DADE’S INVARIANT CONJECTURE FOR CHEVALLEY GROUPS G_2(q) IN NON-DEFINING CHARACTERISTICS

JIANBEI AN

Intr oduction

Let G be a finite group, r a prime and B an r-block. Dade in [12] raised several conjectures on counting the number of ordinary irreducible characters in B and announced that his final conjecture can be confirmed by verifying it for all non-ab elian finite simple groups. The ordinary conjecture was verified in [4]for the Chevalley groups G_2(q) in nondefining characteristics. In this paper, we prove the invariant conjecture for G_2(q) when r is distinct from the characteristic of the group. This implies that Dade’s final conjecture holds in this case when q ≠ 3 and 4.

We fix some notation and state the invariant conjecture in Section 1. Using the geometry and subgroup structures of the Chevalley groups of type G_2 given by Aschbacher [5], we determine the stabilizers in the automorphism group of radical chains of the G_2(q)- invariant subfamily R^0(G_2(q)) given in [4]. We prove Dade’s invariant conjecture for G_2(q) when r is odd and even in Sections 3 and 4, respectively.

1. Dade’s invariant conjecture

We shall follow the notation of [12]. Given an r-subgroup chain

C : P_0 < P_1 < ···< P_n (1.1)

of a finite group G, define |C| = n, C(C) = C(P_n ) = C_G (P_n ) and

N(C) = N_G (C) = N(P_0) ∩ N(P_1) ∩ ···∩ N(P_n ), (1.2)

where N(P_i) is the normalizer N_G (P_i) of P_i in G. In addition, let

C_k : P_0 < P_1 < ···< P_k and C^k : 1 < P_{k+1} < ···< P_n , 0 ≤ k ≤ n − 1.

AMS sub ject classification: 20C20 and 20G40

The chain C is said to be radical if

(a) P_0 = O_p(G) and (b) P_k = O_p(C_k ) for 1 ≤ k ≤ n. Denote by R = R(G) the set of all radical r-chains of G.

Let Irr(G) be the set of irreducible ordinary characters of G, Blk(G) the set of r-blocks of G, D(B) a defect group of B ∈ Blk(G), Irr(B) the set of irreducible ordinary characters of B and Irr^i(B) the characters of Irr(B) with height i.

If Z(G) = 1, we can identify G with its inner automorphism group Inn(G), so that G E A = Aut(G) and O = Out (G) = A/G. Let N_A (C) be the stabilizer of C in A, and N_A (C,ψ) the stabilizer of ψ ∈ Irr(N(C)) in N_A (C), so that N(C) ≤ N_A (C,ψ). Thus

N_A (C,ψ)/N_G (C) ≃ N_O (C,ψ) = N_A (C,ψ)G/G.

Given B ∈ Blk(G), C ∈ R(G), an integer d ≥ 0 and U ≤ O, let Blk(N(C)|B) = {b ∈ Blk(N(C)) : b^G = B}, and let k(N(C),B,d,U) be the number of characters in the set

Irr(N(C),B,d,U) = { ψ ∈ Irr(N(C)) : B(ψ)^G = B, N_O (C,ψ) = U, d(ψ) = d } (1.3)

where B(ψ) is the block of N(C) containing ψ and d(ψ) is the r-defect of ψ. The following is Dade’s invariant conjecture (when Z(G) = 1), [12, 2.5]:

Dade’s In varian t Conjecture If O_p(G) = 1 and B is an r-block of G with defect d(B) > 0, then for any integer d ≥ 0 and any subgroup U ≤ Out (G), ∑ C ∈R /G

(− 1)^{|C |} k(N(C),B,d,U) = 0, (1.4)

where R/G is a set of representatives for the G-orbits in R.

If O = Out (G) is cyclic, then U is determined uniquely by its order |U|. We set k(N(C),B,d,|U|) = k(N(C),B,d,U).

2. Stabilizers of radical chains The notation and terminology of Section 1 are continued in this section. Let p be a prime distinct from r, q = p^e for some positive integer e ∈ N and F_q the field of q elements. Following the notation of [5], we denote V a 7-dimensional linear space over F_q with basis

X = {x_0,x_i,x^′_i : 1 ≤ i ≤ 3}.

and we identify GL(V) with GL_7(q) with respect to X. Let f and B be, respectively the alternating trilinear and symmetric bilinear form on V whose monomials in the basis X are f = x_0x_1x^′_1 + x_0x_2x^′_2 + x_0x_3x^′_3 + x_1x_2x_3 + x^′_1x^′_2x^′_3, B = − 2x^2_0 + x_1x^′_1 + x_2x^′_2 + x_3x^′_3.

If p ≠ 2, then denote also by B the quadratic form determined by B. If p = 2, then let B be the quadratic form associated to the bilinear form B such that B(x_0) = 1 and B(x_i) = B(x^′_i) = 0 for i ≥ 1. Define

U_3 = ⟨x_0,x_3,x^′_3⟩, U_4 = ⟨x_1,x_2,x^′_1,x^′_2⟩, V_3 = ⟨x_1,x_2,x_3⟩, V^′_3 = ⟨x^′_1,x^′_2,x^′_3⟩, V_6 = V_3 + V^′_3 .

By [5, (3.4)], the group O(V,f ,B) of all isometries of f and B is isomorphic to G_2(q). In particular, |O(V,f ,B)| = q^6(q − 1)^2(q + 1)^2(q^2 + q + 1)(q^2 − q + 1).

Let F_q2 be a quadratic extension of F_q, α the Frobinenius automorphism of F_q2 , so that α(t) = t^p for all t ∈ F_q2 and F_q is the fixed-p oint set C_{Fq2} (α^e) of α^e. Thus |α| = 2e in Aut(F_q2 ) and α(F_q) = F_q. In addition, α can be viewed as the Frobinenius automorphism ofF_q, so that |α| = e in Aut(F_q). Moreover, α induces a field automorphism, which is also denoted by α, of GL(F_q2 ⊗ V) = GL_7(q^2) of order 2e, and it also induces a semilinear map, denoted again by α on F_q2 ⊗ V, which stabilizes V. Thus if v = a_0x_0 + a_1x_1 + a_2x_2 + a_3x_3 + a^′_1x^′_1 + a^′_2x^′_2 + a^′_3x^′_3 ∈ F_q2 ⊗ V, then

α(v) = α(a_0)x_0 + α(a_1)x_1 + α(a_2)x_2 + α(a_3)x_3 + α(a^′_1)x^′_1 + α(a^′_2)x^′_2 + α(a^′_3)x^′_3.

In particular, α(V_3) = V_3 and α(U_4) = U_4. Let K = SL(V_3) be the subgroup of GL(V) defined by [5, (2.3)], so that α(K) = K. Let g(t) and r(1) be the elements of GL(V) whose matrices with respect to the ordered basis {x_1,x^′_2,x_2,x^′_1} are

g(t) =

1 0 0 0 t 1 0 0 0 0 1 0 0 0 − t 1

, r(1) =

0 1 0 0 − 1 0 0 0 0 0 0 − 1 0 0 1 0 and with respect to the ordered basis {x_3,x_0,x^′_3} are

g(t) =

1 t t^2 0 1 2t 0 0 1

, r(1) =

0 0 1 0 − 1 0 1 0 0 .

Then α(g(t)) = g(α(t)) and α(r(1)) = r(1). Thus α stabilizes the subgroup

G = ⟨K,g(t),r(1) : t ∈ F_q⟩ ≤ GL(V),

which is G_2(q) = O(V,f ,B) by [5, p.205]. So α induces an automorphism of G, which is also denoted by α. In particular, C_{G 2 (q}2_)(α^e) = G = G_2(q). If q ≠ 3 and 4, then G_2(q) has a trivial Schur multiplier, so Dade’s invariant conjecture is equivalent to his final conjecture.

We shall identify G with its inner automorphism group Inn(G). Let

A = Aut(G) = G o ⟨β⟩,

where β is a field automorphism of order e on G induced by the Frobenius map except when p = 3, in which case β is an extraordinary graph automorphism (see [11, p.xiv]), whose square is the field automorphism induced by the Frobenius map.

(2A) In the notation above, α induces a field automorphism of order e on G.

Proof. We may suppose e ≥ 2. Let C_G (α) = {y ∈ G : α(g) = g} be the fixed-p oint subgroup of G. Since C_{GL 7 (q)}(α) = GL_7(p), it follows that C_G (α) = O(V,f ,B)∩ GL_7(p) = G_2(p). If e^′ is a factor of e, then C_{GL 7 (q)}(α^{e′}) = GL_7(p^{e′}) and C_G (α^{e′}) = G_2(p^{e′}). It follows that α has order e in Aut(G). Suppose β_1 = β or β^2 according as p ≠ 3 or p = 3. Then |β_1| = e and α ∈ Inn(G) o ⟨β_1⟩, since |α Inn(G)| is a factor of e. Thus α ∈ β^s_1 Inn(G) for some 1 ≤ s ≤ e − 1. If |β^s_1| = e_1 < e, then e_1 divides e and α^{e1} = h ∈ (β^s_1)^{e1} Inn(G) = Inn(G) = G. But C_G (α^{e1} ) = G_2(p^{e1} ), so h^{− 1}xh = x for each x ∈ G_2(p^{e1} ) and h ∈ C_G (G_2(p^{e1} )) = 1. It follows that α^{e1} = 1 ∈ Aut(G), which is impossible. So |β^s_1| = e = |α|. By [21, Prop osition 7.2], α is a field automorphism of G, in fact α and β^s_1 are Inn(G)-conjugate. This proves (2A).

We may suppose α = β or α = β^2

according as p ≠ 3 or p = 3.

If δ = ± , then 2^{1+2 γ}_δ denotes the extrasp ecial 2-group of order 2^{1+2 γ} and type δ. If r is odd, then r^{1+2 γ}_δ denotes the extrasp ecial r-group of order r^{1+2 γ} with exponent r or r^2 according as δ = + or − . Given an integer n ≥ 0, denote by D_{2n} a dihedral group of order 2n, by E_r n an elementary abelian group of order r^n , and by Z_n or simply n a cyclic group of order n.

We may always suppose a block B ∈ Blk(G) has a non-cyclic group, since otherwise Dade’s conjecture for B follows by Dade [13]. So r|(q^2 − 1) (see [2, p.25]). Let r^a or r^{a+1} be the exact power of r dividing q^2 − 1 according as r is odd or even, and let the sign ϵ be chosen so that r^a |q − ϵ.

Let K(q^2) = SL(F_q2 ⊗ V_3) = SL_3(q^2) and L_+ = K = SL(V_3). Since α stabilizes both F_q2 ⊗ V_3 and V_3, it follows that α(K(q^2)) = K(q^2), α(L_+ ) = L_+ and C_{K (q}2_)(α^e) = L_+ . By [5, Theorem 3 (3) and (2.11)], M = N_{G 2 (q}2_)(F_q2 ⊗ V_6) = ⟨K(q^2),r(1)⟩ = K(q^2)⟨r(1)⟩, so that α(M) = M. Since α(r(1)) = r(1), α stabilizes r(1)^{− 1}K(q^2)r(1) ≤ M. Since r(1)(V_3) = V^′_3 , r(1) induces the inverse-transp ose automorphism on K(q^2) and so the stabilizer of α^e on r(1)^{− 1}K(q^2)r(1) is L_− = SU_3(q). Moreover, r(1) ∈ N_G (L_− ) and r(1) induces a field automorphism of order 2 on L_− . Thus K_δ = N_G (L_δ) = ⟨L_δ,r(1)⟩ (see [5, Corollary 11]).

Let P_1 and P_2 be the stabilizers of F_qx_1 and F_qx_1 ⊕ F_qx^′_2 in G, respectively. Then P_1 and P_2 are parab olic subgroups of G, and α(P_i) = P_i for i = 1,2. Suppose p = 3. By [5, (17.4)], β interchanges P_1 and P_2, so that β(O_p(P_1)) = O_p(P_2) and β interchanges the Levi subgroups P_1/O_p(P_1) and P_2/O_p(P_2). By [5, (2.15) and (4.3)], P_1 = O_p(P_1) o K_1 and P_2 = O_p(P_2) oK_2, where K_1 and K_2 act as GL_2(q) on F_qx_2 ⊕ F_qx_3 and F_qx_1 ⊕ F_qx^′_2, respectively and K_1 ≤ K. Let {a, b} be a set of fundamen tal roots of root system

Σ = {± a, ± (a + b),± (2a + b),± b,± (3a + b),± (3a + 2b)}

of type G_2 with a a short root. Since K = SL(V_3) is generated by three long root subgroups of G, we may suppose the root subgroup X_{− a} = {x_{− a} (t) = g(t) : t ∈ F_q}. Thus X_b = {x_b(t) : t ∈ F_q} ≤ K_1, where x_b(t) ∈ K such that

x_b(t) =

1 0 0 0 1 t 0 0 1 with respect to the ordered basis {x_1,x_2,x_3} of V_3. Now β induces an action, denoted again by β, on the root system Σ (see, [29, p.440]) such that β(± a) = ± b, β(± (a+ b)) = ± (3a+ b) and β(± (2a + b)) = ± (3a + 2b). Thus β(x_a (t)) = x_b(t^3) and β(x_b(t)) = x_a (t) for all t ∈ F_q.

Suppose F is the algebraic closure of F_q and T is the diagonal subgroup of G = G_2(F) with respect to X. Then T is a maximal torus of G (see [5, p.254]) and α stabilizes T. Let

N_G (T) = ⟨T,ρ,σ,τ⟩,

where ρ = r(1)τσ and the actions of σ and τ on the basis X are given as [5, p.254],

σ = (x_1,x_2,x_3)(x^′_1,x^′_2,x^′_3) τ = (x_2,x_3,− x_2,− x_3)(x^′_2,x^′_3,− x^′_2,− x^′_3).

Thus ⟨ρ⟩ is the center of the Weyl group D_{12} = N_G (T)/T, |σ| = 3, |τ| = 2 and τστ = σ^{− 1} modulo T. In particular, w^α = w for all w ∈ ⟨ρ,σ,τ⟩. By [5, p.254], we may suppose T = H_1 × H_2, where H_i = {h_i(t) : t ∈ F^# } such that as elements of K = SL_3(q),

h_1(t) = t t^{− 1} 1 h_2(t) = 1 t t^{− 1} .

Set h_3(t) = h_1(t^{− 1})h_2(t^{− 1}). Then ρ inverts T,

σ = (h_1(t),h_2(t),h_3(t)) and τ = (h_1(t),h_3(t^{− 1}))(h_2(t),h_2(t^{− 1})).

Suppose p = 3 and ω_a = r(1). Then ω_a x_{− a} (t)ω^{− 1}_a = x_a (− t) whose matrix with respect to the ordered basis {x_1,x^′_2,x_2,x^′_1} is

x_a (t) =

1 t 0 0 0 1 0 0 0 0 1 − t 0 0 0 1

and with respect to the ordered basis {x_3,x_0,x^′_3} is

x_a (t) =

1 0 0 2t 1 0 t^2 t 1 .

So ω_a = x_a (1)x_{− a} (− 1)x_a (1) and ω_b = ω^β_a = x_b(1)x_{− b}(− 1)x_b(1) = τ. Since ω_a x_b(t)ω^{− 1}_a = x_{3a+ b}(t) and ω_bx_{3a+ b}(t)ω^{− 1}_b = x_{3a+2 b}(t), it follows that as elements of K

x_{3a+ b}(t) =

1 0 0 0 1 0 − t 0 1 and x_{3a+2 b}(t) =

1 0 0 − t 1 0 0 0 1 .

Similarly, since ω_bx_a (t)ω^{− 1}_b = x_{a+ b}(t) and ω_a x_{a+ b}(t)ω^{− 1}_a = x_{2a+ b}(t), it follows that x_{a+ b}(t) and x_{2a+ b}(t) are elements of GL(V) whose matrices with respect to {x_3,x^′_1,x_1,x^′_3} and {x^′_2,x_3,x^′_3,x_2}, respectively are of the form

1 t 0 0 0 1 0 0 0 0 1 − t 0 0 0 1

and with respect to {x_2,x_0,x^′_2} and {x^′_1,x_0,x_1}, respectively are

1 0 0 2t 1 0 t^2 t 1 and 1 0 0 t 1 0 t^2 2t 1 .

Since ω_bx_{− a} (t)ω^{− 1}_b = x_{− a− b}(t) and ω_a x_{− a− b}(t)ω^{− 1}_a = x_{− 2a− b}(t), it follows that x_{− a− b}(t) and x_{− 2a− b}(t) are elements of GL(V) whose matrices with respect to {x_3,x^′_1,x_1,x^′_3} and {x^′_2,x_3,x^′_3,x_2}, respectively are of the form

1 0 0 0 t 1 0 0 0 0 1 0 0 0 − t 1

and with respect to {x_2,x_0,x^′_2} and {x^′_1,x_0,x_1}, respectively are

1 t t^2 0 1 2t 0 0 1 and 1 2t t^2 0 1 t 0 0 1 .

As an element of K, σ = ττ_1, where τ_1 = (x_1,x_2,− x_1,− x_2)(x^′_1,x^′_2,− x^′_1,− x^′_2). Thus τ_1 = x_{− 3a− 2b}(− 1)x_{3a+2 b}(1)x_{− 3a− 2b}(− 1) and (τ_1)^β = x_{− 2a− b}(− 1)x_{2a+ b}(1)x_{− 2a− b}(− 1). So

(τ_1)^β = (x^′_2,x_3,− x^′_2,− x_3)(x_2,x^′_3,− x_2,− x^′_3)(x^′_1,x_1)(x_0,− x_0).

Since τ^β = r(1) and ρ^β = r(1)^β τ^β σ^β = τr(1)σ^β , it follows that

σ^β = h_2(− 1)σ^{− 1} ρ^β = h_3(− 1)ρ τ^β = ρτσ (2.1)

and so (στ)^β = h_2(− 1)ρστ. In addition, since h_a (t) = x_{− a} (t^{− 1}− 1)x_a (1)x_{− a} (t− 1)x_a (− t^{− 1}) (see [29, p.447]), it follows that

h_a (t) = h_1(t)h_2(t^2) = t t t^{− 2}

∈ K.

Similarly, h_b(t) = h_2(t) ∈ K. So h_a (t)^β = h_b(t^3) and h_b(t)^β = h_a (t) for all t ∈ F. In particular,

h_1(t)^β = h_a (t^{− 2})h_b(t^3) = t^{− 2} t t .

Remark : There is no automorphism ψ ∈ Aut(T) such that h_a (t)^ψ = h_1(t^3) and h_1(t)^ψ = h_a (t). Indeed, otherwise h_2(t) = h_1(s)h_a (w) will imply that t = w^2 ∈ F^2.

Suppose L is a maximal tori of G. As shown in the proof of [5, (15.1)], we may suppose L = C_T (α^ew), where w ∈ {1,σ,τ,ρ,ρσ,ρτ}. Since w^α = w and α stabilizes T, it follows that α stabilizes L = C_T (α^ew). If w_+ = 1 and w_− = ρ, then T_δ = C_T (α^ew_δ) ≃ Z_{q− δ}× Z_{q− δ}. If w^+_2 = σ and w^−_2 = ρσ, then T^δ_2 = C_T (α^ew^δ_2) ≃ Z_q2_{+ δq+1} . If w^+_3 = τ and w^−_3 = ρτ, then T^δ_3 = C_T (α^ew^δ_3) ≃ Z_q2_{− 1}. Suppose p = 3. Then β stabilizes each D_{12} -classes of ρT and σT, so β stabilizes each T_δ and T^δ_2 . Since ρτT and ρτσT are D_{12} -conjugate and τ^β = ρτσ, it follows that β interchanges T^+_3 and T^−_3 . Thus T_δ, T^δ_2 , T^δ_3 are (diagonal) maximal tori of L_δ and N_G (T_δ) = N_{K δ} (T_δ) = ⟨T_δ,σ,τ,ρ⟩,

where σ,τ,ρ ∈ C_G (α) = G_2(p) are given above. In addition,

N_A (T_δ) = ⟨T_δ,σ,τ,ρ⟩ o ⟨β⟩ (2.2)

and moreover, |ρ| = 2, |σ| = 3, τ^2 = h_2(− 1) and

τ^{− 1}ρτ = ρ σ^{− 1}ρσ = h_1(− 1)ρ τ^{− 1}στ = h_2(− 1)σ^{− 1}.

Note that the actions of τ,σ on T_δ are differen t from that given before [2, (3B)].

Let ι : F^# → (Q^#_ℓ )_p′ be the fixed isomorphism between the groups of p^′-th roots of unity in these fields in the Deligne-Lusztig theory. In addition, let L = C_T (α^ew) for some w ∈ {1,σ,τ,ρ,ρσ,ρτ}. Then ιgives rise to a group isomorphism (cf [9, Prop osition 4.4.1]):

ϕ : L −→ Irr(L) (2.3)

and moreover, following [9], β acts on Irr(L) by^β (ϕ(s))(t) = ϕ(s)(t^β ).

(2B) In the notation above, suppose s ∈ L and R^G_L (ϕ(s)) is the Deligne-Lusztig generalized character. Then R^G_L (ϕ(s))^β = R^G_{βLβ − 1} (ϕ(s^β )). In particular, we may suppose β ϕ(s) = ϕ(s^β ).

Proof. The proof is similar to that of [18, (4A)] (see [28, pp.181 and 257]. Let Γ = Hom(T,F^# ) and Γ^∗ = Hom(F^# ,T) be the character and cocharacter groups of T. Since G_2(F) is self-dual, the group isomorphism κ : Γ → Γ^∗ carries the roots of G_2(F) to coroots of G_2(F)^∗ = G_2(F). The composition ι^{− 1}ϕ(s) is in Hom(L, F^# ) and hence the restriction of a λ_1 in Γ. If |ϕ(s)| = n, then there exists a λ in Γ such that

λ(α^e(t)w^{− 1}t^{− 1}w) = λ^n_1 (t) for t ∈ T.

Let ν = κ(λ) ∈ Γ^∗. Then the G-class of ν(ι^{− 1}(^1_n )) is fixed by α^e, and its intersection with G is the G-class of s.

Since β^e or β^{2e} is a standard Frobinius map α^e, it follows by [9, p.31] that β is a Frobinous map. Thus κ(^β χ) = κ(χ)^β for all χ ∈ Γ (cf. [9, Prop osition 4.3.1]). The procedure associating ϕ(s), λ_1, λ and n to R^G_L (ϕ(s)) associates^β ϕ(s),^β λ_1,^β λ and n to R^G_L (ϕ(s))^β . Since^β λ corresp onds to ν^β under κ, the G-class of ν(ι^{− 1}(^1_n ))^β contains s^β and (2B) follows.

Since h_a (s)x_b(t)h_a (s)^{− 1} = x_b(s^3t) and h_b(s)x_b(t)h_b(s)^{− 1} = x_b(s^2t) for all s, t ∈ T, it follows by the definition (cf. [9, p.18]) that b(h_a (s)) = s^3 and b(h_b(s)) = s^2 for all s ∈ T, where b is viewed as an element of Γ. Similarly, a(h_a (s)) = s^2 and a(h_b(s)) = s. In particular, h_a = a^∨ and h_b = b^∨ are coroots (see [9, p.19]) corresp onding to roots a and b, respectively. So κ(a) = h_a and κ(b) = h_b. Moreover, if p = 3, then (^β a,^β b) = (b,3a) and (h^β_a ,h^β_b ) = (3h_b,h_a ). Regard h_a and h_b as simple roots in the dual root system. Then h_a is long and h_b is short. By [9, Prop osition 4.2.3], κ induces a group automorphism κ of D_{12} such that κ(w_{a 1} ) = w_{κ(a 1 )} for each root a_1 ∈ Σ, where w_{a 1} is the reflection with respect to a_1. In addition, κ(^w χ) = κ(χ)^{κ(w− 1 )} for all χ ∈ Γ and w ∈ D_{12} . Since h_a is long and h_b is short, it follows that κ(w_a ) = w_b and κ(w_b) = w_a .

Identify wT with w for w ∈ N_G (T), so D_{12} = ⟨ρ,σ,τ⟩. By [29, Section 2], we may suppose w_a = ρσ^{− 1}τ and w_b = τ (in the notation of [29], w_a = w_{ξ2} , w_b = w_{ξ1 − ξ2} and σ = w_{ξ1 − ξ2} w_{ξ1 − ξ3} ). Thus σ = (w_a w_b)^2 and κ(σ) = (w_bw_a )^2 = σ^{− 1}, so that κ(^σ χ) = κ(χ)^σ . Similarly, κ(^τ χ) = κ(χ)^{ρτ σ} and κ(^ρχ) = κ(χ)^ρ, since κ(τ) = ρτσ and κ(ρ) = ρ. Moreover,

σ ϕ(s) = ϕ(s^σ )^τ ϕ(s) = ϕ(s^{ρτ σ} )^ρϕ(s) = ϕ(s^ρ) (2.4)

for all s ∈ L. Indeed, we apply a similar proof to that of [18, (4A)] to the group T. In the notation above, the T-class of ν(ι^{− 1}(^1_n )) is α^e-stable containing s, so that s = ν(ι^{− 1}(^1_n )). Since κ(^σ λ) = κ(λ)^σ = ν^σ , it follows that^σ λ and ν^σ corresp onds under κ. Since s^σ = ν(ι^{− 1}(^1_n ))^σ = ν^σ (ι^{− 1}(^1_n )), it follows that

σ ϕ(s) = ± R^T (ϕ(s))^σ = ± R^T (ϕ(s^σ )) = ϕ(s^σ ).

Similarly,^τ ϕ(s) = ϕ(s^{ρτ σ} ) and^ρϕ(s) = ϕ(s^ρ). Moreover, since^β λ and ν^β corresp onds under κ, it follows again that^β ϕ(s) = ϕ(s^β ).

Next G has two non-conjugate subgroups J_δ = GL^δ_2(q) and J_δ^∗ = (GL^δ_2(q))^∗. So Z(J_δ) ≃ Z(J_δ^∗) ≃ Z_{q− δ} and J_δ = C_G (Z(J_δ)) and J_δ^∗ = C_G (Z(J_δ^∗)). In particular, Z(J_δ) is not G-conjugate to Z(J_δ^∗). Since G has one class of maximal torus T_δ, we may suppose both Z(J_δ) and Z(J_δ^∗) are subgroups of T_δ. But T_δ has exactly two N_G (T_δ)-orbits of cyclic subgroups of order q − δ, so we may suppose

Z(J_δ) = {diag {s, s, s^{− 2}} ∈ T_δ : s ∈ Z_{q− δ}} ≤ L_δ

and Z(J_δ^∗) = {diag {s, s^{− 1},1} ∈ T_δ : s ∈ Z_{q− δ}} ≤ L_δ.

We consider the action of α on J_δ and J_δ^∗. Let D be the diagonal subgroup of K(q^2) = SL(F_q2 ⊗ V_3) ≤ G_2(q^2). By [5, (4.3)] D, r(1) and g(t) for all t ∈ F_q2 generate a subgroup W of G_2(q^2) such that W acts as GL_2(q^2) on the line F_q2 ⊗ ℓ, where ℓ = F_qx_1 ⊕ F_qx^′_2. So α stabilizes W. By [5, (4.1)], each element y of Z(W) has the form y = diag {c,c^{− 1},1} as an element of K(q^2) = SL_3(q^2), where c ∈ Z_q2_{− 1}. In particular, Z(J^∗_δ ) ≤ Z(W). Let Y be the subgroup of K(q^2) stabilizes U_4. By [5, (2.7)], Y acts as GL_2(q^2) on F_q2 x_1 ⊕ F_q2 x_2. Each element y of Z(Y) has the form diag {c,c,c^{− 2}} as an element of K(q^2), so that we may suppose Z(J_δ) ≤ Z(Y). Moreover, W and Y stabilize F_q2 ⊗ U_4, and Z(W), Z(Y) are not G_2(q^2)-conjugate. Let c be a generator of Z_q2_{− 1}, y = diag {c,c^{− 1},1} ∈ Z(W) and y^′ = diag {c,c,c^{− 2}} ∈ Z(Y). Then Z(W) = ⟨y⟩ and Z(Y) = ⟨y^′⟩. If we view W and Y as subgroups of SO(F_q2 ⊗ U_4), then y and y^′ are O(F_q2 ⊗ U_4)-conjugate and not SO(F_q2 ⊗ U_4)-conjugate. Since C_{SO (Fq2 ⊗ U4 )} (Z(W)) = W and C_{SO (Fq2 ⊗ U4 )} (Z(Y)) = Y, it follows that W and Y are O(F_q2 ⊗ U_4)-conjugate and not SO(F_q2 ⊗ U_4)-conjugate. Since W is a Levi subgroup of O(F_q2 ⊗ U_4), W has one class in O(F_q2 ⊗ U_4) and two classes in SO(F_q2 ⊗ U_4), so we may suppose Y = h^{− 1}Wh for some reflection h of O(U_4). Thus we may suppose Y = { ( A A^{− t} ) : A ∈ GL(F_q2 ⊗ U) } ≤ SO(F_q2 ⊗ U_4), where U = F_qx_1 ⊕ F_qx_2. So α stabilizes Y and N_{SO (Fq2 ⊗ U4 )} (Y) = ⟨Y,v⟩, where v induces the inverse-transp ose automorphism on Y. We may choose v so that v ∈ C_{SO (U4 )}(α) = SO^+_4 (p). So J_+ = C_Y (α^e) ≃ GL_2(q) and J_− = C_v− 1_{Yv}(α^e) ≃ U_2(q). Both are subgroups of G and N_G (J_δ) = ⟨J_δ,v⟩. In particular, α induces a field automorphism of order e on J_δ and v induces a inverse-transp ose or a field automorphism of order 2 on J_δ according as δ = + or − . Let h ∈ O(U_4) be the reflection on x_1 + x^′_1. Then α(h) = h and h ∉SO(U_4). We may suppose J^∗_δ = h^{− 1}J_δh ≤ SO(U_4), so that α induces a field automorphism of order e on J_δ^∗. In addition, J_δ^∗ and J_δ are not G-conjugate.

Suppose p = 3. Then βσ^2 interchanges Z(J_δ) and Z(J_δ^∗) and (βσ^2)^2 = h_1(− 1)β^2 = h_1(− 1)α. Thus βσ^2 interchanges J_δ and J_δ^∗, and (βσ^2)^2 stabilizes each J_δ and J_δ^∗. It follows that

N_A (J_δ) = N_G (J_δ) o ⟨α⟩ and N_A (J_δ^∗) = N_G (J_δ^∗) o ⟨α⟩,

where N_G (J_δ) = ⟨J_δ,ρ⟩ and N_G (J_δ^∗) = ⟨J_δ^∗,ρ⟩ as ρ inverts Z(J_δ) and Z(J_δ^∗).

By [5, (2.7)], J_δJ_δ^∗ = SO^+_4 (q) on U_4, so that βσ^2 stabilizes SO(U_4) when p = 3. Thus

N_A (SO(U_4)) = ⟨SO(U_4),β^′⟩,

where β^′ = βσ^{− 1} = h_1(− 1)σβ or α according as p = 3 or p ≠ 3. Moreover, if p = 3, then

σ^{β ′} = h_1(− 1)σ^{− 1} ρ^{β ′} = h_1(− 1)ρ τ^{β ′} = h_3(− 1)ρστ

and so (τσ)^{β ′} = h_3(− 1)ρτσ.

Suppose q ≠ 2. By [26, Prop osition 2.5.7], Ω( U_4) is the only subgroup of SO(U_4) of index two and by [26, Prop osition 2.9.1 (iv)], Ω( U_4) is the central product M_1 ∘ M_2 of M_1 = Sp_2(q) and M_2 = Sp_2(q) over Z(M_1) = Z(M_2). Let W_i be the underlying (symplectic) space of M_i. Then M_i = SL(W_i) and W_1 ⊗ W_2 is an orthogonal space of plus type over F_q and we may suppose SO(U_4) = SO(W_1 ⊗ W_2). Let g_1 = ( 1 0 0 − 1 ) ∈ GL(W_1)

and g_2 = ( 1 0 0 − 1 ) ∈ GL(W_2). If g = g_1 ⊗ g_2 and q is odd, then g ∈ SO(U_4)\Ω( U_4).

Thus SO(U_4) = ⟨M_1 ∘ M_2,g⟩. (2.5)

(2C) Let M = N_G (U_4) = SO(U_4) = SO^+_4 (q) and Ω = Ω( U_4) = Ω^+_4 (q). Suppose Ω = M_1 ∘ M_2, where M_1 ≃ M_2 ≃ SL_2(q).

(a) If e ≥ 2, then α induces a filed automorphism α_{M i} of order e on M_i for each i. (b) If p = 3, then β^′ interchanges M_1 and M_2.

Proof. Since Ω is the unique subgroup of index 2 in M, it follows that β^′(Ω) = Ω. Moreover, C_M (α) = SO^+_4 (p).

Let H = [C_M (α),C_M (α) ]be the commutator subgroup of C_M (α) and suppose C_M (α) = ⟨H_1 ∘ H_2,w⟩, where Ω^+_4 (p) = H_1 ∘ H_2, H_1 ≃ H_2 ≃ SL_2(p). If p > 3, then H_i/Z(H_i) ≃ L_2(p) is nonab elian simple, so that [H_i,H_i ] = H_i and H = Ω^+_4 (p). If p = 3, then SO^+_4 (3) = 2^{1+4}_+ .(^1_2 Ω^+_4 (2)), where 2^{1+4}_+ ∈ Syl_2(H_1 ∘ H_2) and^1_2 Ω^+_4 (2) is the intersection of the three subgroups of index 2 of O^+_4 (2) (cf. [26, Prop osition 2.5.9]). Suppose^1_2 Ω^+_4 (2) = ⟨Z_3 × Z_3,y⟩, so that y^{− 1}xy = x^y = x^{− 1} for each x ∈ Z_3 × Z_3. Thus Ω^+_4 (3) = 2^{1+4}_+ :(Z_3 × Z_3) and 2^{1+4}_+ = [Ω^+_4 (3),Ω^+_4 (3) ]. Since y inverts Z_3 × Z_3, it follows that (Z_3 × Z_3) ≤ H and so H = Ω^+_4 (3). If p = 2, then C_M (α) = SO^+_4 (2) = O^+_4 (2) = S_3 ≀S_2 and H =^1_2 Ω^+_4 (2) = ⟨ω_1,ω_2,y⟩ given above, where ⟨ω_1⟩ × ⟨ω_2⟩ = Z_3 × Z_3.

(a) Suppose e ≥ 2. Then [M_i,M_i ] = M_i, Ω = [Ω ,Ω ] and H ≤ Ω. Let K be the set of all normal subgroups N of Ω such that |N| = |SL_2(q)|. Then M_i ∈ K. Suppose N ∈ K\{M_1,M_2} and N_i = N ∩ M_i. Then N_i E M_i and N_i ∈ {⟨− I_2⟩,M_i}, since M_i/Z(M_i) is a simple group. If N_i = M_i, then N = M_i since |N| = |M_i|. This is impossible. Thus N_1 = N_2 = {± I_2}. Suppose x ∈ N\{± I_2}. Then x = x_1x_2 for some x_i ∈ M_i, so that x_1 ≠ ± I_2 and x_2 ≠ ± I_2 as N_i = {± I_2}. For each y_1 ∈ M_1, [y_1,x^{− 1} ] = y^{− 1}_1 xy_1x^{− 1} = y^{− 1}_1 x_1y_1x^{− 1}_1 ∈ N_1, so y^{− 1}_1 x_1y_1 = ± x_1 and x_1Z(M_1) is commutativ e with y_1Z(M_1) in M_1/Z(M_1). Since y_1 is arbitrary , it follows that x_1Z(M_1) = Z(M_1) and x_1 ∈ Z(M_1) = {± I_2}. A contradiction. Thus K = {M_1,M_2} and β^′ permutes K.

Suppose α(M_1) = M_2. For each y_i ∈ M_i\{± I_2}, α(y_i) ∉M_i, so that α(y_i) ≠ y_i. If x ∈ H_1\{± I_2}, then x = x_1x_2 for some x_i ∈ M_i. If x ∈ M_1, then α(x) = x ∈ M_1 ∩ M_2, which is impossible. So x ∉M_1. Similarly, x ∉M_2 and then x_i ≠ ± I_2. Thus α(x_i) ∉M_i and x_1x_2 = x = α(x) = α(x_1)α(x_2), so that α(x_1) = ± x_2 and α(x_2) = ± x_1. In particular, |x_1| = |x_2|. Suppose p ≠ 2 and let S_1 = {x_1 ∈ M_1 : x_1x_2 ∈ H_1 for some x_2 ∈ M_2}. Since H_1 ≃ SL_2(p), it follows that S_1 is a nonab elian subgroup of M_1 containing a (generalized) quaternion group, so that C_{M 1} (S_1) = Z(M_1). Similarly, let S_2 = {x_2 ∈ M_2 : x_1x_2 ∈ H_1 for some x_1 ∈ M_1}. Then C_{M 2} (S_2) = Z(M_2), so that C_Ω (H_1) = Z(Ω). This is impossible, since H_2 ≤ C_Ω (H_1). So α(M_1) ≠ M_2. A proof similar to above shows that if H_1 is not a subgroup of either M_1 or M_2, then both C_{M 1} (S_1) and C_{M 2} (S_2) are abelian, so that C_Ω (H_1) is abelian. The contradiction implies that H_1 ≤ M_1 or H_1 ≤ M_2. We may suppose H_i ≤ M_i for i = 1,2, so that H_i ≤ C_{M i} (α). Suppose H_i ≠ C_{M i} (α) for some i, say i = 1. Since (SO^+_4 (p): H_1 ∘ H_2) = 2 and C_M (σ) = SO^+_4 (p), it follows that C_{M 1} (α) ∘ H_2 = SO^+_4 (p) and [C_{M 1} (α),H_2 ] = 1, which is impossible. Thus C_{M i} (α) = H_i and C_Ω (α) = Ω^+_4 (p).

Suppose p = 2, so that H =^1_2 Ω^+_4 (2) ≤ Ω = M_1 × M_2. If α(M_1) = M_2, let S_1 = {x_1 ∈ M_1 : x_1x_2 ∈ C_{M 1 × M 2} (σ) for some x_2 ∈ M_2}. Since α(x_1) = x_2, it follows that

C_{M 1 × M 2} (α) ≃ S_1 ≤ M_1. But Z_3 × Z_3 ≤ H ≤ C_Ω (α) = C_{M 1 × M 2} (α), so M_1 = SL_2(q) has an elementary abelian group of order 3^2, which is impossible. Thus α(M_i) = M_i.

Suppose e^′ is a proper factor of e. Then C_H (σ^{e′}) = SO^+_4 (p^{e′}), C_Ω (α^{e′}) = Ω^+_4 (p^{e′}) and C_{M i} (α^{e′}) ≃ SL_2(p^{e′}). In particular, the induced automorphism of α^{e′} on M_i is non-trivial and so |α_{L i} | = e. Now Aut(M_i) consists of only field, diagonal and inner automorphisms of M_i (see [26, Prop osition 2.2.3]), so α_{M i} = ψ^s h, where ψ is a field automorphism of order e on M_i and h is an element of the subgroup W of Aut(M_i) generated by inner and diagonal automorphisms. Suppose |ψ^s | = e_1 < e, then (α_{M i} )^{e1} = y is an element of W and y^{− 1}xy = x for each x ∈ C_{M i} (α^{e1} ), where W is identified with the group GL_2(q)/Z(GL_2(q)). If p ≥ 3 or p = 2 and e_1 ≥ 2, then C_{M i} (α^{e1} ) = SL_2(p^{e1} ) and y = 1, so that (α_{M i} )^{e1} = 1, which is impossible. Suppose e_1 = 1, p = 2 and suppose (α_{M i} )^{e1} = y_i, then y^{− 1}_i x_iy_i = x_i for each x_1x_2 ∈ C_{M 1 × M 2} (α). Thus y_1y_2 centralizes^1_2 Ω^+_4 (2). It follows that y_1y_2 = 1 and α_{M i} = 1. A contradiction. So the order of ψ^s is e. By [21, Prop osition 7.2], α_{M i} is a field automorphism of M_i. In articular, α induces a field automorphism of Ω of order e. Thus C_{M i} (α) = SL_2(p) for all primes p.

(b) Suppose p = 3. In the notation of (2.5), let s_i ∈ M_i be an element of order 2^a , so that C_{M i} (s_i) = Z_{q− ϵ}. Thus J_i = C(s_i) ≃ GL^ϵ_2(q), J_1 ≥ C_Ω (s_1) = C_{M 1} (s_1) ∘ M_2 and J_2 ≥ C_Ω (s_2) = M_1 ∘ C_{M 2} (s_2). In addition, J_1 and J_2 are not G-conjugate. Indeed, if J^w_1 = J_2 for some w ∈ G, then ⟨s_1⟩^w = O_2(Z(J_1))^w = O_2(Z(J_2)) = ⟨s_2⟩ and Ω_1(⟨s_1⟩)^w = Ω_1(⟨s_2⟩), and so w ∈ SO(U_4), since Ω_1(⟨s_1⟩) = Ω_1(⟨s_2⟩) = Z(SO(U_4)). Thus w = t or tg for some t ∈ M_1 ∘ M_2, so s^w_1 ∈ M_1. But ⟨s_1⟩^w = ⟨s_2⟩ ≤ M_2, so s^w_1 ∈ M_1 ∩ M_2 = Z(M), which is impossible.

Since J_1 and J_2 are not G-conjugate, it follows that J^α_i and J_i are G-conjugate, so that J^{ci α}_i = J_i for some c_i ∈ G. Thus Ω_1(⟨s_i⟩)^{ci α} = Ω_1(⟨s_i⟩) and c_i ∈ SO(U_4), since α centralizes Z(M) = Ω_1(⟨s_i⟩). But M_i = [J_i,J_i ] and by (2.5), c_i = t or tg for some t ∈ Ω, so M^{ci α}_i = M^α_i = M_i. Since A has only one class of subgroups J_ϵ, it follows that J_1 and J_2 are A-conjugate and s^ω_1 = s_2 for some ω ∈ A\G. So Z(M)^ω = Z(M), J^ω_1 = J_2 and ω ∈ ⟨SO(U_4),β^′⟩\ SO(U_4)o⟨α⟩. Since Ω( U_4) is the only subgroup of index two in SO(U_4), it follows that C_Ω (s_1)^ω = C_Ω (s_2). Let Z_j = [C_Ω (s_j ),C_Ω (s_j ) ] for j = 1,2. Then Z^ω_1 = Z_2 and Z_j ≤ M_i, where i ≠ j and i, j ∈ {1,2}. If q ≠ 3, then Z_j = M_i. Suppose q = 3, so that Z_j = O_2(M_i) is quaternion. If m_2 is an element of order 3 in SL(W_2) ≤ C_Ω (s_1), then m^ω_2 ∈ C_Ω (s_2) = SL(W_1) ∘ ⟨s_2⟩, so that m^ω_2 ∈ SL(W_1). But ⟨Z_1,m_2⟩ = SL(W_2), so SL(W_2)^ω = SL(W_1). In all cases, M^ω_2 = M_1. Since ω ∉SO(U_4) o ⟨α⟩, it follows that ω = tβ^′ for some t ∈ SO(U_4) o⟨α⟩, so that SL(W_1) = SL(W_2)^ω = SL(W_2)^{tβ ′} = SL(W_2)^{β ′}. Since β^{′2} ∈ SO(U_4) o ⟨α⟩, it follows that SL(W_1)^{β ′} = SL(W_2). This completes the proof.

Let Φ( G, r) be a set of represen tativ es for conjugacy G-classes of radical r-subgroups of G, where R ≤ G is radical if R = O_r (N(R)). In addition, let Z_r a = Z(J_ϵ) and Z^∗_r a = Z(J_ϵ^∗). Suppose r ≥ 5. Then we may take

Φ( G, r) = {1,Z_r a ,Z^∗_r a ,O_r (T_ϵ)}.

Suppose r = 3. Then we may take

Φ( G, 3) =

{1,Z(L_ϵ) = Z_3,Z^∗_3,O_3(T_ϵ),E = S} if a = 1 and 3 ≠ q − ϵ, {1,Z(L_ϵ) = Z_3,Z^∗_3,E = S} if a = 1 and 3 = q − ϵ, {1,Z(L_ϵ),Z_3a ,Z^∗_3a ,O_3(T_ϵ),E,E^∗,S} if a ≥ 2 and 3^a ≠ q − ϵ, {1,Z(L_ϵ),Z_3a ,Z^∗_3a ,E,E^∗,S} if a ≥ 2 and 3^a = q − ϵ,

where E ≃ E^∗ ≃ 3^{1+2}_+ ≤ L_ϵ and S ∈ Syl_3(L_ϵ) is a Sylow 3-subgroup of L_ϵ.

Define radical r-chains C(1) and C(2) as follows:

C(1) : { 1 < Z_r a < O_r (T_ϵ) if r ≥ 5, 1 < Z(L_ϵ) if r = 3, C(2) : 1 < Z^∗_r a < O_r (T_ϵ) if r ≥ 3.

(2.6)

If r ≥ 5, then we may take

R(G)/G = {C(1)_0,C(1)_1,C(2)_1,C(1)^1,C(1),C(2)}

and set R^0(G) = R(G). If r = 3, then let R^0(G) be a G-invariant subfamily of R(G) such that R^0(G)/G = {C(1)_0,C(1),C(2)_1,C(2)}. (2.7)

(2D) Let G = G_2(q). In the notation above, suppose r ≥ 3. Let B ∈ Blk(G) with d(B) > 0 and d,u ∈ Z. Then ∑ C ∈R (G)/G

(− 1)^{|C |} k(N(C),B,d,u) = ∑ C ∈R^0 (G)/G

(− 1)^{|C |} k(N(C),B,d,u).

