Quasiuniform Hyperspaces Of Compact Subsets^∗

Jiling Cao^1, H.P.A. Künzi^2, I. L. Reilly^1 and S. Romaguera^3

Abstract Let (X,U) be a quasiuniform space, K(X) be the family of all nonempty compact subsets of (X,U). In this paper, the notion of compact symmetry for (X,U) is introduced, and relationships between the Bourbaki quasiuniformity and the Vietoris topology on K(X) are examined. Furthermore we establish that for a compactly symmetric quasiuniform space (X,U) the Bourbaki quasiuniformity U_∗ on K(X) is complete ifand only ifU is complete. This theorem generalizes the well-known Zenor- Morita theorem for uniformisable spaces to the quasiuniform setting.

1 Intro duction

In general topology, one basic problem is to construct new spaces from old spaces. Then we study what kinds of properties possessed by the old spaces can be preserved by the new spaces. Hyperspaces are such objects constructed via existing spaces. The theory of hyperspaces begins with the well-known Hausdorff metric. Michael [13] has made major contributions to this field. Nowaday, it not only is a basic structure in general topology but also has many applications in other branches of Mathematics, such as mathematical economics,fractals, Banach space geometry, convex analysis and optimization (see [1], [9] and [17]).

A quasiuniformity on a (nonempty) set X is a filter U on X × X such that (a) each member of U contains Δ( X), where Δ( X) is the diagonal of X, and (b) if U ∈ U, then V^2 ⊆ U for some V ∈ U. The pair (X,U) is called a quasiuniform space [7]. By τ(U),

∗The first and third authors acknowledge the financial support of the University of Auckland Research Committee. The second author was supported by the Swiss National Science Foundation under grant 21-30585.91. The fourth author acknowledges the support of the DGES, grant PB95-0737. AMS (1991) Subject Classification—54B20, 54E15. Keywords and phrases: Bourbaki quasiuniformity, Vietoris topology, small-set symmetric, compactly symmetric, complete.

we denote the topology induced by U on X and if τ(U) = τ for some topology τ on X, then U is said to be compatible with τ. If U is a quasiuniformity on X, then U^{− 1} = {U^{− 1} : U ∈ U} is also a quasiuniformity on X and is called the conjugate of U. Furthermore, a quasiuniformity U is a uniformity provided U = U^{− 1}.

Let (X,U) be a quasiuniform space, and let P_0(X) (resp. K(X)) be the collectionof all nonempty (resp. nonempty compact) subsets of (X,U). On one hand, we can introduce a hyper-topology on P_0(X) in the following way. For a finite family G of nonempty subsets of(X,U), define G^∧ = {A ∈ P_0(X) : A ⊆ ∪G and A∩ G ≠ ∅ for each G ∈ G}. The Vietoris topology (or finite topology) on P_0(X), denoted by 2^{τ(U)}, is generated by taking {G^∧ : G is a finite family of τ(U)} as a base [13]. On the other hand, it is also possible to introduce a hyper-quasiuniformity on P_0(X). For each U ∈ U, set

H(U) = {(A,B) ∈ P_0(X) × P_0(X) : B ⊆ U(A) and A ⊆ U^{− 1}(B)}.

Then {H(U) : U ∈ U} isa base fora quasiuniformity on P_0(X), which iscalledthe Bourbaki quasiuniformity induced by U and this quasiuniformity is denoted by U_∗ [2], [11]. If U is a uniformity on X, then U_∗ is nothing but the Hausdorff uniformity on P_0(X) induced by U. Recently, Künzi and Ryser [11] investigated quasiuniform properties of (P_0(X),U_∗). The main purpose of this paper is to study some properties of the quasiuniform hyperspace (K(X),U_∗), where we use U_∗ in the subspace K(X) instead of U_∗|_{K(X)}. In Section 2, relationships between the Bourbaki quasiuniformity and the Vietoris topology on K(X) for a given quasiuniform space (X,U) are examined. In contrast to the uniform case, we observe that the Vietoris topology is always coarser than the topology of the Bourbaki quasiuniformity on K(X), and they do not coincide in general. To reconcilethe Bourbaki quasiuniformity and the Vietoris topology on K(X), notions of compact symmetry and small-set symmetry for a quasiuniform space are used.

