Chapter 10

Hyperelliptic Curves

This is a chapter from version 2.0 of the book “Mathematics of Public Key Cryptography”
by Steven Galbraith, available from http://www.math.auckland.ac.nz/"sgal018/crypto-
book/crypto-book.html The copyright for this chapter is held by Steven Galbraith.

This book was published by Cambridge University Press in early 2012. This is the
extended and corrected version. Some of the Theorem/Lemma/Exercise numbers may be
different in the published version.

Please send an email to S.Galbraith@math.auckland.ac.nzif you find any mistakes.

Hyperelliptic curves are a natural generalisation of elliptic curves, and it was suggested
by Koblitz [346] that they might be useful for public key cryptography. Note that there
is not a group law on the points of a hyperelliptic curve; instead we use the divisor
class group of the curve. The main goals of this chapter are to explain the geometry of
hyperelliptic curves, to describe Cantor’s algorithm [118] (and variants) to compute in
the divisor class group of hyperelliptic curves, and then to state some basic properties of
the divisor class group.

Definition 10.0.1. Let k be a perfect field. Let H(z), F(z) € k[z] (we stress that
H(z) and F(x) are not assumed to be monic). An affine algebraic set of the form C :
y? + H(x)y = F(x) is called a hyperelliptic equation. The hyperelliptic involution
t:C — C is defined by t(z,y) = (x,—y — H(x)).

Exercise 10.0.2. Let C be a hyperelliptic equation over k. Show that if P € C(k) then
u(P) € C(k).

When the projective closure (in an appropriate space) of the algebraic set C' in Defini-
tion 10.0.1 is irreducible, dimension 1, non-singular and of genus g > 2 then we will call it
a hyperelliptic curve. By definition, a curve is projective and non-singular. We will give
conditions for when a hyperelliptic equation is non-singular. Exercise 10.1.20 will give a
projective non-singular model, but in practice one can work with the affine hyperelliptic
equation. To “see” the points at infinity we will move them to points on a related affine
equation, namely the curve C'T of equation (10.3).

The classical definition of a hyperelliptic curve (over an algebraically closed field k)
is that it is a non-singular projective irreducible curve C over k (usually of genus g > 2)
with a degree 2 rational map ¢ : C — P! over k. This is equivalent to C' having an
(affine) equation of the form y? + H(z)y = F(x) over k. When C is defined over a
non-algebraically closed field k then the existence of a rational map ¢ : C' — P! over k
does not imply the existence of such a map over k, and so C' might not have an equation
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202 CHAPTER 10. HYPERELLIPTIC CURVES

over k of this form. This subtlety does not arise when working over finite fields (to show
this, combine Theorem 10.7.4 with the Riemann-Roch theorem), hence we will define
hyperelliptic curves using a generalisation of the Weierstrass equation.

The genus has already been defined (see Definition 8.4.8) as a measure of the com-
plexity of a curve. The treatment of the genus in this chapter is very “explicit”. We
will give precise conditions (Lemmas 10.1.6 and 10.1.8) that explain when the degree of
a hyperelliptic equation is minimal. From this minimal degree we define the genus. In
contrast, the approach of most other authors is to use the Riemann-Roch theorem.

We remark that one can also consider the algebraic group quotient Picgq (C)/[-1] of
equivalence classes {D, —D} where D is a reduced divisor. For genus 2 curves this object
can be described as a variety, called the Kummer surface. It is beyond the scope of this
book to give the details of this case. We refer to Chapter 3 of Cassels and Flynn [123] for
background. Gaudry [244] and Gaudry and Lubicz [247] have given fast algorithms for
computing with this algebraic group quotient.

10.1 Non-Singular Models for Hyperelliptic Curves

Consider the singular points on the affine curve C(z,y) = y* + H(z)y — F(x) = 0. The
partial derivatives are 0C(z,y)/dy = 2y + H(z) and 9C(z,y)/0xz = H'(x)y — F'(x),
so a singular point in particular satisfies 2F'(z) + H(x)H'(z) = 0. If H(z) = 0 and if

the characteristic of k is not 2 then C' is non-singular over k if and only if F'(z) has no
repeated root in k.

Exercise 10.1.1. Show that the curve y? + H(z)y = F(x) over k has no affine singular
points if and only if one of the following conditions hold.

1. char(k) = 2 and H(z) is a non-zero constant.

2. char(k) = 2, H(x) is a non-zero polynomial and ged(H (z), F'(z)? — F(z)H'(x)?) =
1.

3. char(k) # 2, H(z) = 0 and ged(F(z), F'(x)) = 1.

4. char(k) # 2, H(x) # 0 and ged(H(z)? + 4F(z),2F'(z) + H(z)H'(z)) = 1 (this
applies even when H(z) =0 or H'(z) = 0).

We will now give a simple condition for when a hyperelliptic equation is geometrically
irreducible and of dimension 1.

Lemma 10.1.2. Let C(x,y) = y? + H(x)y — F(x) over k be a hyperelliptic equation.
Suppose that deg(F'(x)) is odd. Suppose also that there is no point P = (vp,yp) €

C(k) such that (0C(z,y)/0z)(P) = (0C(z,y)/0y)(P) = 0. Then the affine algebraic set
V(C(z,y)) is geometrically irreducible. The dimension of V(C(z,y)) is 1.

Proof: From Theorem 5.3.10, C(x,y) = 0 is k-reducible if and only if C(z,y) factors over
k[x,%]. By considering C(x,%) as an element of k(x)[y] it follows that such a factorisation
must be of the form C(z,y) = (y — a(z))(y — b(x)) with a(z),b(z) € k[z]. Since deg(F)
is odd it follows that deg(a(z)) # deg(b(z)) and that at least one of a(x) and b(x) is
non-constant. Hence a(z) — b(x) is a non-constant polynomial, so let zp € k be a root of
a(z) — b(z) and set yp = a(xp) = b(zp) so that (zp,yp) € C(k). It is then easy to check
that both partial derivatives vanish at P. Hence, under the conditions of the Lemma,
V(C(z,y)) is k-irreducible and so is an affine variety.
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Now that V(C(x,y)) is known to be a variety we can consider the dimension. The
function field of the affine variety is k(x)(y), which is a quadratic algebraic extension of
k(z) and so has transcendence degree 1. Hence the dimension of is 1. O

The proof of Lemma 10.1.2 shows that a hyperelliptic equation y? + H(z)y — F(x)
corresponds to a geometrically irreducible curve as long as it does not factorise as (y —
a(x))(y — b(z)) over k[z]. In practice it is not hard to determine whether or not there
exist polynomials a(x), b(x) € k[x] such that H(z) = —a(z)—b(x) and F(x) = —a(z)b(x).
So determining if a hyperelliptic equation is geometrically irreducible is easy.

Let H(x), F(z) € k[x] be such that y?> + H(z)y = F(z) is a non-singular affine curve.
Define D = max{deg(F(x)),deg(H (z)) + 1}. The projective closure of C' in P? is given
by

2P 4 2P H (1) 2)y = 2P F(x/2). (10.1)

Exercise 10.1.3. Show that if D > 2 then there are at most two points at infinity on
the curve of equation (10.1). Show further that if D > 3 and deg(F') > deg(H) + 1 then
there is a unique point (0 : 1: 0) at infinity, which is a singular point.

In Definition 10.1.15 we will define the genus of a hyperelliptic curve in terms of the
degree of the hyperelliptic equation. To do this it will be necessary to have conditions
that ensure that this degree is minimal. Example 10.1.4 and Exercise 10.1.5 show how a
hyperelliptic equation that is a variety can be isomorphic to an equation of significantly
lower degree (remember that isomorphism is only defined for varieties).

Example 10.1.4. The curve 3% + zy = 2290 4+ 20! + 23 + 1 over Fy (which is irreducible
and non-singular) is isomorphic over Fo to the curve Y2 + 2V = 22 4+ 1 via the map
(2,9) = (2,Y + 2199),

Exercise 10.1.5. Let k be any field. Show that the affine algebraic variety y* + (1 —
223)y = —a% 4+ 23 + 2 + 1 is isomorphic to a variety having an equation of total degree 2.
Show that the resulting curve has genus 0.

Lemma 10.1.6. Letk be a perfect field of characteristic 2 and h(z), f(x) € k[z]. Suppose
the hyperelliptic equation C : y* + h(z)y = f(x) is a variety. Then it is isomorphic over
k to Y2+ H(x)Y = F(z) where one of the following conditions hold:

1. deg(F'(z)) > 2deg(H(z)) and deg(F(zx)) is odd;

2. deg(F(x)) = 2deg(H(z)) = 2d and the equation u? + Hqu + Fyq has no solution in
k (where H(z) = Hgz? + Hyg_12% ' + - + Hy and F(x) = Faqz? + -+ Fy);

3. deg(F(z)) < deg(H (z)).

Proof: Let dy = deg(H(w)) and dr = deg(F(z)). The change of variables y = Y + cx*
transforms y? + H(z)y = F(z) to Y2 + H(2)Y = F(z) + c?z% + H(x)cx'. Hence,
if deg(F(x)) > 2deg(H(z)) and deg(F(z)) is even then one can remove the leading
coefficient by choosing i = deg(F(z))/2 and ¢ = /F; (remember that char(k) = 2 and k
is perfect so ¢ € k). Similarly, if deg(H (x)) < j = deg(F(z)) < 2deg(H (z)) then one can
remove the leading coefficient Fjz* from F by taking i = j — deg(H (z)) and ¢ = F;/Hg,, .
Repeating these processes yields the first and third claims. The second case follows easily.
]

Note that in the second case in Lemma 10.1.6 one can lower the degree using a k-
isomorphism. Hence, geometrically (i.e., over R) one can assume that a hyperelliptic
equation is of the form of case 1 or 3.
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Example 10.1.7. The affine curve y? + 23y = 2% + 2 + 1 is isomorphic over Fg2 to
Y24+ 23Y =2+ 1viaY =y + ux® where u € Fy2 satisfies u? + u = 1. (Indeed, these
curves are quadratic twists; see Definition 10.2.2.)

Lemma 10.1.8. Let k be a field such that char(k) # 2. Every hyperelliptic curve over
k is isomorphic over k to an equation of the form y? + (Hgx® + -+ Ho)y = Fpqx?? +
Fog_12%¢=1 + ... + F, where either:

1. Hi=0 and (Foq #0 or Faq—1 #0);
2. Hd 7é 0 and (FQd 7& 7(Hd/2)2 or F2d—1 7& 7Hde_1/2).

Proof: If Hy = Fbq = Fyy—1 = 0 then just replace d by d — 1. If Hy # 0 and both
Foq = —(Hg/2)? and Foq_1 = —HgH,_1/2 then the morphism (z,y) — (z,Y = y+ %xd)
maps the hyperelliptic equation to

(Y — Beah)? + (Hya' + - + Ho)(Y — Z2a?) — (Foga® + Faq12® 7' 4 4+ Fp).

This can be shown to have the form
Y2+ h(z)Y = f(2)

with deg(h(x)) < d—1 and deg(f(x)) < 2d—2. (This is what happened in Exercise 10.1.5.)
g

Exercise 10.1.9. Show that the hyperelliptic curve y? + (223 + 1)y = —a® + 2% + 2 + 1
is isomorphic to Y2 +Y = 2% + 2% + 2 + 1.

10.1.1 Projective Models for Hyperelliptic Curves

For the rest of the chapter we will assume that our hyperelliptic equations are k-irreducible
and non-singular as affine algebraic sets. We also assume that when char(k) = 2 one of
the conditions of Lemma 10.1.6 holds and when char(k) # 2 one of the conditions of
Lemma 10.1.8 holds. The interpretation of deg(H(z)) and deg(F(z)) in terms of the
genus of the curve will be discussed in Section 10.1.3.

There are several ways to write down a non-singular projective model for a hyperel-
liptic curve. The simplest is to use weighted projective space.

Definition 10.1.10. Let k be a perfect field and H(z), F(z) € k[z]. Let C : y? +
H(z)y = F(z) be a hyperelliptic equation. Write H; for the coefficients of H(z) and
F; for the coefficients of F(x). Define dgy = deg(H(z)) and dp = deg(F(x)). Let
d = max{dy, [dr/2]} and suppose d > 0. Set Hg = -+ = Hy,,4+1 =0 and Fog = --- =
Fy.4+1 = 0 if necessary.

The weighted projective hyperelliptic equation is the equation

Y2 (Hg X4 Hy 1\ X 24 A HyZYY = Fog X4 Fog 1 X2 24+ Fy 2% (10.2)
in weighted projective space where X and Z have weight 1 and Y has weight d.

Points (z,y) on the affine equation correspond to points (x : y : 1) on the weighted
projective equation. If the original affine algebraic set is non-singular then the corre-
sponding points on the weighted projective model are also non-singular (since singularity
is a local property). The map ¢ on C extends to «(X : Y : Z) = (X : =Y —H(X,Z): Z)
where H(X, Z) is the degree d homogenisation of H(z). Points with Z = 0 correspond to
the points at infinity. Lemma 10.1.11 shows that there are at most two points at infinity
on this equation and that they are not singular on this equation.
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Lemma 10.1.11. The points at infinity on equation (10.2) are of the form (1 : a :
0) where a € k satisfies o® + Hyao — Foq = 0. If the conditions of Lemma 10.1.6 or
Lemma 10.1.8 hold as appropriate, then the points at infinity are non-singular.

Proof: Let Z = 0. If X = 0 then Y = 0 (which is not a projective point) so we may
assume that X = 1. The points at infinity are therefore as claimed.
To study non-singularity, make the problem affine by setting X = 1. The equation is

CT Y24 (Hy+Hy1Z+ - HoZY)Y = Fog + Fag 1 Z + - Fy 2%, (10.3)

The partial derivatives evaluated at («,0) are 2« + Hy and Hg_1a — Fog—1. When
char(k) # 2 the point being singular would imply Hy = —2« in which case Fyy =
a?+ Hyja = —a? = —(Hy/2)? and Foy 1 = Hy 1o = —HyH,_1/2. One easily sees that
these equations contradict the conditions of Lemma 10.1.8.

When char(k) = 2 the point being singular would imply Hy; = 0 (and so o? = Fy,)
and Hy_1a = Fy4_ 1. First consider the case Foy = 0. Then o = 0 and so Fyy_1 = 0, but
this contradicts the definition of d. Now consider the case Fag # 0, so that a # 0. Since
deg(H (z)) < d—1 we are in case 1 of Lemma 10.1.6, but then deg(F(x)) must be odd,
which is a contradiction. g

Example 10.1.12. Let k be a perfect field with char(k) # 2. The curve y?> = F(z)
where deg(F(x)) is odd has a single point (1: 0:0) at infinity.

Exercise 10.1.13. Let C be a hyperelliptic equation as in Definition 10.0.1. Let d =
max{deg(H (z)), [deg(F(z))/2]}. Show that the curve C' : Y2 + H(Z)Y = F(Z) in
equation (10.3) has max{deg(H(Z)), [deg(F(Z))/2]} = d.

Theorem 10.1.14 justifies the use of the word “curve”.

Theorem 10.1.14. Let C(x,y) = y* + H(x)y — F(x) over k be a hyperelliptic equation
that is geometrically irreducible as an affine algebraic set. Suppose there is no point P =
(zp,yp) € C(k) such that (9C(x,y)/0x)(P) = (0C(x,y)/0y)(P) = 0. Suppose further
that the conditions of Lemma 10.1.6 or Lemma 10.1.8 hold as appropriate. Then the
associated weighted projective algebraic set of equation (10.2) is geometrically irreducible,
has dimension 1, is non-singular, and is birational to the hyperelliptic equation.

Recall that Lemma 10.1.2 gave some conditions for when the affine algebraic set

V(C(z,y)) is k-irreducible.
Proof: It follows immediately that the projective algebraic set of equation (10.2) is
k-irreducible and has dimension 1. Non-singularity has been explained already. The
birational map from the weighted projective equation to C is simply ¢(X : YV : Z) =
(X/Z,Y]Z%). O

From a practical point of view one does not need to work with weighted projective
space. Let C' : y?> + H(x)y = F(x) be the original curve and let CT be the curve of
equation (10.3). Consider the birational map p : C — CT given by (Z,Y) = p(x,y) =
(1/x,y/x?). Then C and C' give two “affine parts” of the projective curve and every
point on the curve lies on at least one of these affine algebraic sets. This birational map
corresponds to the isomorphism (X : Y : Z) — (Z : Y : X) from the weighted projective
model of C to the weighted projective model of CT.

We can finally give a formal definition for a hyperelliptic curve. Technically, we should
distinguish the terms “hyperelliptic equation” and “hyperelliptic curve”, since the former
is an affine variety whose “obvious” projective closure is singular. In practice, we abuse
notation and call the affine hyperelliptic equation a hyperelliptic curve.
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Definition 10.1.15. Let k be a perfect field. Let H(z), F(z) € k[z] be such that:
o deg(H(z)) > 3 or deg(F(x)) > 5;
e the affine hyperelliptic equation y?+H (z)y = F(z) is k-irreducible and non-singular;
e the conditions of Lemma 10.1.6 and Lemma 10.1.8 hold.

The non-singular projective curve of equation (10.2) is called a hyperelliptic curve.
The genus of the hyperelliptic curve is ¢ = max{deg(H (z)) — 1, |deg(F(x)) —1)/2]} (see
Section 10.1.3 for justification of this).

It looks like Definition 10.1.15 excludes some potentially interesting equations (such
as y2+ H(r)y = F(x) where deg(F(z)) = 4 and deg(H (z)) = 2). In fact, it can be shown
that all the algebraic sets excluded by the definition are either k-reducible, singular over
k, or birational over k to a curve of genus 0 or 1 over k.

The equation o® + Hqa — Fbg = 0 in Lemma 10.1.11 can have a k-rational repeated
root, two roots in k, or two conjugate roots in k. It follows that there are three possible
behaviours at infinity: a single k-rational point, two distinct k-rational points, a pair
of distinct points defined over a quadratic extension of k (which are Galois conjugates).
These three cases correspond to the fact that the place at infinity in k[z] is ramified, split
or inert respectively in the field extension k(C')/k(x). A natural terminology for the three
types of behaviour at infinity is therefore to call them ramified, split and inert.

Definition 10.1.16. Let C be a hyperelliptic curve as in Definition 10.1.15. We denote
the points at infinity on the associated hyperelliptic curve by co™ = (1 : @™ : 0) and
oo™ = (1 : a” :0) (when there is only one point, set oo = oot = oc0™ = (1: «: 0)). If
there is a single point at infinity then equation (10.2) is called a ramified model of a
hyperelliptic curve. If there are two distinct points at infinity then when a™,a™ € k
equation (10.2) is called a split model of a hyperelliptic curve and when o™, a™ ¢ k
it is an inert model of a hyperelliptic curve.

One finds in the literature the names imaginary hyperelliptic curve (respec-
tively, real hyperelliptic curve) for ramified model and split model respectively. Ex-
ercise 10.1.18 classifies ramified hyperelliptic models. Exercise 10.1.19 shows that if
C(k) # @ then one may transform C' into a ramified or split model. Hence, when working
over finite fields, it is not usually necessary to deal with curves having an inert model.

Exercise 10.1.17. With notation as in Definition 10.1.16 show that +(co™) = co™.

Exercise 10.1.18. Let C : 4% + H(z)y = F(z) be a hyperelliptic curve over k satisfying
all the conditions above. Let d = max{deg(H (z)), [deg(F(x))/2]}. Show that this is a
ramified model if and only if (deg(H (z)) < d and deg(F'(z)) = 2d — 1) or (char(k) # 2,
deg(F(z)) = 2d, deg(H(z)) = d and Foy = —(Hga/2)?).

Exercise 10.1.19. Let C : 4% + H(z)y = F(x) be a hyperelliptic curve over k and let
P € C(k). Define the rational map

pr(@.y) = (1/(z —zp),y/(x — zp)?).

Then pp : C — C’ where C’ is also a hyperelliptic curve. Show that pp is just the
translation map P — (0,yp) followed by the map p and so is an isomorphism from C' to
.

Show that if P = ((P) then C is birational over k (using pp) to a hyperelliptic curve
with ramified model. Show that if P # +(P) then C is birational over k to a hyperelliptic
curve with split model.
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We now indicate a different projective model for hyperelliptic curves.

Exercise 10.1.20. Let the notation and conditions be as above. Assume C : y? +
H(z)y = F(x) is irreducible and non-singular as an affine curve. Let Y, X4, Xq_1..., X1, X0
be coordinates for P! (one interprets X; = x'). The projective hyperelliptic equa-
tion is the projective algebraic set in P! given by

Y2+ (HaXa+ Hg—1Xgo1 4+ HoXo)Y = FoaX3+ Fog1XqXa1 + -+ F1 X1 X0 + Fo X§,
X12 = Xi—lXi+1 5 for 1 S 1 S d— 1,
XdXi = X[(dﬁ)th(dH)/gJ 5 for 0 < 1 < d—2.
(10.4)

1. Give a birational map (assuming for the moment that the above model is a variety)
between the affine algebraic set C' and the model of equation (10.4).

2. Show that the hyperelliptic involution ¢ extends to equation (10.4) as

L(Y:Xd:-~-:Xo):(—Y—HdXd—Hd_lxd_1—~--—HOXO:Xd:---:X())

3. Show that the points at infinity on equation (10.4) satisfy Xg = X; = Xy = --- =
Xg1=0and Y2+ H; XY — ngXg = 0. Show that if Fyy = Hy = 0 then there is
a single point at infinity.

4. Show that if the conditions of Lemma 10.1.6 or Lemma 10.1.8 hold then equa-
tion (10.4) is non-singular at infinity.

5. Show that equation (10.4) is a variety.

10.1.2 Uniformizers on Hyperelliptic Curves

The aim of this section is to determine uniformizers for all points on hyperelliptic curves.
We begin in Lemma 10.1.21 by determining uniformizers for the affine points of a hyper-
elliptic curve.

Lemma 10.1.21. Let P = (xp,yp) € C(k) be a point on a hyperelliptic curve. If
P = u(P) then (y — yp) is a uniformizer at P (and vp(x —xp) = 2). If P # (P) then
(x — xzp) is a uniformizer at P.

Proof: We have
(y—yp)y+yp+H(zp)) = y*+H(zp)y— (yp+ H(zp)yp)
= F(z)+y(H(zp) — H(z)) — F(zp).

Now, use the general fact for any polynomial that F(z) = F(zp)+(xz—zp)F'(zp) (mod (z—
xp)?). Hence, the above expression is congruent modulo (z — xp)? to

(¢ — wp)(F'(xp) — yH'(zp)) (mod (¢ — xp)?).

When P = ((P) then (y —yp)(y + (yp + H(zp))) = (y — yp)?. Note also that F'(zp) —
ypH'(xp) is not zero since 2yp+ H(xp) = 0 and yet C is not singular. Writing G(z,y) =
(y —yp)?/(x — zp) € k[z,y] we have G(zp,yp) # 0 and

r—Tp = (yiyp)ZG(x,y).
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Hence, a uniformizer at P is (y — yp) and vp(x —zp) = 2.
For the case P # ¢(P) note that vp(y —yp) > 0 and vp(y +yp + H(zp)) = 0. It
follows that vp(y — yp) > vp(z — xp). O
We now consider uniformizers at infinity on a hyperelliptic curve C over k. The easiest
way to proceed is to use the curve C' of equation (10.3).

Lemma 10.1.22. Let C be a hyperelliptic curve and let p : C — Ct be as in equa-
tion (10.3). Let P = p(oo™) = (0,a™) € CT(k). If (cot) = oo™ (i.c., if there is one
point at infinity) then Y — ot is a uniformizer at P on CT and so (y/z?) —a™ is a
uniformizer at oot on C. If (cot) # oo™t then Z is a uniformizer at P on CT (i.c., 1/x
is a uniformizer at co™ on C).

Proof: Note that if 1(co™) = oo™ then «(P) = P and if (co™) # oo™ then «(P) # P.
It immediately follows from Lemma 10.1.21 that ¥ — o™ or Z is a uniformizer at P on
C'. Lemma 8.1.13, Exercise 8.2.11 and Lemma 8.2.9 show that for any f € k(CT) and
P e C(k), vp(fop)=wvyp)(f). Hence, uniformizers at infinity on C are (Y —a)op=
(y/z?) —at or Zop=1/x. O

Exercise 10.1.23. Let C be a hyperelliptic curve in ramified model. Show that ve.(z) =
—2. Show that if the curve has equation y? = F(x) where deg(F(z)) = 2g + 1 then 29 /y
is an alternative uniformizer at infinity.

Now suppose C' is given as a split or inert model. Show that v+ (z) = vo- (z) = —1.

Exercise 10.1.24. Let C be a hyperelliptic curve (ramified, split or inert). If u(x) =
(x — x0) is a function on C' and Py = (zo,y0) € C(k) then div(u(x)) = (Py) + (¢(Py)) —
(00")  (007).

Exercise 10.1.25. Let C be a hyperelliptic curve of genus g. Show that if C'is in ramified
model then v (y) = —(2g+1) and if C is in split model then v+ (y) = voo- (y) = —(g+1).

Exercise 10.1.26. Let C be a hyperelliptic curve. Let A(z), B(z) € k[z] and let P =
(xp,yp) € C(k) be a point on the affine curve. Show that vp(A(z) — yB(x)) is equal to
e where (v — xp)¢||(A(z)? + H(x)A(x)B(x) — F(2)B(x)?).

Exercise 10.1.27. Describe uniformizers at infinity in terms of the model of equa-
tion (10.4).

We now describe a polynomial that will be crucial for arithmetic on hyperelliptic
curves with a split model. Essentially, G*(z) is a function that cancels the pole of y at
oot. This leads to another choice of uniformizer at oot for these models.

Exercise 10.1.28. Let C : y? + H(x)y = F(z) be a hyperelliptic curve in split model
over k of genus ¢. Let at,a™ € k be the roots of Y2 + H;Y — F5;. Show that there exists
a polynomial GT(z) = ata? + .- € k[z] of degree d = g + 1 such that deg(G*(x)? +
H(z)GT(z) — F(z)) < d—1 = g. Similarly, show that there is a polynomial G~ (z) =
a~z? +--. such that deg(G~(z)? + H(2)G~ (x) — F(x)) <d — 1 = g. Indeed, show that
G~ (z) = —GT(z) — H(x).

Exercise 10.1.29. Let C : 4% + H(x)y = F(z) be a hyperelliptic curve in split model
over k of genus g and let GT (x) be as in Exercise 10.1.28. Show that v.+(y — G1(z)) > 1.
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10.1.3 The Genus of a Hyperelliptic Curve

In Lemma 10.1.6 and Lemma 10.1.8 we showed that some hyperelliptic equations y? +
h(x)y = f(x) are birational to hyperelliptic equations y?+H (x)y = F(x) with deg(F(x)) <
deg(f(z)) or deg(H(z)) < deg(h(x)). Hence, it is natural to suppose that the geometry
of the curve C imposes a lower bound on the degrees of the polynomials H(z) and F(x)
in its curve equation. The right measure of the complexity of the geometry is the genus.

Indeed, the Riemann-Roch theorem implies that if C' is a hyperelliptic curve over k
of genus g and there is a function z € k(C) of degree 2 then C is birational over k to
an equation of the form y? + H(x)y = F(z) with deg(H(z)) < g+ 1 and deg(F(z)) <
2g + 2. Furthermore, the Hurwitz genus formula shows that if y? + H(z)y = F(x) is
non-singular and with degrees reduced as in Lemma 10.1.6 and Lemma 10.1.8 then the
genus is max{deg(H (x)) — 1, [deg(F(z))/2 —1]}. (Theorem 8.7.3, as it is stated, cannot
be applied for hyperelliptic curves in characteristic 2, but a more general version of the
Hurwitz genus formula proves the above statement about the genus.) Hence, writing
d = g+ 1, the conditions of Lemma 10.1.6 and Lemma 10.1.8 together with

deg(H(x)) =d or 2d—1<deg(F(x))<2d (10.5)

are equivalent to the curve y? + H(z)y = F(z) having genus g.

It is not necessary for us to prove the Riemann-Roch theorem or the Hurwitz genus
formula. Our discussion of Cantor reduction (see Lemma 10.3.20 and Lemma 10.4.6)
will directly prove a special case of the Riemann-Roch theorem for hyperelliptic curves,
namely that every divisor class contains a representative corresponding to an effective
divisor of degree at most g =d — 1.

The reader should interpret the phrase “hyperelliptic curve of genus ¢g” as meaning
the conditions of Lemma 10.1.6 and Lemma 10.1.8 together with equation (10.5) on the
degrees of H(x) and F(z) hold.

10.2 Isomorphisms, Automorphisms and Twists

‘We consider maps between hyperelliptic curves in this section. We are generally interested
in isomorphisms over k rather than just k.

In the elliptic curve case (see Section 9.3) there was no loss of generality by assuming
that isomorphisms fix infinity (since any isomorphism can be composed with a translation
map). Since the points on a hyperelliptic curve do not, in general, form a group, one can
no longer make this assumption. Nevertheless, many researchers have restricted attention
to the special case of maps between curves that map points at infinity (with respect to an
affine model of the domain curve) to points at infinity on the image curve. Theorem 10.2.1
classifies this special case.

In this chapter, and in the literature as a whole, isomorphisms are usually not assumed
to fix infinity. For example, the isomorphism pp defined earlier in Exercise 10.1.19 does
not fix infinity. Isomorphisms that map points at infinity to points at infinity map ramified
models to ramified models and unramified models to unramified models.

Theorem 10.2.1. Let C : y? + Hi(x1)y1 = Fi(x1) and Cy : y2 + Ho(z2)ys = Fo(z2) be
hyperelliptic curves over k of genus g. Then every isomorphism ¢ : C1 — Cy over k that
maps points at infinity of Cy to points at infinity of Co is of the form

(z1,91) = (urr +r,wys + t(z1))

where u,w,r € k and t € k[z1]. If C1 and Cy have ramified models then deg(t) < g. If
Cy and Cy have split or inert models then deg(t) < g+ 1 and the leading coefficient of
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t(z1) is not equal to the leading coefficient of —wG™ (x1) or —wG™ (x1) (where GT and
G~ are as in Ezercise 10.1.28).

Proof: (Sketch) The proof is essentially the same as the proof of Proposition 3.1(b) of
Silverman [564]; one can also find the ramified case in Proposition 1.2 of Lockhart [392].
One notes that the valuations at infinity of x; and z2 have to agree, and similarly for y;
and yo. It follows that zo lies in same Riemann-Roch spaces as x; and similarly for y,
and y;. The result follows (the final conditions are simply that the valuations at infinity
of y1 and y2 must agree, so we are prohibited from setting yo = w(y; 4+ t(x)) such that it
lowers the valuation of ys). O

We now introduce quadratic twists in the special case of finite fields. As mentioned
in Example 9.5.2, when working in characteristic zero there are infinitely many quadratic
twists.

Definition 10.2.2. Let C : y?> = F(z) be a hyperelliptic curve over a finite field k where
char(k) # 2. Let u € k* be a non-square (i.e., there is no v € k* such that u = v2) and
define C™ : y? = uF ().

Let C : y*+H(z)y = F(z) be a hyperelliptic curve over a finite field k where char(k) =
2. Let u € k be such that Tryr, (u) = 1. Define C™ : y? + H(z)y = F(z) + uH (z)?.

In both cases the k-isomorphism class of the curve C*) is called the non-trivial
quadratic twist of C.

Exercise 10.2.3. Show that the quadratic twist is well-defined when k is a finite field.
In other words, show that in the case char(k) # 2 if u and u are two different non-squares
in k* then the corresponding curves C(* and C' («') as in Definition 10.2.2 are isomorphic
over k. Similarly, when chark = 2 and for two different choices of trace one elements
u,u’ € k, show that the corresponding curves C*) and C () are isomorphic over k.

Exercise 10.2.4. Let C be a hyperelliptic curve over a finite field k and let C*) be a
non-trivial quadratic twist. Show that #C(F,) + #C™W(F,) = 2(q + 1).

Exercise 10.2.5. Let C : y*> = F(z) be a hyperelliptic curve of genus g over k (where
char(k) # 2). Show that C is isomorphic over k to a curve of the form

Y2=X(X - 1)(X —a1)(X —az) (X —azy1)
for some ay,as,...,az5—1 € k.

Exercise 10.2.5 indicates that one generally needs 2g—1 values to specify a hyperelliptic
curve of genus ¢ (in fancy terminology: the moduli space of genus g hyperelliptic curves
has dimension 2g —1). It is natural to seek an analogue of the j-invariant for hyperelliptic
curves (i.e., some parameters ji, ..., jag—1 associated with each curve C such that Cy is
isomorphic over k to Cs if and only if the corresponding values ji,. .., Jog—1 are equal).
Such values have been given by Igusa in the case of genus 2 curves and Shioda [550] for
genus 3 curves. It is beyond the scope of this book to present and explain them. We refer
to Igusa [304] and Section 5.1.6 of [16] for details of the Igusa invariants.

A natural problem (analogous to Exercise 9.3.7 for the case of elliptic curves) is to write
down a genus 2 curve corresponding to a given triple of values for the Igusa invariants.
Mestre [420] has given an algorithm to do this for curves over finite fields! (for details
also see Section 7 of Weng [628]).

We now consider automorphisms. Define Aut(C) to be the set of all isomorphisms
¢ : C — C over k. As usual, Aut(C) is a group under composition.

1t can also be applied over infinite fields.
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Lemma 10.2.6. Let C be a hyperelliptic curve over k. The hyperelliptic involution
commutes with every element of Aut(C). Furthermore, let ¢ : C — P! be the canonical
morphism ¢(x,y) = x. For every automorphism ¢ : C — C there is a linear fractional
transformation v : P — P (i.e., v(x) = (ax + b)/(cx + d) for some a,b,c,d € k such
that ad — be # 0) such that the following diagram commutes

k

]Pﬂ _7>P1

@

Proof: The result follows from Theorem I11.7.3 of Farkas and Kra [200] (which uses the
notion of Weierstrass points) and Corollaries 2 and 3 on page 102 of [200]. O

Exercise 10.2.7. Prove Lemma 10.2.6 in the special case of automorphisms that map
points at infinity to points at infinity. Show that, in this case, v has no denominator.

Example 10.2.8. Let p > 2 be a prime and C : y*> = 2P — x over F,,. For a € Fp,b e,
one has isomorphisms

¢a(z,y) = (az, £vay)  and Py 1(2,y) = (v + b, +y)

from C' to itself (in both cases they fix the point at infinity). Hence, the subgroup of
Aut(C) consisting of maps that fix infinity is a group of at least 2p(p — 1) elements.
There is also the birational map p(z,y) = (—1/z,y/xP+1/2) that corresponds to an
isomorphism p : C — C on the projective curve. This morphism does not fix infinity.
Since all the compositions 1y, + 0 po1), 1 0, are distinct one has 2p?(p— 1) isomorphisms
of this form. Hence, Aut(C) has size at least 2p(p — 1) + 2p*(p — 1) = 2p(p + 1)(p — 1).

Exercise 10.2.9. Let p > 2 be a prime and C': y? = 2P — x + 1 over F,. Show that the
subgroup of Aut(C) consisting of automorphisms that fix infinity has order 2p.

Exercise 10.2.10. Let p > 2 be a prime and C : y*> = 2™ + 1 over F, with n # p
(when n = p the equation is singular). Show that the subgroup of Aut(C) consisting of
automorphisms that fix infinity has order 2n.

We now give the important Hurwitz-Roquette theorem, which bounds the size of the
automorphism group.

Theorem 10.2.11. (Hurwitz-Roquette) Let C be a curve of genus g over a field k such
that char(k) > g+ 1 and such that C is not isomorphic to the curve of Example 10.2.8.
Then #Aut(C) < 84(g—1).

Proof: The case char(k) = 0 is Exercise IV.2.5 of Hartshorne [278] and the general case
is due to Roquette [501]. O
Stichtenoth [587] has given the bound #Aut(C) < 16g*, which applies even when
char(k) < g + 1 for all curves C except the Hermitian curve y? + y = 291,
We refer to Chapter 2 of Gaudry’s thesis [243] for a classification of Aut(C) when the
genus is two. There are many challenges to determining/classifying Aut(C') for hyperel-
liptic curves; we do not attempt a complete analysis of the literature.

Exercise 10.2.12. Let p = 1 (mod 8) and let C : y?> = 2° + Ax over F,. Write (s € F,
for a primitive 8-th root of unity. Show that (s € F,a. Show that ¢(z,y) = ((Zz, (sy) is
an automorphism of C. Show that ¢* = .
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10.3 Effective Affine Divisors on Hyperelliptic Curves

This section is about how to represent effective divisors on affine hyperelliptic curves,
and algorithms to compute with them. A convenient way to represent divisors is using
Mumford representation, and this is only possible if the divisor is semi-reduced.

Definition 10.3.1. Let C be a hyperelliptic curve over k and denote by CNA? the affine
curve. An effective affine divisor on C is

D= > np(P)

Pe(CNA2) (k)

where np > 0 (and, as always, np # 0 for only finitely many P). A divisor on C is
semi-reduced if it is an effective affine divisor and for all P € (C'N A?%)(k) we have

1. If P = (P) then np € {0,1}.
2. If P # 1(P) then np > 0 implies n,(py = 0.
We slightly adjust the notion of equivalence for divisors on C' N A2,

Definition 10.3.2. Let C be a hyperelliptic curve over a field k and let f € k(C). We
define
div(f)NA® = > wp(f)(P).

Pe(CNA?)(K)

Two divisors D, D’ on C' N A? are equivalent, written D = D', if there is some function
f €k(C) such that D = D’ +div(f) N A2

Lemma 10.3.3. Let C be a hyperelliptic curve. Every divisor on C N A? is equivalent to
a semi-reduced divisor.

Proof: Let D = ) pcons2 np(P). By Exercise 10.1.24 the function z — xp has divisor
(P) + («(P)) on CN A2 If np < 0 for some P € (C N A?)(k) then, by adding an
appropriate multiple of div(z — zp), one can arrange that np = 0 (this will increase
n,(py)- Similarly, if np > 0 and n,(py > 0 (or if P = +(P) and np > 2) then subtracting a
multiple of div(z — 2p) lowers the values of np and n,(py. Repeating this process yields
a semi-reduced divisor. a

Example 10.3.4. Let P; = (z1,y1) and P» = (22,y2) be points on a hyperelliptic curve
C such that x; # z3. Let D = —(P1) + 2(Ps) + (1(P2)). Then D is not semi-reduced.
One has

D +div(z —z1) = D+ (P1) + ((P1)) = («(P1)) + 2(P2) + («(P2)),
which is still not semi-reduced. Subtracting div(z — z2) from the above gives

D +div((z — z1)/(z — x2)) = («(P1)) + (P2),

which is semi-reduced.
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10.3.1 Mumford Representation of Semi-Reduced Divisors

Mumford [445] introduced® a representation for semi-reduced divisors. The condition
that the divisor is semi-reduced is crucial: if points P = (zp,yp) and (zp,yp) with
yp # yp both appear in the support of the divisor then no polynomial v(z) can satisfy
both v(zp) = yp and v(zp) = Yp.

Lemma 10.3.5. Let D = 22:1 ei(x;,y;) be a non-zero semi-reduced divisor on a hyper-
elliptic curve C : y* + H(z)y = F(x) (hence D is affine and effective). Define

(x — x;)% € Kk[z].

<
O

I
—.-

Then there is a unique polynomial v(x) € klx] such that deg(v(z)) < deg(u(x)), v(z;) = y;
forall1 <i <1, and

v(x)? + H(x)v(x) — F(z) = 0 (mod u(x)). (10.6)
In particular, v(z) = 0 if and only if u(z) | F(z).

Proof: Since D is semi-reduced there is no conflict in satisfying the condition v(x;) = y;.
If all e; = 1 then the result is trivial. For each ¢ such that e; > 1 write v(z) = y; + (z —
x;)W (z) for some polynomial W (z). We compute v(z) (mod (x — x;)®) so it satisfies
v(z)? + H(z)v(z) — F(x) = 0 (mod (x — x;)%) by Hensel lifting (see Section 2.13) as
follows: If v(z)? + H(x)v(z) — F(2) = (v — ;)G (z) then set v'(z) = v(z) + w(x — 2;)
where w is an indeterminate and note that

vl (x)? + H(z)v' (z) — F(z) = (z — ;) (G (z) + 2v(z)w + H(z)w) (mod (x — z;)7F1).

It suffices to find w such that this is zero, in other words, solve G, (z;)+w(2y;+H (z;)) = 0.
Since D is semi-reduced, we know 2y; + H(z;) # 0 (since P = ((P) implies np = 1). The
result follows by the Chinese remainder theorem. g

Definition 10.3.6. Let D be a non-zero semi-reduced divisor. The polynomials (u(z),v(x))
of Lemma 10.3.5 are the Mumford representation of D. If D = 0 then take u(z) =1
and v(z) = 0. A pair of polynomials u(z),v(z) € k[z] is called a Mumford represen-
tation if u(z) is monic, deg(v(z)) < deg(u(z)) and if equation (10.6) holds.

We have shown that every semi-reduced divisor D has a Mumford representation and
that the polynomials satisfying the conditions in Definition 10.3.6 are unique. We now
show that one can easily recover an affine divisor D from the pair (u(z),v(x)): write

u(z) = [Ty (& — 2:)% and let D = 3! (i, v(a)).

Exercise 10.3.7. Show that the processes of associating a Mumford representation to a
divisor and associating a divisor to a Mumford representation are inverse to each other.
More precisely, let D be a semi-reduced divisor on a hyperelliptic curve. Show that if one
represents D in Mumford representation and then obtains a corresponding divisor D’ as
explained above, then D’ = D.

2Mumford remarks on page 3-17 of [445] that a special case of these polynomials arises in the work
of Jacobi. However, Jacobi only gives a representation for semi-reduced divisors with g points in their
support, rather than arbitrary semi-reduced divisors.
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Exercise 10.3.8. Let u(x),v(x) € k[z] be such that equation (10.6) holds. Let D be the
corresponding semi-reduced divisor. Show that

D= Y minfop(u(@)),vp(y - v(@)}(P).

Pe(CnA2) (k)

This is called the greatest common divisor of div(u(z)) and div(y — v(z)) and is
denoted div(u(z),y — v(z)).

Exercise 10.3.9. Let (u1(x), v1(z)) and (ua(z), v2(x)) be the Mumford representations of
two semi-reduced divisors Dy and Ds. Show that if ged(uq (), u2(z)) = 1 then Supp(D1)N
Supp(D2) = @.

Lemma 10.3.10. Let C be a hyperelliptic curve over k and let D be a semi-reduced
divisor on C with Mumford representation (u(x),v(z)). Let o € Gal(k/k).

1. o(D) is semi-reduced.

2. The Mumford representation of o(D) is (o(u(x)),o(v(x))).

3. D is defined over k if and only if u(x),v(z) € k[z].
Exercise 10.3.11. Prove Lemma 10.3.10.

Exercise 10.3.8 shows that the Mumford representation of a semi-reduced divisor D is
natural from the point of view of principal divisors. This explains why condition (10.6)
is the natural definition for the Mumford representation. There are two other ways to
understand condition (10.6). First, the divisor D corresponds to an ideal in the ideal
class group of the affine coordinate ring klz,y] and condition (10.6) shows this ideal
is equal to the k[x,y]-ideal (u(z),y — v(z)). Second, from a purely algorithmic point
of view, condition (10.6) is needed to make the Cantor reduction algorithm work (see
Section 10.3.3).

A divisor class contains infinitely many divisors whose affine part is semi-reduced.
Later we will define a reduced divisor to be one whose degree is sufficiently small. One
can then consider whether there is a unique such representative of the divisor class. This
issue will be considered in Lemma 10.3.24 below.

Exercise 10.3.12 is relevant for the index calculus algorithms on hyperelliptic curves
and it is convenient to place it here.

Exercise 10.3.12. A semi-reduced divisor D defined over k with Mumford representation
(u(x),v(x)) is said to be a prime divisor if the polynomial u(z) is irreducible over k.
Show that if D is not a prime divisor, then D can be efficiently expressed as a sum
of prime divisors by factoring u(xz). More precisely, show that if u(x) = [Ju:(x) is
the complete factorization of u(x) over k, then D = Y ¢;div(u;(x),y — vi(x)) where
vi(x) = v(z) mod u;(z).

10.3.2 Addition and Semi-Reduction of Divisors in Mumford Rep-
resentation

We now present Cantor’s algorithm [118]% for addition of semi-reduced divisors on a
hyperelliptic curve C. As above, we take a purely geometric point of view. An alternative,

3The generalisation of Cantor’s algorithm to all hyperelliptic curves was given by Koblitz [346].
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and perhaps more natural, interpretation of Cantor’s algorithm is multiplication of ideals
in k[z,y] C k(C).

Given two semi-reduced divisors D; and Dy with Mumford representation (u; (), v1(x))
and (uz2(x),ve(x)) we want to compute the Mumford representation (us(x),vs(x)) of the
sum D; + Ds. Note that we are not yet considering reduction of divisors in the divisor
class group. There are two issues that make addition not completely trivial. First, if P is
in the support of Dy and +(P) is in the support of Dy then we remove a suitable multiple
of (P)+ (¢(P)) from Dy 4+ D5. Second, we must ensure that the Mumford representation
takes multiplicities into account (i.e., so that equation (10.6) holds for (us(x),vs(x))).

Example 10.3.13. Let P = (zp,yp) on y> + H(x)y = F(z) be such that P # ((P).
Let D1 = Dy = (P) so that ui(z) = us(x) = (x — zp) and vi(z) = v2(z) = yp. Then
D1+ Dy = 2(P). The Mumford representation for this divisor has uz(x) = (x —xp)? and
v(z) = yp + w(x — xp) for some w € k. To satisfy equation (10.6) one finds that

Y% 4 2ypw(x — xp) + H(z)yp + wH(z)(x — zp) — F(z) =0 (mod (z — zp)?).

Writing F(z) = F(zp)+F'(xp)(z—zp) (mod (z—2zp)?) and H(z) = H(zp)+H' (xp)(z—
xp) (mod (z — zp)?) gives
w - Flap) —ypH'(zp)
2yp + H(zp)

)

which is defined since P # +(P).
To help motivate the formula for vs(z) in Theorem 10.3.14 we now make some obser-
vations. First, note that the equation

1=si(z)(z —xp) + s3(x)2yp + H(x))

has the solution

s3(x) = m and  s1(z) = —s3(z)(H (zp) + (z — 2p)G(x))
where G(z) = (H(z) — H(zp) — H' (zp)(z — xp))/(x — zp)?. In other words, we have
H(z) = H(zp)+ (x —zp)H'(zp) + (z — xp)*G(z). Furthermore, note that

v(z) = s1(2) (@ — xp)yp + s3(2)(yp + F(2)) (mod (z — zp)?).

The core of Cantor’s addition and semi-reduction algorithm is to decide which func-
tions (z—x p) are needed (and to which powers) to obtain a semi-reduced divisor equivalent
to D1 4+ Dy. The crucial observation is that if P is in the support of Dy and ¢(P) is in
the support of Dy then (z —xp) | u1(z), (x —2zp) | ue(z) and v (xp) = —va(zp) — H(xp)
and so (z—xp) | (v1(z)+ve(z)+H(x)). The exact formulae are given in Theorem 10.3.14.
The process is called Cantor’s addition algorithm or Cantor’s composition algo-
rithm.

Theorem 10.3.14. Let (u1(x),v1(x)) and (uz(z),v2(x)) be Mumford representations of
two semi-reduced divisors Dy and Ds. Let s(x) = ged(uq(x), uz(x), v1(x) + va(z) + H(z))
and let s1(x), s2(x), s3(x) € k[z] be such that

s(z) = s1(z)ur(z) + s2()ua(z) + s3(2)(v1(z) + v2(z) + H(2)).
Define uz(x) = uy(2)uz(x)/s(x)? and
v3(z) = (s1(z)ur(z)va(x) + s2(x)uz(x)v1(x) + s3(x)(vi(x)ve(x) + F(x)))/s(x). (10.7)

Then us(z),vs3(x) € k[z] and the Mumford representation of the semi-reduced divisor D
equivalent to D1 + Dy is (uz(x),v3(x)).
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Proof: Let D = Dy + Dy — div(s(x)) N A2 so that D is equivalent to Dy + Do. By the
“crucial observation” above, s(x) has a root zp for some point P = (zp,yp) on the curve
if and only if P and ¢(P) lie in the supports of D; and Ds. Taking multiplicities into
account, it follows that D is semi-reduced.

It is immediate that s(x)? | u1(z)us(x) and so uz(z) € k[z]. It is also immediate that
uz(x) is the correct first component of the Mumford representation of D.

To show v3(x) € k[z] rewrite vs(x) as

_ - H r
v — va(s — saug — s3(v1 + v + H)) + spugvn + s3(v1va + F) (10.8)
s

= vy + s9(v1 —v2)(uz/s) + s3(F — vo H —v3) /5. (10.9)

Since s(x) | uz(x) and ug(x) | (F — voH — v3) the result follows.
We now need the equation

(1 + v+ H)(vs —y) = (y — v1)(y — v2) (mod ug). (10.10)
This is proved by inserting the definition of v3 from equation (10.7) to get

(v +vo+H)(vz —y) = —(vi +v2+ H)y+ (syur(vs + Hog — F) + sgug (v + Huy — F)
+(v1v2 + F)(s1u1 + saue + s3(v1 + va + H))/s (mod uz(x)).

Then using (y — v1)(y — v2) = F — (v1 + va + H)y + v1v2 and u; | (v? + Hv; — F) for
i = 1,2 proves equation (10.10).
Finally, it remains to prove that equation (10.6) holds. We do this by showing that

op(v(@)? + H(z)o(z) - F(z)) > vp(u(a))

for all P = (zp,yp) € Supp(D). Suppose first that P # +(P) and that (x — zp)®||lus(x).
Then it is sufficient to show that vp(y — vs(z)) > e. This will follow from equa-
tion (10.10). First note that vp(y—v3) = vp((v1+ve+H)(v3—y)) and that this is at least
min{op (us), vp((y—v1)(y—v2))}. Then vp(y—vn)+p(y—vs) > vp(us(2))+op (u2(2)) >
e.

Now for the case P = «(P) € Supp(D). Recall that such points only occur in semi-
reduced divisors with multiplicity 1. Since ug(z) is of minimal degree we know (x —
xp)|lus(x). It suffices to show that vs(xp) = yp, but this follows from equation (10.9).
Without loss of generality, P € Supp(D3z) and P ¢ Supp(D1) (if P € Supp(D;) for both
i =1,2 then P ¢ Supp(D)) so (x —zp) 1 s(z), v2(zp) = yp and (uz/s)(xp) = 0. Hence
vs(zp) = va(zp) + 0 = yp. O

Exercise 10.3.15. Let C : y?+(2?+22+10)y = 2°+2+1 over F15. Let D1 = (0,4)+(6,4)
and Dy = (0,4) 4+ (1,1). Determine the Mumford representation of Dy, Da,2D1, D1 + Ds.

We remark that, in practical implementation, one almost always has ged(uq (x), ug(x)) =
1 and so s(x) = 1 and the addition algorithm can be simplified. Indeed, it is possible to
give explicit formulae for the general cases in the addition algorithm for curves of small
genus, we refer to Sections 14.4, 14.5 and 14.6 of [16].

Exercise 10.3.16. Show that the Cantor addition algorithm for semi-reduced divisors
of degree < m has complexity O(m?2M (log(q)) bit operations.
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10.3.3 Reduction of Divisors in Mumford Representation

Suppose we have an affine effective divisor D with Mumford representation (u(z),v(x)).
We wish to obtain an equivalent divisor (affine and effective) whose Mumford represen-
tation has deg(u(z)) of low degree. We will show in Theorem 10.3.21 and Lemma 10.4.6
that one can ensure deg(u(z)) < g, where g is the genus; we will call such divisors reduced.
The idea is to consider

uf(x) = monic (v(2)* 4+ H(z)v(z) — F(2))/u(z)) , vl (z) = —v(z)—H(z) (mod u'(z))

(10.11)
where monic (uo +ur+---+ ukxk) for u # 0 is defined to be (up/uk) + (u1/uk)x +
.-+ 4 2*. Obtaining (uf(x),v'(x)) from (u(zx),v(z)) is a Cantor reduction step. This
operation appears in the classical reduction theory of binary quadratic forms.

Lemma 10.3.17. Let D be an affine effective divisor on a hyperelliptic curve C with
Mumford representation (u(x),v(z)). Define (uf(x),v'(z)) as in equation (10.11). Then
(u'(z),v7(x)) is the Mumford representation of a semi-reduced divisor D and DT = D
on C N A2

Proof: One checks that (uf(z),vf(x)) satisfies condition (10.6) and so there is an asso-
ciated semi-reduced divisor DT.

Write D = (Py) + --- + (P,) (where the same point can appear more than once).
Then div(y — v(z)) N A% = (P1) + -+ + (Py) + (Pug1) + -+ + (Pygm) for some points
Poy1, ..., Potm (not necessarily distinct from the earlier n points, or from each other)
and div(v(z)? + H(z)v(z) — F(z)) N A? = div((y — v(2))(—y — H(z) — v(z))) NA? =
(P) + ((P) + -+ + (Papn) + (t(Prsm)). Now, div(u!(2)) = (Pas1) + (:(Pas1)) +

4+ (Ppym) + ((Paym)). Tt follows that Df = (4(Pyy1)) + -+ + (t(Pnim)) and that
D = Dt +div(y — v(x)) N A% — div(ul(z)) N A2 O

Example 10.3.18. Consider
C:y*=F(z) =2° 4 22" — 82% + 102% 4+ 402 + 1

over Q. Let P, = (—47 1),P2 = (—2,5),P3 = (07 1) and D = (Pl) + (PQ) + (Pg) The
Mumford representation of D is (u(x),v(x)) = (z(z + 2)(x +4), —2% — 42 + 1), which is
easily checked by noting that v(zp,) = yp, for 1 <i < 3.

To reduce D one sets u!(x) = monic ((v(x)? — F(x))/u(z)) = monic(—a? + 5z — 6) =
(z — 3)(x — 2) and v (z) = —v(z) (mod u(x)) = 9z — 7.

One can check that div(y — v(z)) = (P1) + (P2) + (P3) + (P4) + (P5) where Py =
(2,—11) and P5 = (3,—20), that div(uf(z)) = (Py) + («(P1)) + (Ps) + («(P5)) and that
D =div(u'(z),y — v'(2)) N A% = («(Py)) + (1(Ps)). See Figure 10.1 for an illustration.

Exercise 10.3.19. Show that the straight lines [(x,y) and v(z) in the elliptic curve
addition law (Definition 7.9.1) correspond to the polynomials y — v(x) and uf(z) (beware
of the double meaning of v(x) here) in a Cantor reduction step.

Lemma 10.3.20. Let C : y? + H(x)y = F(z) and let (u(z),v(z)) be the Mumford
representation of a semi-reduced divisor D. Write dg = deg(H (z)),dr = deg(F(x)),d, =
deg(u(x)) and d, = deg(v(x)). Let d = max{dg, [dr/2]}. Let (uf(z),v(z)) be the
polynomials arising from a Cantor reduction step.

1. If d, > d then deg(u'(z)) < d, — 2.
2. Ifdp <2d—1 and d, > d > d, then deg(u'(z)) < d—1 (this holds even if diy = d).
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Figure 10.1: Cantor reduction on a hyperelliptic curve.
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3. If dp = 2d and d,, > d > d,, then deg(uf(z)) <d— 1.
Proof: Note that d, > d,. If d, > d then
deg(v(x)*+ H(x)v(z)— F(x)) < max{2d,,dg +d,,dr} < max{2(d, —1),d+(d,—1),2d}.

Hence, deg(uf(z)) = deg(v? + Hv — F) — d,, < max{d, —2,d — 1,2d — d,} = d, — 2.

If dp < 2d —1 and d, > d > d, then, by a similar argument, deg(u'(x)) < 2d —
1—d, <d-1. Finally, if dp = 2d and d,, > d > d, then deg(v? + Hv + F) = 2d and
deg(u') =2d — d, < d. O

Theorem 10.3.21. Suppose C : y? + H(z)y = F(x) is a hyperelliptic curve of genus g
with deg(F(x)) < 2g+ 1. Then every semi-reduced divisor is equivalent to a semi-reduced
divisor of degree at most g.

Proof: Perform Cantor reduction steps repeatedly. By Lemma 10.3.20 the desired con-
dition will eventually hold. O

Theorem 10.3.21 is an “explicit Riemann-Roch theorem” for hyperelliptic curves with
a single point at infinity (also for hyperelliptic curves y? + H(x)y = F(x) with two
points at infinity but deg(F(z)) < 2g + 1) as it shows that every divisor class contains
a representative as an affine effective divisor of degree at most g. The general result is
completed in Lemma 10.4.6 below.

Definition 10.3.22. Let C : y? + H(x)y = F(z) be a hyperelliptic curve of genus g. A
semi-reduced divisor on C is reduced if its degree is at most g.

Exercise 10.3.23. Let C : y? + H(x)y = F(z) be a hyperelliptic curve with d =
max{deg(H), [deg(F)/2]}. Let (u(z),v(z)) be the Mumford representation of a divi-
sor with deg(v(z)) < deg(u(x)) < d. Show that if deg(F(x)) > 2d — 1 and one performs
a Cantor reduction step on (u(x),v(z)) then the resulting polynomials (uf(z),v'(z)) are
such that deg(uf(z)) > d.

When deg(F) = 2d then Lemma 10.3.20 is not sufficient to prove an analogue of
Theorem 10.3.21. However, one can at least reduce to a divisor of degree d = g + 1. It
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is notable that performing a Cantor reduction step on a divisor of degree d in this case
usually yields another divisor of degree d. This phenomena will be discussed in detail in
Section 10.4.2.

We now consider the uniqueness of the reduced divisor of Theorem 10.3.21. Lemma 10.3.24
below shows that non-uniqueness can only arise with split or inert models. It follows that
there is a unique reduced divisor in every divisor class for hyperelliptic curves with ram-
ified model. For hyperelliptic curves with split or inert model there is not necessarily a
unique reduced divisor.

Lemma 10.3.24. Let y*> + H(x)y = F(x) be a hyperelliptic curve over k of genus g. Let
dy = deg(H(z)) and dp = deg(F(x)). Let D1 and D2 be semi-reduced divisors of degree
at most g. Assume that D1 # Do but Dy = Do. Then dp =29+ 2 ordyg =g+ 1.

Proof: First note that dg < g+ 1 and dp < 2¢g + 2. Let Df = D; + t.(D2) so that
D} = Dy — Dy =0 as an affine divisor. Let D3 be the semi-reduced divisor equivalent
to Dj (i.e., by removing all occurences (P) + (¢(P))). Note that the degree of D3 is at
most 2g and that D3 # 0. Since D3 = 0 and Ds is an effective affine divisor we have
D3 = div(G(x,y)) on C N A? for some non-zero polynomial G(x,y). Without loss of
generality G(z,y) = a(z) — b(x)y. Furthermore, b(z) # 0 (since div(a(z)) is not semi-
reduced for any non-constant polynomial a(x)).

Exercise 10.1.26 shows that the degree of div(a(z) — b(x)y) on C N A? is the degree
of a(x)? + H(x)a(x)b(z) — F(x)b(x)?2. We need this degree to be at most 2g. This is
easily achieved if dp < 2¢ (in which case dg = g + 1 for the curve to have genus g).
However, if 29 + 1 < dp < 2g + 2 then we need either deg(a(z)?) = deg(F(z)b(z)?) or
deg(H (z)a(x)b(x)) = deg(F(x)b(x)?). The former case is only possible if dr is even (i.e.,
dp =2g+2). Ilf dp = 29+ 1 and dg < g then the latter case implies deg(a(z)) >
g+ 1+ deg(b(z)) and so deg(a(x)?) > deg(F(x)b(z)?) and deg(G(x,y)) > 2g. O

For hyperelliptic curves of fixed (small) genus it is possible to give explicit formulae
for the general cases of the composition and reduction algorithms. For genus 2 curves
this was done by Harley [277] (the basic idea is to formally solve for uf(x) such that
ul(x)u(z) = monic(v(x)? + H(x)v(z) — F(z)) as in equation (10.11)). For extensive
discussion and details (and also for non-affine coordinate systems for efficient hyperelliptic
arithmetic) we refer to Sections 14.4, 14.5 and 14.6 of [16].

10.4 Addition in the Divisor Class Group

We now show how Cantor’s addition and reduction algorithms for divisors on the affine
curve can be used to perform arithmetic in the divisor class group of the projective
curve. A first remark is that Lemma 10.3.3 implies that every degree zero divisor class
on a hyperelliptic curve has a representative of the form D + n*(co™) +n~(co™) where
D is a semi-reduced (hence, affine and effective) divisor and n*,n~ € Z (necessarily,
deg(D) +nt +n~ =0).

10.4.1 Addition of Divisor Classes on Ramified Models

On a hyperelliptic curve with ramified model there is only a single point at infinity. We
will show in this section that, for such curves, one can compute in the divisor class group
using only affine divisors.

We use the Cantor algorithms for addition, semi-reduction, and reduction. In general,
if one has a semi-reduced divisor D then, by case 1 of Lemma 10.3.20, a reduction step
reduces the degree of D by 2. Hence, at most deg(D)/2 reduction steps are possible.
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Theorem 10.4.1. Let C be a hyperelliptic curve with ramified model. Then every degree
0 divisor class on C has a unique representative of the form D — n(oo) where D is semi-
reduced and where 0 <n < g.

Proof: Theorem 10.3.21 showed that every affine divisor is equivalent to a semi-reduced
divisor D such that 0 < deg(D) < g. This corresponds to the degree zero divisor D—n(c0)
where n = deg(D). Uniqueness was proved in Lemma 10.3.24. |

A degree zero divisor of the form D —n(o0) where D is a semi-reduced divisor of degree
n and 0 < n < g is called reduced. We represent D using Mumford representation as
(u(x),v(x)) and we know that the polynomials u(x) and v(z) are unique. The divisor
class is defined over k if and only if the corresponding polynomials u(z),v(x) € klx].
Addition of divisors is performed using Cantor’s composition and reduction algorithms
as above.

Exercise 10.4.2. Let C : y?> + H(z)y = F(x) be a ramified model of a hyperelliptic
curve over [F,. Show that the inverse (also called the negative) of a divisor class on C'
represented as (u(z),v(x)) is (u(x), —v(x) — (H(z) (mod u(x)))).

Exercise 10.4.3. Let C be a hyperelliptic curve over k of genus g with ramified model.
Let D1 and D5 be reduced divisors on C'. Show that one can compute a reduced divisor
representing D1 + D in O(g®) operations in k. Show that one can compute [n]D; in
O(log(n)g®) operations in k (here [n]D; means the n-fold addition Dy + Dy + - - -+ Dy).

When the genus is 2 (i.e., d = 3) and one adds two reduced divisors (i.e., effective
divisors of degree < 2) then the sum is an effective divisor of degree at most 4 and so only
one reduction operation is needed to compute the reduced divisor. Similarly, for curves
of any genus, at most one reduction operation is needed to compute a reduced divisor
equivalent to D + (P) where D is a reduced divisor (such ideas were used by Katagi,
Akishita, Kitamura and Takagi [333, 332] to speed up cryptosystems using hyperelliptic
curves).

For larger genus there are several variants of the divisor reduction algorithm. In Sec-
tion 4 of [118], Cantor gives a method that uses higher degree polynomials than y — v(z)
and requires fewer reduction steps. In Section VIL.2.1 of [65], Gaudry presents a reduc-
tion algorithm, essentially due to Lagrange, that is useful when g > 3. The NUCOMP
algorithm (originally proposed by Shanks in the number field setting) is another useful
alternative. We refer to Jacobson and van der Poorten [323] and Section VIL.2.2 of [65]
for details. It seems that NUCOMP should be used once the genus of the curve exceeds
10 (and possibly even for g > 7).

Exercise 10.4.4. Let C be a hyperelliptic curve of genus 2 over a field k with a ramified
model. Show that every k-rational divisor class has a unique representative of one of the
following four forms:

1. (P) — (00) where P € C(k), including P = oo. Here u(x) = (x — xp) or u(x) = 1.

2. 2(P) — 2(c0) where P € C(k) excluding points P such that P = (P). Here

u(z) = (x —zp)*

3. (P)+ (Q) — 2(o00) where P,@Q € C(k) are such that P,Q # oo, P # Q, P # 1(Q).
Here u(z) = (x — zp)(z — zq).

4. (P)+(o(P))—2(o0) where P € C(K) — C(k) for any quadratic field extension K/k,
Gal(K/k) = (o) and o(P) ¢ {P,«(P)}. Here u(z) is an irreducible quadratic in
klzx].
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Exercise 10.4.5 can come in handy when computing pairings on hyperelliptic curves.

Exercise 10.4.5. Let Dy = div(u1(z),y—v1(x))NA? and Dy = div(uz(z),y—va(x))NA2
be semi-reduced divisors on a hyperelliptic curve with ramified model over k. Write
d1 = deg(uy(x)) and dz = deg(uz(z)). Let D3 = div(uz(z),y — vs(x)) N A% be a semi-
reduced divisor of degree dz such that D3 — d3(00) = D1 — di(00) + D2 — da(0). Show
that if d2 = d3 then D1 — dl(OO) = Dg, — Dg.

10.4.2 Addition of Divisor Classes on Split Models

This section is rather detailed and can safely be ignored by most readers. It presents
results of Paulus and Riick [479] and Galbraith, Harrison and Mireles [219].

Let C' be a hyperelliptic curve of genus g over k with a split model. We have al-
ready observed that every degree zero divisor class has a representative of the form
D + nT(0co") + n~(0o™) where D is semi-reduced and n™,n~ € Z. Lemma 10.3.20
has shown that we may assume 0 < deg(D) < g + 1. One could consider the divisor to
be reduced if this is the case, but this would not be optimal.

The Riemann-Roch theorem implies we should be able to take deg(D) < g but Cantor
reduction becomes “stuck” if the input divisor has degree g+ 1. The following simple trick
allows us to reduce to semi-reduced divisors of degree g (and this essentially completes the
proof of the “Riemann-Roch theorem” for these curves). Recall the polynomial G*(z) of
degree d = g + 1 from Exercise 10.1.28.

Lemma 10.4.6. Let y? + H(x)y = F(z) be a hyperelliptic curve of genus g over k with
split model. Let u(z),v(x) be a Mumford representation such that deg(u(z)) = g + 1.
Define

vH(2) = GH () + (v(z) — Gt () (mod u(x))) € k[z],

where we mean that v(z) — G (z) is reduced to a polynomial of degree at most deg(u(z))—
1 =g. Define

vi(x)? z)vt(z) — F(x
u'(z) = monic ( (2)” + H(w)vl(z) = F( )) and  v'(z) = —v¥(x)—H(z) (mod u'(x)).
ute) (10.12)
Then deg(uf(z)) < g and .

div(u(z), y—v(z))NA? = div(ul(z),y— o' (2))NAZ —div(u (z)) NAZ +div(y —v* (z)) N A2
(10.13)

Proof: Note that v¥(z) = wv(z) (mod wu(x)) and so vi(x)? + H(z)vi(z) — F(x) =
0 (mod u(z)), hence uf(x) is a polynomial. The crucial observation is that deg(v*(z)) =
deg(Gt(x)) = d = g + 1 and so the leading coefficient of v*(x) agrees with that of
G*(x). Hence deg(vi(x)? + H(z)v¥(z) — F(z)) < 2d —1 = 2g + 1 and so deg(uf(z)) <
2d—1—d =d—1 = g as claimed. To show equation (10.13) it is sufficient to write
u(z)ul(z) = Hé:l(:z — ;)% and to note that

1
div(y — v*(z)) N A% = Z ei(zi, vt (ys))
= div(u(z),y — v(z)) N A2 + div(ul(z),y + H(z) + vf(z)) N A2

and that div(uf(z)) = div(u'(z),y — vf(2)) + div(uf(2),y + o (z) + H(z)). O
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Example 10.4.7. Let C : y?> = F(z) = 2° +6 = (z — 1)(z + 1)(z — 2)(z + 2)(x —
3)(z + 3) over F7. Then G (x) = 3. Consider the divisor D = (1,0) + (—1,0) +
(2,0) with Mumford representation (u(z),v(z)) = ((x — 1)(z + 1)(x — 2),0). Performing
standard Cantor reduction gives uf(z) = F(z)/u(x) = (x + 2)(x — 3)(x + 3), which
corresponds to the trivial divisor equivalence D = (—2,0) + (3,0) + (—3,0). Instead,
we take v = Gt (z) + (-Gt (2) (mod u(z))) = 2® + (—2* + u(x)) = u(x). Then
uf(z) = monic ((v(2)? — F(z))/u(z)) = #* + 5z + 2 and v'(z) = 3z + 5. The divisor
div(uf(z),y — v (z)) N A% is a sum (P) + (¢(P)) where P € C(F72) — C(F7) and o is the
non-trivial element of Gal(F2/IF7).

The operation (u(z),v(z)) — (uf(z),vT(x)) of equation (10.12) is called composi-
tion and reduction at infinity; the motivation for this is given in equation (10.18)
below. Some authors call it a baby step. This operation can be performed even when
deg(u(x)) < d, and we analyse it in the general case in Lemma 10.4.14.

Exercise 10.4.8. Let the notation be as in Lemma 10.4.6. Let d,, = deg(u(x)) so that
v}(z) agrees with G*(z) for the leading d — d,, + 1 coefficients and so m = deg(v*(z)? +
H(x)vi(z) — F(z)) <d+d, — 1. Let dy+ = deg(uf(z)) so that m = d,, + d,+. Show that
Voo~ (y — v} (@) = —d, div(y — vi(z)) =

div(u(z), y —v(z)) NA2 +div(ul (z), y + H(x) + 0" (2)) NA? = (dy +dyi —d)(c0™) —d(c0™),
(10.14)
and voot (y — v (2)) = —(dy + dyr — d).

We now discuss how to represent divisor classes. An obvious choice is to represent
classes as D — d(oo™) where D is an affine effective divisor of degree d (see Paulus and
Riick [479] for a full discussion of this case). A more natural representation, as pointed
out by Galbraith, Harrison and Mireles [219], is to use balanced representations at infinity.
In other words, when g is even, to represent divisor classes as D — (g/2)((oco™) + (c07))
where D is an effective divisor of degree g.

Definition 10.4.9. Let C be a hyperelliptic curve of genus g over k in split model. If g
is even then define Do = £((c0™) + (007)). If g is odd then define Do, = @(oo"') +
—1),
(92 )(OO ).
Let u(x),v(z) € k[z] be the Mumford representation of a semi-reduced divisor D =
div(u(z),y—v(x))NA2% and n € Z. Then div(u(z),v(z),n) denotes the degree zero divisor

D +n(00™) + (g — deg(u(z)) — n)(007) = Des.
If 0 < deg(u(z)) < g and 0 < n < g — deg(u(z)) then such a divisor is called reduced.

Uniqueness of this representation is shown in Theorem 10.4.19. When g is odd then
one could also represent divisor classes using Do, = (g + 1)/2((c0™) + (00™)). This is
applicable in the inert case too. A problem is that this would lead to polynomials of higher
degree than necessary in the Mumford representation, and divisor class representatives
would no longer necessarily be unique.

It is important to realise that u(x) and v(x) are only used to specify the affine divisor.
The values of v+ (y — v(x)) and vo- (y — v(x)) have no direct influence over the degree
zero divisor under consideration. Note also that we allow n € Z in Definition 10.4.9 in
general, but reduced divisors must have n € Z>.

For hyperelliptic curves with split model then cot, 0o~ € k and so a divisor (u(z), v(x),n)
is defined over k if and only if u(z),v(z) € k[z]. Note that when the genus is even then
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Dy is k-rational even when the model is inert, though in this case a divisor (u(x), v(z),n)
with n # 0 is not defined over k if u(z), v(z) € k[z].
We may now consider Cantor’s addition algorithm in this setting.

Lemma 10.4.10. Let C be a hyperelliptic curve over k of genus g with split model. Let
div(uy(x), v1(z),n1) and div(ua(x), v2(x), n2) be degree zero divisors as above. Write D; =
div(ui(z),y —vi(z)) N A% for i = 1,2 and let D3 = div(us(z),y —vs3(x)) N A? be the semi-
reduced divisor equivalent to Dy + Do, and s(x) such that D1+ Dy = D3 +div(s(z))NAZ2.
Let m = g/2 when g is even and m = (g + 1)/2 otherwise. Then

div(uy,v1,n1) + div(ug, v, n2) = div(us, vz, n1 + na + deg(s) — m). (10.15)
Proof: We will show that
div(uy,v1,n1) 4+ div(ug, ve,n2) = div(us, v3, n1 + na + deg(s) —m) + div(s(x)).
The left-hand side is
D1+ Da+ (n1+n2—m)(co™) + (3m —deg(u1) —deg(uz) —n1 —n2)(c0™) — Doo. (10.16)

Replacing Dy + Dy by D3 + div(s(z)) N A? has no effect on the coefficients of co™ or
oo™, but since we actually need div(s(x)) on the whole of C' we have Dy + Dy = D3 +
div(s(z)) + deg(s(z))((00™) + (007)). Writing div(us,vs,n3) = div(us,y — v3) N A% +
nz(o0o™) + (g — deg(us) — n3)(00™) — Do gives ng = n1 +ns + deg(s(z)) — m as required.

Note that deg(div(s(x)) N A?) = 2deg(s) and deg(usz) + 2 deg(s) = deg(uy) + deg(uz),
so the coefficient of oo™ in equation (10.16) is also correct (as it must be). O

We now discuss reduction of divisors on a hyperelliptic curve with a split model. We
first consider the basic Cantor reduction step. There are two relevant cases for split models
(namely the first and third cases in Lemma 10.3.20) that we handle as Lemma 10.4.11
and Exercise 10.4.12.

Lemma 10.4.11. Let C : y* + H(z)y = F(x) where deg(F(z)) = 2d = 29 + 2 be a
hyperelliptic curve over k of genus g with split model. Let div(u(x),v(z),n) be a degree
zero divisor as in Definition 10.4.9. Let (uf(z),v(x)) be the polynomials arising from a
Cantor reduction step (i.e., u' (x) and v (x) are given by equation (10.11)). If deg(v(x)) >
d=g+1 then set nt = n +deg(v(x)) — deg(ul(z)) = n+ (deg(u(x)) — deg(uf(x)))/2 and
if deg(v(z)) < g + 1 < deg(u(x)) then set nt =n+ g+ 1 — deg(ul(x)). Then

div(u,v,n) = div(u’, o', nt) + div(y — v(z)) — div(u'(z)) (10.17)
and div(u,v,n) = div(ul, T, nl).

Proof: If deg(v(x)) > d then deg(u(z)) 4+ deg(uf(x)) = 2deg(v(z)) and v+ (y — v(z)) =
Uso- (¥ — v(x)) = —deg(v(z)). For equation (10.17) to be satisfied we require

n=n! 4 v (y = 0()) = vao (ul ()

and the formula for n' follows (the coefficients of co™ must also be correct, as the divisors
all have degree 0).

In the second case of reduction we have deg(v(z)) < d < deg(u(x)) and hence
deg(u(z)) + deg(ul(z)) = 2d and v+ (y — v(z)) = Voo~ (y — v(x)) = —d. The formula for
n' follows as in the first case. O
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Exercise 10.4.12. Let C : y?> + H(x)y = F(z) where deg(F(z)) < 2d = 29 + 2 be a
hyperelliptic curve over k of genus g with split model. Let div(u(z),v(z),n) be a degree
zero divisor as in Definition 10.4.9 such that d < deg(u(x)). Let (u'(z),v'(z)) be the
polynomials arising from a Cantor reduction step. Show that div(u,v,n) = div(uf, v, n')
where, if deg(v(z)) < d then nf = n + g+ 1 — deg(uf(z)) and if deg(v(z)) > d then
nt =n +deg(v(z)) — deg(uf(x)).

Example 10.4.13. Let C : y? = 2% 4+ 3 over F;. Let Dy = div((z — 1)(z — 2),2,0) =
(1,2) + (2,2) — Do and Dy = div((z — 3)(z — 4),2,0) = (3,2) + (4,2) — Ds. Cantor
addition gives Dy + Dy = D3 = div((z — 1)(z — 2)(x — 3)(x — 4),2, —1), which is not
a reduced divisor. Applying Cantor reduction to D3 results in uf(z) = (z — 5)(x — 6)
and vf(z) = =2 and nf = n3 + (g + 1) — deg(uf(z)) = =1+ 3 — 2 = 0. Hence, we have
Ds = div((xz — 5)(z — 6),—2,0), which is a reduced divisor.

We now explain the behaviour of a composition at infinity and reduction step.

Lemma 10.4.14. Let C : y? + H(x)y = F(x) where deg(F(x)) = 2d = 29 + 2 be a hy-
perelliptic curve over k of genus g with split model. Let div(u(z),v(x),n) be a degree zero
divisor as in Definition 10.4.9 such that 1 < deg(u(z)) < g+1. Let v (), uf(z) and v’ (z)
be as in Lemma 10.4.6. Let n' = n+deg(u(z)) — (¢ +1) and D' = div(uf(z),v!(z),n").
Then

D = D + div(y — v*(z)) — div(u'(z)).

If one uses G~ (z) in Lemma 10.4.6 then nt =n+ g+ 1 — deg(u'(z)).

It follows that if deg(u(z)) = g + 1 then div(u,y — v) N A% = div(ul,y — v') N A2
and there is no adjustment at infinity (the point of the operation in this case is to lower
the degree from deg(u(z)) = g + 1 to deg(u'(z)) < g). But if, for example, deg(u(z)) =
deg(u'(z)) = g then we have

div(u,y —v) NA? — Do = div(ul,y —vT) N A% 4 (00) — (007) — Deo (10.18)

and so the operation corresponds to addition of D with the degree zero divisor (c0™) —
(oco™). This justifies the name “composition at infinity”. To add (co™) — (0o™) one should
use G~ (z) instead of G*(z) in Lemma 10.4.6.

Exercise 10.4.15. Prove Lemma 10.4.14.

We can finally put everything together and obtain the main result about reduced
divisors on hyperelliptic curves with split model.

Theorem 10.4.16. Let C' be a hyperelliptic curve over k of genus g with split model.
Then every divisor class contains a reduced divisor as in Definition 10.4.9.

Proof: We have shown the existence of a divisor in the divisor class with semi-reduced
affine part, and hence of the form (u(x),v(z),n) with n € Z. Cantor reduction and
composition and reduction at infinity show that we can assume deg(u(z)) < g. Finally,
to show that one may assume 0 < n < g — deg(u(z)) note that Lemma 10.4.14 maps n to
nt =n+(g+1)—deg(u(x)). Hence, if n > g —deg(u(x)) then n > n' > 0 and continuing
the process gives a reduced divisor. On the other hand, if n < 0 then using G~ (x) instead
one has nf =n + g+ 1 —deg(uf(z)) < g — deg(uf(2)). O

Exercise 10.4.17. Let C : y*>+ H(z)y = F(x) be a hyperelliptic curve of genus g over F,
in split model. If g is even, show that the inverse of div(u(z),v(z),n) is div(u(z), —v(x) —
(H(z) (mod u(x))), g — deg(u(z)) — n). If g is odd then show that computing the inverse
of a divisor may require performing composition and reduction at infinity.
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Example 10.4.18. Let C : y?> = 2% + 2 + 1 over F37. Then d = 3 and G*(x) = 23. Let
D = (1,22)4(2,17)+ (co") — (00~ ) — Do, which is represented as div(u(x), v(z), 1) where
u(r) = (r—1)(r—2) = 22434242 and v(x) = 322+27. This divisor is not reduced. Then
vi(z) = 23 + 252 + 33 and deg(v*(z)? — F(z)) = 4. Indeed, v*(z)? — F(z) = 13u(z)u’(z)
where uf(z) = 22 + 28z + 2. Tt follows that vf(x) = 72 + 22 and that

div(u(z),v(x),1) = div(u'(z),v'(2),0),
which is reduced.

Explicit formulae for all these operations for genus 2 curves of the form y? = 2% +
Fyx* 4 Fya® + Fox? + Fix + Fy have been given by Erickson, Jacobson, Shang, Shen and
Stein [199].

Uniqueness of the Representation

We have shown that every divisor class for hyperelliptic curves with a split model contains
a reduced divisor. We now discuss the uniqueness of this reduced divisor, following Paulus
and Riick [479].

Theorem 10.4.19. Let C' be a hyperelliptic curve over k of genus g with split model.
Then every divisor class has a unique representative of the form

D +n(00") + (g — deg(D) —n)(c0™) = Do
where D is a semi-reduced divisor (hence, affine and effective) and 0 < n < g — deg(D).

Proof: Existence has already been proved using the reduction algorithms above, so it
suffices to prove uniqueness. Hence, suppose

Di+n1(00™)+(g—deg(D1)—n1)(007 )= Dog = Datna(00™)+(g—deg(Da)—n2)(00™ ) Do

with all terms satisfying the conditions of the theorem. Then, taking the difference and
adding div(uz(z)) = Dz + (D2) — deg(D2)((0c0™) + (0c07)), there is a function f(z,y)
such that

div(f(x,y)) = D1 + 1(Da) — (ng + deg(Da) — n1)(c0™) — (n1 + deg(D1) — ng)(c0™).

Since f(x,y) has poles only at infinity it follows that f(z,y) = a(z) + yb(z) where
a(x),b(z) € klz]. Now, 0 < n; < ny + deg(D;) < g and s0 —g < vnr (F(z,)) =
—(n2 4 deg(D2) — n1) < g and —g < voo- (f(2,y)) = —(n1 + deg(D1) —n2) < g. But
Voot (Y) = Voo—(y) = —(g+ 1) and so b(z) = 0 and f(z,y) = a(z). But div(a(z)) =
D+u(D)—deg(a(z))((co™)+(0c0™)) and so D1 = Dy, n1+deg(D1)—no = no+deg(D2)—nq
and ny = no. O

Exercise 10.4.20. Let C' be a hyperelliptic curve over k of genus g = d — 1 with split
model. Show that (co™) — (c0™) is not a principal divisor and that this divisor is repre-
sented as (1,0, [g/2] 4+ 1).

If k = F, is a finite field then (co™) — (co™) has finite order. We write R € N for the
order of (co™) — (00™) and call it the regulator. Since R((co™) — (00™)) is a principal
divisor there is some function f(x,y) € k(C) such that div(f) = R((co™) — (007)). It
follows that f(z,y) € k[z,y] (otherwise it would have some affine pole) and is a unit in
the ring k[z,y]. The polynomial f(z,y) is called the fundamental unit of the ring k[z, y]
(this is analogous to the fundamental unit of a real quadratic number field).
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Exercise 10.4.21. Show that R > g + 1.

Exercise 10.4.22. Let C be a hyperelliptic curve over k of genus g with split model and
let P € C(k) be such that P # +(P). Show that the order of the divisor (P) — (¢(P)) is
always at least g + 1.

10.5 Jacobians, Abelian Varieties and Isogenies

As mentioned in Section 7.8, we can consider Pic)(C) as an algebraic group, by consid-
ering the Jacobian variety Jc of the curve. The fact that the divisor class group is
an algebraic group is not immediate from our description of the group operation as an
algorithm (rather than a formula).

Indeed, Je is an Abelian variety (namely, a projective algebraic group). The dimension
of the variety Jo is equal to the genus of C. Unfortunately, we do not have space to
introduce the theory of Abelian varieties and Jacobians in this book. We remark that
the Mumford representation directly gives an affine part of the Jacobian variety of a
hyperelliptic curve (see Propositions 1.2 and 1.3 of Mumford [445] for the details).

An explicit description of the Jacobian variety of a curve of genus 2 has been given by
Flynn; we refer to Chapter 2 of Cassels and Flynn [123] for details, references and further
discussion.

There are several important concepts in the theory of Abelian varieties that are not
able to be expressed in terms of divisor class groups.? Hence, our treatment of hyper-
elliptic curves will not be as extensive as the case of elliptic curves. In particular, we
do not give a rigorous discussion of isogenies (i.e., morphisms of varieties that are group
homomorphisms with finite kernel) for Abelian varieties of dimension g > 1. However,
we do mention one important result. The Poincaré reducibility theorem (see Theorem 1
of Section 19 (page 173) of Mumford [444]) states that if A is an Abelian variety over k
and B is an Abelian subvariety of A (i.e., B is a subset of A that is an Abelian variety
over k), then there is an Abelian subvariety B’ C A over k such that BN B’ is finite and
B+ B’ = A. Tt follows that A is isogenous over k to B x B’. If an Abelian variety A
over k has no Abelian subvarieties over k then we call it simple. An Abelian variety is
absolutely simple if is has no Abelian subvarieties over k.

Despite not discussing isogenies in full generality, it is possible to discuss isogenies
that arise from maps between curves purely in terms of divisor class groups. We now give
some examples, but first introduce a natural notation.

Definition 10.5.1. Let C' be a curve over a field k and let n € N. For D € Pic)(C)
define
[p)D=D+---+ D (n times).

Indeed, we usually assume that [n]D is a reduced divisor representing the divisor class
nD. Define
Picy(C)[n] = {D € Pic{(C) : [n]D = 0}.

Recall from Corollary 8.3.10 that if ¢ : C; — C5 is a non-constant rational map (and
hence a non-constant morphism) over k between two curves then there are correspond-
ing group homomorphisms ¢* : Pic)(Ca) — Picg(Cy) and ¢. : Pic(C1) — Pic(Cy).
Furthermore, by part 5 of Theorem 8.3.8 we have ¢.¢*(D) = [deg(¢)]D on Pic)(Cs).

4There are two reasons for this: first the divisor class group is merely an abstract group and so does
not have the geometric structure necessary for some of these concepts; second, not every Abelian variety
is a Jacobian variety.
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In the special case of a non-constant rational map ¢ : C — E over k where F is an
elliptic curve we can compose with the Abel-Jacobi map E — Picy(E) of Theorem 7.9.8
given by P (P)— (Og) to obtain group homomorphisms that we call ¢* : E — Picf(C)
and ¢, : Pic{(C) — E.

Exercise 10.5.2. Let ¢ : C' — F be a non-constant rational map over k where F is
an elliptic curve over k. Let ¢* : E — Pic)(C) and ¢, : Pic)(C) — E be the group
homomorphisms as above. Show that ¢, is surjective as a map from Pic%(C) to E(k) and
that the kernel of ¢* is contained in E[deg(¢)].

If C is a curve of genus 2 and there are two non-constant rational maps ¢; : C — E;
over k for elliptic curves E1, Es then one naturally has a group homomorphism D15 X P25 :
Pic%(C) — E1(k) x FBy(k). If ker(¢1 ) Nker(¢s ) is finite then it follows from the theory
of Abelian varieties that the Jacobian variety Jo is isogenous to the product E; x Es of
the elliptic curves and one says that Jo is a split Jacobian.

Example 10.5.3. Let C : y2 = 26 4 222 + 1 be a genus 2 curve over Fy;. Consider the

rational maps
$:C—E :Y?=X34+2X+1

given by ¢1(z,y) = (22, y) and
¢2:C = Ey:Y? =X +2X% 41

given by ¢a(z,y) = (1/2%,y/23). The two elliptic curves E; and E» are neither isomorphic
or isogenous. One has #E; (F11) = 16, #E2(F11) = 14 and #Picg, (C) = 14- 16.

It can be shown (this is not trivial) that ker(¢; ) Nker(¢e ) is finite. Further, since
deg(¢1) = deg(¢p2) = 2 it can be shown that the kernel of ¢1 . X ¢2. is contained in
Pic(C)[2].

The Jacobian of a curve satisfies the following universal property. Let ¢ : C — A
be a morphism, where A is an Abelian variety. Let Py € C(k) be such that ¢(Fy) = 0
and consider the Abel-Jacobi map ¢ : C — Jo (corresponding to P — (P) — (P)).

Then there is a homomorphism of Abelian varieties ¢' : Jo — A such that ¢ = ¢’ o 1.
Exercise 10.5.4 gives a special case of this universal property.

Exercise 10.5.4. Let C : y? = 2% + axx* + a42? + ag over k, where char(k) # 2, and let
dlz,y) = (22,y) be non-constant rational map ¢ : C' — E over k where E is an elliptic
curve. Let Py € C(k) be such that ¢(Py) = Og. Show that the composition

C(k) — Pic2(C) — E(k),

where the first map is the Abel-Jacobi map P +— (P) — (Pp) and the second map is ¢, is
just the original map ¢.

Exercise 10.5.5. Let a3, as € k, where char(k) # 2. This exercise gives maps over k
from the genus 2 curve C': y? = 2° 4 az2® + asz to elliptic curves.
Choose a, 8 € k such that a5 = o282 and a3 = —(a? + $2). In other words,

ot + a2’ + a5 = (2° — a®)(2? - §%) = (¢ — a)(z + a)(z — f)(z + B).

Set s = vaB, A = (1+ (a+ B)/(25))/2 and B = (1 — (a + (3)/(2s))/2. Show that
Alz+35)?2+B(x—s8)?2 =22+ (a+B)z+ 5%, Blx+35)2+ Alx — 5)? = 22 — (a + B)z + 52
and (z + s)? — (z — s)? = 4sx. Hence, show that

((z +5)* = (x—5)%)
4s

z(z 4+ azr? +as) = (A(z+ )2+ B(z—5)?)(B(z+5)> + A(z — 5)?).
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Now, set Y = y/(x — 5)3 and X = ((z + 5)/(z — s))?. Show that

Y2 = (X —1)/(4s)(AX + B)(BX + A) = i—f(x ~1)(X?+(B/A+A/B)X +1).

Calling the above curve Fy, the rational map ¢1(z,y) = (X,Y) maps C to E;. Similarly,
taking Y = y/(z + s)® and X = ((z — s)/(z + 5))? gives an elliptic curve Fy : Y2 =
—(X —1)/(4s)(BX + A)(AX + B) and a rational map ¢2 : C — Es. Note that Fs is a
quadratic twist of Fj.

There is a vast literature on split Jacobians and we are unable to give a full survey.
We refer to Sections 4, 5 and 6 of Kuhn [356] or Chapter 14 of Cassels and Flynn [123]
for further examples.

10.6 Elements of Order n

‘We now bound the size of the set of elements of order dividing n in the divisor class group
of a curve. As with many other results in this chapter, the best approach is via the theory
of Abelian varieties. We state Theorem 10.6.1 for general curves, but without proof. The
result is immediate for Abelian varieties over C, as they are isomorphic to C?/L where
L is a rank 2g lattice. The elements of order n in C9/L are given by the n%9 points in
LL/L.

n

Theorem 10.6.1. Let C be a curve of genus g over k and let n € N. If char(k) =0 or
ged(n, char(k)) = 1 then #Pic%(C’)[n] =n29. If char(k) = p > 0 then #Pic%(C)[p] =p°
where 0 < e < g.

Proof: See Theorem 4 of Section 7 of Mumford [444]. O

We now present a special case of Theorem 10.6.1 (at least, giving a lower bound),
namely elements of order 2 in the divisor class group of a hyperelliptic curve with a
ramified model.

Lemma 10.6.2. Let k be a field such that char(k) # 2. Let F(z) € k[z] be a monic
polynomial of degree 2g + 1 and let C : y* = F(z). Let d be the number of roots of F(x)
over k. Let By = {(x1,0),...,(xq,0)} where x1,...,2q4 € k are the roots of F(x) in k.
If d # 29 + 1 then By generates a subgroup of Picