Separable determination of integrabilit y and minimalit y of the Clarke

subdifferen tial mapping

Jonathan M. Borwein^∗ CECM, Departmen t of Mathematics and Statistics, Simon Fraser University, Burnab y, BC V5A 1S6, Canada

Warren B. Moors Departmen t of Mathematics, The University of Auckland, Private Bag 92019, Auckland, New Zealand

September 30th, 1997

Abstract In this paper we show that the study ofintegrabilit y and D-represen tabilit y of Lipschitz functions defined on arbitrary Banach spaces reduces to the study of these properties on separable Banach spaces.

Keyw ords : Separable reduction, Integrabilit y, D-represen tabilit y, Minimal cusco.

AMS (1991) sub ject classification : Primary: 49J520; 46N10 Secondary: 58C20.

∗Research supported by NSERC and the Shrum Endowment at Simon Fraser University. 1

1 In tro duction.

One of the key tools of Non-smooth anaylsis is the generalized derivative and one of the first and best known generalized derivative is the Clarke generalized derivative [6]. However, inspite of having enjoyed widespread utilit y the Clarke derivative has attracted its fair share of detractors. Their main objection to this derivative is that in general the Clarke gradient mappings is just too large to reveal any fine structure. This critisim is of course not without some basis. Indeed, even on IR there exist (uncountable many distinct, by more than an additiv e constant) Lipschitz functions f : IR → IR such that ∂f (x) ≡ [0,1] on IR. Clearly, for such functions the Clarke derivative yields very little information. On the other hand, one could argue that such pathological functions do not naturally arise. This argument is supported by the fact that it has recently been shown that there is a large class of locally Lipschitz functions for which the Clarke derivative is well-behaved. Indeed, in the papers [2], [3] and [4] the authors demonstrate that there is a large robust class of locally Lipschitz functions whose members are: (i) D-representable, that is, they are Gâteaux differentiable on some dense subset D of their domain and their Clarke subdifferential mapping may be recovered by using the derivatives chosen from any dense subset of D; (ii) Integrable, that is, they may be determined up to an additiv e constant from their Clarke sudifferential mapping - at least on the connected components of their domain. In this paper we show that the study of integrabilit y and D-representabilit y reduces to the study of these properties on separable Banach spaces. In this way we may extend many of the results in [2] to arbitrary Banach spaces and make use of the Rademacher-type theorems that exist on separable Banach spaces. (Note that for a densely Gâteaux differentiable Lipschitz function, D-representabilit y is equivalent to minimalit y of the Clarke subdifferential mapping, [2].) We begin with some preliminary definitions. A real-valued function f defined on a non-empt y open subset A of a Banach space X is said to be locally Lipschitz on A, if for each x_0 ∈ A there exists a K > 0 and a δ > 0 such that |f (x) − f (y)| ≤ K‖x − y‖ for all x, y ∈ B(x_0,δ). For functions in this class, it is sometimes instructiv e to consider the following directional derivatives:

(i) The upper Dini derivative at x ∈ A in the direction y, given by:

f^+ (x;y) ≡ limsup_{λ→ 0+} f (x + λy) − f (x) λ (ii) The Clarke generalized directional derivative at x ∈ A in the direction y, given by: f^0(x;y) ≡ limsup_{z→ x} f^+ (z;y)

Associated with the Clarke generalized directional derivative is the Clarke subdifferential mapping, which is defined by:

∂f (x) ≡ {x^∗ ∈ X^∗ : ⟨x^∗,y⟩ ≤ f^0(x;y) for each y ∈ X}.

The next definition required in order to formulate our two main theorems is that of a ‘rich’ family of separable subspaces. Let X be a normed linear space. We will call a family F of closed separable subspaces of X rich if: ∗_1 For each increasing sequence of closed separable subspaces {Y_n : n ∈ IN} in F , ⋃ {Y_n : n ∈ IN} ∈ F ;

∗_2 For each separable subspace Y^0 of X there exists a Y ∈ F such that Y^0 ⊆ Y.