Recall that a filter F on a uniform space (X,U) is called a Cauchy filter if for each U ∈ U there exists an F ∈ F such that F × F ⊆ U. A uniform space (X,U) is called complete if every Cauchy filter on (X,U) converges [6]. Moreover, a Tychonoff space is said to be Dieudonné complete if it has a compatible complete uniformity, equivalently, the finest compatible uniformity is complete. In 1970,by using the inverse limit approach, Zenor[18]proved that for a Tychonoff space (X,τ) the hyperspace (K(X),2^τ) is Dieudonné complete if and only if (X,τ) is Dieudonné complete. Morita [14] improved Zenor’sresult by showing that for a uniform space (X,U) (a) the Hausdorff uniformity U_∗ is compatible with the Vietoris topology 2^{τ(U)}, and (b) (K(X),U_∗) is complete if and only if (X,U) is complete.

Motivated by the above work of Zenor and Morita, we study the completeness of the quasiuniform hyperspace (K(X),U_∗) of a given quasiuniform space (X,U) in Section 3. It is proved that for a compactly symmetric quasiuniform space (X,U) the hyperspace (K(X),U_∗) is complete if and only if (X,U) is complete. This is a quasiuniform analogy of the Zenor-Morita theorem for uniformisable spaces. We also give an example to show that the condition “compact symmetry” in this result cannot be removed or weakened to “local symmetry”. Throughout the paper, N denotes the set of all natural numbers and ω = N ∪ {0}. The topologicalspaces and quasiuniform spaces are not assumed to satisfy any separation axioms, except those explicitly stated. For other undefined concepts about quasiuniform spaces, see [7].

2 The Bourbaki quasiuniformit y on K(X)

In this section, we discuss relationships between the Bourbaki quasiuniformity and the Vietoristopologyon K(X) fora given quasiuniformspace(X,U). Somesufficient conditions under which the Bourbaki quasiuniformity is compatible with the Vietoris topology are provided.

Prop osition 2.1 Let (X,U) be a quasiuniform space. Then 2^{τ(U)} ⊆ τ(U_∗) on K(X).

Proof: Let G be a finite family of open subsets of (X,U) and let A ∈ G^∧ . Since A is compact, we can choose a U_0 ∈ U such that U_0(A) ⊆ ∪G . Pick a point x_G ∈ A ∩ G, and then choose a U_G ∈ U such that U_G(x_G) ⊆ G for each G ∈ G. Let U = U_0 ∩ (∩_{G∈G}U_G). We wish to show H(U)(A) ⊆ G^∧ . Let B ∈ H(U)(A). Obviously, B ⊆ U(A) ⊆ ∪G . On the other hand, for each G ∈ G, x_G ∈ U^{− 1}(B) implies that ∅ ≠ B ∩ U(x_G) ⊆ B ∩ G. It follows that B ∈ G^∧ . Therefore 2^{τ(U)} ⊆ τ(U_∗) on K(X). □

Example 2.2 Generally, the Bourbaki quasiuniformity may not be compatible with the Vietoris topology on K(X). Let X = ω , and define U_n = Δ( X) ∪ {(0,x) : x ∈ X,x ≥ n} for each n ∈ N. Let U be the quasiuniformity on X generated by {U_n : n ∈ N}. Then (X,U) is a compact quasiuniform space. Since any 2^{τ(U)}-neighbourhood of X contains a finite subset ofN, H(U_n)(X) cannot include any 2^{τ(U)}-neighbourhood ofX for each n ∈ N. It follows that τ(U_∗) ≠ 2^{τ(U)} on K(X).

Remark 2.3 Let (X,τ) be a topologicalspace, and set U_G = G × G ∪ (X − G) × X for any open subset G of (X,τ). Then {U_G : G ∈ τ} is a subbase for the so-called Pervin quasiuniformity P on (X,τ) [7]. It is shown in [2] and [12] that P_∗ is always compatible with 2^τ on K(X).

