)^2 − 1 s 1 K ss^{′2}K_a(s)^2 xx^{′2}K_a(x)^2 = 1 Kx ( u^′K_a(u) t^′K_a(t)

)_2 − ( s^′K_a(s) x^′K_a(x)

)_2 , which is positive by Lemma 6.2 (1), (2) since t < x. The proof for g(x) is similar. □

The following inequalities generalize identities satisfied by the functions μ and φ_K (r) (cf. [LV, pp. 60,61], [AVV, Theorem 10.5 (3), (7)]).

6.5. Theorem. For a ∈ (0,^1_2], r ∈ (0,1), K ∈ (0,∞ ),

(1) 1 2 μ_a(r) ≤ μ_a ( 2 √ r 1 + r ) ≤ μ_a(r).

(2) μ_a(r^′) ≤ μ_a

( 1 − r 1 + r ) ≤ 2μ_a(r^′).

(3) φ^a_K (r) ≤ φ^a_K ( 2 √ r 1 + r ) ≤ φ^a_{2K} (r).

(4) φ_{K/2}(r^′) ≤ φ^a_K

( 1 − r 1 + r ) ≤ φ^a_K (r^′).

Pro of. Inequalities (1) and (2) were obtained in [QVu2, Theorem 1.14 (1)], and (3), (4) follow from (1), (2), respectively if we divide by K and apply μ^{− 1}_a . □

6.6. Theorem. For each a ∈ (0,^1_2], r ∈ (0,1), let f : (0,∞ ) → R be defined by f (K) ≡

K logr − logφ^a_{1/K} (r) K − 1 . Then f is increasing, with f (0+) = 0,

lim_{K → 1} f (K) = logr + m_a(r), and lim_{K →∞} f (K) = logr + μ_a(r).

In particular, for K ∈ (1,∞ ), r ∈ (0,1), a ∈ (0,^1_2],

(1) 1 < e^{(K − 1)(m a (r)+log r)} < r^K φ^a_{1/K} (r)

< e^{(K − 1)(μa (r)+log r)} < e^{(K − 1)R(a)/2} and (2) 1 < φ^a_K (r) r^{1/K}

< e^{(1− 1/K )(log r+ m a (r))} < e^{(1− 1/K )R(a)/2}.

Pro of. Since μ^{− 1}_a (0+) = 1, it is clear that f (0+) = 0. Now let t = φ^a_{1/K} (r), and write f (K) = g(K)/h(K), where g(K) = K logr − logφ^a_{1/K} (r) and h(K) = K − 1. Then g(1) = h(1) = 0, and

g^′(K) h^′(K)

= logr + 4 π^2

(t^′K_a(t))^2μ_a(r),

which is increasing in K on (0,∞ ) by Lemma 5.4 (1) and the fact that t is decreasing in K. Hence f is increasing, by Lemma 5.1.

Next, by l’Hôpital’s Rule,

lim_{K → 1} f (K) = logr + 2 π sin(πa) r^{′2}K_aK^′_a = logr + m_a(r),

while lim_{K →∞} f (K) = logr + 4 π^2

K_a(0)^2μ_a(r) = logr + μ_a(r).

Inequalities (1), (2) follow from the above argument and Theorems 5.5 (3),(2). □ The next theorem is a generalization of a result due to Hübner and He (cf. [AVV, Theorem 10.9 (1)]).

6.7. Theorem. For each a ∈ (0,^1_2] and K ∈ (1,∞ ), let f ,g be defined on (0,1] by

f (r) = r^{− 1/K} φ^a_K (r) and g(r) = r^{− K} φ^a_{1/K} (r).

Then f is decreasing and g is increasing, with f ((0,1]) = [1,e^{(1− 1/K )R(a)/2}) and g((0,1]) = (e^{(1− K )R(a)/2},1].

Pro of. First, let s = φ^a_K (r). Then

f^′(r) f (r) = 1 Kr ( s^′K_a(s) r^′K_a(r)

)_2 − 1 , which is negative by Lemma 6.2 (1), (2). Clearly f (1) = 1, while

lim_{r→ 0} log(r^{− 1/K} s)= lim_{r→ 0}[(μ_a(s) + logs) − 1 K (μ_a(r) + logr)]=

R(a) 2 ( 1 − 1 K ) , by (1.5) and Theorem 5.5 (2).

Next, let t = φ^a_{1/K} (r). Then r = φ^a_K (t). Hence g(r) = (t^{− 1/K} φ^a_K (t))^{− K} , so that the assertion about g(r) follows from the properties of f (r) already proved. □

6.8. Theorem. For each a ∈ (0,^1_2] and K ∈ (1,∞ ), the function f (r) ≡ φ^a_K (r) is increasing and concave from (0,1) onto (0,1), and g(r) ≡ φ^a_{1/K} (r) is increasing and convex from (0,1) onto (0,1).

Pro of. By Theorem 4.1 (7), f^′(r) = (1/K)ss^{′2}K_a(s)^2/(rr^{′2}K_a(r)^2), which is positive and decreasing by Theorem 6.6 and Lemma 6.2 (1), (2). The proof for g(r) is similar. □

6.9. Corollary . For each a ∈ (0,^1_2], K ∈ (1,∞ ),

(1) lim_{r→ 0+}

∂φ^a_K (r) ∂r = ∞ , lim_{r→ 0+}

∂φ^a_{1/K} (r) ∂r = 0,

(2) lim_{r→ 1−}

∂φ^a_K (r) ∂r = 0, lim_{r→ 1−}

∂φ^a_{1/K} (r) ∂r = ∞ .

Pro of. Let s = φ^a_K (r). From Theorems 4.1 (7) and 6.7 we have

lim_{r→ 0+}

∂φ^a_K (r) ∂r = 1 K lim_{r→ 0+} s r^{1/K} lim_{r→ 0+} r^{− 1+1 /K} = ∞ and lim_{r→ 1−}

∂φ^a_K (r) ∂r = K lim_{r→ 1−} ( s^′ r^{′K}

)_2

lim_{r→ 1−} r^{′2(K − 1)} = 0.

The proof for φ^a_{1/K} (r) is similar. □

6.10. Pro of of Theorem 1.16. Let y = g(x) = p(φ^a_K (q(x))) = p(s), where s = φ^a_K (r), r = q(x). Then q(y) = s, so that q^′(y)dy/dx = ds/dx = (ds/dr)(dr/dx). Thus

q^′(y)g^′(x) = 1 K ss^{′2}K_a(s)^2 rr^{′2}K_a(r)^2 dr dx by Theorem 4.1 (7). Now

r^2 = q(x)^2 = e^x e^x + 1

= 1 − 1 e^x + 1 , giving 2r dr dx = r^2r^{′2}.

Thus q^′(x) = rr^{′2}/2 and q^′(y) = ss^{′2}/2. Hence, we get

g^′(x) = 1 K K_a(s)^2 K_a(r)^2 , which increases from 1/K to K, by Lemma 6.2 (1). The proof for h(x) is similar. □

6.11. Remark. Let p,q,g,h be the functions defined in Theorem 1.16, and let s = φ^a_K (1/ √ 2). Then, by Theorem 1.16 and integration, we obtain x K + 2log s s^′

≤ g(x) ≤ Kx + 2log s s^′ , x K − 2log s s^′

≤ h(x) ≤ Kx − 2log s s^′ . In the next result we obtain further bounds for the functions g and h.

6.12. Theorem. Let p : (0,1) → (−∞ ,∞ ) and q : (−∞ ,∞ ) → (0,1) be given by p(x) = 2log(x/x^′) and q(x) = p^{− 1}(x) = √ e^x/(e^x + 1), respectively, and for a ∈ (0,^1_2], K ∈ (1,∞ ), let g,h : (−∞ ,∞ ) → (−∞ ,∞ ) be defined by g(x) = p(φ^a_K (q(x))) and h(x) = p(φ^a_{1/K} (q(x))). Then

g(x) ≥

Kx, x ≥ 0, x K , x < 0, and h(x) ≤ x K , x ≥ 0,

Kx, x < 0.

Pro of. We only give the proof for g, since the proof for h is similar. First, if x > 0, then

g(x) ≥ Kx ⇔ φ^a_K (q(x)) ≥ q(Kx)

⇔ μ^{− 1}_a 1 K μ_a √ e^x e^x + 1 ≥ √ e^{K x} e^{K x} + 1

⇔ μ_a √ e^x e^x + 1

≤ Kμ_a √ e^{K x} e^{K x} + 1 .

This will be true if f (K) ≡ Kμ_a( √ e^{K x}/(e^{K x} + 1) is increasing on [1,∞ ).

Now, with r = √ e^{K x}/(e^{K x} + 1), r^2 = e^{K x}/(e^{K x} + 1), r^{′2} = 1/(e^{K x} + 1), we have 2r dr dK = xe^{K x} (e^{K x} + 1)^2

= xr^2r^{′2}, dr dK = xrr^{′2} 2 .

Figure 1. The graphs of the functions g,h, and those of the lines Kx, x/K, in Theorem 6.12, where a = 0.25 and K = 1.5.