Prop osition 1.1 Let X be a normed linear space and let {F_n : n ∈ IN} be rich families of closed separable subspaces of X. Then F = ⋂ {F_n : n ∈ IN} is also a rich family of closed separable subspaces of X.

Pro of: Clearly F satifies ∗_1 so it remains to show that F satisfies ∗_2. To this end let Y^0 be any separable subspace of X. We proceed from here by induction. At the first step we choose Y^1_1 ∈ F_1 so that Y^0 ⊆ Y^1_1 . Now after the first n-steps of the induction have been completed we will have constructed an increasing sequence of closed separable subspaces,

Y^0 ⊆ Y^1_1 ⊆ Y^2_1 ⊆ Y^2_2 ⊆ Y^3_1 ⊆ . . . Y^n_1 ⊆ Y^n_2 ⊆ . . . Y^n_n

so that Y^m_j ∈ F_j for each 1 ≤ j ≤ m ≤ n. At the next step we choose closed separable subspaces Y^{n+1}_j ∈ F_j , 1 ≤ j ≤ n + 1 such that:

Y^n_n ⊆ Y^{n+1}_1 ⊆ Y^{n+1}_2 ⊆ . . . Y^{n+1}_{n+1}

This completes the induction. Let Y ≡ ⋃ {Y^n_n : n ∈ IN}, then Y^0 ⊆ Y and for each j ∈ IN, Y = ⋃ {Y^n_j : j ≤ n} ∈ F_j . Therefore, Y^0 ⊆ Y ∈ ⋂ {F_n : n ∈ IN} = F ; which shows that F is rich. � For a real-valued locally Lipschitz function f defined on a non-empt y open subset A of a Banach space X we shall denote by F_f the family of all those closed separable subspaces Y of X for which there exists a countable dense subset S of (A ∩ Y) × Y with the property that for each (x, y,m) ∈ S × IN, sup{f^+ (z;y) : z ∈ B(x, 1/m) ∩ A} = sup{f^+ (z;y) : z ∈ B(x, 1/m) ∩ A ∩ Y}

Prop osition 1.2 Let f be a real-valued locally Lipschitz function defined on a non-empty open subset A of a Banach space X. Then F_f is a rich family of closed separable subspaces of X.

Pro of: With a moments thought one can see that F_f satisfies ∗_1. Therefore it remains to show that F_f satisfies ∗_2. To this end let Y^0 be any separable subspace of X. (Note that by possibly making Y^0 larger we may assume A∩ Y^0 ≠ ∅ ). We proceed by induction. At the first step we choose a countable dense subset S^1 of (A∩ Y^0)× Y^0. Then for each (x, y,m) ∈ S^1 × IN we select a countable set C^1_{(x,y,m)} ⊆ B(x, 1/m) ∩ A so that:

sup{f^+ (z;y) : z ∈ B(x, 1/m) ∩ A} = sup{f^+ (z;y) : z ∈ C^1_{(x,y,m)}}

and set Y^1 ≡ sp ⋃ {C^1_{(x,y,m)} : (x, y,m) ∈ S^1 × IN}. Now after the first n steps of the induction have been completed we will have constructed countable sets S^1,S^2, . . . S^n and closed separable subspaces Y^0 ⊆ Y^1 ⊆ Y^2 ⊆ . . . Y^n with the property that for each 1 ≤ j ≤ n and (x, y,m) ∈ S^j × IN, S^j is dense in (A ∩ Y^{j − 1}) × Y^{j − 1} and

sup{f^+ (z;y) : z ∈ B(x, 1/m) ∩ A} = sup{f^+ (z;y) : z ∈ B(x, 1/m) ∩ A∩ Y^j }

At the next step we choose a countable dense subset S^{n+1} of (A∩ Y^n ) × Y^n . Then for each (x, y,m) ∈ S^{n+1} × IN we select a countable set C^{n+1}_{(x,y,m)} ⊆ B(x, 1/m) ∩ A so that:

sup{f^+ (z;y) : z ∈ B(x, 1/m) ∩ A} = sup{f^+ (z;y) : z ∈ C^{n+1}_{(x,y,m)}}

and set Y^{n+1} ≡ sp ⋃ {C^{n+1}_{(x,y,m)} : (x, y,m) ∈ S^{n+1} × IN}. This completes the induction. Let Y ≡ ⋃ {Y^n : n ∈ IN} and S ≡ ⋃ {S^n : n ∈ IN}. It is now easy to see that S is dense in (A ∩ Y) × Y and that:

sup{f^+ (z;y) : z ∈ B(x, 1/m) ∩ A} = sup{f^+ (z;y) : z ∈ B(x, 1/m) ∩ A ∩ Y} for each (x, y,m) ∈ S × IN. Therefore, Y^0 ⊆ Y ∈ F_f ; which shows that F_f is rich. �

Remark 1.1 Note that for each Y ∈ F_f and each (x, y) ∈ (A ∩ Y) × Y f^0(x;y) = (f |_{A∩ Y})^0(x;y) and so we have that: ∂(f |_{A∩ Y})(x_0) = {y^∗ ∈ Y^∗ : y^∗ = x^∗|_Y and x^∗ ∈ ∂f (x_0)} for each x_0 ∈ A ∩ Y.

2 Separable reduction

Given a topological space A and a normed linear space X, a set-valued mapping Φ from A into non-empt y subsets of the dual of X is called a weak^∗ cusco on A if: (i) For each x ∈ A, Φ( x) is weak^∗ compact and convex; (ii) For each weak^∗ open subset W of X^∗, {x ∈ A : Φ( x) ⊆ W} is open. Moreover, Φ is called a minimal weak^∗ cusco on A if its graph does not properly contain the graph of any other weak^∗ cusco on A (see [7] for more information). A closely related notion for real-vauled functions is the following. A real-valued function f defined on A is said to be quasi lower semi-continuous on A if for each r ∈ IR, f^{− 1}((r,∞ )) is semi-open in A. Recall that a subset B of a topological space is called semi-open if B ⊆ intB.

Lemma 2.1 ([2], Theorem 3.3) Let f be a real-valued locally Lipschitz function defined on a non-empty open subset A of a Banach space X. Then x → ∂f (x), is a minimal weak^∗ cusco on A if, and only if, for each y ∈ X, the mapping x → f^+ (x;y) is quasi lower semi-continuous on A.

We now present the first of our two main theorems.

Theorem 2.1 Let f be a real-valued locally Lipschitz function defined on a non-empty open subset A of a Banach space X. Then, x → ∂f (x), is a minimal weak^∗ cusco on A if, and only if, there exists a rich family F of closed separable subspaces of X, such that, x → ∂(f |_{A∩ Y})(x), is a minimal weak^∗ cusco on A ∩ Y for each Y ∈ F with A ∩ Y ≠ ∅ .

Pro of: Let F_M be some rich family of closed separable subspaces of X, such that x → ∂(f |_{A∩ Y})(x) is a minimal weak^∗ cusco on A ∩ Y for each Y ∈ F_M with A∩ Y ≠ ∅ . Let us suppose, for the purp ose of obtaining a contradiction that x → ∂f (x) is not a minimal weak^∗ cusco on A. That is, let us suppose that there is a weak^∗ cusco Φ : A → 2^{X ∗} whose gragh is properly contained in that of ∂f . It follows then, via a separation argument in (X, weak^∗), that we may find a point x_0 ∈ A and a direction y ∈ X so that:

max ŷ(Φ( x_0)) < max ŷ(∂f (x_0))

Let Y^0 ≡ sp{x_0,y} and choose and Y ∈ F_M ∩ F_f so that Y^0 ⊆ Y ⊆ X. Then define Φ_Y : A ∩ Y → 2^{Y∗} by Φ_Y(x) ≡ {y^∗ ∈ Y^∗ : y^∗ = x^∗|_Y and x^∗ ∈ Φ( x)}. Clearly, Φ is a weak^∗ cusco and Φ_Y(x) ⊆ ∂(f |_{A∩ Y})(x) for each x ∈ A ∩ Y because Y ∈ F_f . In fact, Φ_Y = ∂(f |_{A∩ Y}) since Y ∈ F_M . This however is impossible because,

max ŷ(Φ_Y(x_0)) = max ŷ(Φ( x_0)) < max ŷ(∂f (x_0)) = max ŷ(∂f |_{A∩ Y}(x_0))