As a natural way to reconcilethe Bourbaki quasiuniformity and the Vietoris topology on quasiuniform hyperspaces, we will use some weak forms of symmetry in the original spaces. Recall that a quasiuniform space (X,U) is said to be locally symmetric [7] if for each U ∈ U and each point x ∈ X, there exists a symmetric V ∈ U such that V^2(x) ⊆ U(x). A well-known fact is that each locally symmetric quasiuniform space is regular.

Example 2.4 Let (X,U) be the quasiuniform space defined in Example 2.2. As it is shown in Example 2.2, the Bourbaki quasiuniformity U_∗ is not compatible with the Vietoris topology 2^{τ(U)} on K(X). Furthermore, (X,U) is compact. Now we prove that (X,U) is locally symmetric. For each point x ∈ X and each n ∈ N, we wish to find a symmetric U ∈ U such that U^2(x) ⊆ U_n(x). If x ≠ 0, then U_n(x) = {x}. Choose any integer m > max{x,n}. It is easy to see that U = U_m ∪ U^{− 1}_m is a symmetric element of U with U^2(x) ⊆ U_n(x). If x = 0, then U_n(0) = {0} ∪ {n, n + 1,...}. Choose an integer m > n. Again U = U_m ∪ U^{− 1}_m ∈ U is symmetric such that U^2(0) ⊆ U_n(0). Finally we claim that (K(X),U_∗) is not locallysymmetric. In fact, if(K(X),U_∗) is locallysymmetric, then forany n ∈ N there exists a symmetric W ∈ U_∗ such that W^2(X) ⊆ H(U_n)(X). Therefore, there is an m ∈ N such that H(U^{− 1}_m )(X) ⊆ W(X) ⊆ H(U_n)(X). Let A = {0,1,2,...,m − 1}. Since A ∈ H(U^{− 1}_m )(X) and A ∉H(U_n)(X), we obtain a contradiction.

Sincelocal symmetry is not well-behaved with respect to the hyperspace (K(X),U_∗) for a quasiuniform space (X,U) as shown in Example 2.4, we will turn our attention to some other weak forms of symmetry in the sequel.

Definition 2.5 A quasiuniform space (X,U) is called compactly symmetric if for each U ∈ U and each C ∈ K(X), there exists a symmetric V ∈ U such that V^2(x) ⊆ U(x) whenever x ∈ C.

Let (X,U) be the quasiuniformspacedefined in Example 2.2. We already knewthat it is compact and locallysymmetric. Sinceany compact and compactly symmetric quasiuniform space must be a uniform space, (X,U) is not compactly symmetric. In the following, we provide a compactly symmetric quasiuniform space which is not a uniform space.

Example 2.6 [4] Let X = R \{0} and define U_d by the quasi-metric

d(x,y) = min{y − x,1}, if x < 0 < y; 0, if x = y; 1, otherwise.

Then (X,d) isa locallysymmetric and quiet [5]quasimetric spacesuch that τ(d) and τ(d^{− 1}) are the discrete topology on X. Thus (X,U_d) is compactly symmetric. However U_d is not a uniformity.

Definition 2.7 [8] Let (X,U) be a quasiuniform space and U ∈ U. A subset B of X is called U-small provided that B ⊆ U(A) whenever A is an open subset and A ∩ B ≠ ∅ . The quasiuniform space (X,U) is called small-set symmetric if for each U ∈ U the open U-small subsets form a cover of X.

Lemma 2.8 [10] Let (X,U) be a quasi-uniform space. Then (X,U) is small-set symmetric if and only if τ(U^{− 1}) ⊆ τ(U).

Theorem 2.9 Let (X,U) be a quasiuniform space. If (X,U) is either compactly symmetric or small-set symmetric, then U_∗ is compatible with 2^{τ(U)} on K(X).