Proof. Suppose r = 3, so that p ≠ 3. If R is nonab elian or R = Z_3a , then Z(L_ϵ) = Ω_1(Z(R)) and so N_A (R) ≤ N_A (Z(L_ϵ)). If R = O_3(T_ϵ), then N_A (R) = N_G (T_ϵ) o ⟨α⟩ ≤ N_A (L_ϵ), since N_G (T_ϵ) = N_{K ϵ} (T_ϵ). Thus the proof of [4, (2A)] can be apply here with some obvious modifications.

Suppose r = 2, so that p is odd and Φ( G, 2) is given in Section 2 of [2]. A 2-group R is called of symplectic type if R is a central product EP over Z(E) = Ω_1(Z(P )) of an extrasp ecial 2-group E and a 2-group P such that P is either cyclic or isomorphic to a semidihedral group SD_2λ , a dihedral group D_2λ or a generalized quaternion group

Q_2λ of order 2^λ , where λ ≥ 4. By [25, Lemma 2.4], G_2(p) = C_G (α) has a class of subgroups E_8 such that C_G (E_8) = E_8 and N_G (E_8) = N_{G 2 (p)}(E_8) = E_8.GL_3(2). Suppose p = 3. By the uniqueness of E_8 in G, we may suppose E_8 = ⟨ρ,Ω_1(O_2(T_ϵ))⟩. Then Ω_1(O_2(T_ϵ)) = ⟨h_1(− 1),h_2(− 1)⟩ and β interchanges h_1(− 1) and h_2(− 1). Since β induces a non-trivial automorphism of G_2(3), it follows by [11, p.61] that

N_A (G_2(3)) = G_2(3) : 2 × ⟨α⟩

and N_A (E_8) = E_8.L_3(2): 2× ⟨α⟩. Let Ω_2(O_2(T_ϵ)) = ⟨u, w⟩, where u = h_a (s) and w = h_b(s) for some s ∈ Z_{q− ϵ} of order 4. Then s^2 = − 1, u^2 = h_1(− 1), w^2 = h_2(− 1) and u^{βσ 2} = h_3(− 1)u. In addition, u^{τσ} = u and w^{τσ} = uw^{− 1}, so (τσu)^2 = h_1(− 1) and ρ^{τσu} = ρ. Let S_1 = ⟨h_2(− 1),τσu⟩ and S_2 = ⟨ρ,u⟩. Then [S_1,S_2 ] = 1, S_1 ≃ S_2 ≃ D_8 and S_1S_2 is a central product over Z(S_1) = Z(S_2) = ⟨h_1(− 1)⟩. Thus

S_1S_2 = 2^{1+4}_+ = ⟨h_2(− 1),τσu⟩ ∘ ⟨ρ,u⟩

and moreover, βσ^2 ∈ N_{N A (E 8 )}(2^{1+4}_+ ).

If 2^a ≠ q − ϵ, then O_2(T_ϵ) ≠ T_ϵ and O_2(T_{− ϵ}) ≠ T_{− ϵ}. From Section 2 of [2], we may take

Φ( G, 2) = {1,Z_2,Z_2a ,Z_2a +1 ,E_8,O_2(T_{− ϵ}),O_2(T_ϵ),Z_2a ≀Z_2,⟨O_2(T_ϵ),ρ⟩,EP,S},

where Z_2 = O_2(SO(U_4)) = O_2(SO^+_4 (q)), Z_2a = O_2(C_G (Z_2a )) = O_2(GL^ϵ_2(q)), Z_2a +1 = O_2(T^δ_3 ), EP is a non-ab elian 2-groups of symplectic type, and S ∈ Syl_2(G). In addition, G has two classes of Z_2a , Z_2a +1 , Z_2a ≀Z_2, and EP except when EP = 2^{1+4}_+ , q ≡ ± 3(mod 8), and EP = 2^{1+2}_+ Z_2a , in which cases G has one class of EP . If 2^a = q − ϵ and q ≠ 3, then O_2(T_ϵ) = T_ϵ and O_2(T_{− ϵ}) ≠ T_{− ϵ}, O_2(T_ϵ) is not a radical 2-subgroup of G since O_2(N_G (T_ϵ)/T_ϵ) ≃ Z_2, so that by Section 2 of [2], we may take

Φ( G, 2) = {1,Z_2,Z_2a ,Z_2a +1 ,E_8,O_2(T_{− ϵ}),⟨O_2(T_ϵ),ρ⟩,EP,S},

and similarly, if q = 3, then O_2(T_ϵ) and O_2(T_{− ϵ}) are non-radical 2-subgroups in G, and moreover, SO(U_4) = SO^+_4 (3) = 2^{1+4}_+ :3^2.2. Suppose R ∈ Φ( G, 2) and Z(R) is cyclic. We may suppose Ω_1(Z(R)) = Z(SO(U_4)), so that N_G (R) ≤ SO(U_4) and R is radical in SO(U_4). In particular, 2^{1+4}_+ = O_2(SO(U_4)) ≤ R and R = 2^{1+4}_+ or R ∈ Syl_2(G) is Sylow. By Section 2 of [2], we may take

Φ( G, 2) = {1,E_8,⟨O_2(T_ϵ),ρ⟩,2^{1+4}_+ ,S},

where the radical 2-subgroups are defined as above.

We define chains C(i) for 1 ≤ i ≤ 4 as follows. C(1) : 1 < Z_2 < O_2(T_{− ϵ}),

C(2) : { 1 < Z_2 < O_2(T_ϵ) if 2^a ≠ q − ϵ, 1 < ⟨O_2(T_ϵ),ρ⟩ < S^′ if 2^a = q − ϵ, C(3) : 1 < E_8 < 2^{1+4}_+ , C(4) : 1 < E_8 < W < S^{′′},

(2.8)

where 2^{1+4}_+ ≤ N_G (E_8), W = ⟨ρ,Ω_2(O_2(T_ϵ))⟩ ≤ N_G (E_8) containing E_8 = ⟨ρ,Ω_1(O_2(T_ϵ))⟩, W/E_8 ≃ Z_2 × Z_2, S^{′′} = ⟨Ω_2(O_2(T_ϵ)),ρ,τ⟩ ∈ Syl_2(N_G (E_8)) and S^′ = ⟨O_2(T_ϵ),ρ,τσ⟩ ∈ Syl_2(N_G (T_ϵ)). Note that if q = 3, then S^′,S^{′′} ∈ Syl_2(G). Let R^0(G) be a G-invariant subfamily of R(G) such that if q ≠ 3, then

R^0(G)/G = {C(1)_0,C(1)_1,C(1)^1,C(1),C^1(2),C(2),C(3)_1,C(3),C(4)_2,C(4)}, (2.9)

where C^1(2) = C(2)^1 or C(2)_1 according to whether 2^a ≠ q − ϵ or 2^a = q − ϵ; if q = 3, then R^0(G)/G = {C(1)_0,C(3)_1,C(3)^1,C(3)}. (2.10)

We have the following proposition.

(2E) Suppose B is a 2-block of G = G_2(q) with d(B) > 0 and d,u ∈ Z. Then ∑ C ∈R (G)/G

(− 1)^{|C |} k(N_G (C),B,d,u) = ∑ C ∈R^0 (G)/G

(− 1)^{|C |} k(N_G (C),B,d,u).

Proof. Suppose C ∈ R(G) is given by (1.1) with |C| ≥ 1 and P_1 ∈ Φ( G, 2). Let N(C) = N_G (C) and C(C) = C_G (C).

(1) Suppose P_1 = Z_2 and |C| ≥ 2, so that we may take P_2 ∈ Φ(SO (U_4),2). As shown in the proof of [2, (2B) and (2C)], we may suppose P_2 ∈ Φ( G, 2) and both E_8 and ⟨O_2(T_ϵ),ρ⟩ are non-radical 2-subgroups of SO(U_4). Let

Ω^∗ = {1,Z_2,O_2(T_ϵ),E_8,O_2(T_{− ϵ}),⟨O_2(T_ϵ),ρ⟩}

and take R ∈ Φ( G, 2)\Ω^∗. Then Z_2 = Ω_1(Z(R)), so that N_A (R) ≤ N_A (Z_2) = ⟨SO(U_4),β^′⟩. Replace Z(L_ϵ) by Z_2 in the definition of M^0(R) in [4, (2.3)]. Then N(C^′) = N(g(C^′)) and N_A (C^′) = N_A (g(C^′)), and so

k(N(C^′),B,d,u) = k(N(g(C^′)),B,d,u) (2.11)

for all C^′ ∈ M^0(R), where g(C^′) is defined after [4, (2.3)]. We may suppose

C ∉ ⋃ R (M^+ (R) ∪ M^0(R)), where R runs over the set Φ( G, 2)\Ω^∗. Thus we may take P_1 ∈ Ω^∗ and if P_1 = Z_2 with |C| ≥ 2, then q ≠ 3 and we may suppose P_2 ∈ {O_2(T_{− ϵ}),O_2(T_ϵ)}.

(2) If P_1 = O_2(T_ϵ), then 2^a ≠ q − ϵ, N_A (P_1) = N_A (T_ϵ) = ⟨T_ϵ,σ,ρ,τ⟩ o ⟨β⟩ and ⟨ρT_ϵ,τσT_ϵ⟩ ∈ Syl_2(D_{12} ). Thus we may take

Φ( N(O_2(T_ϵ)),2) = {O_2(T_ϵ),⟨O_2(T_ϵ),ρ⟩,Z_2a ≀Z_2,(Z_2a ≀Z_2)^∗,S^′},

where Z_2a ≀Z_2 = ⟨O_2(T_ϵ),τ⟩, (Z_2a ≀Z_2)^∗ = ⟨O_2(T_ϵ),ρτσ⟩ and S^′ = ⟨O_2(T_ϵ),ρ,τσ⟩. If p = 3, then (ρτσ)^β = τ^α = τ and σ^{− 2}τσ^2 = στσ^{− 1} = h_2(− 1)τσ, so

N_A (S^′) = ⟨N_G (S^′),β^′⟩ N_A (R) = N_G (R) o ⟨β⟩

for R ∈ {O_2(T_ϵ),⟨O_2(T_ϵ),ρ⟩} and N_A (R) = N_G (R) o ⟨α⟩ for R ∈ {Z_2a ≀Z_2,(Z_2a ≀Z_2)^∗}. Replace Z(L_ϵ) by O_2(T_ϵ) and R by ⟨O_2(T_ϵ),ρ⟩ in [4, (2.3)]. Then (2.11) holds. Thus we may suppose P_2 ∈ {Z_2a ≀Z_2,(Z_2a ≀Z_2)^∗,S^′}. Moreover, we may suppose P_1 and ⟨O_2(T_ϵ),ρ⟩ are not conjugate in G.

Suppose 2^a = q − ϵ. If P_1 = ⟨O_2(T_ϵ),ρ⟩, then N(P_1) = N(T_ϵ) and P_2 = S^′ ∈ Syl_2(N(P_1)). Thus C(2) and C(2)_1 are radical chains.

(3) Suppose C^′ ∈ R(G) such that

C^′ : 1 < O_2(T_ϵ) < P_2 < ... < P_n ,

where P_2 ∈ {Z_2a ≀Z_2,(Z_2a ≀Z_2)^∗,S^′}, so that q ≠ 3. Define radical 2-chain

g(C^′) : 1 < Z_2 < O_2(T_ϵ) < P_2 < ... < P_n .

Then N(C^′) = N(g(C^′)) since N(T_ϵ)∩ N(P_2) ≤ ⟨T_ϵ,ρ,τσ⟩ ≤ N(Z_2). Moreover, N_A (C^′) = N_A (g(C^′)) since N_A (T_ϵ) ∩ N_A (P_2) ≤ ⟨T_ϵ,ρ,τσ,β^′⟩ ≤ N_A (Z_2). Thus (2.11) holds. By [4], we may take

Φ( N_{N (Z2 )} (O_2(T_ϵ)),2) = {O_2(T_ϵ),Z_2a ≀Z_2,(Z_2a ≀Z_2)^∗,S^′}.

It follows that the remaining chains C ∈ R(G) such that P_1 is conjugate to Z_2 or O_2(T_ϵ) and |P_2| ≠ 4 have represen tativ es, C(1)_1, C(2) and C(2)^1.

(4) Suppose P_1 = E_8, so that N_G (E_8) = N_{C G (α )}(E_8). If p ≠ 3, then N_A (E_8) = N(E_8) × ⟨α⟩. By the proof of [4, (2B) (4)] we may suppose the remaining chains in R(G) with P_1 ≃ E_8 have represen tativ es C(3), C(3)_1, C(4) and C(4)_2.

Suppose p = 3. As shown in the proof of [4, (2B) (4)] we may suppose P_2 ∈ {2^{1+4}_+ ,W,S^{′′}}, where W = ⟨ρ,Ω_2(O_2(T_ϵ))⟩ and S^{′′} ∈ Syl_2(N(E_8)). Thus N_{N (E 8 )}(W) = ⟨Ω_2(O_2(T_ϵ)),σ,τ,ρ⟩ and N_{N A (E 8 )}(W) = N_{N (E 8 )}(W) o ⟨β⟩. We may suppose

S^{′′}= ⟨Ω_2(O_2(T_ϵ)),τσ,ρ⟩, so that N_{N A (E 8 )}(S^{′′}) = ⟨S^{′′},β^′⟩. Let M = C_{SO (U4 )}(α). Then M = SO^+_4 (3) is a maximal subgroup of G_2(3) = C_G (α) and M = 2^{1+4}_+ :^1_2 Ω^+_4 (2), where^1_2 Ω^+_4 (2) is the intersection of the three subgroups of index 2 in O^+_4 (2).

In the notatio of (2.5) (with q = 3), let v_i = ( 1 1 1 − 1 ) , y_i = ( 0 1 − 1 0 ) and m_i = ( 0 1 − 1 − 1 ) be elements of M_i = SL_2(3). Then y^{vi}_i = y^{− 1}_i = zy_i, |v_i| = |y_i| = 4 and O_2(M_i) = ⟨v_i,y_i⟩ ≃ Q_8, where Z(M) = ⟨z⟩. Thus 2^{1+4}_+ = O_2(M_1) ∘ O_2(M_2) = O_2(M) and we may suppose E_8 = ⟨z,v_1v_2,y_1y_2⟩, so that E_8 ≤ O_2(M) ≤ N(E_8). Now v^{m i}_i = y_i, y^{m i}_i = zv_iy_i, v^{gi}_i = zv_iy_i and y^{gi}_i = zy_i. Both m = m_1 ⊗ m_2 and g normalize E_8, and N_{SO} +_{4 (3)} (E_8) = ⟨O_2(M),m, g⟩, since |SO^+_4 (3): ⟨O_2(M),m, g⟩| = 3. Since N(E_8) ≤ C_G (α), it follows that

N_{N (E 8 )}(2^{1+4}_+ ) = N(E_8) ∩ N(2^{1+4}_+ ) = N_{SO} +_{4 (3)} (E_8) = ⟨2^{1+4}_+ ,m, g⟩. (2.12)

In particular, we may suppose Φ( N(E_8),2) = {E_8,O_2(C_G (α)),⟨Ω_2(O_2(T_ϵ)),ρ⟩,S^{′′}}. Since β^′ stabilizes M, it stabilizes 2^{1+4}_+ = O_2(M) and so

N_{N A (E 8 )}(2^{1+4}_+ ) = ⟨N_{N (E 8 )}(2^{1+4}_+ ),β^′⟩.

Apply (2.11) to

C^′ : 1 < E_8 < 2^{1+4}_+ < S^{′′} and g(C^′) : 1 < E_8 < S^{′′}.

Then the remaining chains in R(G) with P_1 ≃ E_8 have represen tativ es C(3), C(3)_1, C(4) and C(4)_2.

If q = p = 3, then we can suppose S^{′′} = S^′ = S ∈ Syl_2(G). If C^′ = C(4) and g(C^′) = C(2), then N(C^′) = N(g(C^′)) = S and N_A (C^′) = N_A (g(C^′)) = ⟨S,β^′⟩, so that (2.11) still holds. Similarly, we can apply (2.11) to C^′ = C(2)_1 and g(C^′) = C(4)_2, since ⟨O_2(T_ϵ),ρ⟩ = W = ⟨Ω_2(T_ϵ),ρ⟩. This implies (2E).

(5) If P_1 = O_2(T_{− ϵ}), then q ≠ 3 and N(P_1) = N(T_{− ϵ}) = ⟨T_{− ϵ},σ,τ,ρ⟩, where σ,τ,ρ are given as before. Thus we may suppose P_2 ∈ {E_8,D_8,D^∗_8,Q}, where E_8 = ⟨P_1,ρ⟩, D_8 = ⟨P_1,τ⟩, D^∗_8 = ⟨P_1,ρτσ⟩, and Q = ⟨E_8,τσ⟩ ∈ Syl_2(N(P_1)). In particular, N_A (E_8) = ⟨N(E_8),β^′⟩, N_A (R) = N(R) × ⟨α⟩ for R ∈ {D_8,D^∗_8} and N_A (Q) = ⟨N(Q),β^′⟩. Let

C^′ : 1 < O_2(T_{− ϵ}) < E_8 and g(C^′) : 1 < O_2(T_{− ϵ}) < E_8 < Q.

Since C(E_8) = E_8 E N(C^′), it follows by [16, Corollary V.3.11] that Irr(b(C^′)) = Irr(N(C^′)), where b(C^′) is the principal block B_0(N(C^′)) of N(C^′). Similarly,

Irr(b(g(C^′))) = Irr(N(g(C^′))) with b(g(C^′)) = B_0(N(g(C^′))). Let h_1 = h_1(− 1),h_2 = h_2(− 1) and h_3 = h_3(− 1), so that O_2(T_{− ϵ}) = ⟨h_1,h_2⟩. Since ρ^σ = h_1ρ = ρ^{τσ} and h^σ_2 = h^{τσ}_2 = h_3, it follows that N(g(C^′)) = Q = Z_2 × D_8 and N(C^′) = ⟨Q, σ⟩ = Z_2 × A_4:2, where Z_2 = ⟨h_2ρ⟩, D_8 = ⟨h_1,h_2,τσ⟩ and A_4:2 = ⟨h_1,h_2,σ,τσ⟩. In addition, N_A (g(C^′)) = ⟨Q, β^′⟩ and N_A (C^′) = ⟨Q, σ,β^′⟩. Thus Irr(Q) has 8 linear characters and 2 characters of degree 2, and Irr(⟨Q, σ⟩) has 4 linear characters, 2 characters of degree 2 and 4 of degree 3. If p ≠ 3, then N_A (g(C^′)) = Q × ⟨α⟩ and N_A (C^′) = ⟨Q, σ⟩ × ⟨α⟩, so that (2.11) holds.

Suppose p = 3, so that β^{′2} = h_1α and α acts trivially on ⟨Q, σ⟩. Let θ = β^′⟨α⟩ ∈ ⟨β^′⟩/⟨α⟩. Then θ^2 = h_1 and

ρ^θ = h_1ρ, h^θ_2 = h_3, (τσ)^θ = h_3ρτσ, σ^θ = h_1σ^{− 1}.

Let H = ⟨h_1,h_2,ρ,τ,σ,θ⟩ = ⟨Q, σ,θ⟩ and h = θτσh_2. Then h^2 = (θτσh_2)(θτσh_2) = θ^2(τσ)^θh^θ_2τσh_2 = h_1h_3ρh^{τσ}_3 h_2 = h_2ρ and C_H (h) = ⟨h, h_1,h_2,σ⟩ = Z_4 × A_4, where Z_4 = ⟨h⟩ and A_4 = ⟨h_1,h_2,σ⟩. Moreover, h^θ = θτσρ = h^{− 1}, A^θ_4 = A_4 and H = ⟨C_H (h),θ⟩ with (H:C_H (h)) = 2. But the commutator subgroup [H,H ] = ⟨h_1,σ,h_2,ρ⟩, so H has exactly 4 linear characters. So θ stabilizes exactly the trivial character and the non-linear character of Irr(A_4). Since h^θ = h^{− 1}, it follows that θ stabilizes exactly two linear characters and two characters of degree 3 in Irr(C_H (h)). Since Irr(C_H (h)) has 12 linear chacaters and 4 characters of degree 3, it follows that Irr(H) has 4 linear characters, 4 characters of degree 3, 1 of degree 6 and 5 of degree 2. Thus θ stabilizes exactly 2 linear characters, 2 characters of degree 3 and 2 of degree 2 in Irr(N(C^′)).

Let M = ⟨h_1,h_2,τσ,ρ,θ⟩, so that h ∈ M. Thus C_M (h) = ⟨h, h_1,h_2⟩ = Z_4 × O_2(T_{− ϵ}) is a subgroup of index 2 in M and M = ⟨C_M (h),θ⟩. Since [M,M ] = ⟨h_1,h_3ρ⟩, it follows that M has exactly 8 linear characters. But C_H (h) has 16 linear characters, so Irr(M) has exactly 8 linear characters and 6 of degree 2. It follows that θ stabilizes exactly 4 linear characters and 2 characters of degree 2 in Irr(N(g(C^′))). Thus

k(N(C^′),B_0,d,u) = k(N(g(C^′)),B_0,d,u) =

4 if d = 4 and u = 2e, 4 if d = 4 and u = e, 2 if d = 3 and u = 2e, 0 otherwise.

In all cases we may take P_2 ∈ {D_8,D^∗_8,Q}. Let C^′ : 1 < O_2(T_{− ϵ}) < P_2 < ... < P_n ∈ R(G) g(C^′) : 1 < Z_2 < O_2(T_{− ϵ}) < P_2 < ... < P_n .

Then g(C^′) ∈ R(G), N(C^′) = N(g(C^′)) and N_A (C^′) = N_A (g(C^′)), since N(T_{− ϵ})∩ N(P_2) ≤ T_{− ϵ}Q ≤ N(Z_2) and since N_A (T_{− ϵ})∩ N_A (P_2) ≤ ⟨T_{− ϵ},Q, β^′⟩ ≤ N_A (Z_2). So (2.11) holds and a proof similar to that of (3) above shows that we may take

Φ( N_{N (Z2 )} (O_2(T_{− ϵ})),2) = {O_2(T_{− ϵ}),D_8,D^∗_8,Q}.

Thus the remaining radical chains C ∈ R(G) such that P_1 is conjugate to Z_2 or O_2(T_{− ϵ}) and P_2 is not conjugate to O_2(T_ϵ) have represen tativ es, C(1)_1, C(1) and C(1)^1. Thus (2E) follows.

(2F) Let C ∈ R^0(G) with |C| ≥ 1. If r ≥ 3, then

C N_A (C) Conditions

C(1)_1 : 1 < Z_r a ⟨GL^ϵ_2(q),ρ,α⟩ r ≥ 5 C(1)^1 : 1 < O_r (T_ϵ) N_A (T_ϵ) r ≥ 5 C(2)_1 : 1 < Z^∗_r a ⟨GL^ϵ_2(q),ρ,α⟩ r ≥ 3 C(1) : 1 < Z_r a < O_r (T_ϵ) ⟨T_ϵ,ρ,τ,α⟩ r ≥ 5 C(2) : 1 < Z^∗_r a < O_r (T_ϵ) ⟨T_ϵ,ρ,τ,α⟩ r ≥ 3 C(1) : 1 < Z(L_ϵ) ⟨L_ϵ,ρ,α⟩ r = 3

where ρ,σ,τ,α are given by (2.2).

Proof. The proof is given by that of (2D). (2G) Let C ∈ R^0(G) with |C| ≥ 1. If r = 2, then

C N_A (C) Conditions

C(1)_1 : 1 < Z_2 ⟨SO^+_4 (q),β^′⟩ q ≠ 3 C(1)^1 : 1 < O_2(T_{− ϵ}) N_A (T_{− ϵ}) q ≠ 3 C(2)^1 : 1 < O_2(T_ϵ) N_A (T_ϵ) q − ϵ≠ 2^a C(2)_1 : 1 < ⟨O_2(T_ϵ),ρ⟩ N_A (T_ϵ) q − ϵ= 2^a C(3)_1 : 1 < E_8 ⟨E_8.GL_3(2),β^′⟩ none C(3)^1 : 1 < 2^{1+4}_+ ⟨SO^+_4 (3),β^′⟩ q = 3 C(1) : 1 < Z_2 < O_2(T_{− ϵ}) ⟨T_{− ϵ},ρ,τ,β^′⟩ q ≠ 3 C(2) : 1 < Z_2 < O_2(T_ϵ) ⟨T_ϵ,τ,ρ,β^′⟩ q − ϵ≠ 2^a C(2) : 1 < ⟨O_2(T_ϵ),ρ⟩ < S^′ ⟨S^′,β^′⟩ q − ϵ= 2^a C(3) : 1 < E_8 < 2^{1+4}_+ ⟨2^{1+4}_+ .S_3,β^′⟩ none C(4)_2 : 1 < E_8 < W ⟨W,σ,τ,β⟩ q ≠ 3 C(4) : 1 < E_8 < W < S^{′′} ⟨S^{′′},β^′⟩ q ≠ 3

where ρ,σ,τ are given by (2.2), β^′ = α or βσ^2 according as p ≠ 3 or p = 3, E_8 = ⟨ρ,Ω_1(O_2(T_ϵ))⟩, W = ⟨ρ,Ω_2(O_2(T_ϵ))⟩ ≤ N(E_8), and S^{′′}∈ Syl_2(N(E_8)) containing W.

Proof. The proof is given by that of (2E).

Remark : We note that if q = 3, the classification of radical 2-chains given by [4, (2.6)] is incorrect, since some of the 2-chains there are not radical. The family defined by

[4, (2.8)] should be replaced by the family R^0(G) defined by (2.10). However, the proof of the main theorem [4, (4C)] still works if we replace the chain C : 1 < Z_2 by C : 1 < 2^{1+4}_+ , since N(1 < Z_2) = N(1 < 2^{1+4}_+ ) = SO^+_4 (3) (see also the proofs in Section 4).

3. The proof of the conjecture for odd primes The notation and terminology of Sections 1 and 2 are continued in this section. We shall identify a dual group of G = G_2(q) with G. Let E ( G, (s) ) be the set of the irreducible constituen ts of Deligne-Lusztig generalized characters associated with the conjugacy class (s) of a semisimple element s ∈ G, and let

E_r (G, (s)) = ⋃ y E(G, (sy)),

where s ∈ G is a semisimple r^′-element and y runs over all the r-elements of C_G (s). In this section, we first prove two lemmas and then verify Dade’s invariant conjecture for odd primes r.

Let Blk^0(G, r) be the set of r-blocks of G with non-cyclic defect groups. By [22], [23] and [24],

Blk^0(G, r) = { { B_1,B_2,B_3,B_a ,B_b,B_{X γ} } if r ≥ 3, {B_1,B_3,B_{1a} ,B_{1b},B_{2a} ,B_{2b},B_{X 1} ,B_{X 2} } if r = 2,

(3.1)

where B_1 = B_0(G) is the principal block and γ = 1 or 2 according as ϵ = + or − . In addition, if q is even, then there is no block B_2. If gcd(q,3) = 3, then there is no block B_3.

Suppose B ∈ Blk^0(G, r) with D = D(B) and B ⊆ E_r (G, (s)) for some semisimple r^′-element s of G. If r ≥ 3, then by [22]and [23], D is abelian unless r = 3 and B = B_1. If r = 2, then by [2, (3D)], D is isomorphic to a Sylow 2-subgroup of C_G (s). If D ≃ O_2(T_ϵ), then we may suppose D = O_2(T_ϵ) and so C_G (D) = T_ϵ. By [7, Theorem 3.2], we may suppose s ∈ C_G (D), so that sy ∈ T_ϵ for all y ∈ D. Since D ≤ C_G (sy), it follows that C_G (sy) ∈ {G, SO(U_4),L_δ,J_ϵ,T_ϵ}.

We denote χ_{t,μ} the character of E(G, (t)) labelled by (t, μ), where μ is a unipotent irreducible character of C_G (t). It follows by (2B) that χ^β_{t,μ} ∈ E(G, (t^β )).

(3A) Let G = G_2(q) and B ∈ Blk^0(G, r). In the notation of [22], suppose t ∈ T_ϵ. (a) If p = 3 and t = 1, then X^β_{13} = X_{14} and β stabilizes the other 4 or 6 characters of Irr(B_1) ∩ E(G, (1)) according as r ≥ 5 or r = 2.

(b) If p = 3 and |t| = 2, then X^β_{23} = X_{24} and β stabilizes the other 2 characters of E(G, (t)).

(c) If p ≠ 3 or p = 3 and t^2 ≠ 1, then

χ^β_{t,μ} = χ_t β_{,μ} for all χ_{t,μ} ∈ E(G, (t)) ∩ Irr(B)\{X_{19} ,X_{19} }.

Proof. Suppose p = 3, so that r ≠ 3. If t^2 = 1, then t = 1 or |t| = 2 and ϕ(t)^2 = 1. Since G has only one class of involutions, it follows that E(G, (t))^β = E(G, (t)). In the notation of [14],the classes A_2 and A_{31} contains x_{3a+2 b}(1) and x_{2a+ b}(1), respectively. Thus β fuses A_2 and A_{31} . In addition, X_{13} = θ_3, X_{14} = θ_4, X_{23} = θ_8 and X_{24} = θ_9 (see [22, Appendix B]). By [14, Table VII-2], θ^β_3 = θ_4 and θ^β_8 = θ_9. By the degrees of characters given in [14, Table VII-2], θ^β_i = θ_i for 0 ≤ i ≤ 11 with i ∉{3,4,8,9}. This implies (b). By [22] and [24], Irr(B_1) ∩ E(G, (t)) ⊆ {θ_0,θ_1,θ_2,θ_3,θ_4,θ_5,θ_{10} ,θ_{11} },

which implies (a).

Suppose p = 2. In the notation of [15], θ_4(A_2) = 0 and θ^α_3 (A_2) = θ_3(A_2) = q. Thus θ^α_3 ≠ θ_4. The rest of (c) can be proved similarly using (2B), [14, Table IV-2] and [10].

Let M_ϵ = N_G (T_ϵ) = ⟨T_ϵ,ρ,τ,σ⟩ and N(ϕ(t)) the stabilizer of ϕ(t) ∈ Irr(T_ϵ) in M_ϵ, where ϕ is given by (2.3). A similar proof to that of [4, (4.2)] shows that we may suppose

N(ϕ(t)) ∈ {M_ϵ,⟨T_ϵ,ρ,τσ⟩,⟨T_ϵ,τ,σ⟩,⟨T_ϵ,ρ^j τσ^i⟩, j,i = 0,1},

since we only consider the characters in Irr(M_ϵ). Let S(t) be the subset of all characters of Irr(N(ϕ(t))) consisting of characters which cover ϕ(t).

(3B) Let G = G_2(q) and t ∈ T_ϵ. If p = 3 and ϕ(t)^β = ϕ(t), then t^2 = 1. (a) Suppose t = 1. Then

S(t) = {ξ_{1,i} : 1 ≤ i ≤ 6},

where ξ_{1,i} (1) = 1 for 1 ≤ i ≤ 4 and ξ_{1,5}(1) = ξ_{1,6}(1) = 2. If p = 3, then we may suppose ξ^β_{1,3} = ξ_{1,4} and ξ^β_{1,i} = ξ_{1,i} for all i ≠ 3,4. If p ≠ 3, then α stabilizes each character of S(1).

(b) Suppose |t| = 2 and N(ϕ(t)) = ⟨T_ϵ,ρ,τσ⟩. Then

S(t) = {ξ_{t,i} : 1 ≤ i ≤ 4},

where ξ_{t,i} (1) = 1 for all i. If p = 3, then we may suppose ξ^{β ′}_{t, 3} = ξ_{t, 4} and ξ^{β ′}_{t,i} = ξ_{t,i} for all i ≠ 3,4. If p ≠ 3, then α stabilizes each character of S(t).

(c) Suppose |t| = 3 and C_G (t) ≃ L_ϵ. Then p ≠ 3 and

S(t) = {ξ_{t,i} : 1 ≤ i ≤ 3},

where ξ_{t, 1}(1) = ξ_{t, 2}(1) = 1 and ξ_{t, 3}(1) = 2. In addition, ξ^α_{t,i} = ξ_{t,i} for all i.

(d) Suppose C_G (t) ≃ GL^ϵ_2(q). Then

S(t) = {ξ_{t, 1},ξ_{t, 2}},

where both ξ_{t, 1} and ξ_{t, 2} are linear. In addition, ξ^α_{t,i} = ξ_t α_{,i} for i = 1,2.

(e) Suppose C_G (t) = T_ϵ. Then

S(t) = {ξ_{t, 1}},

where ξ_{t, 1} is linear. In addition, ξ^β_{t, 1} = ξ_t β_{,1}.

Proof. Suppose p = 3 and ϕ(t)^β = ϕ(t). Then ϕ(t)^{β 2} = ϕ(t)^α = ϕ(t^α ) = ϕ(t), so that t^α = t^3 = t and t^2 = 1.

(a) Since N(ϕ(1)) = M_ϵ and M_ϵ/T_ϵ ≃ Z_2 × S_3, ϕ(1) has 6 extensions to M_ϵ. Suppose p = 3. As shown in the proof of (2E) (5), ⟨M_ϵ,θ⟩/T_ϵ ≃ (Z_4 × 3).2 which has 4 linear characters and 5 irreducible characters of degree 2, where θ = β^′⟨α⟩. Thus β stabilizes exactly 2 linear characters and the two characters of degree 2 in S(1). If p ≠ 3, then α stabilizes each character of S(1), since w^α = w for all w ∈ ⟨ρ,τ,σ⟩.

(b) Since N(ϕ(t)) = ⟨T_ϵ,ρ,τσ⟩, ϕ(t) has four linear extensions to N(ϕ(t)). If p = 3, then β^′ stabilizes N(ϕ(t)) and ⟨N(ϕ(t)),θ)/T_ϵ ≃ D_8, so that β^′ stabilizes exactly two linear characters of S(t). If p ≠ 3, then the proof is similar to that of (a).

(c) If |t| = 3, then C_G (t) = L_δ, N(ϕ(t)) = ⟨T_ϵ,σ,τ⟩, and ϕ(t) has three extensions to N(ϕ(t)). Since w^α = w for w ∈ ⟨σ,τ⟩, it follows that ξ^α_{t,i} = ξ_t α_{,i} .

(d) If C_G (t) ≃ J_ϵ, then N(ϕ(t)) = ⟨T_ϵ,ρ^j τσ^i⟩, and ϕ(t) has two extensions to N(ϕ(t)), non is stabilized by β. A proof similar to above shows that ξ^α_{t,i} = ξ_t α_{,i} .

(e) If C_G (t) = T_ϵ, then N(ϕ(t)) = T_ϵ and S(t) = {ξ_{t, 1} = ϕ(t)}. A proof similar to above shows that ξ^β_{t, 1} = ξ_t β_{,1}.

(3C) Let G = G_2(q) and let r be a prime such that gcd(r,q) = 1. If r ≥ 3, then Dade’s invariant conjecture holds for G.

Proof. (1) Suppose B ∈ Blk^0(G, r). Let C = C(1) or C(1)^1 according as r = 3 or r ≥ 5. In the former case N(C) = K_ϵ and in the latter case N(C) = N(T_ϵ). If D is abelian, then N(D) ≤ N(C) and Blk(B|N(C)) = {b(C)} by Brauer’s First Main Theorem. If D is non-ab elian, then r = 3 and B is principal, so that Blk(B|N(C)) = {b(C)} by Brauer Third Main Theorem. We shall define a bijection

Ψ : Irr(b(C)) −→ Irr(B)

such that w stabilizes Ψ( φ ) if and only if w stabilizes φ ∈ Irr(b(C)) for w ∈ ⟨β⟩.

Suppose B ⊆ E_r (G, (s)) and b is a block of C_G (D) such that b^{N (C )} = b(C). If r ≠ 3 or r = 3 and B ≠ B_1, then C_G (D) = T_ϵ and we may suppose b = E_r (T_ϵ,(s)).

Let t ∈ T_ϵ and I(ξ) = Ind^{N (C )}_{N (ϕ(t))} (ξ) for ξ ∈ Irr(N(ϕ(t)). Suppose r ≥ 5. We define the map Ψ : ∪_{b(C )} Irr(b(C)) −→ ∪_B Irr(B) as follows:

If C_G (t) = T_ϵ, then E(G, (t)) = {χ_{t, 1}} and S(t) = {ξ_{t, 1}}. Define Ψ( I(ξ_{t, 1})) = χ_{t, 1}. If C_G (t) ≃ J_ϵ, then E(G, (t)) = {χ_{t, 1},χ_{t, St} } and S(t) = {ξ_{t, 1},ξ_{t, 2}}, where St is the Stainberg character of C_G (t). Define Ψ( I(ξ_{t, 1})) = χ_{t, 1} and Ψ( I(ξ_{t, 2})) = χ_{t, St} .

If C_G (t) = L_ϵ, then E(G, (t)) = {X_{31} ,X_{32} ,X_{33} } (in the notation of [22, Appendix B]), and we define Ψ( I(ξ_{t,i} )) = X_{3i} for ξ_{t,i} ∈ S(t)

If |t| = 2, then E(G, (t)) = {X_{21} ,X_{22} ,X_{23} ,X_{24} }, and we define Ψ( I(ξ_{t,i} )) = X_{2i} for ξ_{t,i} ∈ S(t).

If t = 1 and r ≥ 5, then E(G, (t)) ∩ Irr(B_1) = {X_{11} ,X_{12} ,X_{13} ,X_{14} ,X_{1γ1} ,X_{1γ2} }, where (γ_1,γ_2) = (5,6) or (7,8) according as ϵ = + or − . Define Ψ( I(ξ_{1,i} )) = X_{1i} for ξ_{1,i} ∈ S(1) except when ϵ= − and i = 5,6, in which case Ψ( I(ξ_{1,i} )) = X_{1i+2} .

Then Ψ induces a bijection between Irr(b(C)) and Irr(B) (see [22]and the proof of [3, (1A)]). By (3A) and (3B), w stabilizes Ψ( I(ξ)) if and only if w stabilizes I(ξ) for ξ ∈ S(t), since Ind^{N (C )}_{N (ϕ(t))} (ξ)^β = Ind^{N (C )}_{N (ϕ(t)) β} (ξ^β ).

It follows that k(G, B,d,u) = k(N(C),B,d,u) (3.2)

for all d,u ∈ Z.

(2) Suppose r = 3 and B = B_1. Then p ≠ 3, N(C) = K_ϵ = ⟨L_ϵ,ρ⟩ and b(C) = B_0(K_ϵ). Let b_0 = B_0(L_ϵ) and B_H = B_0(H), where L_ϵ ≤ H = GL^ϵ_3(q). Then B_H covers b_0, B_H = E_3(H,(1)) by [17] and b_0 = E_3(L_ϵ,(1)). If t is a 3-element of L_ϵ, then C_{L ϵ} (t) ∈ {L_ϵ,T^ϵ_2 ,T_ϵ,J_ϵ}. Let ζ_{t,μ} be an irreducible character of H labelled by (t, μ) and ζ_{t,μ} |_{L ϵ} the restriction of ζ_{t,μ} to L_ϵ, where t ∈ L_ϵ is semisimple and μ is a unipotent character of C_H (t).

Let y be a semisimple element of order 3^{a+1} in H. Then C_H (y) is a Coxeter torus T_1 = Z_q3_{− ϵ}. The irreducible character ζ_y = ± R^H_{T1} (y) of H labelled by (y,1) has degree |H:T_1|_p′ = (q− ϵ)^2(q+ ϵ), where 1 is the trivial character of T_1. Since ζ^{hρ}_y = ζ^ρ_y for h ∈ H, we may suppose the inverse-transp ose map ρ of H stabilizes T_1, so that ζ^ρ_y = ± R^H_{T1} (y^ρ). If Δ and Δ^′ are elementary divisors of y and y^ρ, respectively, then Δ( c) = 0 if and only if Δ^′(c^{− ϵq}) = 0 for some c in some extension field of F_q. If Δ( c) = 0, then Δ has exactly three roots {c,c^{ϵq},c^{q2} }, so that Δ( c^{− ϵq}) ≠ 0 as |c| = 3^{a+1} . Thus y and y^ρ are not conjugate in H, so that ζ_y ≠ ζ_yρ . Since ζ_y ∈ Irr(B_H ), it follows that ζ_y|_{L ϵ} and ζ_yρ |_{L ϵ} are characters of b_0. By [30, Table 1b], L_ϵ has exactly^1_3 (q^2 − ϵq+ 1 − 3) irreducible characters of degree (q − ϵ)^2(q + ϵ), which are given by the restrictions of ± R^H_{T1} (t) to L_ϵ, where t ∈ O_3′(T_1). It follows that ζ_y|_{L ϵ} and ζ_yρ |_{L ϵ} are reducible, so that each has three irreducible constituen ts in Irr(b_0) by [30, Corollary 4.8]. In particular, by Clifford theory ζ_y|_{L ϵ} ≠ ζ_yρ |_{L ϵ} . Since ζ^ρ_y = ζ_yρ , it follows that ρ induces a bijection between the three irreducible constituen ts of ζ_y|_{L ϵ} and of ζ_yρ |_{L ϵ} . By [30] or [20], Irr(L_ϵ) has exactly 6 characters of degree (q − ϵ)^2(q + ϵ)/3, so that Irr^{2a− 1}(b_0) has exactly 6 characters and Irr(b(C)) has 3 characters of height 2a − 1. Note that if y^′ is a 3-element of the maximal torus T^ϵ_2 of L_ϵ, then C_H (y^′) = T_1 and R^H_{T1} (y)|_{L ϵ} = R^{L ϵ}_T ϵ_2 (y^′) by [27].

Suppose Ω = {ξ_0,ξ_1,ξ_2} are three irreducible constituen ts of ζ_s |_{L ϵ} . Let x be a diagonal element of H\L_ϵ such that x induces an automorphism of order 3 on L_ϵ. Then x permutes characters of Ω transitiv ely. Since x^α ∈ ⟨x⟩, it follows that α also permutes Ω. In the notation of [30] we may suppose ξ_i = χ^{(i)}_{(q− ϵ)2 (q+ ϵ)/3}. (In the notation of [20], ξ_i = χ^{(i,1)}_{(q− ϵ)2 (q+ ϵ)/3}.) Since α stabilizes the class C^{0,0}_3 , it follows from the character table that α stabilizes ξ_0, and ξ^α_1 = ξ_2 if and only if (C^{0,1}_3 )^α = C^{0,2}_3 .

By [23, Tables I and II], Irr^{2a− 1}(B_1) = {X_{19} ,X_{19} ,X_{18} } or Irr^{2a− 1}(B_1) = {X_{19} ,X_{19} ,X_{16} } according as ϵ = + or − . Suppose p = 2. In the notation of [15], α stabilizes each class B_0, B_1 and B_2(0), and moreover, B_2(1)^α = B_2(2) if and only if (C^{0,1}_3 )^α = C^{0,2}_3 . By the character table [15, Table IV-2], B_2(1)^α = B_2(2) if and only if X^α_{19} = X_{19} . Suppose p ≥ 5. In the notation of [10],α stabilizes each class k_3, k_{3,1} and k_{3,2}, and moreover, k^α_{3,3,1} = k_{3,3,2} if and only if (C^{0,1}_3 )^α = C^{0,2}_3 . Similarly, k^α_{3,3,1} = k_{3,3,2} if and only if X^α_{19} = X_{19} . It follows that ξ^α_1 = ξ_2 if and only if X^α_{19} = X_{19} .

Define Ψ : Irr^{2a− 1}(b(C)) −→ Irr^{2a− 1}(B_1) such that Ψ( ξ_0 + ξ^ρ_0 ) = X_{18} or X_{16} according as ϵ = + or − , Ψ( ξ_1 + ξ^ρ_1 ) = X_{19} and Ψ( ξ_2 + ξ^ρ_2 ) = X_{19} . Then w stabilizes Ψ( φ ) if and only if w stabilizes φ for each φ ∈ Irr^{2a− 1}(b(C)).

Suppose ξ ∈ Irr(L_ϵ). Then ξ has defect 2a + 1 if and only if ξ is in a block with full defect and ξ has height 0. Since b_0 is the only block of L_ϵ with full defect, it follows that Irr^0(b) consists of all characters of Irr(L_ϵ) with defect 2a + 1. In the notation of [30] and [20], Irr^0(b_0) = {χ_1,χ_q2_{+ ϵq},χ_q3 ,χ^{(u)}_{(q+ ϵ)( q2 + ϵq+1) /3} : 0 ≤ u ≤ 2}.

Suppose t is an element of L_ϵ such that C_H (t) is the torus T_1 = Z_{q− ϵ} × Z_{q− ϵ} × Z_{q− ϵ}. Let ζ_t and ζ_t − 1 be characters of Irr(H) labelled by (t, 1) and (t^{− 1},1), respectively. Then ζ^ρ_t = ζ_t − 1 and both have degree (q + ϵ)(q^2 + ϵq+ 1). Since L_ϵ has three irreducible characters of degree (q+ ϵ)(q^2 + ϵq+ 1)/3 in Irr(b_0), there is some 3-element, say y such that C_H (y) = T_1 and ζ_y|_{L ϵ} is reducible. Since L_ϵ only has three such irreducible characters, it follows that ζ_y|_{L ϵ} = ζ_y− 1 |_{L ϵ} and ρ permutes the three constituen ts. In addition, we may suppose y = diag {x, x^{− 1},1} for some non-trivial 3-element x ∈ O_3(Z_{q− ϵ}). Since ρ^2 = 1 and since ⟨H,ρ⟩/Z(H)L_ϵ ≃ S_3, it follows that ρ stabilizes exactly one constituen t χ^{(0)}_{(q+ ϵ)( q2 + ϵq+1) /3}. Thus ρ stabilizes exactly 4 characters of Irr^0(b_0), so that Irr^0(b(C)) has 9 characters. Since α stabilizes the class C^{(0,0)}_3 , it follows that α stabilizes χ^{(0)}_{(q+ ϵ)( q2 + ϵq+1) /3}. By the degrees, α stabilizes χ_1, χ_q2_{+ ϵq} and χ_q3 . Since ρ^α = ρ, it follows that α stabilizes each character of Irr^0(b(C)).

Let t ∈ O_3(T_ϵ) such that C_{L ϵ} (t) = T_ϵ, so that T_1 = C_H (t) = Z_{q− ϵ} × Z_{q− ϵ} × Z_{q− ϵ}. The irreducible character ζ_t = ± R^H_{T1} (t) of H has degree (q + ϵ)(q^2 + ϵq+ 1). By [30, Table 1b] and [20, Theorem 4.5], there are^1_6 3^a (3^a − 3) characters in Irr(b_0) such that ξ_t = ζ_t |_{L ϵ} is irreducible and C_{L ϵ} (t) = T_ϵ. Let X(b_0) be the subset consisting of these characters of Irr(b_0), X_0(b_0) = {ξ_t ∈ X(b_0) : ξ^ρ_t = ξ_t }

and X_1(b_0) = X(b_0)\X_0(b_0). If ξ_t ∈ X_0(b_0), then we may suppose t = diag {t_1,t^{− 1}_1 ,1} for some t_1 ∈ O_3(Z_{q− ϵ}), since ξ^ρ_t = ξ_t − 1 . As shown above L_ϵ has a unique class of nontrivial 3-elements containing y = diag {x, x^{− 1},1} such that ζ_y|_{L ϵ} is reducible. Thus L_ϵ has exactly^1_2 (3^a − 3) classes of element t = diag {t_1,t^{− 1}_1 ,1} with t_1 ∈ O_3(Z_{q− ϵ})\{1,x, x^{− 1}}, and for each class (t)_{L ϵ} , ξ_t is stabilized by ρ. So X_0(b_0) has^1_2 (3^a − 3) characters and X_1(b_0) has^1_6 3^a (3^a − 3) −^1_2 (3^a − 3) =^1_6 (3^a − 3)^2 characters. Let φ_{t, 1} and φ_{t, 2} be characters of Irr(b(C)) which cover ξ_t ∈ X_0(b_0), and let φ_t = Ind^{K ϵ}_{L ϵ} (ξ_t ) for ξ_t ∈ X_1(b_0). In addition, denote X_1(C) = {φ_t : ξ_t ∈ X_1(b_0)} and

X_0(C) = {φ_{t, 1},φ_{t, 2} : ξ_t ∈ X_0(b_0)}.

Then X_0(C) and X_1(C) are the characters of Irr(b(C)) covering characters of X_0(b_0) and X_1(b_0), respectively. Moreover, |X_0(C)| = 3^a − 3 and |X_1(C)| =^1_{12} (3^a − 3)^2.

Let X_0(B_1) = {{ X_γ },{X^′_γ }} ⊆ Irr^1(B_1) and X_1(B_1) = {{ X_λ }} ⊆ Irr^1(B_1), where (γ,λ) = (1a, 1) or (2b,2) according as ϵ = + or − . Then |X_i(B_1)| = |X_i(C)| for i = 0,1. In the notation of Lusztig’s Jordan decomposition X_0(B_1) = {χ_{t, 1},χ_{t, St} }, where t = diag {t_1,t^{− 1}_1 ,1} ∈ O_3(T_ϵ) and St is the Steinberg character of C_G (t) = J_ϵ. Similarly, X_1(B_1) = {χ_{t, 1}}, where t ∈ O_3(T_ϵ) such that C_G (t) = T_ϵ. Define Ψ : X_i(C) −→ X_i(B_1) by Ψ( φ_{t, 1}) = χ_{t, 1} ∈ X_0(B_1), Ψ( φ_{t, 2}) = χ_{t, St} , and Ψ( φ_t ) = χ_{t, 1} ∈ X_1(B_1). Then Ψ is a bijection between X_i(C) and X_i(B_1), and w stabilizes Ψ( φ ) if and only if w stabilize φ ∈ X_i(C) for all w ∈ ⟨α⟩.

Let t ∈ O_3(T_ϵ) be such that C_{L ϵ} (t) = J_ϵ, so that C_H (t) = J_ϵ × Z_{q− ϵ}. In addition, let ζ_t and ζ_{t, St} be the irreducible characters of H labelled by (t, 1) and (t, St), respectively, where St is the Steinberg character of degree q of C_H (t). Then ζ_t (1) = q^2 + ϵq + 1 and ζ_{t, St} (1) = q(q^2 + ϵq+ 1). By the degrees of characters of Irr(L_ϵ), both ζ_t |_{L ϵ} and ζ_{t, St} |_{L ϵ} are irreducible. Let ξ_{t, 1} = ζ_t |_{L ϵ} , ξ_{t, St} = ζ_{t, St} |_{L ϵ} , and X_2(b_0) = {ξ_{t, 1},ξ_{t, St} }. Then |X_2(b_0)| = 2(3^a − 1), since Irr(b_0) has 3^a − 1 characters of degree q^2 + ϵq+ 1 and q(q^2 + ϵq+ 1). Since ζ^ρ_t = ζ_t − 1 and ζ^ρ_{t, St} = ζ_t − 1_{,St} , it follows that ζ_t |_{L ϵ} ≠ ζ_t − 1 |_{L ϵ} and ζ_{t, St} |_{L ϵ} ≠ ζ_t − 1_{,St} |_{L ϵ} . Thus ρ does not stabilizes any character of X_2(b_0). Let

X_2(C) = {φ_{t,μ} = Ind^{K ϵ}_{L ϵ} (ξ_{t,μ} ) : ξ_{t,μ} ∈ X_2(b_0)}

and X_2(B_1) = {χ_{t, 1},χ_{t, St} }, where t ∈ O_3(T_ϵ) such that C_{L ϵ} (t) = J_ϵ. Then |X_2(C)| = |X_2(B_1)| = 3^a − 1. Define Ψ : X_2(C) −→ X_2(B_1) by Ψ( φ_{t, 1}) = χ_{t, 1}. Then Ψ is a bijection between X_2(C) and X_2(B_1), and w ∈ ⟨α⟩ stabilizes Ψ( φ ) if and only if w stabilize φ ∈ X_2(C).

Since each character of Irr^1(b_0) has degree q^2 + ϵq+ 1, q(q^2 + ϵq+ 1) or (q+ ϵ)(q^2 + ϵq+ 1), it follows that Irr^1(b_0) = ∪^2_{i=0} X_i(b_0), so

Irr^1(b(C)) = ∪^2_{i=0} X_i(C).

By [22, Tables 1 and 2], Ψ is a bijection between Irr^1(b(C)) and Irr^1(B_1). Since Irr(b_0) = Irr^{2a− 1}(b_0) ∪ Irr^1(b_0) ∪ Irr^0(b_0), it follows that

Irr(b(C)) = Irr^{2a− 1}(b(C)) ∪ Irr^1(b(C)) ∪ Irr^0(b(C)),

so that Ψ is a bijection between Irr(b(C)) and Irr(B_1).

(3) Suppose r = 3 and B ≠ B_1. Then p ≠ 3 and b(C) is not a principal block of K_ϵ. If D = D(B), then C_G (D) = T_ϵ and b^{K ϵ}_D = b(C), where b_D is a root block of B. If B ⊆ E_r (G, (s)), then we may suppose s ∈ T_ϵ and b_D = E_r (T_ϵ,(s)). Let b = b^{L ϵ}_D , so that b = E_r (L_ϵ,(s)).

If B ≠ B_2, then |s| ≠ 2 and b^ρ ≠ b, so that ξ^ρ ≠ ξ for each ξ ∈ Irr(b). Moreover, if B = B_a or B_b, then C_{L ϵ} (s) = J_ϵ and

E_r (L_ϵ,(s)) = {ξ_{sy ,μ} : y ∈ O_3(T_ϵ), μ ∈ {1,St}}.

Let X_1(b) = {ξ_{sy ,μ} : C_{L ϵ} (sy) = J_ϵ,μ = 1,St}, X_2(b) = Irr(b)\X_1(b) and

X_i(C) = {φ_{t,μ} = Ind^{K ϵ}_{L ϵ} (ξ_{t,μ} ) : ξ_{t,μ} ∈ X_i(b)}.

Then |X_1(b)| = |X_1(C)| = 2 ·3^a and |X_2(b)| = |X_2(C)| =^1_2 (3^{2a} − 3^a ). In addition, φ^α_{t,μ} = φ_t α_{,μ} .

Suppose X_1(B) = {χ_{sy ,μ} : y ∈ O_3(T_ϵ),C_{L ϵ} (sy) = J_ϵ,μ = 1,St} and X_2(B) = Irr(B)\X_1(B). By [21, pp.374, 377], |X_1(B)| = 2 ·3^a and |X_2(B)| =^1_2 (3^{2a} − 3^a ). Define Ψ : X_i(C) −→ X_i(B) by Ψ( φ_{sy ,μ} ) = χ_{sy ,μ} . Then Ψ is a bijection between X_i(C) and X_i(B) for each i = 1,2. So Ψ is a bijection between Irr(b(C)) and Irr(B). Moreover, w ∈ ⟨α⟩ stabilizes Ψ( φ ) if and only if w stabilizes φ ∈ Irr(b(C)).

Suppose B = B_{X γ} , where γ = 1 or 2 according as ϵ= + or − . Then C_{L ϵ} (s) = T_ϵ and Irr(b) = {ξ_{sy ,1} : y ∈ O_3(T_ϵ)}. Thus |Irr(b)| = 3^{2a} and

Irr(b(C)) = {φ_{sy ,1} = Ind^{K ϵ}_{L ϵ} (ξ_{sy ,1}) : y ∈ O_3(T_ϵ)}.

Define Ψ : Irr(b(C)) −→ Irr(B) by Ψ( φ_{sy ,1}) = χ_{sy ,1}. Then Ψ is a bijection and w stabilizes Ψ( φ ) if and only is it stabilizes φ ∈ Irr(b(C)) for w ∈ ⟨α⟩.

Finally, suppose B = B_2, so that |s| = 2 and C_{L ϵ} (s) = J_ϵ. Thus

Irr(b) = {ξ_{sy ,μ} : y ∈ O_3(T_ϵ), μ ∈ {1,St}}.

We may suppose s = h_1(− 1) = diag {− 1,− 1,1} ∈ L_ϵ. Let X_0(b) be the character of Irr(b) stabilized by ρ. If ξ^ρ_{sy ,μ} = ξ_{sy ,μ} , then y is conjugate to y^{− 1}. We may suppose y = diag {c,c^{− 1},1} for c ∈ O_3(Z_{q− ϵ}), so that sy = diag {− c,− c^{− 1},1} and C_{L ϵ} (sy) = J_ϵ or T_ϵ according as c = 1 or c ≠ 1. Conversely, each character ξ_{sy ,μ} with sy = diag {− c,− c^{− 1},1} is stabilized by ρ. Since sy and sy^{− 1} are conjugate in L_ϵ, it follows that |X_0(b)| =^1_2 (3^a − 1) + 2. Let X_1(b) = {ξ_{sy ,μ} : C_{L ϵ} (sy) = J_ϵ,y ≠ 1,μ = 1,St} and

X_2(b) = Irr(b)\(X_0(b) ∪ X_1(b)).

If ξ_{sy ,μ} ∈ X_1(b), then we may suppose sy = diag {− c,− c,c^{− 2}} for some non-trivial element c ∈ O_3(Z_{q− ϵ}), so that |X_1(b)| = 2(3^a − 1). If ξ_{sy ,μ} ∈ X_2(b), then we may suppose sy = diag {− z_1,− z_2,z^{− 1}_1 z^{− 1}_2 } for some non-trivial elements z_1,z_2 ∈ O_3(Z_{q− ϵ}) with z_1 ≠ z_2. Since diag {− z_1,− z_2,z^{− 1}_1 z^{− 1}_2 } and diag {− z_2,− z_1,z^{− 1}_1 z^{− 1}_2 } are conjugate in L_ϵ, it follows that |X_2(b)| =^1_2 (3^{2a} − 3^a − (3^a − 1)) =^1_2 (3^a − 1)^2. Let

X_i(C) = {φ_{t,μ} = Ind^{K ϵ}_{L ϵ} (ξ_{t,μ} ) : ξ_{t,μ} ∈ X_i(b)}

for i = 1,2. Let φ_{sy ,1} and φ_{sy ,St} be the two extensions of ξ_{sy ,1} ∈ X_0(b) to K_ϵ except when y = 1, in which cases, let φ_{s,j} for 1 ≤ j ≤ 4 be the four extensions of ξ_{s, 1} and ξ_{s, St} to K_ϵ. In addition, let

X_0(C) = {φ_{sy ,μ} ,φ_{s,j} : ξ_{sy ,1} ∈ X_0(b),y ≠ 1,1 ≤ j ≤ 4}.

Since ρ permutes X_i(b), it follows that

|X_i(C)| =

3 + 3^a if i = 0, 3^a − 1 if i = 1, 1 4 (3^a − 1)^2 if i = 2.

Let X_1(B) = {χ_{sy ,μ} : 1 ≠ y ∈ O_3(T_ϵ),C_{L ϵ} (sy) = J_ϵ},

X_0(B) = {χ_{sy ,μ} : y = diag {− c,− c^{− 1},1} ∈ O_3(T_ϵ)},

X_2(B) = Irr(B)\(X_0(B) ∪ X_1(B)), where μ runs over the unipotent characters of C_{L ϵ} (sy). By [23], |X_i(B)| = |X_i(C)| for i = 0,1,2. Given i = 1,2, define Ψ : X_i(C) −→ X_i(B) by Ψ( φ_{sy ,μ} ) = χ_{sy ,μ} . In addition, define Ψ : X_0(C) −→ X_0(B) by Ψ( φ_{sy ,μ} ) = χ_{sy ,μ} except when y = 1, in which case Ψ( φ_{s,j} ) = X_{2j} . Then Ψ is a bijection between X_i(C) and X_i(B), so a bijection between Irr(b(C)) and Irr(B). Moreover, w stabilizes Ψ( φ ) if and only is it stabilizes φ ∈ Irr(b(C)) for w ∈ ⟨α⟩. Thus (3.2) holds.

(4) We may suppose B ∈ Blk^0(G, r). Let C = C(2)_1 and C^′ = C(2). Then N(C) = N_G (J_ϵ^∗) and N(C^′) = N_{N (C )}(T_ϵ). Since N_G (J_ϵ) ≃ N_G (J_ϵ^∗), for simplicity of notation, we identify J_ϵ with J_ϵ^∗ and suppose Z(J_ϵ) is generated by an element diag {c^{− 2},c,c} ∈ L_ϵ for some c ∈ Z_{q− ϵ}. Thus τ ∈ J_ϵ = C_G (Z(J_ϵ)) and ρ ∈ N_G (Z(J_ϵ)) = N_G (J_ϵ). So N(C) = ⟨J_ϵ,ρ⟩ and N(C^′) = ⟨T_ϵ,τ,ρ⟩, where ρ acts as a inverse-transp ose or a field automorphism of order 2 on J_ϵ = GL^ϵ_2(q) according as ϵ= + or − , T_ϵ ≤ J_ϵ and the actions of τ,ρ on T_ϵ are given by (2.2). Moreover, N_A (C) = N(C)o⟨α⟩ and N_A (C^′) = ⟨T_ϵ,τ,ρ,α⟩, where α acts as a field automorphism of order e on J_ϵ.

If B = B_0(G), then Blk(N(C)|B) = {b(C)} and Blk(N(C^′)|B) = {b(C^′)}, where b(C) = B_0(N(C)) and b(C^′) = B_0(N(C^′)). If B ≠ B_0(G), then we may suppose D = O_r (T_ϵ), so that C(D) = T_ϵ and N(D) = N(T_ϵ), where D = D(B). Let (D,b_D ) be a maximal B-pair. Then b^{N (C )}_D is a block b(C) of Blk(N(C)|B) with a defect group D and b(C^′) = b^{N (C ′)}_D ∈ Blk(N(C^′)|B) with a defect group D. Since N(C^′) = N_{N (C )}(D), it follows by Brauer First Main Theorem that b(C) = b(C^′)^{N (C )}. Moreover, the Brauer corresp ondence induces a bijection between Blk(N(C^′)|B) and Blk(N(C)|B). Let b(C^′) = b^{N (C ′)}

D ∈ Blk(N(C^′)|B) and b(C) = b^{N (C )}_D ∈ Blk(N(C)|B).

Let H_ϵ = ⟨T_ϵ,τ⟩, B^′ = b^{J ϵ}_D and b^′ = b^{H ϵ}_D , and let N(B^′) and N(b^′) be stabilizers of B^′ and b^′ in N(C) and N(C^′), respectively. Then H_ϵ = N_{J ϵ} (D), b^{′J ϵ} = B^′, b^{′N (C ′)} = b(C^′) and B^{′N (C )} = b(C). If N(B^′) = J_ϵ, then N(b^′) = H_ϵ, since b^{′J ϵ} = B^′. By [16, Theorem V.2.5], the induction map Ind^{N (C )}_{J ϵ} induces a bijection between Irr(B^′) and Irr(b(C)). Since N(C) = ⟨J_ϵ,ρ⟩ and [α,ρ] = 1, it follows that ( Ind^{N (C )}_{J ϵ} (φ )

)_α = Ind^{N (C )}_{J ϵ} (φ^α ), (3.3)

so that w stabilizes Ind^{N (C )}_{J ϵ} (φ ) if and only if w stabilizes φ ∈ Irr(B^′) for any w ∈ ⟨α⟩. Similarly, Ind^{N (C ′)}_{H ϵ} induces a bijection between Irr(b^′) and Irr(b(C^′)), and w ∈ ⟨α⟩ stabilizes Ind^{N (C ′)}

H_ϵ (φ ) if and only if w stabilizes φ ∈ Irr(b

′). Since k(B^′) = k(B^′,0) = k(b^′) = k(b^′,0), it follows that

k(b(C),d,u) = k(B^′,d,u) = k(b^′,d,u) = k(b(C^′),d,u), (3.4) for all integers d,u ∈ Z, where k(b(C),d,u) = k(N(C),B,d,u) ∩ Irr(b(C)).

Suppose N(B^′) = N(C), so that N(b^′) = N(C^′). Let ϕ be the isomorphism from T_ϵ to Irr(T_ϵ) given by (2.3). If W is a subgroup of G containing T_ϵ, we denote by [T_ϵ,ϕ(t) ]_W the W-orbit containing the pair (T_ϵ,ϕ(t)). In particular, N(C) and N(C^′) permute {[T_ϵ,ϕ(t) ]_{J ϵ} } and {[T_ϵ,ϕ(t) ]_{H ϵ} }, respectively. Since ϕ is a group isomorphism, it follows that [T_ϵ,ϕ(t) ]^v_W = [T_ϵ,ϕ(t^v) ]_W , for v ∈ ⟨α,ρ⟩, (3.5)

where W ∈ {J_ϵ,H_ϵ}. By [7, Theorem 3.2], Irr(B^′) = E_r (J_ϵ,(s)) for some semisimple r^′- element s ∈ J_ϵ. Moreover, s = 1 if and only if B^′ and b^′ are principal. We may suppose D ≤ J_ϵ, so that C_{J ϵ} (sy) = J_ϵ or T_ϵ for y ∈ D.

If C_{J ϵ} (sy) = T_ϵ, then χ = ± R^{J ϵ}_{Tϵ} (ϕ(sy)) ∈ Irr(B^′) (3.6)

and R^{J ϵ}_{Tϵ} (ϕ(sy)) = R^{J ϵ}_{Tϵ} (ϕ(sy^′)) for some y^′ ∈ D if and only if [T_ϵ,ϕ(sy) ]_{J ϵ} = [T_ϵ,ϕ(sy^′) ]_{J ϵ} . Let Q ≤ J_ϵ and Y(B^′,Q) = Irr(B^′) ∩ ( ⋃ t E(J_ϵ,(t)) ) , (3.7)

where t runs over elements of T_ϵ such that C_{J ϵ} (t) ≃ Q. Thus each element of Y(B^′,T_ϵ) is labelled by (sy,1) with C_{J ϵ} (sy) = T_ϵ. So (3.6) induces a bijection between Y(B^′,T_ϵ) and the set X(J_ϵ) = {[T_ϵ,ϕ(sy) ]_{J ϵ} : y ∈ D, C_{J ϵ} (sy) = T_ϵ}.

Suppose [T_ϵ,ϕ(sy^′) ]_{H ϵ} ⊆ [T_ϵ,ϕ(sy) ]_{J ϵ} ∈ X(J_ϵ). Then [T_ϵ,ϕ(sy^′) ]^h_{H ϵ} = [T_ϵ,ϕ(sy) ]_{H ϵ} for some h ∈ J_ϵ, and (T_ϵ,ϕ(sy^′))^h = (T_ϵ,ϕ(sy))^v = (T_ϵ,ϕ(sy)^v) for some v ∈ H_ϵ. In particular, T_ϵ^h = T_ϵ, h ∈ H_ϵ and [T_ϵ,ϕ(sy^′) ]_{H ϵ} = [T_ϵ,ϕ(sy) ]_{H ϵ} . So the inclusion map [T_ϵ,ϕ(sy) ]_{H ϵ} ⊆ [T_ϵ,ϕ(sy) ]_{J ϵ} is a bijection between

X(H_ϵ) = {[T_ϵ,ϕ(sy) ]_{H ϵ} : y ∈ D,C_{H ϵ} (sy) = T_ϵ}

and X(J_ϵ). Let Y(b^′,T_ϵ) be the subset of Irr(b^′) consisting of irreducible characters ζ(sy) of H_ϵ covering ϕ(sy) with [T_ϵ,ϕ(sy) ]_{H ϵ} ∈ X(H_ϵ). If ζ(sy) ∈ Y(b^′,T_ϵ), then ϕ(sy)^τ ≠ ϕ(sy), since C_{J ϵ} (sy) = T_ϵ. Thus ζ(sy) covers exactly ϕ(sy) and ϕ(sy)^τ in Irr(b_D ). Since [T_ϵ,ϕ(sy) ]_{H ϵ} = {(T_ϵ,ϕ(sy)),(T_ϵ,ϕ(sy)^τ )}, it follows that ζ(sy) → [T_ϵ,ϕ(sy) ]_{H ϵ} is a bijection between Y(b^′,T_ϵ) and X(H_ϵ). Moreover, ζ(sy)^α = ζ((sy)^α ), since ϕ(sy)^α = ϕ((sy)^α ). It follows that the mapping Ψ_1 : Y(b^′,T_ϵ) −→ Y(B^′,T_ϵ) given by Ψ_1(ζ(sy)) = ± R^{J ϵ}_{Tϵ} (ϕ(sy))) for suitable sign ± is a bijection and moreover,

Ψ_1(ζ(sy))^α = ± R^{J ϵ}_{Tϵ} (ϕ(sy))^α = ± R^{J ϵ}_{Tϵ} (ϕ((sy)^α )) = Ψ_1(ζ((sy)^α )). (3.8)

It follows that w ∈ ⟨α⟩ stabilizes Ψ_1(ζ(sy)) if and only if it stabilizes ζ(sy).

Next suppose φ ∈ Irr(b(C)) and ψ ∈ Irr(b(C^′)) covering ξ = Ψ_1(ζ(sy)) and ζ(sy), respectively. If ρ stabilizes ξ, then [T_ϵ,ϕ(sy) ]_{J ϵ} = [T_ϵ,ϕ(sy)^{− 1} ]_{J ϵ} and ξ = φ |_{J ϵ} . In addition, φ^w = φ if and only if ξ^w = ξ for w ∈ ⟨α⟩, since [α,ρ] = 1. Moreover, since [T_ϵ,ϕ(sy) ]_{H ϵ} = [T_ϵ,ϕ(sy)^{− 1} ]_{H ϵ} , it follows that ρ stabilizes ζ(sy), so that w stabilizes ψ if and only if w stabilizes ζ(sy).

If ξ^ρ ≠ ξ, then [T_ϵ,ϕ(sy) ]_{J ϵ} ≠ [T_ϵ,ϕ(sy)^{− 1} ]_{J ϵ} , [T_ϵ,ϕ(sy) ]^ρ_{J ϵ} = [T_ϵ,ϕ(sy)^{− 1} ]_{J ϵ} and φ |_{J ϵ} = ξ + ξ^ρ. Thus [T_ϵ,ϕ(sy) ]_{H ϵ} ≠ [T_ϵ,ϕ(sy)^{− 1} ]_{H ϵ} [T_ϵ,ϕ(sy) ]^ρ_{H ϵ} = [T_ϵ,ϕ(sy)^{− 1} ]_{H ϵ} and ψ = ζ(sy) + ζ(sy)^ρ. In addition, w ∈ ⟨α⟩ stabilizes φ if and only if it stabilizes the set {[T_ϵ,β(sy) ]_{J ϵ} ,[T_ϵ,β(sy)^{− 1} ]_{J ϵ} }, if and only if it stabilizes the set

{[T_ϵ,ϕ(sy) ]_{H ϵ} ,[T_ϵ,ϕ(sy)^{− 1} ]_{H ϵ} },

if and only if w stabilizes ψ.

Let Y(b(C),T_ϵ) and Y(b(C^′),T_ϵ) be the subsets of characters of Irr(b(C)) and of Irr(b(C^′)) covering Y(B^′,T_ϵ) and Y(b^′,T_ϵ), respectively. Then there is a bijection Ψ between Y(b(C),T_ϵ) and Y(b(C^′),T_ϵ) such that Ψ( φ )^w = Ψ( φ ) if and only if φ^w = φ .

Suppose C_{J ϵ} (sy) = J_ϵ. Then Irr(B^′) contains characters ξ_1 and ξ_2 labelled by (sy,1) and (sy,St) respectively, where St is the Steinberg character of J_ϵ. Since sy ∈ Z(J_ϵ) and τ ∈ J_ϵ, it follows that ϕ(sy)^τ = ϕ(sy) and Irr(b^′) contains two characters ζ_1 and ζ_2 covering ϕ(sy). Define Ψ_1(ξ_i) = ζ_i. By [17, (2H)], ξ^ρ_i = ξ_i if and only ϕ(sy)^ρ = ϕ(sy), if and only if ζ^ρ_i = ζ_i, since [τ,ρ] = 1. If ρ stabilizes ξ_i, then Irr(b(C)) has two characters φ_i and φ^′_i covering ξ_i, and Irr(b(C^′)) has two characters ψ_i and ψ^′_i covering ζ_i. Since α stabilizes both trivial and the Steinberg characters of J_ϵ, it follows that w ∈ ⟨α⟩ stabilizes φ_i (resp ectively, φ^′_i) if and only if w permutes {ϕ(sy),ϕ(sy)^{− 1}}, if and only if w stabilizes ζ_i (resp ectively, ζ^′_i ). Define Ψ( φ_i) = ψ_i and Ψ( φ^′_i) = ψ^′_i. If ξ^ρ_i ≠ ξ_i, then ζ^ρ_i ≠ ζ_i, and so Irr(b(C)) and Irr(b(C^′)) each has exactly one character φ_i and ψ_i covering ξ_i and ζ_i, respectively. We define Ψ( φ_i) = ψ_i. Thus Ψ is a bijection between the characters φ of Irr(b(C))\Y(b(C),T_ϵ) and Irr(b(C^′))\Y(b(C^′),T_ϵ) such that w ∈ ⟨α⟩ stabilizes φ if and only if w stabilizes Ψ( φ ). It follows that (3.4) holds and

k(N(C),B,d,u) = k(N(C^′),B,d,u) (3.9)

for all d,u ∈ Z.

If r ≥ 5, let C = C(1)_1 and C^′ = C(1). The same proof as above shows that (3.9) holds. This completes the proof.

4. The proof of the conjecture for the even prime The notation and terminology of Sections 1 and 2 are continued in this section.

Suppose r = 2 and B ∈ Blk^0(G, 2) such that B ⊆ E_2(G, (s)) for some semisimple 2^′- element s of G, where Blk^0(G, 2) is given by (3.1). Then D(B) is either abelian or D(B) ∈ {SD_2a +2 ,Z_2a ≀Z_2,S}, where S ∈ Syl_2(G). In addition, let R^0(B) the subfamily of R^0(G) consisting of the chain C such that Blk(N(C)|B) ≠ ∅ . By [4, (4A)],

R^0(B)/G =

{1,1 < Z_2,1 < O_2(T_δ),1 < Z_2 < O_2(T_δ)} if D = O_2(T_δ), {1,1 < Z_2,1 < O_2(T_{− ϵ}),1 < Z_2 < O_2(T_{− ϵ})} if D ≃ SD_2a +2 , {1,1 < Z_2,1 < O_2(T_ϵ),1 < Z_2 < O_2(T_ϵ)} if D ≃ Z_2a ≀Z_2, R^0(G)/G if B = B_1.

If q = 3, then we may suppose 1 ≠ D ∈ Φ( G, 2), so that C_G (D) = Z(D) and B = B_0(G). In the following propositions (4A)-(4C) we suppose q ≠ 3.

(4A) Let q be a power of an odd prime p, and let B a 2-block of G = G_2(q) with a non-cyclic abelian defect group D. Then B satisfies Dade’s invariant conjecture.

Proof. Since D is non-cyclic abelian, we may suppose D = O_2(T_δ), so that O_2(T_δ) ≠ T_δ. Let C : 1 < Z_2 and C^′ : 1 < Z_2 < O_2(T_δ).

Then N(C) = SO(U_4), N(C^′) = ⟨T_δ,ρ,τσ⟩ and C(C^′)/T_δ is a 2-group. Moreover, N(C^′) = N_{N (C )}(T_δ) = N_{N (C )}(D). If b(C) ∈ Blk(N(C)|B) and b(C^′) ∈ Blk(N(C^′)|B), then both b(C) and b(C^′) have a defect group D. In addition, b^{N (C )} = b(C) for some block b ∈ Blk(N(C^′)|B) by Brauer’s First Main Theorem. Thus the Brauer corresp ondence induces a bijection between Blk(N(C)|B) and Blk(N(C^′)|B), we may suppose b(C^′)^{N (C )} = b(C).

If B ⊆ E_2(G, (s)), then C_G (s) = T_δ and by [7, Theorem 3.2], we may suppose b(C) ⊆ E_2(N(C),(s)). Since T_δ is a regular subgroup of N(C), it follows by [6, Theorem 2.3] that there exists a perfect isometry between E_2(N(C),(s)) and E_2(T_δ,(s)). Since E_2(T_δ,(s)) is a single block, it follows that E_2(N(C),(s)) is a block, so that b(C) = E_2(N(C),(s)). Let b_D be a block of T_δ covered by b(C^′), and ϑ the canonical character of b_D . Then we may suppose b_D = E_2(T_δ,(s)) and ϑ = ϕ(s). By (2.4), the stabilizer N^′(ϑ) of ϑ in N(C^′) is T_δ, so that N^′(b_D ) = T_δ and N^′(ξ) = T_δ for all ξ ∈ Irr(b_D ), since N^′(ξ) ≤ N^′(b_D ). Since Irr(b_D ) = {ϕ(sy) : y ∈ O_2(T_δ)}, it follows that

Irr(b(C^′)) = {Ind^{N (C ′)}_{Tδ} (ϕ(sy)) : y ∈ O_2(T_δ)}.

On the other hand, since ϕ(sy) is in the general position, ± R^{N (C )}_{Tδ} (ϕ(sy)) is irreducible for some sign ± . Thus

Irr(b(C)) = {± R^{N (C )}_{Tδ} (ϕ(sy)) : y ∈ O_2(T_δ)}.

Since β^′(N(C)) = N(C) and β^′(T_δ) = T_δ, it follows that

Ind^{N (C ′)}

T_δ (ϕ(sy)) β^′ = IndN (C^′) T_δ (ϕ(sy) β^′) RN (C ) T_δ (ϕ(sy)) β^′ = RN (C ) T_δ (ϕ(sy) β^′).

Define Ψ : Irr(b(C^′)) −→ Irr(b(C)) such that Ψ(Ind^{N (C ′)}_{Tδ} (ϕ(sy))) = ± R^{N (C )}_{Tδ} (ϕ(sy)). Thus w stabilizes Ψ( ψ) if and only if w stabilizes ψ ∈ Irr(b(C^′)) for w ∈ ⟨β^′⟩. It follows that

k(N(C^′),B,d,u) = k(N(C),B,d,u) (4.1)

for all d,u ∈ Z.

If C : 1 < O_2(T_δ) and b(C) ∈ Blk(N(C)|B), then N(C) = N_G (T_δ) = N(D), so that D is a defect group of b(C) and Blk(N(C)|B) = {b(C)}. If b_D is a block of T_δ covered by b(C), then we may suppose b_D = E_2(T_δ,(s)) and N(b_D ) = T_δ, where N(b_D ) is the stabilizer of b_D in N(C). So

Irr(b(C)) = {Ind^{N (C )}_{Tδ} (ϕ(sy)) : y ∈ O_2(T_δ)}.

Since Irr(B) = {± R^G_{Tδ} (ϕ(sy)) : y ∈ O_2(T_δ)}, it follows that

Ψ(Ind^{N (C )}_{Tδ} (ϕ(sy))) = ± R^G_{Tδ} (ϕ(sy))

is a bijection between Irr(b(C)) and Irr(B). Since β(N(C)) = N(C) and β(T_δ) = T_δ, it follows that w stabilizes Ψ( φ ) if and only if w stabilizes φ ∈ Irr(b(C)) for w ∈ ⟨β⟩. Thus (4A) holds.

(4B) Let q be a power of an odd prime p and G = G_2(q). In the notation of [24], suppose B ∈ {B_{1a} ,B_{1b},B_{2a} ,B_{2b}}. Then B satisfies Dade’s invariant conjecture.

Proof. If B ⊆ E_2(G, (s)), then C_G (s) = GL_2(q) or GL^−_2 (q) according to whether B ∈ {B_{1a} ,B_{1b}} or B ∈ {B_{2a} ,B_{2b}}. Thus D ≃ Z_2a ≀Z_2 or SD_2a +2 according as B ∈ {B_{γa} ,B_{γb}} or B ∈ {B_γ ′_a ,B_γ ′_b}, where D = D(B), γ = 1 or 2 according as ϵ= + or − and γ + γ^′ = 3.

Suppose D ≃ Z_2a ≀Z_2. So 2^a ≠ q − ϵ. Let C = C(2)^1 and C^′ = C(2). Then N(C) = N(T_ϵ) and N(C^′) = ⟨T_ϵ,ρ,τσ⟩. Since 2^a ≥ 4, it follows by [1, (1A)] that each normal abelian subgroup of D is a subgroup of the base subgroup of D. Thus O_2(T_ϵ) is the unique maximal normal abelian subgroup of D, so that N(D) ≤ N(O_2(T_ϵ)) = N(C). Similarly, N(D) ≤ N(C^′) since Ω_1(Z(D)) = Z_2.

Suppose b(C) ∈ Blk(N(C)|B) and b(C^′) ∈ Blk(N(C^′)|B). Let b be a block of C(C) = T_ϵ such that b induces b(C) or b(C^′). Then b^G = B and we may suppose b = E_2(T_ϵ,(s)). Thus O_2(T_ϵ) is a defect group of b. Since D is a defect group of B and (O_2(T_ϵ),b) is a B-pair, it follows that (O_2(T_ϵ),b) is not a Sylow B-pair in N(T_ϵ), so that O_2(T_ϵ) is a proper subgroup in a defect group Q of b^{N (C )} = b(C). Since b(C)^G = B, we may suppose Q ≤ D. But (D:O_2(T_ϵ)) = 2, so Q = D and D is a defect group of b(C).

Since T_ϵ ≤ C_G (z) for some involution z of G, b^{C G (z)} is a block B^′ of C_G (z) = SO^+_4 (q). We may suppose B^′ ⊆ E_2(C_G (z),(s)). Since C_{C G (z)}(T_ϵ) = T_ϵ is a regular subgroup of C_G (z), it follows by the proof of (4A) that B^′ = E_2(C_G (z),(s)). So a Sylow 2-subgroup of C_{C G (z)}(s) = C_G (sz) is a defect group of B^′. But C_G (sz) = J_ϵ and B^{′G} = B, so D is a defect group of B^′. Replace B by B^′, b(C) by b(C^′), and N(C) by N(C^′) in the proof above. Then (O_2(T_ϵ),b) is not a Sylow B^′-pair of N(C^′) as N_{C G (z)}(O_2(T_ϵ)) = N(C^′). Thus D is a defect group of b(C^′). By Brauer’s First Main Theorem,

Blk(N(C)|B) = {b(C)} Blk(N(C^′)|B) = {b(C^′)}.

Since ϕ(s) is the canonical character of b, it follows by (2.4) that ϕ(s)^σ ≠ ϕ(s), and so σ ∉N(b), where N(b) is the stabilizer of b in N(C). By a result of Fong, [16, Theorem V.3.14], we may suppose D ≤ N(b) and (N(b): DT_ϵ)_2 = 1. Since ⟨σT_ϵ⟩ E N(T_ϵ)/T_ϵ, it follows that N(b) = DT_ϵ ≤ N(C^′). But N(ξ) ≤ N(b) for each ξ ∈ Irr(b), so N(ξ) = N^′(ξ), where N^′(ξ) = N(ξ) ∩ N(C^′). In particular,

(N(C) : N(ξ))_2 = (N(C^′) : N^′(ξ)).

Thus the mappings Ind^{N (C )}_{N (ξ)} and Ind^{N (C ′)}_{N ′(ξ)} induce a height preserving bijection Ψ between Irr(b(C^′)) and Irr(b(C)). If p = 3, then B^β ≠ B, so that b(C)^β ≠ b(C) and b(C^′)^β ≠ b(C^′). If ξ = ϕ(t) for some t ∈ T_ϵ, then Ind^{N (C )}_{N (ξ)} (ζ_t )^α = Ind^{N (C )}_{N (ξ)} (ζ_t α ), since y^α = y for y ∈ ⟨ρ,τ,σ⟩, where ζ_t is an extension of ϕ(t) to N(ϕ(t)). Similarly, Ind^{N (C ′)}_{N ′(ξ)} (ζ_t )^α = Ind^{N (C ′)}_{N ′(ξ)} (ζ_t α ). So w ∈ ⟨α⟩ stabilizse Ψ( ψ) if and only if w stabilizes ψ ∈ Irr(b(C^′)). Thus (4.1) holds.

Suppose D ≃ SD_2a +2 . Let C = C(1)^1 : 1 < O_2(T) and C^′ = C(1) : 1 < Z_2 < O_2(T), where T = T_{− ϵ}. Then N(C) = N(T), N(C^′) = ⟨T,ρ,τσ⟩. Let b(C) ∈ Blk(N(C)|B), b(C^′) ∈ Blk(N(C^′)|B), and b a block of C(C) = ⟨T,ρ⟩ indices b(C) or b(C^′). Since the 2-rank of D is 2, an elementary abelian group E_8 of order 8 is not a subgroup of D. Thus a Sylow 2-subgroup E_8 = ⟨O_2(T),ρ⟩ of ⟨T,ρ⟩ is not a defect group of b, since b^G = B. Thus the B-pair (O_2(T),b) is not a Sylow B-pair, so that it is not maximal in N(C). Since (1,b(C)) ≤ (O_2(T),b) holds in N(C), it follows that O_2(T) is a proper subgroup of a defect group Q of b(C). In particular, Q is dihedral of order 8 conjugate to ⟨O_2(T),τσ⟩ or ⟨O_2(T),ρτσ⟩. A proof similar to that of the case D ≃ Z_2a ≀Z_2 shows that B^′ = b^{SO (U4 )} has a defect group D, (O_2(T),b) is not maximal in N(C^′), and a defect group W ofb(C^′) = b^{N (C ′)} is dihedral of order 8. Since b(C^′)^{N (C )} ∈ Blk(N(C)|B), it follows that both blocks b(C^′) and b(C^′)^{N (C )} have a same defect group Q. Thus the Brauer corresp ondence induces a bijection between Blk(N(C)|B) and Blk(N(C^′)|B). We may suppose b(C^′)^{N (C )} = b(C).

Let b_D be a block of T covered by b. Then b is the unique block of C(C) covering b_D , so that N(b_D ) ≤ N(b) as x ∈ N(b_D ) implies that x ∈ N(T) and b^x is a block of C(C) covering b_D . In addition, b covers exactly two or one conjugate of b_D , since (C(C): T) = 2. Suppose σ ∈ N(b). Then σ permutes the conjugates of b_D covered by b, so that σ ∈ N(b_D ) since |σ| = 3. By (2.4), σ ∉N(b_D ) and so σ ∉N(b). By a result of Fong, [16, Theorem V.3.14] (N(b): QC(C))_2 = 1, so that N(b) = QC(C) = N(C^′). A similar proof to above shows that the two mappings Ind^{N (C )}_{N (ξ)} and Ind^{N (C ′)}_{N ′(ξ)} induce a bijection Ψ between Irr(b(C^′)) and Irr(b(C)). Moreover, w stabilizes Ψ( ψ) if and only if w stabilizes ψ for w ∈ ⟨α⟩. Thus (4.1) holds.

Finally, suppose C = C(1)_1 : 1 < Z_2 and b(C) ∈ Blk(N(C)|B). Then N(C) = SO(U_4) and we may suppose b(C) ⊆ E_2(N(C),(s)). We may also suppose D ≤ C_{N (C )}(s). Thus L = C_{N (C )}(s) is a regular subgroup of N(C), where L ≃ GL^ϵ_2(q) or GL^{− ϵ}_2 (q) according as D ≃ Z_2a ≀Z_2 or SD_2a +2 . By a result of Broué, [6, Theorem 2.3], there exists a perfect isometry R^{N (C )}_L between E_2(N(C),(s)) and E_2(L, (1)). Since E_2(L, (1)) is the principal block b_L of L, it follows that b(C) = E_2(N(C),(s)). If ξ_{y,μ} ∈ Irr(b_L ), then ± R^{N (C )}_L (ξ_{y,μ} ) ∈ Irr(b(C)) for some sign ± . Since α(L) = L and α(N(C)) = N(C), it follows that R^{N (C )}_L (ξ_{y,μ} )^α = R^{N (C )}_L (ξ_yα_{,μ} ).

If B = B_{1a} or B_{1b}, then C_G (s) = L ≃ GL_2(q). If B = B_{2a} or B_{2b}, then C_G (s) = L ≃ GL^{− ϵ}_2 (q). So L is also a regular subgroup of G. Again by [6, Theorem 2.3], there exists a perfect isometry R^G_L between B = E_2(G, (s)) and b_L . If ξ_{y,μ} ∈ Irr(b_L ), then ± R^G_L (ξ_{y,μ} ) ∈ Irr(B) for some sign ± . Thus R^G_L (ξ_{y,μ} )^α = R^G_L (ξ_yα_{,μ} ). It follows that there exists a bijection Ψ from Irr(b(C)) to Irr(B) such that Ψ( ± R^{N (C )}_L (ξ_{y,μ} )) = ± R^G_L (ξ_{y,μ} ). Since both maps R^{N (C )}_L and R^G_L are perfect isometry, it follows that Ψ preserves height. Moreover, w ∈ ⟨β⟩ stabilizes Ψ( φ ) is and only if w stabilizes φ ∈ Irr(b(C)). This proves (4B).

(4C) Let q be a power of an odd prime p and G = G_2(q). In the notation of [24], suppose B = B_3. Then B satisfies Dade’s invariant conjecture.

Proof. Since B = B_3, it follows that p ≠ 3, so β = α. Thus D = D(B) ≃ Z_2a ≀Z_2 or SD_2a +2 according as η = ϵ or − ϵ, where η is the sign ± such that q ≡ η(mod 3).

Suppose D ≃ SD_2a +2 , so that η = − ϵ. Let C = C(1)^1 : 1 < O_2(T) and C^′ = C(1) : 1 < Z_2 < O_2(T), where T = T_{− ϵ}. Then N(C) = N(T), N(C^′) = ⟨T,ρ,τσ⟩ and C(C) = ⟨T,ρ⟩. Let b(C) ∈ Blk(N(C)|B) and b(C^′) ∈ Blk(N(C^′)|B). A proof similar to that of (4B) shows that b(C) and b(C^′) both have a dihedral defect group of order 8, and the Brauer corresp ondence induces a bijection between Blk(N(C)|B) and Blk(N(C^′)|B). We may suppose b(C^′)^{N (C )} = b(C) and Q is a defect group of b(C^′).

Let b ∈ Blk(C(C)|b(C^′)), and b_D a block of T covered by b. Then b is a unique block of C(C) covering b_D , so that N(b_D ) ≤ N(b). We may suppose b_D = E_2(T,(s)). By (2.4), σ ∈ N(b_D ) ≤ N(b). Since (N(b): QT)_2 = 1, it follows that N(b) = N(C). Since Irr(b_D ) = {ϕ(sy) : y ∈ O_2(T)} and ρ ∉N(b_D ), it follows that Irr(b) = {Ind^{C (C )}_T (ϕ(sy)) : y ∈ O_2(T)}, so that Irr(b) has four characters of degree 2. Let ϑ_y = Ind^{C (C )}_T (ϕ(sy)). Since ρ ∈ Z(N(T)/T), it follows that

N(ϑ_1) = N(C) (N(ϑ_y) : C(C)) = 2,

where 1 ≠ y ∈ O_2(T). Thus ϑ_1 has three extensions φ_{s,i} in N(C) such that φ_{s, 1}(1) = 4 and φ_{s,i} (1) = 2 for i = 2,3. In addition, for y ≠ 1, ϑ_y has two extensions ξ_{sy ,i} to N(ϑ_y) of degree 2, and we let φ_{sy ,i} = Ind^{N (C )}_{N (ϑ y )}(ξ_{sy ,i} ). It follows that

Irr(b(C)) = {φ_{s,j} ,φ_{sy ,i} : 1 ≤ j ≤ 3,1 ≤ i ≤ 2,1 ≠ y ∈ O_2(T)}

and in particular, Irr(b(C)) has one character of degree 4, 2 of degree 2 and degree 6.

Since N(b) = N(C), the stabilizer N^′(b) of b in N(C^′) is N(C^′). Since ρ^{τσ} = h_1ρ and h^{τσ}_1 = h_1, it follows that N^′(ϑ_1) = N^′(ϑ_{h 1} ) = N(C^′) and N^′(ϑ_{h 2} ) = N^′(ϑ_{h 3} ) = C(C), where h_i = h_i(− 1). Let ψ_{sy ,1} and ψ_{sy ,2} be the two extensions of ϑ_y to N(C^′) and let ψ_{sh 2 ,1} = Ind^{N (C ′)}_{C (C )} (ϑ_{h 2} ), where y ∈ {1,h_1}. Then

Irr(b(C^′)) = {ψ_{sy ,i} ,ψ_{sh 2 ,1} : 1 ≤ i ≤ 2,y = 1,h_1}.

Define Ψ : Irr(b(C^′)) −→ Irr(b(C)) such that Ψ( ψ_{sh 2 ,1}) = φ_{s, 1}, Ψ( ψ_{s,i} ) = φ_{s, 1+ i} and Ψ( ψ_{sh 1 ,i} ) = φ_{sy ,i} . Since t^α = t for all t ∈ O_2(T), it follows that w ∈ ⟨α⟩ stabilizes Ψ( ψ) if and only if w stabilizes ψ ∈ Irr(b(C^′)). So (4.1) holds.

Let M = N(1 < Z_2) = SO(U_4) and b_M ∈ Blk(M|B). Then L = C_M (s) is a regular subgroup of M, where L ≃ GL^ϵ_2(q) or GL^{− ϵ}_2 (q) according as D ≃ Z_2a ≀Z_2 or SD_2a +2 . Let b_L = E_2(L, (1)). The same proof as that of (4D) shows that Blk(M|B) = {b_M }. Since R^M_L is a prefect isometry between b_L and b_M and since α(L) = L and α(M) = M, it follows that w stabilizes ± R^M_L (ξ) if and only if w stabilizes ξ ∈ Irr(b_L ) for w ∈ ⟨α⟩. Let B_η = B_{1a} or B_{2a} according as η = ϵ = + or − , and B_η = B_{2a} or B_{1a} according as η = − ϵ = + or − . If η = ϵ, then D(B_η) ≃ Z_2a ≀Z_2, and if η = − ϵ, then D(B_η) ≃ SD_2a +2 , so that D(B_η) ≃ D. As shown in the proof of (4B), R^G_L is a perfect isometry between b_L and B_η, so that w stabilizes R^G_L (ξ) if and only it w stabilizes ξ ∈ Irr(b_L ). It follows that we may identify Irr(b_M ) with Irr(B_η). In particular, if D ≃ SD_2a +2 , then by [24],

k(G, B,d,u) = k(M,B,d,u) = k(G, B_η,d,u)

for all d,u ∈ Z, which implies (4C).

Finally, suppose D ≃ Z_2a ≀Z_2, so that η = ϵ and 2^a ≠ q − ϵ. Thus B_η = B_{1a} or B_{2a} according as ϵ= + or − . So

Irr^j (B_η) =

{φ_{sy ,μ} : C(sy) = J_ϵ,μ = 1,St} if j = 0, {φ_{sy ,1} : C(sy) ≃ Z_q2_{− 1}} if j = a, {φ_{sy ,1} : C(sy) = T_ϵ} if j = 1, ∅ otherwise, and moreover, |Irr^0(B_η)| = 2^{a+1} , |Irr^a (B_η)| = 2^{a− 1} and |Irr^1(B_η)| = 2^{a− 1}(2^a − 1). By [24],

Irr^j (B_3) =

{χ_{sy ,μ} ,χ_{s,λ i} : C(sy) = J_ϵ,μ = 1,St} if j = 0, {χ_{sy ,1} : C(sy) ≃ Z_q2_{− 1}} if j = a, {χ_{sy ,1},χ_{s,λ 3} : C(sy) = T_ϵ} if j = 1, ∅ otherwise, where λ_i ∈ {λ_1,λ_2} and λ_3 are a unipotent character of C_G (s) = L_ϵ such that λ_1(1) = 1, λ_2(1) = q^3 and λ_3(1) = q(q + ϵ). Thus |Irr^0(B_3)| = 2^{a+1} , |Irr^a (B_3)| = 2^{a− 1} and |Irr^1(B_3)| = 1 +^1_6 (2^a − 1)(2^a − 2). Define

Ψ : Irr^a (B_η) −→ Irr^a (B_3)

such that Ψ( φ_{sy ,1}) = χ_{sy ,1} ∈ Irr^a (B_3) for φ_{sy ,1} ∈ Irr(B_η). Then w stabilizes Ψ( φ ) if and only if w stabilizes φ .

Let C = C(2)^1 and C^′ = C(2). Then N(C) = N(T_ϵ) and N(C^′) = ⟨T_ϵ,ρ,τσ⟩. A proof similar to that of (4B) shows that N(D) ≤ N(C), N(D) ≤ N(C^′) and D is a defect group of b(C) ∈ Blk(N(C)|B) and b(C^′) ∈ Blk(N(C^′)|B). By Brauer’s First Main Theorem,

Blk(N(C)|B) = {b(C)} Blk(N(C^′)|B) = {b(C^′)}.

If b ∈ Blk(T_ϵ|b(C^′)), then ϕ(s) is the canonical character of b and b = E_2(T_ϵ,(s)) = {ϕ(sy) : y ∈ O_3(T_ϵ)}. Suppose y = diag {y_1,y_2,y_3} ∈ T_ϵ. By (2.4), N(ϕ(s))/T_ϵ ≃ S_3, and let ξ_{s,i} be the three extensions of ϕ(s) in N(ϕ(s)) such that ξ_{s, 3}(1) = 2 and ξ_{s,i} (1) = 1 for i = 1,2. If y_i = y_j for some i ≠ j ∈ {1,2,3} and y ≠ 1, then C_G (sy) ≃ J_ϵ, N(ϕ(sy))/T_ϵ ≃ Z_2 and ϕ(sy) has two extensions ξ_{sy ,1} and ξ_{sy ,2} in N(ϕ(sy)) and T_ϵ contains 3(2^a − 1) such classes of sy. If N(ϕ(sy)) = T_ϵ, then let ξ_{sy ,1} = ϕ(sy) and T_ϵ has 2^{2a} − 1− 3(2^a − 1) such classes. Let φ_{sy ,i} = Ind^{N (C )}_{N (ϕ(sy ))} (ξ_{sy ,i} ). By Clifford theory,

Irr^j (b(C)) =

{φ_{sy ,i} ,φ_{s,i} : C_G (sy) = J_ϵ,i = 1,2} if j = 0, {φ_{sy ,1},φ_{s, 3} : C_G (sy) = T_ϵ} if j = 1, ∅ otherwise.

Since σ and τ act on Irr(b), it follows that |Irr^0(b(C))| = 2(2^a − 1) + 2 = 2^{a+1} and |Irr^1(b(C))| = 1 +^1_6 (2^a − 1)(2^a − 2). Define

Ψ : Irr^1(b(C)) −→ Irr^1(B_3) such that Ψ( φ_{s, 3}) = χ_{s,λ 3} , Ψ( φ_{sy ,1}) = χ_{sy ,1}. Similarly, define

Ψ : Irr^0(b(C)) −→ Irr^0(B_3)

such that Ψ( φ_{s,i} ) = χ_{s,λ i} , Ψ( φ_{sy ,1}) = χ_{sy ,1} and Ψ( φ_{sy ,2}) = χ_{s, St} . Then Ψ is a bijection between Irr^j (b(C)) and Irr^j (B_3) for j = 0,1, and w ∈ ⟨α⟩ stabilizes Ψ( φ ) if and only if w stabilizes φ ∈ Irr^j (b(C)).

Let N^′(b) = N(b)∩ N(C^′) and N^′(ϕ(sy)) = N(ϕ(sy))∩ N(C^′) for ϕ(sy) ∈ Irr(b). Then N^′(b) = ⟨T_ϵ,τσ⟩ and N^′(ϕ(sy)) = N^′(b) or T_ϵ. In the former case y = diag {y_1,y_1,y^{− 2}_1 }, so that C_M (sy) = J_ϵ and Irr(b) has 2^a such characters. We denote by ζ_{sy ,1} and ζ_{sy ,2} the two extensions of ϕ(sy) to N(ϕ(sy)). Similarly, Irr(b) has 2^{2a} − 2^a characters ϕ(sy) such that N^′(ϕ(sy)) = T_ϵ and we set ζ_{sy ,1} = ϕ(sy). Let ψ_{sy ,i} = Ind^{N (C ′)}_{N (ϕ(sy ))} (ζ_{sy ,i} ). By Clifford theory,

Irr^j (b(C^′)) =

{ψ_{sy ,i} : C_M (sy) = J_ϵ,i = 1,2} if j = 0, {ψ_{sy ,1} : C_M (sy) = T_ϵ} if j = 1, ∅ otherwise, and moreover, |Irr^0(b(C^′))| = 2^{a+1} and |Irr^1(b(C^′))| = 2^{a− 1}(2^a − 1). For j = 0,1, define

Ψ^{− 1} : Irr^j (b(C^′)) −→ Irr^j (B_η)

such that Ψ^{− 1}(ψ_{sy ,1}) = φ_{sy ,1}, Ψ^{− 1}(ψ_{sy ,2}) = φ_{sy ,St} for ψ_{sy ,1} ∈ Irr^0(b(C^′)) and Ψ^{− 1}(ψ_{sy ,1}) = φ_{sy ,1} for ψ_{sy ,1} ∈ Irr^1(b(C^′)).

It follows that Ψ is a bijection between Irr(b(C)) ∪ Irr(B_η) and Irr(B_3) ∪ Irr(b(C^′)) such that w stabilizes Ψ( φ ) if and only if w stabilizes φ ∈ (Irr (b(C)) ∪ Irr(B_η)) for w ∈ ⟨α⟩. This implies (4C).

(4D) Let q be a power of an odd prime p and B = B_1 the principal 2-block of G = G_2(q). Then B satisfies Dade’s invariant conjecture.

Proof. Suppose q ≠ 3 and let C ∈ R^0(G) be given by (2.8). By Brauer’s Third Main Theorem, Blk(N(C)|B_1) = {b(C)}, where b(C) = B_0(N(C)).

(1) Set C = C(1)^1 and C^′ = C(1). Let T = T_{− ϵ} and N(T) = N_G (T) = ⟨T,ρ,σ,τ⟩. Then C(C) = C(C^′) = ⟨T,ρ⟩, N(C) = N(T), and N(C^′) = ⟨C(C^′),τσ⟩. If b = B_0(C(C)) then E_8 = ⟨O_2(T),ρ⟩ is a defect group of b, b^{N (C )} = b(C) and b^{N (C ′)} = b(C^′). Let b(T) be the principal block of T. Since ϕ(T) = ϕ(O_2(T)) × ϕ(O_2′(T)), it follows that Irr(b(T)) = ϕ(O_2(T)) and we can view b as the principal block of E_8 = ⟨O_2(T),ρ⟩. Thus b(C) is the principal block of ⟨O_2(T),ρ,σ,τ⟩ and b(C^′) is the principal block of ⟨O_2(T),ρ,τσ⟩. As shown in the proof of (2E) (5), (4.1) holds.

(2) Let C = C(2)^1 or C(2)_1 according to whether 2^a ≠ q − ϵ or 2^a = q − ϵ, and let C^′ = C(2). If T = T_ϵ, then N(C) = N(T) and N(C^′) = ⟨T,ρ,τσ⟩. If b = B_0(T) with a defect group O_2(T), then |Irr(b)| = 2^{2a} . Now ϕ(y) ∈ Ω_1(Irr (b)) if and only if y ∈ Ω_1(O_2(T)), so D_{12} = N(T)/T and β permutes Ω_1(Irr (b)). Let X_1(C) be the subset of Irr(b(C)) consisting of characters covering Ω_1(Irr (b)). A proof similar to that of (2E) (5) shows that X_1(C) has 10 characters, 4 linear characters, 4 characters of degree 3, and 2 of degree 2. Moreover, α stabilizes each character of X_1(C) and if p = 3, then β stabilizes exactly 2 linear characters, 2 of degree 3 and 2 of degree 2.

Let Z(τσ) be characters of Irr(b)\Ω_1(Irr (b)) stabilized by τσ. By (2.4), |Z(τσ)| = 2^a − 2 and ρ permutes Z(τσ). Similarly, |Z(ρτσ)| = 2^a − 2, ρ permutes Z(ρτσ). Moreover, if p = 3, then β^′ interchanges Z(τσ) and Z(ρτσ), since (τσ)^{β ′} = ρτσ modulo T. Thus Irr(b) has 2^{2a} − 3(2^a − 2) − 3(2^a − 2) − 4 characters ϕ(y) such that N(ϕ(y)) = T, so that Irr(b(C)) has^1_{12} (2^{2a} − 3 × 2^{a+1} + 8) characters of degree 12. Let ξ_{y,1} and ξ_{y,2} be the two extensions of ϕ(y) ∈ Z(τσ) ∪ Z(ρτσ) to N(ϕ(y)), and

X_2(C) = {φ_{y,i} = Ind^{N (C )}_{N (ϕ(y))} (ξ_{y,i} ) : ϕ(y) ∈ Z(τσ) ∪ Z(ρτσ),i = 1,2}.

Thus |X_2(C)| = 2(2^a − 2). In addition,

Irr^2(b(C)) = {φ_{y,1} = Ind^{N (C )}_T (ϕ(y))},

where ϕ(y) ∈ Irr(b)\(Ω_1(Irr (b)) ∪ Z(τσ)∪ Z(ρτσ)). So |Irr^2(b(C))| =^1_{12} (2^{2a} − 3× 2^{a+1} + 8) and if φ_{y,1} ∈ Irr^2(b(C)), then C(y) = T.

Similarly, if X_1(C^′) is the characters of Irr(b(C^′)) covering characters of Ω_1(Irr (b)), then |X_1(C^′)| = 10 and moreover, α stabilizes each character of X_1(C^′) and if p = 3, then β stabilizes exactly 4 linear characters and 2 of degree 2 in X_1(C^′). Let ζ_{y,1} and ζ_{y,2} be the two extensions of ϕ(y) ∈ Z(τσ) ∪ Z(ρτσ) in N(ϕ(y)), and

X_2(C^′) = {ψ_{y,i} = Ind^{N (C ′)}_{N (ϕ(y)}(ζ_{y,i} ) : ϕ(y) ∈ Z(τσ) ∪ Z(ρτσ),i = 1,2}.

Then |X_2(C^′)| = 2(2^a − 2) and each character of X_2(C^′) has degree 2. Denote by

Irr^2(b(C^′)) = {ψ_{y,1} = Ind^{N (C ′)}_T (ϕ(y))},

where ϕ(y) ∈ Irr(b)\(Ω_1(Irr (b)) ∪ X(τσ) ∪ X(ρτσ)). So |Irr^2(b(C^′))| =^1_4 (2^{2a} − 2^{a+1} ) and if ψ_{y,1} ∈ Irr^2(b(C^′)), then we may suppose y = diag {y_1,y_2,y_3} such that y_2 ∉{y_1,y^{− 1}_1 } and y_1y_2y_3 = 1.

As shown in the proof of (2E) (5) there is a bijection Ψ from X_1(C^′) to X_1(C) such that w stabilizes Ψ( ψ) if and only if w stabilizes ψ ∈ X_1(C^′) for w ∈ ⟨β⟩. Define

Ψ : X_2(C^′) −→ X_2(C) such that Ψ( ψ_{y,i} ) = φ_{y,i} . Then w stabilizes Ψ( ψ) if and only if w stabilizes ψ ∈ X_2(C^′) for w ∈ ⟨β⟩. Thus Ψ is a bijection between Irr^0(C^′)∪ Irr^1(C^′) and Irr^0(C)∪ Irr^1(C). Moreover, if ψ_{y,1} ∈ Irr^2(b(C^′)) or φ_{y,1} ∈ Irr^2(b(C)), then C_G (y) = T, ψ^β_{y,1} = ψ_yβ_{,1} and φ^β_{y,1} = φ_yβ_{,1}.

(3) Let H = N(C(1)_1) = SO(U_4) and b_H the principal block of H. By [8, Theorem 13], b_H = E_2(N(C),(1)). Let s be a 2-element of G and L = C(s). If |s| ≥ 4, then we may suppose Z(H) = Ω_1(⟨s⟩), since G has only one class of involutions. So L = C_H (s). Thus L ∈ {GL^ϵ_2(q),T_ϵ,T^δ_3 } and L is a regular subgroup of H, where δ = ± . So ± R^H_L (for some sign) induces a bijection between E(L, (s)) and E(H,(s)). As in Section 3, we let

Y(Q) = Y(b_H ,Q) = Irr(b_H ) ∩ ( ⋃ s E(H,(s)) ) ,

where s runs over 2-element of H such that L ≃ Q.

First, we consider the set Y(Z_q2_{− 1}). If E(H,(s)) ⊆ Y(Z_q2_{− 1}), then L = C(s) ≃ Z_q2_{− 1}. Suppose s^′ is another 2-element of H conjugate to s in G. Then h^{− 1}sh = s^′ for some h ∈ G. Since C(s^′) is cyclic and C_H (s^′) ≤ C_G (s^′), it follows that C_H (s^′) ≃ Z_q2_{− 1}, so that Z(H) = Ω_1(⟨s^′⟩). But Z(H) = Ω_1(⟨s⟩), so h centralizes Z(H) and h ∈ H. Thus (s)_G ∩ H is a single class of H, where (s)_G is the conjugacy G-class containing s. Since G has^1_2 2^a classes of such 2-elements s (see [24, 2.2.1 and 2.3.1]) and since E(L, (s)_L ) has only one character, it follows that |Y(Z_q2_{− 1})| = 2^{a− 1}. In addition, all of them have height a + 1 since ζ(1) = (H:L)_p′ for ζ ∈ Y(Z_q2_{− 1}).

Suppose E(H,(s)) ⊆ Y(J_ϵ), so L = J_ϵ or J_ϵ^∗. Thus L is a regular subgroup of H. Since s and s^{− 1} are conjugate in H, H has^1_2 (2^a − 2) classes of 2-elements s such that C_G (s) = L. For each class (s)_H , E(L, (s)_L ) has two characters with degrees 1 and q, respectively. Since H has two conjugacy classes of regular subgroups isomorphic to J_ϵ, it follows that Y(J_ϵ) has (2^a − 2) characters of degree (H:L)_p′ and (2^a − 2) characters of degree q(H:L)_p′. In particular, |Y(J_ϵ)| = 2(2^a − 2) and each character has height 1.

Suppose E(H,(s)) ⊆ Y(T_ϵ), so L = T_ϵ. Let Q = N_H (⟨s⟩). Then we may suppose Q = ⟨T_ϵ,ρ,τσ⟩. Let L = Z_{q− ϵ} × Z_{q− ϵ} and x ∈ Z_{q− ϵ}. Each element y of Ω_1(O_2(L)) is stabilized by a non-trivial element of Q/L. Thus L < C_H (y) and so C_H (y) ≄ T_ϵ. Similarly, each element y ∈ {x × x, x × x^{− 1}} is stabilized by a non-trivial element of Q/L. Thus H contains (2^{2a} − (2^a − 2) − (2^a − 2) − 4) 2-elements s such that C_H (s) = L. Since |Q/L| = 4, H contains exactly^1_4 (2^{2a} − 2^{a+1} ) classes of such 2-elements s. But E(L, (s)_L ) has only one character, so |Y(T_ϵ)| =^1_4 (2^{2a} − 2^{a+1} ) and each character has height 2.

Suppose E(H,(s)) ⊆ Y(Z(H)), so that s = 1 or ⟨s⟩ = Z(H). There exists a bijection between E(H,(s)) and E(H,(1)) preserving degrees. Now H has four unipotent irreducible characters with degrees 1, q, q, q^2, and |Z(H)| = 2. So Y(Z(H)) has two characters of degree 1, four of degree q and two of degree q^2, and all of them have height 0.

Finally, let Y_0 = ∪_s E(H,(s)), where s runs over non-central involutions of H. So N = C_H (s) = ⟨L_0,ρ⟩, where L_0 = SO^δ(2,q)× SO^δ(2,q), δ = ± and ρ is an involution. Since L_0 ≃ GL(1,δq) × GL(1,δq), it follows that E(L_0,(1)) contains only the trivial character of L_0 and N/L_0 ≃ Z_2 acts trivially on E(L_0,(1)). The stabilizer in N/L_0 of the trivial character is N/L_0 itself. By [27, Prop osition 5.1], E(H,(s)) contains exactly 2 characters. Since H has two classes of non-central involutions, it follows that Y_0 has 4 characters.

In the notation of (2.5), H = ⟨M_1 ∘ M_2,g⟩ and we identify M_1 and M_2 with SL_2(q). As shown in the proof of [19, Section 5.2] SL_2(q) has two irreducible characters of degree 1 2 (q + 1) and two of degree^1_2 (q − 1) which are permuted by g_i respectively, since g_i ∈ GL_2(q)\SL_2(q) (given before (2.5)). Moreover, these four characters lie in B_0(SL_2(q)).

Let χ^′ ∈ Irr(SL_2(q)) with χ^′(1) =^1_2 (q − ϵ), and let χ^{′′} = (χ^′)^{gi} . Then χ^′ and χ^{′′} induce the same linear character on Z(SL_2(q)). Thus χ^′ ⊗ χ^{′′} is an irreducible character of M_1 ∘ M_2 and (χ^′ ⊗ χ^{′′})^g = χ^{′′}⊗ χ^′. Similarly, χ^′ ⊗ χ^′ ∈ Irr(M_1 ∘ M_2) and

(χ^′ ⊗ χ^′)^g = χ^{′′}⊗ χ^{′′}.

Thus H has two irreducible characters χ_1 and χ_2 of degree^1_2 (q− ϵ)^2. Let φ^′ ∈ Irr(SL_2(q)) with φ^′(1) =^1_2 (q + ϵ), and let φ^{′′} = (φ^′)^{gi} . A proof similar to above shows that H has two irreducible characters φ_1 and φ_2 of degree^1_2 (q + ϵ)^2. It follows from the degrees of characters given above that χ_i,φ_i ∈ Y_0 for i = 1,2. Thus

Y_0 = {χ_1,χ_2,φ_1,φ_2}, (4.2)

and each χ_i has height 2a − 1 and each φ_i has height 1.

If p ≠ 3, then α(M_i) = M_i and α induces a field automorphism of M_i for i = 1,2. Thus (χ^′)^α ∈ {χ^′,χ^{′′}}, so that α stabilizes each χ_i. Similarly, α stabilizes each φ_i.

Suppose p = 3. By (2C), β^′ interchanges M_1 and M_2. Since g^{β ′} = h_1(− 1)g, it follows that β^′ stabilizes each character of Y_0.

It follows that Irr^{2a− 1}(b_H ) = {χ_1,χ_2} and β^′ stabilizes each character of Irr^{2a− 1}(b_H ). Since Irr^{2a− 1}(B_1) = {X_{17} ,X_{18} } or {X_{15} ,X_{16} } according as ϵ = + or − , it follows by (3A) that β stabilizes each character of Irr^{2a− 1}(B_1). Thus there exists a bijection Ψ from Irr^{2a− 1}(b_H ) to Irr^{2a− 1}(B_1) such that w stabilizes Ψ( φ ) if and only if w stabilizes φ ∈ Irr^{2a− 1}(b_H ).

By the proof above, Irr^0(b_H ) = {φ_{1i},φ_{2i} : 1 ≤ i ≤ 4} = Y(Z(H)), where φ_{1i}(1) = φ_{2i}(1), φ_{11} (1) = 1, φ_{12} (1) = q^2, and φ_{13} (1) = φ_{14} (1) = q. Each character of degree q is an extension of a central product of the trivial character 1 and the Steinberg character St of SL_2(q). Since M^α_i = M_i, it follows that α stabilizes each character of Irr^0(b_H ). If p = 3, then M^{β ′}_1 = M_2, so that (1 ⊗ St)^{β ′} = St ⊗ 1 and β^′ stabilizes no characters of degree q, so φ^{β ′}_{13} = φ_{14} and φ^{β ′}_{23} = φ_{24} . But Irr^0(B_1) = {X_{1i},X_{2i} : 1 ≤ i ≤ 4}, so α stabilizes each character of Irr^0(B_1). If p = 3, then X^β_{13} = X_{14} and X^β_{23} = X_{24} , it follows that the map Ψ( φ_{ij} ) = X_{ij} is a bijection between Irr^0(b_H ) and Irr(B_1) and moreover, w stabilizes Ψ( φ ) if and only if w stabilizes φ ∈ Irr^0(b_H ).

Similarly, Irr^1(b_H ) = {φ_1,φ_2} ∪ Y(b_H ,J_ϵ) and Irr^1(B_1) = {X_{15} ,X_{16} } ∪ Y(B_1,J_ϵ) or {X_{17} ,X_{18} }∪ Y(B_1,J_ϵ) according as ϵ= + or − . Define Ψ( φ_1) = X_{15} or X_{17} , Ψ( φ_2) = X_{16} or X_{18} according as ϵ = + or − , and Ψ( φ_{y,μ} ) = χ_{y,μ} , where φ_{y,μ} ∈ Y(b_H ,J_ϵ) such that φ_{y,1}(1) = (H:J_ϵ)_p′ and φ_{y,St} (1) = q(H:J_ϵ)_p′. Thus Ψ is a required bijection from Irr^1(b_H ) to Irr^1(B_1).

Now Irr^{a+1} (b_H ) = Y(b_H ,Z_q2_{− 1}), Irr^{a+1} (B_1) = Y(B_1,Z_q2_{− 1}) and |Irr^{a+1} (b_H )| = |Irr^{a+1} (B_1)| = 2^{a− 1}. If φ_{s, 1} ∈ Y(b_H ,Z_q2_{− 1}), then define Ψ( φ_{s, 1}) = χ_{s, 1} ∈ Y(B_1,Z_q2_{− 1}), so that Ψ is a required bijection.

Finally, Irr^2(b_H ) = Y(b_H ,T_ϵ), |Irr^2(b_H )| =^1_4 (2^{2a} − 2^{a+1} ) and if ζ_{y,1} ∈ Irr^2(b_H ), we may suppose y = diag {y_1,y_2,y_3} ∈ T_ϵ such that y_2 ≠ {y_1,y^{− 1}_1 }. By [24], Irr^2(B_1) = Y(B_1,T_ϵ), |Irr^2(B_1)| =^1_{12} (2^a − 4)(2^a − 2) and if χ_{y,1} ∈ Irr^2(B_1), then C_G (y) = T_ϵ. Define

Ψ : Irr^2(b(C)) −→ Irr^2(B_1)

such that Ψ( φ_{y,1}) = χ_{y,1} for φ_{y,1} ∈ Irr^2(b(C)) and also define Ψ : Irr^2(b(C^′)) −→ Irr^2(b_H ) such that Ψ( ψ_{y,1}) = ζ_{y,1}, where Irr^2(b(C)) and Irr^2(b(C^′)) are given by (2). Then Ψ is a required bijection. It follows by (2) and (3) that

Ψ : Irr(b(C^′)) ∪ Irr(B_1) −→ Irr(b_H ) ∪ Irr(b(C))

is a bijection such that w ∈ ⟨α⟩ stabilizes Ψ( φ ) if and only if w stabilizes φ . Thus

k(G, B_1,d,u) + k(N(C^′),B_1,d,u) = k(H,B_1,d,u) + k(N(C),B_1,d,u).

(4) Suppose C ∈ {C(3)_1,C(3),C(4)_2,C(4)}, so that N(C) = N_{G 2 (p)}(C). If p ≠ 3, then N_A (C) = N(C) × ⟨α⟩ and we can apply the proofs (3) and (4) of [4, (4C)], so that (4D) holds. Suppose p = 3, so that N_A (C) = N_{G 2 (3):2} (C) × ⟨α⟩, where G_2(3): 2 is the automorphism of G_2(3). Thus we may suppose q = p = 3, so that A = G_2(3): 2.

Let C = C(3)_1 : 1 < E_8 and C^′ = C(3) : 1 < E_8 < E, where E = 2^{1+4}_+ . Then N(E_8) = E_8.L_3(2) and N_A (E_8) = E_8.L_3(2): 2. Since C_{N (C )}(E_8) = E_8 E N(C), it follows that Irr(b(C)) = Irr(N(C)). Similarly, Irr(b(C^′)) = Irr(N(C^′)).

The character table of N(C) = E_8.L_3(2) is given by [25, Table III], but the actions of an outor automorphism θ ∈ E_8.L_3(2): 2\E_8.L_3(2) on the characters of Irr(N(E_8)) is incorrect.

If t ∈ N(E_8) is an element of order 4, then t ∈ (4A)_G or (4B)_G , where (4A)_G and (4B)_G are the G-classes of elements of order 4 given by [11, p.60]. By [11, p.60], β fuses the two irreducible characters of degree 273 and so β fuses the classes (4A)_G and (4B)_G , since χ^β (M) = χ(M^β ) for each G-class M. It follows that t^θ and t are not G-conjugate, so that t^θ and t are not N(E_8)-conjugate. Thus θ fuses the only two N(E_8)-classes of elements of order 4. Similarly, since (8A)^β_G = (8B)_G , it follows that θ fuses the two N(E_8)-classes of elements of order 8. By the values of the irreducible characters χ_i on these classes we have that θ interchanges the characters of each pair (χ_7,χ_8) and (χ_{10} ,χ_{11} ), where χ_i ∈ Irr(N(E_8)) are given by [25, Table III].

Suppose θ fuses the two irreducible characters χ_2 and χ_3 of degree 3. Then θ induces an outor automorphism of L_3(2), since E_8 is in the kernel of χ_2 and χ_3 and they can be viewed as characters of L_3(2). Suppose E = 2^{1+4}_+ and Q = ⟨Ω_2(O_2(T_ϵ)),ρ⟩. As shown in the proof of (2.12) we may suppose E,Q ∈ Φ( E_8.L_3(2),2), so that E/E_8 and Q/E_8 are two non-conjugate L_3(2)-classes of unipotent radicals of order 4. Since θ induces an outor automorphism, it follows by [11, p.3] that θ fuses E/E_8 and Q/E_8, so that E and Q are A-conjugate. This is impossible, since Z(E) = Z_2 and Z(Q) = Z_2 × Z_2. Then θ stabilizes both χ_2 and χ_3. By the degrees of characters χ ∈ Irr(E_8.L_3(2)), θ interchanges exactly the characters of each pair (χ_7,χ_8) and (χ_{10} ,χ_{11} ), and stabilizes the other characters. It follows that

k(N(C(3)_1),B_0,d,u) =

4 if d = 6 and u = 2, 4 if d = 6 and u = 1, 2 if d = 5 and u = 2, 1 if d = 3 and u = 2, 0 otherwise.

(4.3)

The character table of N(C^′) = 2^{1+4}_+ .S_3 is given below, which can be calculated directly using (2.12) or obtained using computer.

The ordinary character table of the group 2^{1+4}_+ .S_3

class 1 2 3 4 5 6 7 8 9 10 11 12 13 conjg 1 1 6 12 24 32 6 6 12 12 32 24 24 order 1 2 2 2 2 3 4 4 4 4 6 8 8

ξ_1 1 1 1 1 1 1 1 1 1 1 1 1 1 ξ_2 1 1 1 1 -1 1 1 1 -1 -1 1 -1 -1 ξ_3 2 2 2 2 0 -1 2 2 0 0 -1 0 0 ξ_4 3 3 -1 -1 -1 0 3 -1 1 1 0 1 -1 ξ_5 3 3 -1 -1 -1 0 -1 3 1 1 0 -1 1 ξ_6 3 3 -1 -1 1 0 -1 3 -1 -1 0 1 -1 ξ_7 3 3 -1 -1 1 0 3 -1 -1 -1 0 -1 1 ξ_8 3 3 3 -1 -1 0 -1 -1 -1 -1 0 1 1 ξ_9 3 3 3 -1 1 0 -1 -1 1 1 0 -1 -1 ξ_{10} 4 -4 0 0 0 1 0 0 -2 2 -1 0 0 ξ_{11} 4 -4 0 0 0 1 0 0 2 -2 -1 0 0 ξ_{12} 6 6 -2 2 0 0 -2 -2 0 0 0 0 0 ξ_{13} 8 -8 0 0 0 -1 0 0 0 0 1 0 0

As shown above θ ∈ N_A (E_8)\N(E_8) fuses the two N(E_8)-classes (8A)_{N (E 8 )} and (8B)_{N (E 8 )}, as well as (4A)_{N (E 8 )} and (4B)_{N (E 8 )}. We may suppose Z(SO(U_4)) = ⟨z⟩ ≤ E_8 and 2^{1+4}_+ = O_2(SO(U_4)), where SO(U_4) = SO^+_4 (3). Then z^θ ∈ E_8 and so z^{θy} = z for some y ∈ N(E_8), since N(E_8) acts transitiv ely on E_8. If θ^′ = θy, then θ^′ ∈ N_A (E_8)\N(E_8) and z^{θ′} = z. Thus θ^′ ∈ SO(U_4).2\SO(U_4). Since 2^{1+4}_+ = O_2(SO(U_4)), θ^′ normalizes N_{N (E 8 )}(2^{1+4}_+ ) = N(C(3)), so that θ^′ ∈ N_A (C(3))\N(C(3)). Moreover, since θ^′ = θy for some y ∈ N(E_8), it follows that (8A)^{θ′}_{N (E 8 )} = (8B)_{N (E 8 )} and (4A)^{θ′}_{N (E 8 )} = (4B)_{N (E 8 )}.

Suppose A_j is the j-th class of N(C(3)) given above. It t ∈ A_{12} , then |t| = 8 and t is an element of (8A)_{N (E 8 )} or (8B)_{N (E 8 )}. Since θ^′ fuses (8A)_{N (E 8 )} and (8B)_{N (E 8 )}, it follows that t^{θ′} and t are not N(E_8)-conjugate. In particular, t^{θ′} and t are not N(C(3))-conjugate. Since N(C(3)) has exactly two classes of elements of order 8, it follows that t^{θ′} ∈ A_{13} , so that θ^′ fuses the N(C(3))-classes A_{12} and A_{13} . Similarly, if t ∈ A_9, then t ∈ (4A)_{N (E 8 )} or t ∈ (4B)_{N (E 8 )}, so that t^{θ′} and t are not N(E_8)-conjugate. Thus t^{θ′} ∉A_9, and so t^{θ′} ∈ A_{10} , since C_{N (C (3))} (t)^{θ′} = C_{N (C (3))} (t^{θ′}). If t ∈ A_7, then a similar proof shows that t^{θ′} ∈ A_8.

If ξ ∈ Irr(N(C(3)) and ξ^{θ′} = ξ^′, then ξ(A_j ) = ξ^′(A_j ) for all j. Since A^{θ′}_{12} = A_{13} , it follows by the values of ξ_4 and ξ_5 on A_{12} and A_{13} that ξ^{θ′}_4 = ξ_5. Similarly, ξ^{θ′}_6 = ξ_7 and ξ^{θ′}_{10} = ξ_{11} . Moreover, ξ^θ_8 = ξ_8 and ξ^θ_9 = ξ_9, and so θ^′ stabilizes each character of

{ξ_j : j ∈ {1,2,3,8,9,12,13}}

and fuses the characters of each pair of (ξ_4,ξ_5),(ξ_6,ξ_7) and (ξ_{10} ,ξ_{11} ). Thus

k(N(C(3)),B_1,d,u) =

4 if d = 6 and u = 2, 4 if d = 6 and u = 1, 2 if d = 5 and u = 2, 2 if d = 4 and u = 1, 1 if d = 3 and u = 2, 0 otherwise.

(4.4)

Since q = p = 3, Ω_2(O_2(T_ϵ)) = T_ϵ and N(C(4)_2) = N(T_ϵ) = ⟨T_ϵ,ρ,σ,τ⟩. Thus the characters of Irr(N(C(4)_2) are given by the proof (2) with a = 2. In particular, Ω_1(Irr (T_ϵ)) has 10 extensions in Irr(N(T_ϵ)), 4 linear characters, 4 characters of degree 3 and 2 of degree 2. In addition, β^′ ∈ N_A (T_ϵ)\N(T_ϵ) stabilizes exactly 2 linear characters, 2 of degree 3 and 2 of degree 2. Moreover, Irr(N(T_ϵ)) contains two characters of degree 6 covering Z(τσ) and Z(ρτσ), respectively. Since Z(τσ)^{β ′} = Z(ρτσ), it follows that β^′ stabilizes no characters of degree 6 in Irr(N(T_ϵ)), and so

k(N(C(4)_2),B_1,d,u) =

4 if d = 6 and u = 2, 4 if d = 6 and u = 1, 2 if d = 5 and u = 2, 4 if d = 5 and u = 1, 0 otherwise.

(4.5)

Similarly, since N(C(4)) ∈ Syl_2(E_8.L_3(2)), we may suppose N(C(4)) = ⟨T_ϵ,ρ,τσ⟩. As shown in the proof (2) above, Irr(N(C(4)) has 10 characters covering characters of Ω_1(Irr (T_ϵ)), 8 linear and 2 of degree 2. In addition, β^′ ∈ N_A (C(4))\N(C(4)) stabilizes exactly 4 linear characters and 2 of degree 2. Moreover, Irr(N(C(4))) contains two characters of degree 2 covering Z(τσ) and Z(ρτσ), respectively. Since Z(τσ)^{β ′} = Z(ρτσ), it follows that β^′ stabilizes no characters of degree 2 in Irr(N(C(4))). Also N(C(4)) contains 2 irreducible characters ξ_{y,1} of degree 4 covering characters ϕ(y) ∈ Irr(T_ϵ)\(Ω_1(Irr (T_ϵ)) ∪ Z(τσ) ∪ Z(ρτσ)). In particular, C(y) = T_ϵ. So y^{β ′} and y are not N(E_8)-conjugate and ξ_{y,1} ≠ ξ_yβ ′_{,1}. Since ξ^{β ′}_{y,1} = ξ_yβ ′_{,1} and since Irr(N(C(4))) has exactly two characters of degree 4, β^′ fuses the two character of degree 4. It follows that

k(N(C(4)),B_1,d,u) =

4 if d = 6 and u = 2, 4 if d = 6 and u = 1, 2 if d = 5 and u = 2, 4 if d = 5 and u = 1, 2 if d = 4 and u = 1, 0 otherwise.

(4.6)

By (4.3)-(4.6), ∑ C ∈{ C (3)_1 ,C (3) ,C (4)_2 ,C (4) }

(− 1)^{|C |} k(N(C),B_1,d,u) = 0,

which implies (4D).

Finally, suppose q = p = 3 and C ∈ {C(3)_0,C(3)_1,C(3)^1,C(3)}. If C ≠ C(3)_0 or C(3)^1, then k(N(C),B_1,d,u) are given by (4.3) and (4.4). If C = C(3)_0, then N(C) = G and by [11, p.60]

k(G, B_1,d,u) =

4 if d = 6 and u = 2, 4 if d = 6 and u = 1, 2 if d = 5 and u = 2, 4 if d = 5 and u = 1, 2 if d = 3 and u = 2, 2 if d = 3 and u = 1, 0 otherwise.

If C = C(3)^1, then N(C) = SO^+_4 (3) = SO(U_4) and the characters of Irr(N(C)) can be obtained by the proof (3). So Irr(SO^+_4 (3)) has 2 characters of degree 8 in Y(Z_8) and each is of the form ± R^{SO (U4 )}_{Tδ 3} (ϕ(y)) for some sign ± and some element y ∈ SO(U_4) of order 8. In particular, C(y) = C_{SO (U4 )}(y) ≃ Z_8. Since β^′ fuses the two G-classes of maximal tori T_δ^3 ≃ Z_8, it follows that

R^{SO (U4 )}

T_δ^3 (ϕ(y)) β^′ = RSO (U4 ) T_δ^3 (ϕ(y β^′)) ≠ RSO (U4 ) T_δ^3 (ϕ(y))

and so β^′ fuses the two characters in Y(Z_8).

In addition, SO(U_4) has 4 characters in Y(J_ϵ), two characters of degree 2 and two of degree 6. The two characters of degree 2 are labelled by (y,1) and (y^′,1), respectively, where C(y) = J_ϵ and C(y^′) = J_ϵ^∗. If χ is labelled by (y,1), then χ^{β ′} is labelled by (y^{β ′},1). Since β^′ fuses J_ϵ and J_ϵ^∗, it follows that β^′ fuses the two characters of degree 2. Similarly, β^′ fuses the two characters of degree 6 in Y(J_ϵ).

Each character χ of Y(T_ϵ) is of degree 4 and labelled by (y,1), where |y| = 4 and C(y) = T_ϵ. Since G.2 has exactly one class of elements of order 4, a similar proof to above shows that β^′ fuses the two characters of degree 4 in Y(T_ϵ). Moreover, Y(Z(H)) has 4 characters of degree 3 = q, and β^′ stabilizes no characters of degree 3 in Y(Z(H)) as shown above. Since β^′ stabilizes the Steinberg character of SO(U_4), it follows that it stabilizes each character of degree 9. As shown in the proof of (4.2) β^′ stabilizes each character on Y_0. So

k(N(C(3)^1),B_1,d,u) =

4 if d = 6 and u = 2, 4 if d = 6 and u = 1, 2 if d = 5 and u = 2, 4 if d = 5 and u = 1, 2 if d = 4 and u = 1, 2 if d = 3 and u = 2, 2 if d = 3 and u = 1, 0 otherwise, and this implies (4D).

Acknowledgment. The author wish to thank Professor Marston Conder for creating a permutation represen tation of G_2(3).2, which enable the author to find the error in [25, Table III]. The author also would like to thank the Auckland University Research Committee for its support.

References

1. Jian bei An, ‘2-weights for general linear groups’, J. Algebra 149 (1992) 500-527. 2. Jian bei An, ‘Weights for the Chevalley groups G_2(q)’, Proc. London Math. Soc.

69(1994), 22-46. 3. Jian bei An, ‘Alperin-McKa y conjecture for the Chevalley groups G_2(q)’, J. Algebra 165 (1994), 184-193.

4. Jian bei An, ‘Dade’s conjecture for the Chevalley groups G_2(q) in non-defining characteristics’, Canad. J. Math. 48(1996), 673-691.

5. M. Aschbacher, ‘Chevalley groups of type G_2 as the group of a trilinear form’, J. Algebra 109 (1987), 193-259.

6. M. Broué, ‘Isométries parfaites, types de blocs, catégories dérivées’, Astérisque 181-182 (1990), 61-92.

7. M. Broué and J. Michel, ‘Blocs et séries de Lusztig dans un groupe réductif fini’, J. reine angew. Math. 395 (1989), 56-67.

8. M. Cananes and M. Enguehard, ‘Unipotent blocks of finite reductiv e groups of a given type’, Math. Z. 213 (1993), 479-490.

9. R. Carter, Finite groups of Lie type: conjugacy classes and complex characters (John Wiley and Sons, Chichester, 1985).

10. B. Chang and R. Ree, ‘The characters of G_2(q)’, Symposia Math. XIII, Instituto Nazionale di Alta Mathematica, 1974, 395-413.

11. J. H. Conway, R. T. Curtis, S. P. Parker and R. A. Wilson, An ATLAS of Finite Groups (Clarendon Press, Oxford, 1985).

12. E. Dade, ‘Counting characters in blocks, 2.9’, to appear. 13. E. Dade, ‘Counting characters in blocks with cyclic defect groups, I’, J. Algebra 186 (1996), 934-969.

14. H. Enomoto, ‘The characters of finite groups G_2(q), q = 3^f ’, Japan. J. Math.

2 (1976), 191-248. 15. H. Enomoto and H. Yamada , ‘The characters G_2(2^n )’, Japan. J. Math.

12 (1986), 325-377. 16. W. Feit, The representation theory of finite groups (North Holland, 1982). 17. P. Fong and B. Srinivasan, ‘The blocks of finite general linear and unitary groups’, Invent. Math. 69(1982), 109-153.

18. P. Fong and B. Srinivasan, ‘The blocks of finite classical groups’,

J. reine angew. Math. 396 (1989), 122-191. 19. W. Fulton and J. Harris, Representation theory (Springer-V erlag, 1991). 20. M. Geck, ‘Irreducible Brauer characters of the 3-dimensional special unitat y groups in non-defining characteristics’, Comm. Algebra 18(1990), 563-584.

21. D. Gorenstein and R. Lyons, ‘The local structure of finite groups of characteristic 2 type’, Memoirs Amer. Math, Soc. 276 (1983).

22. G. Hiss, ‘On the decomposition numbers of G_2(q)’, J. Algebra 120 (1989), 339-360. 23. G. Hiss and J. Shamash, ‘3-blocks and 3-modular characters of G_2(q)’, J. Algebra 131 (1990), 371-387.

24. G. Hiss and J. Shamash, ‘2-blocks and 2-modular characters of the Chevalley groups G_2(q)’, Math. Comp. 59(1992), 645-672.

25. P. Kleidman, ‘The maximal subgroups of the Chevalley groups G_2(q) with q odd, the Ree groups^2G_2(q), and their automorphism groups’, J. Algebra 117 (1988), 30-71.

26. P. Kleidman and M. Liebeck, The subgroup structur e of the finite classical groups

(London Math. Soc. Lecture Note Series, 129 1990). 27. G. Lusztig, ‘On the represen tations of reductiv e groups with disconnected center’, Astérisque 168 (1988), 157-166.

28. G. Lusztig, Characters of reductive groups over a finite field (Ann. Math. Studies 107 , Princeton 1984).

29. R. Ree, ‘A family of simple groups associated with the simple Lie algebra of type G_2’, Amer. J. Math. 83(1961), 432-462.

30. W. Simpson and J. S. Frame, ‘The character tables for SL(3,q), SU(3,q^2), PSL(3,q), PSU(3,q^2)’, Canad. J. Math. Vol XXV. No 3 (1973), 486-494.

Departmen t of Mathematics University of Auckland Private Bag 92019 Auckland, New Zealand

E-mail: an@mat.auc kland.ac.nz