Therefore Φ must indeed be a minimal weak^∗ cusco on A. We now consider the converse. Let {r_n : n ∈ IN} be an enumeration of the rational numbers. For each (y,n) ∈ X × IN let us denote by A_{(y,n)} ≡ {x ∈ A : f^+ (x;y) > r_n }. We note that since x → ∂f (x) is a minimal weak^∗ cusco on A, each set A_{(y,n)} is semi-open in X. Let use denote by F_M the family of all those closed separable subspaces Y of X for which there is a countable dense subset S of (A∩ Y) × Y such that: B(x, 1/m) ∩ A_{(y,n)} ≠ ∅ if, and only if, B(x, 1/m)∩ intA_{(y,n)} ∩ Y ≠ ∅ for each (x, y,n, m) ∈ S × IN^2. It follows in a similar manner to the proof of Prop osition 1.2 that F_M is rich. So we are left with showing that for each Y ∈ F_M , x → ∂(f |_{A∩ Y})(x) is a minimal weak^∗ cusco on A∩ Y. Fix Y ∈ F_M and let S be the countable dense subset of (A ∩ Y) × Y given by the definition of F_M . It follows from Lemma 2.1 that we need to show that for each (y,n) ∈ Y × IN, A^Y_{(y,n)} ≡ A_{(y,n)} ∩ Y is semi-open in Y. So let us fix (y_0,n_0) ∈ Y × IN and consider the set A^Y_{(y0,n 0)}. If A^Y_{(y0,n 0)} = ∅ then we are done. So let us suppose that A^Y_{(y0,n 0)} ≠ ∅ . Let x_0 ∈ A^Y_{(y0,n 0)} and let V be any neighbourhood of x_0. We may, without loss of generality, assume that f is Lipschitz on V with Lipschitz constant K. Let ε ≡ 1/2(f^+ (x_0;y_0) − r_{n0} ) > 0. Next we choose (x, y,m) ∈ S × IN so that x_0 ∈ B(x, 1/m) ⊆ V and ||y − y_0|| < ε/K. Then f^+ (x_0;y) > r_n > f^+ (x_0;y_0) − ε for some n ∈ IN, and so B(x, 1/m) ∩ A^Y_{(y,n)} ≠ ∅ . Therefore, by the definition of S, B(x, 1/m)∩ intA^Y_{(y,n)} ≠ ∅ . Now for each z ∈ B(x, 1/m)∩ intA^Y_{(y,n)}, f^+ (z;y_0) > f^+ (z;y) − ε > r_n − ε > f^+ (x_0;y_0) − 2ε = r_{n0} .

Hence, ∅ ≠ B(x, 1/m)∩ intA^Y_{(y,n)} ⊆ intA^Y_{(y0,n 0)} ∩ V; which shows that A^Y_{(y0,n 0)} is semi-open in Y. �

Let f be a real-valued locally Lipschitz function defined on a non-empt y open subset A of a Banach space X. Then we say that f is integrable on A if ∂(f − g)(x) ≡ {0} for each real-valued locally Lipschitz function g defined on A with ∂g(x) ⊆ ∂f (x) for all x ∈ A. It is easy to see that this is equivalent to saying that f − g ≡ constant on each of the connected components of A, whenever ∂g(x) ⊆ ∂f (x) for all x ∈ A. This of course implies that f is integrable on A if, and only if, the appropriate restriction of f is integrable on each of the connected components of A.

Lemma 2.2 Let f be an integrable real-valued locally Lipschitz function defined on a non-empty open connected subset A of a Banach space X. Then for each (x_0,y_0,ϵ_0) ∈ A × A × (0,∞ ) there is a finite dimensional subspace Y_{(x0,y0,ϵ0)}, containing the points x_0 and y_0, such that if g is any locally Lipschitz function defined on A ∩ Y_{(x0,y0,ϵ0)} with g^0(x;y) ≤ f^0(x;y) for each (x, y) ∈ (A ∩ Y_{(x0,y0,ϵ0)}) × Y_{(x0,y0,ϵ0)} then g(x_0) − g(y_0) < f (x_0) − f (y_0) + ϵ_0.