Proof: Following Proposition 2.1, it suffices to show that τ(U_∗) ⊆ 2^{τ(U)}. To do this, we prove that for each U ∈ U and each A ∈ K(X), the τ(U_∗)-neighbourhood H(U)(A) of A is also a 2^{τ(U)}-neighbourhood of A in the following two cases.

Case 1: Suppose that (X,U) is compactly symmetric. Choose a symmetric V ∈ U such that V^2(x) ⊆ U(x) whenever x ∈ A. SinceA is compact, there exists a finite subset A_1 ⊆ A such that A ⊆ ∪_{a∈A1} int(V(a)). Let G = {int(V(a)): a ∈ A_1}. Then G^∧ is a 2^{τ(U)}-open set in K(X) containing A. For any B ∈ G^∧ , B ⊆ V(A) ⊆ U(A). On the other hand, for each point x ∈ A, there exists a point a ∈ A_1 such that x ∈ V(a). Choose a point b∈ B∩ V(a). It followsthat b∈ V(a) ⊆ V^2(x) ⊆ U(x) which impliesthat B∩ U(x) ≠ ∅ for each point x ∈ A. Consequently, we have A ⊆ U^{− 1}(B) and G^∧ ⊆ H(U)(A) which implies that H(U)(A) is a 2^{τ(U)}-neighbourhood of A.

Case 2: Suppose that (X,U) is small-set symmetric. Choose a V ∈ U such that V^2 ⊆ U. By Lemma 2.8, for x ∈ X we have that V^{− 1}(x) is a τ(U)-neighbourhood of x. Since A is compact, there is a finite subset A_0 ⊆ A such that A ⊆ ∪_{a∈A0} int(V^{− 1}(a)). Let G= {int(V(A))}∪ {int(V(a)): a ∈ A_0}. If B ∈ G^∧ , then B ⊆ V(A) ⊆ U(A). On the other hand, for each B ∈ G^∧ and a ∈ A_0, B ∩ V(a) ≠ ∅ implies a ∈ V^{− 1}(B). It follows that A ⊆ V^{− 2}(B) ⊆ U^{− 1}(B). Hence A ∈ G^∧ ⊆ H(U)(A). Therefore, we have τ(U_∗) ⊆ 2^{τ(U)} in either case. □

Corollary 2.10 [14] For a uniform space (X,U), U_∗ is compatible with 2^{τ(U)} on K(X).

The followingresult showsthat fora quasiuniformspace(X,U) both compact symmetry and small-set symmetry are preserved by the hyperspace (K(X),U_∗).

Theorem 2.11 Let (X,U) be a quasiuniform space. Then (K(X),U_∗) is compactly (resp. small-set) symmetric if and only if (X,U) is compactly (resp. small-set) symmetric.

Proof: The necessity is trivial, since both small-set symmetry and compact symmetry are hereditary properties. To prove the sufficiency, we first assume that (X,U) is compactly symmetric. Toshowthat (K(X),U_∗) iscompactly symmetric, let A be a nonempty compact subset of (K(X),U_∗) and U ∈ U. By Therem 2.9, τ(U_∗) = 2^{τ(U)} on K(X), so A is compact in (K(X),2^{τ(U)}). It follows from [13, Theorem 2.5.2]that ∪A is compact in (X,U). Since (X,U) is compactly symmetric, there exists a symmetric V ∈ U such that V^2(x) ⊆ U(x) whenever x ∈ ∪A . It follows that (H(V))^2(A) ⊆ H(U)(A) for all A ∈ A. Therefore (K(X),U_∗) is compactly symmetric.