Hence

f^′(K) = μ_a(r) −

Kπ^2 4rr^{′2}K_a(r)^2 dr dK = μ_a(r) − π^2Kx 8K_a(r)^2 = π 2 [ K^′_a(r) K_a(r) sin(πa) − πKx 4K_a(r)^2 ] , and π 2K_a(r)^2 sin(πa)

[K_a(r)K^′_a(r) − π 4 Kx sin(πa)] > 0

⇔ K_a(r)K^′_a(r) > π 4 (Kx) sin(πa)

⇔ K_a(r)K^′_a(r) > π 2 ( log r r^′ ) sin(πa), for r ∈ (1/ √ 2,1). Now from (4.9) and Theorem 5.5 (3),

K_a(r)K^′_a(r) = π 2 (m_a(r) + m_a(r^′)) sin(πa) > π 2 ( log 1 rr^′ ) sin(πa) > π 2 ( log r r^′ ) sin(πa),

which proves the first inequality for g(x).

Next, g(− x) ≥ − x/K,x > 0

⇔ φ^a_K √ e^{− x} e^{− x} + 1 ≥ √ e^{− x/K} e^{− x/K} + 1

, x > 0

⇔ μ^{− 1}_a 1 K μ_a √ 1 e^x + 1 ≥ √ 1 e^{x/K} + 1

⇔ μ_a ( 1 √ e^x + 1 ) ≤ Kμ_a √ 1 e^{x/K} + 1 .

This will be true if F (K) ≡ Kμ_a(1/ √ e^{x/K} + 1) is increasing on [1,∞ ). Let 1/ √ e^{x/K} + 1 = t, so that t ∈ (0,1/ √ 2). Now t^2 = 1/(e^{x/K} + 1), t^{′2} = e^{x/K} /(e^{x/K} + 1), and

F^′(K) = μ_a(t) −

Kπ^2 4tt^{′2}K_a(t) dt dK = π 2sin(πa)

K^′_a(t) K_a(t) − Kπ^2 4tt^{′2}K_a(t)^2 dt dK . Now 2t dt dK = x K^2 e^{x/K} (e^{x/K} + 1)^2 = x K^2 t^2t^{′2}, dt dK = x K^2 tt^{′2} 2 . Hence

F^′(K) = π 2sin(πa)

K^′_a(t) K_a(t) − π^2x 8KK_a(t)^2 = π 2(sin(πa))K_a(t)^2 [ K_a(t)K^′_a(t) − π(sin(πa))x 4K ]

= π 2(sin(πa))K_a(t)^2 [ K_a(t)K^′_a(t) − π 2 ( log t^′ t ) sin(πa) ] .

Hence F^′(K) > 0 if and only if K_a(t)K^′_a(t) > (π/2)(sin(πa)) log(t^′/t). Now, by (4.9) and Theorem 5.5 (3), we have

K_a(t)K^′_a(t) = π sin(πa) 2 (m_a(t) + m_a(t^′)) > π 2 ( log 1 tt^′ ) sin(πa) > π 2 ( log t^′ t ) sin(πa). □

6.13. Theorem. For each a ∈ (0,^1_2], K ∈ (1,∞ ), let f and g be defined on (0,1) by

f (r) = arcsin(φ^a_K (r)) arcsin(r^{1/K} )

, g(r) = arcsin(φ^a_{1/K} (r)) arcsin(r^K ) . Then f is decreasing and g is increasing, with f ((0,1]) = [1,e^{(1− 1/K )R(a)/2}) and g((0,1]) = (e^{(1− K )R(a)/2},1].

Pro of. To prove the monotoneit y for f , let s = φ^a_K (r) and f (r) = f_1(r)/f_2(r), where f_1(r) = arcsin(s) and f_2(r) = arcsin(r^{1/K} ). Then f_1(0) = f_2(0) = 0, and f^′_1(r) f^′_2(r) = s r^{1/K}

( 1 − r^{2/K}

1 − r^2

)_{1/2} s_′K_a(s)_2

r^′K_a(r)^2 , which is decreasing, by Lemma 6.2 (2) and Theorem 6.7. The limiting values follow from l’Hôpital’s Rule and Theorem 6.7. □

6.14. Theorem. For each a ∈ (0,^1_2], K ∈ (1,∞ ), let f and g be defined on (0,∞ ) by

f (x) = arth φ^a_K (th x) and g(x) = arth φ^a_{1/K} (th x).

Then f and g are increasing automorphisms; f is concave and g is convex. In particular,

(6.15) f (x + y) ≤ f (x) + f (y) ≤ 2f

( x + y 2 ) , and (6.16) g(x + y) ≥ g(x) + g(y) ≥ 2g

( x + y 2 ) , for all x, y ∈ (0,∞ ).