Pro of: Fix (x_0,y_0,ε_0) ∈ A× A× (0,∞ ) and let us suppose, for the purp ose of obtaining a contradiction, that the conclusion of the lemma is false. Let D be the family of all the finite dimensional subspaces Y of X that contain the points x_0 and y_0. Then (D,⊆ ) is an upwardly directed set. Now, by our assumption there exists, for each Y ∈ D, a locally Lipschitz function g_Y : A ∩ Y → IR such that g^0_Y(x;y) ≤ f^0(x;y) for all (x, y) ∈ (A ∩ Y) × Y while, g_Y(x_0) − g_Y(y_0) ≥ f (x_0) − f (v_0) + ε_0

(Note that we may, and do, assume g_Y(x_0) = 0 for all Y ∈ D). For each such function we consider the following extension, g̃_Y : A → IR, defined by:

g̃_Y(x) = { g_Y(x) if x ∈ A ∩ Y 0 otherwise

Thus, (g̃_Y : D) is a net in (IR_e)^A - which is compact. Therefore, (g̃_Y : D) has a convergent subnet which converges to some element g ∈ (IR_e)^A. It is now routine to check that g is real-valued and locally Lipschitz on A. In fact, one can show that ∂g(x) ⊆ ∂f (x) for each x ∈ A. On the other hand, g(x_0) − g(y_0) ≥ f (x_0) − f (y_0) + ε_0; which is impossible since f is integrable on A. Hence the statemen t of the lemma must in fact be true. �

We now present the second of our two main theorems.

Theorem 2.2 Let f be a real-valued locally Lipschitz function defined on a non-empty open subset A of a Banach space X. Then f is integrable on A if, and only if, there exists a rich family F of closed separable subspaces of X, such that f |_{A∩ Y} is integrable on A ∩ Y for each Y ∈ F with A ∩ Y ≠ ∅ .

Pro of: Let F_I be some rich family of closed separable subspaces of X such that for each Y ∈ F_I with A ∩ Y ≠ ∅ , f_{A∩ Y} is integrable on A ∩ Y. Furthermore, let F = F_I ∩ F_f and let g be any real-valued locally Lipschitz function defined on A such that ∂g(x) ⊆ ∂f (x) for each x ∈ A. It follows immediately from the definition of F_I and Remark 1.1 that for each Y ∈ F , f |_{A∩ Y} − g|_{A∩ Y} ≡ constant on each of the connected components of A ∩ Y. Now with some thought it should eventually become clear that this implies f − g ≡ constant on each of the connected components of A. This shows that f is integrable on A. We now consider the converse. Let {A_γ : γ ∈ Γ} denote the connected components of A and let F_I denote the family of all the closed separable subspace Y of X for which there is a countable subset S of: ⋃ {(A_γ ∩ Y) × (A_γ ∩ Y) × (0,∞ ) : γ ∈ Γ and A_γ ∩ Y ≠ ∅}

such that Y_{(x,y,ε)} ⊆ Y for each (x, y,ε) ∈ S. (Note: if Y is any separable subspace of X then {γ ∈ Γ : A_γ ∩ Y ≠ ∅} is at most countable). As in Theorem 2.1, the proof that F_I is a rich family is similar to the proof of Prop osition 1.2. It should also be clear that for each Y ∈ F_I with A∩ Y ≠ ∅ , f |_{A∩ Y} is integrable on A ∩ Y. �

We now present a few simple consequences of Theorems 2.1 and 2.2. Let X be a separable Banach space, then a Borel subset N is a Haar-null set if there is a Borel probabilit y measure p on X such that x+ N is p-null for all x ∈ X. It is well-known that the Haar-null sets are closed under translation and countable unions and moreover, it is known that the complement of any Haar-null set is dense in X, [5]. We shall call a real-vauled locally Lipschitz function f defined on a non-empt y open subset A of X essentially smooth if