Now suppose that (X,U) is small-set symmetric. Let A ∈ K(X) and let U ∈ U. Consider the τ(U_∗^{− 1})-neighbourhood of A, (H(U))^{− 1}(A) = {B ∈ K(X):A ⊆ U(B),B ⊆ U^{− 1}(A)} (note that (H(U))^{− 1} = H(U^{− 1})). Choose a W ∈ U such that W^2 ⊆ U. Since (X,U) is small-set symmetric, for each x ∈ X there is V_x ∈ U with V^2_x (x) ⊆ W^{− 1}(x). Thus (V_x ∩ W)^2(x) ⊆ W^{− 1}(x) for all x ∈ X. By the compactness of A, there is a finite subset A^′ of A such that A ⊆ ∪_{x∈A}′(V_x ∩ W)(x). Let V = ∩_{x∈A}′(V_x ∩ W). We shall show that H(V)(A) ⊆ H(U^{− 1})(A). Let B ∈ H(V)(A). Then B ⊆ V(A) and A ⊆ V^{− 1}(B). Take any point a ∈ A. Since A ⊆ V^{− 1}(B), (a,b) ∈ V for some point b ∈ B. Moreover, there is a point x ∈ A^′ such that a ∈ (V_x ∩ W)(x). Hence b ∈ (V_x ∩ W)^2(x) ⊆ W^{− 1}(x). It follows that a ∈ W^2(b) ⊆ U(b). We have shown that A ⊆ U(B). Now take any point b ∈ B. Since B ⊆ V(A), (a,b) ∈ V for some point a ∈ A. There is a point x ∈ A^′ such that a ∈ (V_x ∩ W)(x). Hence b ∈ (V_x ∩ W)^2(x) ⊆ W^{− 1}(x). Thus a ∈ W^2(b) ⊆ U(b). We have shown that B ⊆ U^{− 1}(A). Therefore B ∈ H(U^{− 1})(A). We conclude that (K(X),U_∗) is small-set symmetric. □

In the next paragraph we establish a relationship between small-set symmetry and compact symmetry.

Prop osition 2.12 Let (X,U) be a quasiuniform space such that τ(U) is a k-topology. If (X,U) is compactly symmetric, then it is small-set symmetric.

Proof: Let G ∈ τ(U^{− 1}) be a nonempty subset. Consider an arbitrary K ∈ K(X). Then we have G ∩ K ∈ τ(U^{− 1}|_K ). Let k ∈ G ∩ K be a point. Choose a V ∈ U such that V^{− 1}(k) ∩ K ⊆ G ∩ K. By compact symmetry, there exists a symmetric W ∈ U such that W^2(k) ⊆ V(k) whenever k ∈ K. For each k^′ ∈ W(k)∩ K, wehavek ∈ W(k^′) ⊆ V(k^′). Thus k^′ ∈ V^{− 1}(k)∩ K. It follows that W(k)∩ K ⊆ V^{− 1}(k)∩ K. Consequently, G∩ K ∈ τ(U|_K ). Since(X,τ(U)) isa k-space,G isopen in (X,U). Therefore, τ(U^{− 1}) ⊆ τ(U). By Lemma2.8, (X,U) is small-set symmetric. □

Example 2.13 Generally, a compactly symmetric quasiuniform space may not be smallset symmetric. Let X = ω ∪ {p} be equipped with its subspace topology induced by βω , where p ∈ βω \ ω . Equip X with its Pervin quasiuniformity P. Since X is regular, P is locally symmetric. But (X,P) is not small-set symmetric, since τ(P^{− 1}) is discrete. If

K ⊆ X iscompact, then K isfinite. Otherwise, K iscompact in βω . But any infinite closed subset of βω has cardinality 2^c. This is a contradiction. Clearly each locally symmetric quasiuniform space in which compact subsets are finite is compactly symmetric. Hence (X,P) is compactly symmetric, but not small-set symmetric.

3 The completeness of (K(X),U_∗)

In this section, we extend the well-known Zenor-Morita theorem for uniformisable spaces to the quasiuniform setting by using the notion of compact symmetry. Firstly we recall some definitions relating to the completeness of a quasiuniform space.

Definition 3.1 [7]A filter F on a quasiuniform space (X,U) is called a Cauchy filter iffor each U ∈ U there exists a point x ∈ X such that U(x) ∈ F . A quasiuniform space (X,U) is called complete (convergence complete) if every Cauchy filter on (X,U) has a cluster point (converges).

Clearly, convergence completeness implies completeness, and the two notions coincide in the class of locally symmetric quasiuniform spaces [7, Corollary 3.9], therefore in the class of compactly symmetric quasiuniform spaces. For convenience, we shall use certain convergent nets instead of filters. To this end, we recall the following definition.

Definition 3.2 [15] A net {x_α : α ∈ D} on (X,U) is called an N -Cauchy net if for each U ∈ U there exists a point x ∈ X such that {x_α : α ∈ D} is eventually in U(x).

Lemma 3.3 A quasiuniform space (X,U) is convergence complete if and only if every N -Cauchy net in (X,U) is convergent.

Corollary 3.4 A compactly symmetric quasiuniform space (X,U) is complete if and only if every N -Cauchy net in (X,U) is convergent.

Theorem 3.5 Let (X,U) be a compactly symmetric quasiuniform space. Then (K(X),U_∗) is complete if and only if (X,U) is complete.

Proof: Suppose that (K(X),U_∗) is complete. Let {x_α :α ∈ D} be an N -Cauchy net in (X,U). Clearly, {{ x_α }:α ∈ D} is an N -Cauchy net in (K(X),U_∗), so it has a cluster point C ∈ K(X). Fix any point x_0 ∈ C. It easily follows that {x_α :α ∈ D} clusters to x_0 in (X,U). Hence (X,U) is complete.

Conversely, suppose that (X,U) is complete. Let {C_α :α ∈ D} be an N -Cauchy net in (K(X),U_∗). For each α ∈ D, define F_α = ∪{ C_β : β ∈ D,β ≥ α}. Let F = f il{F_α :α ∈ D} and let F^′ be an ultrafilter containing F . We show that F^′ is a Cauchy ultrafilter on (X,U). Let U ∈ U, and choose V ∈ U such that V^2 ⊆ U. Since {C_α :α ∈ D} is an N -Cauchy net, there are B ∈ K(X) and α_V ∈ D such that C_α ⊆ V(B) and B ⊆ V^{− 1}(C_α ) for all α ≥ α_V. By the compactness of B, there is a finite subset B^′ of B such that B ⊆ ∪_{b∈B} ′V(b). Consequently F_{α V} = ∪_{β≥ α V} C_α ⊆ V(B) ⊆ ∪_{b∈B} ′V^2(b) ⊆ ∪_{b∈B} ′U(b). Since F^′is an ultrafilter and F_{α V} ∈ F^′, U(b) ∈ F^′forsomeb∈ B^′. Thus F^′is a Cauchy ultrafilter on (X,U). Hence it converges to some point in X. Therefore C ≠ ∅ , where C = ∩_{F ∈F} F.

Nowwe prove that C is compact. Let H be a filter on C and let G= f il{W(H)∩ F:H ∈ H,W ∈ U,F ∈ F } (note that G is well-defined because H ⊆ C for each H ∈ H and C = ∩_{F ∈F} F). Let G^′ be an ultrafilter containing G. We have shown that for each U ∈ U there are B ∈ K(X) and α_V ∈ D (where V^2 ⊆ U) such that F_{α V} ⊆ V(B) ⊆ ∪_{b∈B} ′U(b) (where B^′ is some finite subset of B), so F_{α V} ∩ V(H) ⊆ V(B) ⊆ ∪_{b∈B} ′U(b) for any H ∈ H. Since F_{α V} ∩ V(H) ∈ G^′, we have U(b) ∈ G^′ for some b ∈ B^′. Thus G^′ is a Cauchy ultrafilter on (X,U). So it converges to some point y_0 ∈ X. Since F ⊆ G, y_0 ∈ C. We see that H clusters to y_0. Let U ∈ U and H ∈ H. Choose a symmetric V ∈ U such that V^2(y_0) ⊆ U(y_0). Since G clusters to y_0, there is z ∈ V(H) ∩ V(y_0). By the symmetry of V, x ∈ V^2(y_0) ⊆ U(y_0) for some x ∈ H. Therefore y_0 is a cluster point of H. We conclude that C is compact.