Pro of. For f , let r = th x and s = φ^a_K (r). Then

f^′(x) = 1 s^{′2} K ss^{′2} K^′_a(s)^2 rr^{′2} K^′_a(r)^2 r^{′2} = K sK^′_a(s)^2 rK^′_a(r)^2 , which is positive and decreasing, by Lemma 6.2 (3). Hence f is increasing and concave, so f (x)/x is decreasing by Lemma 5.1. The double inequality (6.15) follows from [AVV, Lemma 1.24] and the concavity of f . The proof for g is similar. □

6.17. Remark. (Cf. [AVV, Theorem 10.12]) The inequalities in Theorem 6.18 can be simplified to

φ^a_K

( r + s

1 + rs ) ≤ φ^a_K (r) + φ^a_K (s) 1 + φ^a_K (r)φ^a_K (s) and φ^a_K (r) + φ^a_K (s) 1 + φ^a_K (r)φ^a_K (s) + φ^a_{1/K} (r^′)φ^a_{1/K} (s^′)

≤ φ^a_K

( r + s 1 + rs + r^′s^′ ) , for a ∈ (0,^1_2],r,s, ∈ (0,1), and K ∈ (1,∞ ). The inequalities are reversed if we replace K by 1/K.

6.18. Theorem. For a ∈ (0,^1_2], r ∈ (0,1), K ∈ (1,∞ ),

th(K arth r) < φ^a_K (r).

The inequality is reversed if we replace K by 1/K.

Pro of. Let s = φ^a_K (r). Then s > r, and it follows from (1.5) and Theorem 5.5 (5) that 1 K μ_a(r)arth s = μ_a(s) arth s > μ_a(r) arth r,

and the result follows if we solve for s.

The reverse inequality follows if we let φ^a_K (r) = x in the inequality just proved and solve for r. □

The next result generalizes Theorem 10.24 in [AVV]. 6.19. Theorem. For each a ∈ (0,^1_2] and K ∈ (1,∞ ), the function

f (x) ≡ log(η^a_K (x)/η^a_K (1)) logx is increasing from (0,∞ ) onto (1/K,K), while

g(x) ≡ log(η^a_{1/K} (x)/η^a_{1/K} (1)) logx is decreasing from (0,∞ ) onto (1/K,K). In particular,

η^a_K (1) min{x^K ,x^{1/K} } ≤ η^a_K (x) ≤ η^a_K (1) max{x^K ,x^{1/K} }, η^a_{1/K} (1) min{x^K ,x^{1/K} } ≤ η^a_{1/K} (x) ≤ η^a_{1/K} (1) max{x^K ,x^{1/K} } for all x ∈ (0,∞ ), a ∈ (0,^1_2], K ∈ [1,∞ ).

Pro of. Let r = √ x/(x + 1), s = φ^a_K (r), and f (x) = G(x)/H(x), where G(x) = log(η^a_K (x)/η^a_K (1)) and H(x) = logx. Then G(1) = H(1) = 0 and G^′(x) H^′(x) = 1 K ( K_a(s) K_a(r)

)_2 , which is increasing from (0,∞ ) onto (1/K,K) by Lemma 6.2 (1). Hence f is increasing by Lemma 5.1, while f (0+) = 1/K and lim_{x→∞} f (x) = K follow from l’Hôpital’s Rule. The proof for g(x) is similar. □

6.20. Theorem. For a ∈ (0,^1_2], x ∈ (0,∞ ), K ∈ [1,∞ ), we have 1 ≤ η^a_K (x) x^{1/K} (x + 1)^{K − 1/K}

≤ e^{R(a)(K − 1/K )},

where R(a) is as in (3.4).

Pro of. By (1.13) and Lemma 5.9 (1) we have η^a_K (x) = (φ^a_K (r)/φ^a_{1/K} (r^′))^2, where r = √ x/(x + 1) and r^′ = 1/ √ x + 1. Next, r^{1/K} ≤ φ^a_K (r) ≤ e^{(1− 1/K )R(a)/2} r^{1/K} and e^{(1− K )R(a)/2} r^{′K} ≤ φ^a_{1/K} (r^′) ≤ r^{′K} by Theorem 6.6. Hence the result follows when we divide and substitute for r in terms of x. □

6.21. Theorem. For each a ∈ (0,^1_2], K ∈ (1,∞ ), let f ,g be defined on (0,1) by f (r) = φ^a_K (r) ch ( 1 K arch ( 1 r ) ) , and g(r) = φ^a_{1/K} (r) ch ( K arch ( 1 r ) ) . Then f is decreasing and g is increasing, with f ((0,1)) = (1,e^{(1− 1/K )R(a)/4}) and g((0,1)) = (e^{(1− K )R(a)/4},1).

Pro of. To prove the assertion for f , we first let s = φ^a_K (r) and 1/t = ch((1/K) arch (1/r)). Then s^′ = φ^a_{1/K} (r^′) and t^′ = th((1/K) arth (r^′)). Now, by differentiation and simplification,

Ktr r^′f^′(r) = st^′ [ s^′ t^′ s^′K_a(s)^2 r^′K_a(r)^2 − 1 ] , which is negative, by Lemma 6.2 (2) and Theorem 6.18. Hence f is decreasing. The limiting values follow from the expression ch ( 1 K arch ( 1 r ) ) = (1 + r^′)^{1/K} + (1 − r^′)^{1/K} 2r^{1/K} , and Theorem 6.7. The proof for g is similar. □

6.22. Theorem. Let M be a set with a multiplication operation and let {f_K : K ∈ M} be a collection of increasing functions f_K : (0,1) → (0,1), such that f_K ∘ f_L = f_{K L} and such that f_K (x)/x is decreasing (respectively, increasing). Then f_K (x)f_L(y) ≤ f_{K L}(xy), (respectively, f_K (x)f_L(y) ≥ f_{K L}(xy)).

Pro of. Let f_K (x)/x be decreasing for each K ∈ M. Since xy ≤ x, we have f_K (x)/x ≤ f_K (xy)/(xy). Thus f_K (x)y ≤ f_K (xy). Hence

f_K (x)f_L(y) ≤ f_K (xf_L(y)) ≤ f_K (f_L(xy)) = f_{K L}(xy).

The other case is similar. □

6.23. Corollary . For a ∈ (0,^1_2], x, y ∈ (0,1), K,L ∈ [1,∞ ),

(1) φ^a_K (x)φ^a_L(y) ≤ φ^a_{K L}(xy),

(2) φ^a_{1/K} (x)φ^a_{1/L}(y) ≥ φ^a_{1/(K L)}(xy).

7 Dep endence on a

In this section we study the generalized elliptic integrals as functions of the parameter a.

7.1. Lemma. For each nonnegative integer n, the function f_n (x) ≡ − (− x, n+1)(x, n+1) is positive and increasing on [0,^1_2]. The function g_n (x) ≡ (x, n+ 1)(1− x, n+ 1) is positive, increasing on [0,^1_2] and decreasing on [^1_2,1]. For n ≥ 1, the function f_n is positive and decreasing on [1/ √ 2,1]. But f_0 is positive and increasing on [0,1].

Pro of. We have

f_n (x) = x^2(1 − x^2)(2^2 − x^2) ···(n^2 − x^2).

On [1/ √ 2,1], x^2(1− x^2) is decreasing, hence so is f_n if n ≥ 1. Next, on (0,^1_2),

f^′_n (x) 2f_n (x) = 1 x − n∑ k=1 x k^2 − x^2 , which is clearly decreasing. Hence f^′_n (x) 2f_n (x)

> 2 − 2 n∑ k=1 1 4k^2 − 1

= 2 − ( 1 − 1 2n + 1 ) > 0.

Clearly, f_0(x) = x^2, which is increasing on [0,1]. Since g_n (x) = g_n (1 − x), we need only prove the second assertion on [0,^1_2]. Now

g^′_n (x) g_n (x) = 1 x − 1 n + 1 − x − 2 n∑ k=1 x k^2 − x^2 , which is clearly decreasing. Thus for x ∈ (0,^1_2),

g^′_n (x) g_n (x)

> 2 − 2 2n + 1 − n∑ k=1 4 4k^2 − 1

= 0. □

7.2. Theorem. For each r ∈ (0,1), let f , g be defined on [0,1], by f (a) = F (a − 1,1 − a;1;r^2) and g(a) = F (a, 1 − a;1;r^2).

(1) If^1_2 ≤ a < b ≤ 1, then all coefficients are positive in the Taylor series for f (b) − f (a) in powers of r^2.

(2) If 0 ≤ a < b≤ 1− 1/ √ 2, then all coefficients are negative in the Taylor series for f (b) − f (a) − (b− a)(2 − a − b)r^2 in powers of r^2.

(3) If 0 ≤ a < b ≤^1_2 (respectively,^1_2 ≤ a < b ≤ 1) then all coefficients are positive (respectively, negative) in the Taylor series for g(b) − g(a) in powers of r^2.

Pro of. (1) In this case,

f (b) − f (a) = ∞∑ n=1 [(1− b,n)(b− 1,n) − (1 − a, n)(a − 1,n)] r^{2n} (n!)^2 . Now − (1 − a, n)(a − 1,n) − (− (1 − b,n)(b− 1,n)) > 0, by Lemma 7.1.

(2) In this case, 1 ≥ 1 − a > 1 − b≥ 1/ √ 2. Hence

(1 − b,n)(b− 1,n) − (1 − a, n)(a − 1,n) < 0,

for all n ≥ 2, by Lemma 7.1.

(3) We write

g(b) − g(a) = ∞∑ n=1 [(b,n)(1 − b,n) − (a, n)(1 − a, n)] r^{2n} (n!)^2 .

Now, (b,n)(1 − b,n) − (a, n)(1 − a, n) is positive or negative according as 0 ≤ a < b≤^1_2, or^1_2 ≤ a < b≤ 1, by Lemma 7.1. □

7.3. Corollary . For each r ∈ (0,1), the function (1) f (a) ≡ E_{1− a}(r) is decreasing from [0,^1_2] onto [E(r),π/2]. (2) g(a) ≡ K_a(r) is increasing from [0,^1_2] onto [π/2,K(r)]. (3) h(a) ≡ E_a(r) is increasing from [0,^1_2] onto [πr^{′2}/2,E(r)].

Pro of. Parts (1) and (2) follow from (1.9), (1.10), and Theorem 7.2. Next, by Theorem 4.1 (4), (d/dr)(E_a(r) − r^{′2}K_a(r)) = 2ar K_a(r), which is increasing in a by (2). Hence, if 0 < a < b≤^1_2,

∫_r 0 d dt (E_a(t) − t^{′2}K_a(t))dt <

∫_r 0 d dt (E_b(t) − t^{′2}K_b(t))dt,

so that E_a(r) − r^{′2}K_a(r) < E_b(r) − r^{′2}K_b(r)

by Lemma 5.2 (1). Thus

E_a(r) < E_b(r) + r^{′2}(K_a(r) − K_b(r)) < E_b(r)

by (2). □

7.4. Theorem. (1) For each fixed r ∈ (0,1), the function f (a, r) ≡ μ_a(r) is decreasing in a from (0,^1_2] onto [μ(r),∞ ).

(2) For each fixed x ∈ (0,∞ ), the function g(a, x) ≡ μ^{− 1}_a (x) is decreasing in a from (0,^1_2] onto [μ^{− 1}(x),1).

(3) For each fixed r ∈ (0,1) and K ∈ (1,∞ ), the function h(a, r) ≡ φ^a_K (r) is decreasing in a from (0,^1_2] onto [φ_K (r),s_0), where s_0 = s_0(r) = h(0+ ,r) = lim_{a→ 0+} φ^a_K (r). Moreover, the function h_1(a, r) ≡ φ^a_{1/K} (r) is increasing in a from (0,^1_2] onto (t_0,φ_{1/K} (r)], where t_0 = √ 1 − s_0(r^′)^2.

Pro of. (1) Part (1) was obtained in [QVu2, Theorem 1.22]. However, we give here a different proof for the monotoneit y of f in a. It follows from Theorem 4.1 (5) and Corollary 7.3 (2) that dμ_a/dr is increasing in a on (0,^1_2]. Hence, for 0 < a < b≤^1_2,

μ_a(1− ) − μ_a(r) =

∫_1 r dμ_a(t) dt dt <

∫_1 r dμ_b(t) dt dt = μ_b(1− ) − μ_b(r).

This implies that μ_a(r) > μ_b(r), since μ_a(1− ) = 0 = μ_b(1− ).

(2) Let r = g(a, x) = μ^{− 1}_a (x). Then x = μ_a(r) = f (a, r), and 0 = dx da = ∂f ∂a + ∂f ∂r dr da . Since ∂f /∂a < 0 by part (1) (see also [QVu2, 3.1]), it follows ¿from Theorem 4.1 (5) that dr/da = − (∂f /∂a)/(∂f /∂r) < 0, and the monotoneit y of g in a follows. Clearly, g(^1_2,x) = μ^{− 1}(x). By (1.2), (1.3), (1.9), and (3.3), we have

(7.5) 2ax = πa sin(πa) · 1 +^1_{Γ( a)Γ(1 − a)}

∑_∞ n=1 Γ( a+ n)Γ(1 − a+ n) (n!)^2 r ′2n 1 +^1_{Γ( a)Γ(1 − a)}

∑_∞ n=1 Γ( a+ n)Γ(1 − a+ n) (n!)^2 r 2n

= πa sin(πa) · 1 + a^{sin(πa)}_{πa}

∑_∞ n=1 Γ( a+ n)Γ(1 − a+ n) (n!)^2 r ′2n 1 + a^{sin(πa)}_{πa}

∑_∞ n=1 Γ( a+ n)Γ(1 − a+ n) (n!)^2 r

2n .

Therefore, if g(0+ ,x) = lim_{a→ 0+} r < 1, then we see from (7.5) that lim_{a→ 0+} (2ax) = 1. But lim_{a→ 0+} (2ax) = 0 since x is independent of a. Hence g(0+ ,x) = 1.

(3) Put s = h(a, r), a_n = (a, n)(1 − a, n), and b_n = P (a, n) − P (a, 0) for n = 0,1,2,..., where P (a, n) = ψ(a + n) − ψ(1 − a + n), and let Q(a, r) = 2K_a(r)/π = F (a, 1 − a;1;r^2). Then, by (1.3), (1.5), and (1.2),

(7.6)

Q(a, s^′) Q(a, s) = 1 K Q(a, r^′) Q(a, r) , and (7.7)

∂Q(a, r) ∂r = 2 ∞∑ n=1 na_n (n!)^2 r^{2n− 1},

∂Q(a, r) ∂a = ∞∑ n=1 a_n b_n (n!)^2 r^{2n} .

By (7.7), it follows from (7.6) and logarithmic differentiation with respect to a that 1 Q(a, s^′) [ ∂Q(a, s^′) ∂a − s s^′

∂Q(a, s^′) ∂s^′ ds da ] − 1 Q(a, s) [ ∂Q(a, s) ∂a + ∂Q(a, s) ∂s ds da ]

= 1 Q(a, r^′)

∂Q(a, r^′) ∂a − 1 Q(a, r)

∂Q(a, r) ∂a , and hence, by simplification,

(7.8) [ s s^′Q(a, s^′)

∂Q(a, s^′) ∂s^′ + 1 Q(a, s)

∂Q(a, s) ∂s ] ds da = [Q_1(a, s^′) − Q_1(a, r^′)] + [Q_1(a, r) − Q_1(a, s)], where

(7.9) Q_1(a, x) = 1 Q(a, x)

∂Q(a, x) ∂a = ∑_∞

n=1 α_n x^{2n}

∑_∞

n=0 β_n x^{2n} = ∑_∞

n=0 α_n x^{2n}

∑_∞

n=0 β_n x^{2n} , and where α_n = a_n b_n (n!)^{− 2} and β_n = a_n (n!)^{− 2}. Since

α_n β_n

= b_n = ψ(1 − a) − ψ(a) − (1 − 2a) ∞∑ k=0 1 (a + n + k)(1 − a + n + k)

(cf. [Ah, p. 198]), which is clearly increasing in n, it follows from [PV, Lemma 2.1] that Q_1(a, x) is increasing in x on (0,1). Since ∂Q(a, x)/∂x > 0 by Theorem 4.1(1), and since s > r (s < r, respectively) for K > 1 (K < 1, respectively), the monotoneit y properties of h and h_1 in a follow from (7.8).

Finally, let t = h_1(a, r) = φ^a_{1/K} (r). Then by Lemma 6.1 (1), t = √ 1 − h(a, r^′)^2, and hence t_0 = √ 1 − h(0+ ,r^′)^2 = √ 1 − s_0(r^′)^2. □

7.10. Problem. Find the limit lim_{a→ 0+} φ^a_K (r), for fixed r ∈ (0,1) and K > 0.

Ackno wledgmen ts. This work was carried out during the visits of the third and fourth authors to Michigan State University, USA, and that of the third author to the University of Helsinki, Finland, and the Hangzhou Institute of Electronics Engineering, China. The authors would like to thank these institutions and the University of Auckland, the Academy of Finland, and the Finnish Mathematical Association for hospitalit y and support.

References

[AS] M. Abramo witz and I. A. Stegun, editors : Handbook of Mathematical Functions with Formulas, Graphs and Mathematic al Tables, Dover, New York, 1965.

[Ah] L. V. Ahlf ors : Complex Analysis, 2nd ed., McGraw-Hill, New York, 1966.

[ABRVV] G. D. Anderson, R. W. Barnard, K. C. Richards, M. K.

Vamanamur thy, and M. Vuorinen : Inequalities for zero-balanced hypergeometric functions , Trans. Amer. Math. Soc. 347 (1995), 1713– 1723.

[AVV] G. D. Anderson, M. K. Vamanamur thy, and M. Vuorinen : Conformal Invariants, Inequalities, and Quasiconformal Maps, John Wiley & Sons, New York, 1997.

[Ask] R. Askey : Ramanujan and hypergeometric and basic hypergeometric series, Raman ujan Internat. Symposium on Analysis, December 26–28, 1987, ed. by N. K. Thakare, 1–83, Pune, India, Russian Math. Surveys 451 (1990), 37–86.

[BPV] R. Balasubramanian, S. Ponnusamy and M. Vuorinen : Functional inequalities for the quotients of hypergeometric functions , J. Math. Anal. Appl. 218 (1998), 256–268.

[Ba] Ba teman Manuscript Pr oject, (ed. A. Erdélyi, W. Magnus, F.

Oberhettinger, and F G. Tricomi): Higher Transcendental Functions , Vol. I, McGraw-Hill, New York, 1953.

[Be1] B. C. Berndt : Ramanujan ’s Notebooks, Vol. I, Springer-Verlag, Berlin – Heidelberg – New York, 1985.

[Be2] B. C. Berndt : Ramanujan ’s Notebooks, Vol. II, Springer-Verlag, Berlin – Heidelberg – New York, 1989.

[Be3] B. C. Berndt : Ramanujan ’s Notebooks, Vol. III, Springer-Verlag, Berlin – Heidelberg – New York, 1991.

[BBG] B. C. Berndt, S. Bhar ga va, and F. G. Gar van : Ramanujan ’s theories of elliptic functions to alternative bases, Trans. Amer. Math. Soc. 347 (1995), 4163–4244.

[BB1] J. M. Bor wein and P. B. Bor wein : Pi and the AGM, John Wiley & Sons, New York, 1987.

[BB2] J. M. Bor wein and P. B. Bor wein : A cubic counterp art of Jacobi’s identity and the AGM, Trans. Amer. Math. Soc. 323 (1991), 691–701.

[Bo] F. Bo wman : Intr oduction to Elliptic Functions with Applications , Dover, New York, 1961.

[BF] P. F. Byrd and M. D. Friedman : Handbook of Elliptic Integrals for Engineers and Physicists , 2nd ed., Die Grundlehren Math. Wiss. 67, Springer-Verlag, Berlin–G¨ottingen–Heidelb erg–New York, 1971.

[Di] A. L. Dix on : Generalizations of Legendre’s formula KE^′ − (K − E)K^′ =^1_2π, Pro c. London Math. Soc. (2) 3 (1905), 206-224.

[Du] P. L. Duren : The Legendre relation for elliptic integrals, in Paul Halmos: Celebrating 50 Years of Mathematics, ed. by J. H. Ewing and F. W. Gehring, Springer-Verlag, New York, 1991, 305–315.

[El] E. B. Elliott : A formula including Legendre’s EK^′+ KE^′− KK^′ = 1 2π, Messenger of Math. 33 (1904), 31–40.

[Ga] F. G. Gar van : Ramanujan ’s theories of elliptic functions to alternative bases–a symbolic excursion , J. Symbolic Comput. 20 (1995), 517–536.

[LV] O. Lehto and K. I. Vir t anen : Quasiconformal Mappings in the Plane , 2nd ed., Die Grundlehren der Math. Wiss. 126, Springer-Verlag, New York–Berlin, 1973.

[Mark] A. I. Markushevich : Theory of Functions of a Complex Variable , Vol. II, Pren tice-Hall, Englewood Cliffs, NJ, 1965.

[Mart] G. J. Mar tin : The distortion theorem for quasiconformal mappings, Schottky’s theorem and holomorphic motions , Pro c. Amer. Math. Soc. 125 (1997), 1095–1103.

[Mi] W. Miller, Jr.: Symmetry and separation of variables, With a foreword by Richard Askey. Encyclop edia of Mathematics and its Applications. Vol. 4. Reading, Massachusetts: Addison-W esley Publishing Compan y. XXX, 1977.

[PV] S. Ponnusamy and M. Vuorinen : Asymptotic expansions and inequalities for hypergeometric functions , Mathematik a 44 (1997), 278- 301.

[QVu1] S.-L. Qiu and M. Vuorinen : Landen inequalities for hypergeometric functions , Preprin t 116 (1996), Departmen t of Mathematics, University of Helsinki.

[QVu2] S.-L. Qiu and M. Vuorinen : Duplication inequalities for the ratios of hypergeometric functions , Preprin t 118 (1996), Departmen t of Mathematics, University of Helsinki.

[QVu3] S.-L. Qiu and M. Vuorinen : Infinite products and the normalize d quotients of hypergeometric functions , Preprin t 140 (1997), Departmen t of Mathematics, University of Helsinki.

[R] E. D. Rainville : Special Functions , MacMillan, New York, 1960.

[Var] V. S. Varad arajan : Linear meromorphic differ ential equations: A modern point of view, Bull. Amer. Math. Soc. 33 (1996), 1–42.

[WW] E. T. Whitt aker and G. N. Watson : A Course of Modern Analysis, 4th ed., Cambridge Univ. Press, London, l958.

ANDERSON: Departmen t of Mathematics Michigan State University East Lansing, MI 48824, USA email: anderson@math.msu.edu FAX: +1-517-432-1562

QIU: Hangzhou Institute of Electronics Engineering Hangzhou 310037, P. R. CHINA FAX: 086-571-8077232

VAMANAMURTHY: Departmen t of Mathematics University of Auckland Auckland, NEW ZEALAND email: vamanamu@math.auckland.nz FAX: +649-373-7457

VUORINEN: Departmen t of Mathematics University of Helsinki P.O. Box 4 (Yliopistonkatu 5) FIN-00014, FINLAND e-mail: vuorinen@csc.fi FAX: +358-9-19123213

47