Attractors in quasiregular semigroups

A. Hinkkanen G.J. Martin^∗

Abstract

Suppose that f generates a K− quasimeromorphic semigroup in a domain D of R^n , where n ≥ 2. Suppose that U is a topological ball with f (U) ⊂ U and U ⊂ D, and that f |U is a homeomorphism. We prove that then U contains a unique fixed point w of f (so that f (w) = w), and there is a topological ball neighbourhood V of w with V ⊂ U and a quasiconformal homeomorphism g of R^n onto itself with g(w) = 0 such that (g∘f ∘g^{− 1})(x) = x/2 for all x ∈ g(V). This allows us to classify the attracting and repelling fixed points of elements of uniformly quasimeromorphic semigroups such that the element is locally homeomorphic at the fixed point, by showing that the element is quasiconformally conjugate to a dilation in a neighbourhood of such a point.

1 In tro duction

A rational semigroup G is a semigroup of rational functions, defined on the extended complex plane, that is, the Riemann sphere C = C ∪ {∞} , with the semigroup operation being the composition of functions, and such that at least one element of G has degree at least 2. A special case would be a cyclic semigroup G = ⟨g⟩ generated by a single rational function g of degree

∗The research of the first author has been partially supported by the Alfred P. Sloan Foundation, by the U.S. National Science Foundation grant DMS 94-00999, and by the U.S. National Security Agency grant MDA904-95-H-1014. The second author was partially supported by the Foundation of Research, Science and Technology, New Zealand.

AMS (1991) Classification. Primary 30D05, 58F23.

at least 2. The study of the dynamics of a rational semigroup is therefore a generalisation of the iteration theory of a single rational function.

A systematic study of dynamics of rational semigroups analogous to the Fatou–Julia theory, based on the concept ofa normal family, has been started by us in [4, 5, 6, 7]. Beardon’s book [1] is a general reference to the classical theory.

Quasiregular and quasimeromorphic mappings defined in domains in R^n , where n ≥ 2, are generalisations of analytic and meromorphic functions, with whom they share many properties. Therefore one can ask ifan analogous theory of dynamics could be developed for uniformly quasiregular and uniformly quasimeromorphic semigroups, to be defined below. For uniformly quasiconformal groups of homeomorphisms there is already a lot of literature. The point of the present work is to study non-homeomorphic mappings, which can only form a semigroup and not a group.

We next recall the definition of a quasiregular mapping. We identify the compactification R^n ∪ {∞} = R^n with the n− sphere S^n in the usual way. If D is a domain in R^n , then a mapping F : D → R^n of Sobolev class W^{1,n} (D) is said to be K–quasiregular, where 1 ≤ K < ∞ , if

J_F (x) ≥ 0 a.e. or J_F (x) ≤ 0 a.e. and max_{|ξ|=1} |DF (x)ξ| ≤ K min_{|ξ|=1} |DF (x)ξ|

for almost every x ∈ D, where ξ ∈ T_xS^n . The smallest number K for which the above inequality holds is called the maximal dilatation of F . A nonconstant quasiregular mapping can be redefined on a set of measure zero so as to make it continuous, open, and discrete, and we shall always assume that this has been done. It is also differentiable with Jacobian determinan t J_F (x) ≠ 0 almost everywhere.

Let D be a domain in S^n . A function f : D → S^n is said to be K− quasimeromorphic if each point ofD has a neighbourhood contained in D in which f or f /|f |^2 is K− quasiregular (if ∞ ∈ D, then in a neighbourhood of infinity, we consider f (z/|z|^2) or f (z/|z|^2)/|f (z/|z|^2)|^2).

A family G of quasimeromorphic mappings F : S^n → S^n which is closed under composition is called a uniformly quasimeromorphic semigroup if there is some K < ∞ such that each element of G is K− quasimeromorphic. An example of a uniformly quasimeromorphic semigroup can be constructed as follows. Let Γ be a measurable conformal structure on S^n . By this we mean that at each point x ∈ S^n , the function Γ(x) is a linear bijection

Γ(x) : T_xS^n → T_xS^n

of the inner product space T_xS^n , such that Γ(x) is symmetric, positive definite, has determinan t 1, and satisfies the uniform ellipticity condition

K^{− 1} |ξ|^2 ≤ ⟨Γ(x)ξ,ξ⟩ ≤ K|ξ|^2,

where K ≥ 1 is independent of x.

The solutions F of the equation

D^tF (x)Γ( F (x))DF (x) = J_F (x)^{2/n}Γ(x)

for mappings of Sobolev class W^{1,n} (S^n ) form a semigroup under composition. Each such solution is a K− quasimeromorphic mapping of S^n . We call Γ an equivariant measurable conformal structure for G.

In an analogous way, one defines a uniformly quasiregular or quasimeromorphic semigroup of non-constan t mappings taking a domain D in R^n or S^n into itself.

In [8], it is proved that if a uniformly quasimeromorphic semigroup G defined in a domain in the Riemann sphere S^2 satisfies a certain algebraic condition, which is true for all abelian semigroups, then G can be conjugated by a quasiconformal homeomorphism to a semigroup of meromorphic functions (which are rational if the domain is the whole sphere). In [9], it is shown that under similar algebraic conditions in R^n , a quasiregular semigroup has an equivariant conformal structure. In [9], an example is also given of a cyclic quasiregular semigroup with a nontrivial branch set in R^n , where n ≥ 3.

The purp ose of this paper is to begin the classification of the local dynamics of functions generating uniformly quasiregular semigroups close to their fixed points. In this note we consider maps that are locally homeomorphic at a fixed point and are attracting or repelling at that point.

Theorem 1.1 Suppose that f generates a K− quasimeromorphic semigroup in a domain D of R^n , where n ≥ 2. Suppose that U is a topological ball with f (U) ⊂ U and U ⊂ D, and that f |U is a homeomorphism. Then U contains a unique fixed point w of f (so that f (w) = w), and there is a topological ball neighbourhood V of w with V ⊂ U and a quasiconformal homeomorphism g of R^n onto itself with g(w) = 0 such that (g ∘ f ∘ g^{− 1})(x) = x/2 for all x ∈ g(V).

Of course, we could have D = U, in which case the assumption states that f generates a K− quasiconformal semigroup and maps U onto a compact subset ofU. Naturally , f need not generate a uniformly quasiconformal group as f^{− 1} and its iterates need not be defined in all of U.

Even though f^{− 1} is usually not globally quasiregular in D (since f need not be one-to-one), so that we cannot obtain a result corresponding to Theorem 1.1 for repelling fixed points just by considering f^{− 1} instead of f in D, we may make such a modification locally, and then Theorem 1.1 yields the following result.

Theorem 1.2 Suppose that f generates a K− quasimeromorphic semigroup in a domain D of R^n , where n ≥ 2. Suppose that U is a topological ball with U ⊂ f (U) and f (U) ⊂ D, and that f |U is a homeomorphism. Then U contains a unique fixed point w of f (so that f (w) = w), and there is a topological ball neighbourhood V of w with V ⊂ U and a quasiconformal homeomorphism g of R^n onto itself with g(w) = 0 such that (g∘f ∘g^{− 1})(x) = 2x for all x ∈ g(V).

2 Pro of of Theorem 1.1

Let the assumptions of Theorem 1.1 be satisfied. The family {f^n |U : n ≥ 1} is normal [12, Corollary IV.3.14] so that there is a subsequence f^{nk} |U that tends, locally uniformly in U, to a limit function φ , which is either a constant or a non-constan t K− quasiregular mapping in U [11]. The sets f^n (U) form a decreasing sequence of compact connected sets whose intersection E is non-empt y, compact, and connected.

Recall that a ring domain W in R^n , where n ≥ 2, is a domain of the form W = R^n \ (E_1 ∪ E_2) where E_1 is a compact subset of R^n , E_2 is an unbounded closed subset of R^n , and E_1 ∩ E_2 = ∅ . The module M(W) of W is the module of the family P of locally rectifiable paths joining E_1 and E_2 in W. More precisely,

M(W) = inf { ∫ R^n

p(z)^n dm(z) : p ∈ B, ∫ γ p(z) |dz| ≥ 1 for all γ ∈ P } , where B denotes the set of all non-negativ e Borel functions on R^n , and dm(z) indicates integration with respect to the Lebesgue measure on R^n . For example, if W = {x ∈ R^n : a < |x| < b} then M(W) = ω_{n− 1}(log(b/a))^{1− n} , where ω_{n− 1} is the (n − 1)–dimensional volume of S^{n− 1}.

Suppose that E contains at least 2 points. Write W_1 = U \ f (U). The ring domains f^k(W_1) are disjoint, and f^k(W_1) ⊂ f^k(U). Since each f^k is K− quasiconformal in U, we have 1/K_0 ≤ M(f^k(W_1))/M(W_1) ≤ K_0 for all k ≥ 1, where K_0 depends only on K and n. Hence M(f^k(W_1)) ≤ K_0M(W_1). But if ε > 0, we have f^k(W_1) ⊂ N_ε(E) \ E for all sufficien tly large k, where N_ε(E) consists of points whose distance from E is less than ε. This implies that M(f^k(W_1)) → ∞ as k → ∞ , which is a contradiction. It follows that E consists of exactly one point, say x_0.

If φ is non-constan t then φ (U) is a subset of the interior E^0 of E, which must therefore be non-empt y. Thus φ is constant. Since E = {x_0}, we have φ ≡ x_0 for all limit functions φ . It follows that f^n |U → x_0 as n → ∞ . In particular, x_0 = lim_{n→∞} f^n (x_0) and so f (x_0) = lim_{n→∞} f^{n+1} (x_0) = x_0. If f has the fixed point x_1 ∈ U then x_1 = f^n (x_1) → x_0 so that the fixed point x_0 is unique. We may and will assume from now on that x_0 = 0.

Let B be a closed ball centred at x_0 and of radius R with B ⊂ U. Since each f^n is K− quasiconformal in U, it follows from the quasiconformal Schönflies theorem that each f^n (∂B) is a K_1− quasisphere where K_1 depends on K, U, and B. Recall that a set A in R^n is called a K_1− quasisphere if there exists a K_1− quasiconformal map of R^n onto itself that takes the unit sphere onto A. Choose a minimal positive integer m with the property that f^n (B) is a subset of the interior of B for all n ≥ m. We write g = f^m and S = ∂B so that S ∩ g(S) = ∅ . We first show that g can be conjugated to a dilation.

We start by extending g from B to a quasiconformal self-map of R^n . Since g is quasiconformal in a neighbourhood of B and g(S) is a quasisphere, it follows from a combination of results in [2, p. 182], [13], [10], [14] that there exists a quasiconformal mapping h of the ring domain A = {z ∈ R^n : ρR < |z| < R} ⊂ B onto the interior of B \ g(B) such that h extends to a homeomorphism of A onto B \ g(B), such that h(z) = z for all z ∈ S and h(z) = g(z/ρ) whenever |z| = ρR. (Note that each of R^n \ {0}/⟨g⟩ and R^n \ {0}/⟨x → ρx⟩ is homeomorphic to S^{n− 1} × S^1.) Here ρ can be any number in (0,1) but the maximal dilatation of h, which depends on g and on the set B \ g(B), will also depend on ρ. (The optimal choice for ρ is probably obtained by taking ρ so that M(A) = M(B \ g(B)).)

More precisely, to deduce the existence of h, we may argue as follows (compare [10, p. 420]). By the Annulus Theorem, proved by Sullivan ([13], compare [14, Theorem 3.12, p. 317]) in all dimensions in the quasiconformal category, the set B \ g(B) is quasiconformally homeomorphic to the closed annulus A. Following this map by a suitable quasiconformal selfhomeomorphism of A, whose existence follows from [14, Theorem 3.14, p. 317], we see that the quotient space of the set B \ g(B) under the action of g is quasiconformally homeomorphic to the quotient space of the set A under the action of z → ρz (we remark that both quotient spaces are homeomorphic to the compact space S^{n− 1} × S^1). This completes the proof of the existence of h.

Now B \{0} = ∪^∞_{n=0} g^n (B \g(B)). We set h(0) = 0, and if ρ^{n+1} ≤ |z|/R < ρ^n , we define h(z) = g^n (h(z/ρ^n )). Then clearly h defines a quasiconformal homeomorphism of B onto itself such that

(h^{− 1} ∘ g ∘ h)(z) = ρz (1)

for all z ∈ B. We extend h to a quasiconformal homeomorphism of R^n onto itself by setting h(R^2z/|z|^2) = R^2h(z)/|h(z)|^2 whenever |z| < R (recall that h|S = Id). Then we set g̃(z) = h(ρh^{− 1}(z)) for all z. Then g̃ is a quasiconformal homeomorphism of R^n onto itself. By (1), we have g̃(z) = g(z) for all z ∈ B. Thus g̃ gives the desired extension of g. It is clear that all the iterates g̃^n (z) = h(ρ^n h^{− 1}(z)) are uniformly quasiconformal. We extend g and g̃ to S^n by setting g(∞ ) = g̃(∞ ) = ∞ .

We have lim_{n→∞} g̃^n (z) = 0 for all z ∈ R^n . Since g̃ also fixes 0 and ∞ , so that g̃ is loxodromic in the terminology of [3], it follows [10, p. 420] that there is a quasiconformal homeomorphism F of R^n onto itself such that (F ∘ g̃ ∘ F^{− 1})(z) = z/2 for all z ∈ R^n . In particular, in a neighbourhood of x_0 = 0, F conjugates g to the dilation z → z/2. We conjugate f and g by F also but denote the conjugated maps still by g̃, f , and g. So f^m (z) = z/2 and z/2 ≡ g̃(z) = g(z) for all z ∈ W, where W is a suitable topological ball neighbourhood of the origin.

We next extend f to a quasiconformal homeomorphism f̃ ofR^n onto itself. We write B(r) = {z : |z| < r}. Let B_1 = B(R_1) be such that B(2R_1) ⊂ W and f (B(2R_1)) ⊂ W. Note that f commutes with g = f^m in B_1. If z ∈ g(B_1) = B(R_1/2), we define f̃ (z) = f (z). If z /∈ g(B_1), there is a smallest k ≥

1 such that g̃^k(z) ∈ g(B_1) (then, in fact, g̃^k(z) ∈ g(B_1)\g^2(B_1)). Then we set f̃ (z) = g̃− k(f (g̃k(z))) = 2kf (2− kz). If z ∈ ∂g(B_1) then k = 1, g̃(z) = g(z) = f^m (z), and f̃ (z) = g̃^{− 1}(f^{m+1} (z)). Now z = g(w), where |w| = R_1, and by the definition of m, we have f^{m+1} (w) ∈ B_1. Hence f^{m+1} (z) = g(f^{m+1} (w)) ∈ g(B_1). Thus f̃ (z) = g̃^{− 1}(f^{m+1} (z)) = g^{− 1}(f^{m+1} (z)) = g^{− 1}(g(f (z))) = f (z). It is now easily verified that f̃ is a quasiconformal homeomorphism of R^n onto itself with f̃ |g(B_1) = f |g(B_1). We claim that f̃^m (z) = g̃(z) for all z, so that f̃ generates a uniformly quasiconformal group in R^n .

To prove that f̃^m (z) = g̃(z) for all z, note first that if z ∈ g(B_1) then f^n (z) ∈ B_1 for all n ≥ 1. Hence f^m (z) = g(z). Suppose then that z /∈ g(B_1), and write L(a) for the map (L(a))(x) = ax when a > 0. Then f̃^m (z) = L(2^km ) ∘ f ∘ L(2^km − 1^{− k}m ) ∘ f ∘ ···∘ f ∘ L(2^k1^{− k}2 ) ∘ f ∘ L(2^{− k}1 )

where the positive integers k_j have the following property. Write b_0 = z and for 1 ≤ j ≤ m, define

b_j = L(2^{kj} ) ∘ f ∘ L(2^{kj − 1− kj} ) ∘ f ∘ ···∘ f ∘ L(2^{k1− k2} ) ∘ f ∘ L(2^{− k1} ).

By the definition of f̃ , we have 2^{− kj} b_{j − 1} ∈ g(B_1) \ g^2(B_1) for all j with 1 ≤ j ≤ m. Thus we are always applying f to a point ζ in the annular ring domain g(B_1) \ g^2(B_1). The resulting value f (ζ) always belongs to B(R_1). Hence every time when we multiply a point by 2^{kj − 1− kj} , we are moving a point of B(R_1) to a point in B(R_1/2) \ B(R_1/4). Since f commutes with g = L(1/2) in B(2R_1), we deduce that f (2^{− kj} b_{j − 1}) = 2^{kj − 1− kj} f (2^{− kj − 1} b_{j − 2}) for all j. Since 2^{− k1} b_0 = 2^{− k1} z ∈ B(R_1/2) \ B(R_1/4), induction now shows that f̃^m (z) = b_m = 2^{km} f (2^{− km} b_{m− 1}) = 2^{k1} f^m (2^{− k1} b_0) = 2^{k1} g(2^{− k1} b_0) = 2^{k1}g̃(2^{− k1} b_0) = g̃(z) = z/2, as claimed.

Since f̃ generates a uniformly quasiconformal group in R^n , fixes 0 and ∞ , and lim_{n→∞} f̃^n (z) = 0 for all z ∈ R^n , so that f̃ is loxodromic, it follows as above that there is a quasiconformal homeomorphism F ofR^n onto itself such that (F ∘f̃ ∘F^{− 1})(z) = z/2 for all z ∈ R^n . In particular, in a neighbourhood of x_0 = 0, F conjugates f to the dilation z → z/2. This completes the proof of Theorem 1.1.

3 Pro of of Theorem 1.2

Let the assumptions of Theorem 1.2 be satisfied. Then g = f^{− 1} is a well defined quasiconformal homeomorphism of V = f (U) onto U = g(V) where

U ⊂ V. Thus each g^n is defined in V, and each g^n is K− quasiconformal, since each is a branch of the inverse of f^n and by our assumption, each f^n is K− quasimeromorphic. Thus g generates a uniformly quasiconformal semigroup in V. Hence the assumptions of Theorem 1.1 are satisfied, and the existence of the unique fixed point of g (and hence of f ) and the desired conjugacy now follow from Theorem 1.1 applied to g in V, instead of f in U. This completes the proof of Theorem 1.2.

4 References

1. A.F. Beardon, Iteration of Rational Functions, Springer, New York, 1992. 2. S. Donaldson and D. Sullivan, Quasiconformal 4− manifolds, Acta Math. 163 (1989), 181–252. 3. F.W. Gehring and G.J. Martin, Discrete quasiconformal groups I, Proc. London Math. Soc. (3) 55 (1987), 331–358. 4. A. Hinkkanen and G.J. Martin, The dynamics of semigroups of rational functions I, to appear in Proc. London Math. Soc. 5. A. Hinkkanen and G.J. Martin, Julia sets ofrational semigroups, to appear in Math. Z. (1995). 6. A. Hinkkanen and G.J. Martin, Some properties of semigroups of rational functions, preprint, 1995. 7. A. Hinkkanen and G.J. Martin, The dynamics of semigroups of rational functions II, in preparation. 8. A. Hinkkanen, Uniformly quasiregular semigroups in two dimensions, to appear in Ann. Acad. Sci. Fenn. Ser. AI Math. 9. T. Iwaniec and G.J. Martin, Quasiregular semigroups, to appear in Ann. Acad. Sci. Fenn. Ser. AI Math. (1996). 10. G.J. Martin, Infinite group actions on spheres, Rev. Math. Iberoamer. 4 (1988), 407–451. 11. Y. Reshetnyak, Mappings with bounded distortion as extremals ofDirichlet type integrals (Russian), Sibirsk. Mat. Z. 9 (1968), 652–666. 12. S. Rickman, Quasiregular Mappings, Springer, New York, 1993. 13. D. Sullivan, Hyperbolic geometry and homeomorphisms, Proc. Georgia Conf. on Geometric Topology, ed. J. Cantrell, Academic Press, New York, 1978.

14. P. Tukia and J. Väisälä, Lipschitz and quasiconformal approximation and extension, Ann. Acad. Sci. Fenn. Ser. AI Math. 6 (1981), 303–342.

University of Illinois at Urbana–Champaign The University of Auckland Departmen t of Mathematics Departmen t of Mathematics Urbana, Illinois 61801 Auckland U.S.A. New Zealand and Center for Mathematics & Applications Australian National University Canberra ACT Australia