{x ∈ A : ∂f (x) is not a singleton} is a Haar-null set, and we shall denote by S_e(A) the set of all the essentially smooth locally Lipschitz functions on A. In [2] it is shown that the essentially smooth functions are both integrable and D-representable. For a non-empt y open subset A of an arbitrary Banach space X we shall denote by R_e(A) the family of all those locally Lipschitz functions f on A for which there is a rich family F (possibly depending on f ) of closed separable subspaces Y of X such that f |_{A∩ Y} ∈ S_e(A ∩ Y) for each Y ∈ F with A ∩ Y ≠ ∅ . It follows then that each member of R_e(A) is integrable and possesses a minimal Clarke subdifferential mapping. In fact we have the following even stronger result.

Prop osition 2.1 Let f and g be real-valued locally Lipschitz functions defined on a non-empty open subset A of a Banach space X. (a) If x → ∂f (x) is a minimal weak^∗ cusco on A and g ∈ R_e(A), then x → ∂(f + g)(x) is a minimal weak^∗ cusco on A. (b) If f is integrable on A and g ∈ R_e(A) then f + g is integrable on A.

Pro of: In light ofTheorems 2.1 and 2.2 we may assume that X is separable. (a) follows from Prop osition 8.2 part (i) in [2]. (b) Suppose that h : A → IR is locally Lipschitz on A and ∂h(x) ⊆ ∂(f + g)(x) for all x ∈ A. Then:

∂(h − g)(x) ⊆ ∂h(x) − ∂g(x) ⊆ ∂(f + g)(x) − ∂g(x) ⊆ ∂f (x) + ∂g(x) − ∂g(x)

Now, ∂g(x) − ∂g(x) = {0} except on a Haar-null set. Therefore, by Prop osition 2.2 in [8] we have that ∂(h − g)(x) ⊆ ∂f (x) for all x ∈ A. The result should now be clear. �

Remark 2.1 In contrast to Proposition 2.1 it is shown in [2] that neither integrability nor D-representability is closed under addition.

Prop osition 2.2 Let A be a non-empty open subset of a Banach space X, then R_e(A) is closed under addition, subtraction, multiplication and division (when this is defined), as well as, both of the lattice operations. Moreover, R_e(A) contains all the pseudo-regular and semi-smooth locally Lipschitz functions defined on A.

Pro of: This follows directly from Theorems 2.1 and 2.2 and Theorem 3.12 in [1], see [2] for the definition of semi-smooth and pseudo-regular. �

Thanks are due to the referee of [2] whose incisive comments formed the genesis of this paper.

References

[1] J. M. Borwein, “Minimal cuscos and subgradien ts of Lipschitz functions,” in Fixed Point Theory and Its Applications , (J. B. Baillion and M. Thera, Eds.), Pitman Lecture Notes in Math., pp. 57–82, Longman, Essex, UK, 1991.

[2] J. M. Borwein and W. B. Moors, “Essen tially smooth Lipschitz functions,” J. Funct. Anal. (to appear).

[3] J. M. Borwein and W. B. Moors, “Haar-n ull sets and essentially smooth Lipschitz functions,” SIAM J. Optim. (to appear).

[4] J. M. Borwein and W. B. Moors, “Lipsc hitz functions with minimal Clarke subdifferential mappings,” Proc. Optim. Mininconference III: The Uni. Melbourne, July 18 1996; eds. B. M. Glover, B. D. Craven and D. Ralph, Ballarat, Vic. Uni. Ballarat (1997), 5–12.

[5] J. P. R. Christensen,“On sets of Haar measure zero in Abelian groups,” Israel J. Math. 13 (1972), 255–260.

[6] F. H. Clarke, Optimization and Nonsmooth Analysis, John Wiley, New York (1971).

[7] W. B. Moors, “A characterisation of minimal subdifferential mappings of locally Lipschitz functions,” Set-Valued Analysis 3 (1995), 129–141.

[8] L. Thibault, “On generalized differentials and subdifferentials ofLipschitz vector-valued functions,” Nonlinear Anal. 6 (1982), 1037–1053.