Finally, the net {C_α : α ∈ D} is convergent to C in (K(X),U_∗). For each U ∈ U, choose a symmetric V ∈ U such that V^3(x) ⊆ U(x) whenever x ∈ C. Again, since{C_α : α ∈ D} is N -Cauchy, there are an α_0 ∈ D and an E ∈ K(X) such that (E,C_α ) ∈ H(V) forall α ≥ α_0. Since V(e) ∩ C_α ≠ ∅ for each e ∈ E and each α ≥ α_0, {F ∩ V(e) : F ∈ F } is contained in a Cauchy filter on (X,U). Thus, we have ∅ ≠ ∩_{F ∈F} F ∩ V(e) ⊆ C ∩ V(e) ⊆ C ∩ V^2(e). It follows that e ∈ V^2(C) for each e ∈ E. Hence E ⊆ V^2(C) and C_α ⊆ V(E) ⊆ V^3(C) ⊆ U(C). Since C ⊆ F_α ⊆ V(E) ⊆ V^2(E), for each point x ∈ C there must be a point y ∈ E such that x ∈ V^2(y). On the other hand, for each α ∈ D and α ≥ α_0, there exists a point x_α ∈ C_α with y ∈ V(x_α ). Hence x_α ∈ V^3(x) ⊆ U(x). It follows that x ∈ U^{− 1}(x_α ) and C ⊆ U^{− 1}(C_α ) for all α ∈ D and α ≥ α_0. Therefore (C,C_α ) ∈ H(U). Combining the previous arguments, (K(X),U_∗) is complete. □

Corollary 3.6 [14] Let (X,U) be a uniform space. Then (K(X),U_∗) is complete if and only if (X,U) is complete.

Corollary 3.7 [18] Let (X,τ) be a Tychonoff space. Then (K(X),2^τ) is Dieudonné complete if and only if (X,τ) is Dieudonné complete.

Example 3.8 The condition “compact symmetry” in Theorem 3.5 cannot be weakened to “local symmetry”. Let X = ω , and define d:X × X → R^+ as follows

d(x,y) = 0, if x = y; 1/y, if x = 0,y > 0; 1/x, if 0 < x < y; 1, otherwise.

Then (X,d) is a compact quasi-metric space. Let U_d be the quasiuniformity induced by d. Note that 0 is the only nonisolated point in X and that the conjugate topology of U_d is discrete. By a criterion of Fletcher and Lindgren [7, Proposition 2.23],it is straightforward to check that (X,U_d) is locally symmetric. For each n ∈ N, set K_n = {1,2,...,n} and A_n = {0,n + 1} ∪ K_n. Then K_m ∈ H(U_{1/n})(A_n) whenever m > n, where U_{1/n} = {(x,y) : d(x,y) < 1/n}. It follows that {K_n:n ∈ N} is an N -Cauchy sequence in (K(X),(U_d)_∗). However {K_n:n ∈ N} has no cluster point. Therefore (K(X),(U_d)_∗) is not complete.

Let (X,U) be a quasiuniform space. A filter F on (X,U) is called right K-Cauchy if for each U ∈ U there is an F ∈ F such that U^{− 1}(x) ∈ F for all x ∈ F. The space (X,U) is called right K-complete if every right K-Cauchy filter on (X,U) is convergent [16]. Recall that a filter F on (X,U) is called stable if for each U ∈ U, ∩_{F ∈F} U(F) belongsto U. In [11], Künzi and Ryser successfully generalized the Isbell-Burdick’s theorem as follows: For a quasiuniform space (X,U) the Bourbaki quasiuniformity U_∗ on P_0(X) is right K-complete if and only if each stable filter on (X,U) has a cluster point. In light of this result, it is likely to conjecture that (K(X),U_∗) is right K-complete if and only if (X,U) is right K-complete. Unfortunately, the following example shows that this conjecture is false.

Example 3.9 Let X = R (where R denotes the reals), and define U_n = {(x,y) : x ∈ X,y < − 2^n}∪ {(x,y) : x ∈ X,x − 2^{− n} < y < x + 2^{− n}} for each n ∈ ω . Let U be the quasiuniformity on X generated by {U_n : n ∈ ω }. Let {x_α :α ∈ D} be a right K-Cauchy net in (X,U). Then there exists an α_0 ∈ D such that {x_α :α ≥ α_0} is bounded from above. Since any subset of X which is closed and bounded from above in (X,U) is compact, {x_α :α ∈ D} is convergent in (X,U). Therefore (X,U) is right K-complete. For each n ∈ ω , set K_n = (−∞ ,n]. Then it is ready to check that {K_n : n ∈ ω } is a right K-Cauchy sequence in (K(X),U_∗). But {K_n : n ∈ ω } is not convergent in (K(X),U_∗). In fact, suppose that K_n → C ∈ K(X). Then K_n ⊆ U_1(C) for n large enough. Since C is bounded from above, we obtain a contradiction.

References

[1] G. Beer, Topologieson closedand closedconvexsubsets, (Kluwer AcademicPublishers, Dordrecht, 1993.)

[2] G. Berthiaume, On quasiuniformities in hyperspaces, Proc. Amer. Math. Soc., 66 (1977), 335-343.

[3] Jiling Cao, On hyperspace topologiesof some quasiuniform spaces, J. Math. Research & Exposition, 11 (1991), 523-528.

[4] J. Deák, On the coincidenceof some notions of quasiuniform completeness defined by filter pairs, Studia. Sci. Math. Hungar., 26 (1991), 411-413.

[5] D. Doitchinov, On completeness of quasiuniform spaces, C. R. Acad. Bulgare. Sci., 41 (7) (1988), 5-8.

[6] R. Engelking, General topology, (Polish Scientific Publisher, Warszaw, 1977.) [7] P. Fletcher and W. Lindgren, Quasiuniform spaces, (Lecture notes in pure and applied Mathematics, New York, 1982.)

[8] P. Fletcher and W. Hunsaker, Symmetry conditions in terms of open sets, Top. Appl., 45 (1992), 39-47.

[9] E. Klein and A. C. Thompson, Theory of correspondences, (John Wiley & Sons, New York, 1984.)

[10] H.P.A. Künzi, M. Mršević, I. L. Reilly and M. K. Vamanamurthy, Convergence, precompactness and symmetry in quasiuniform spaces, Math. Japonica, 38 (1993), 239- 253.

[11] H.P.A. Künzi and Carolina Ryser, The Bourbaki quasiuniformity, Top. Proc., to appear.

[12] N. Levine and W. J. Stager, On the hyperspace of a quasiuniform space, Math. J.

Okayama Univ., 15 (1971-72),101-106.

[13] E. Michael, Topologies on spaces of subsets, Trans. Amer. Math. Soc., 71 (1951), 152-182.

[14] K. Morita, Completion of hyperspaces of compact subsets and topologicalcompletion of open-closedmaps, Gen. Top. & Appl., 4 (1974), 217-233.

[15] S. A. Naimpally, Function spaces of quasiuniform spaces, Indag. Math., 68 (1965), 768-771.

[16] S. Romaguera, On hereditary precompactness and completeness in quasiuniform spaces, Acta. Math. Hungar., to appear.

[17] K. R. Wicks, Fractals and hyperspaces, (Lecture notes in Mathematics 1492,Springer Verlag, 1991.)

[18] P. Zenor, On the completeness of the space of compact subsets, Proc. Amer. Math.

Soc., 26 (1970), 190-192.

1) Department of Mathematics, The University of Auckland, Private Bag 92019,Auckland 1, NewZealand, email address: cao@math.auckland.ac.nz and i.reilly@auckland.ac.nz

2) Department of Mathematics, University of Berne, Sidlerstrasse 5, CH-3012 Berne, Switzerland, email address: kunzi@math-stat.unibe.ch

3) Escuelade Caminos, Departamento de Matematica Aplicada, Universidad Politecnica de Valencia, 46071Valencia, Spain, email address: sromague@mat.upv.es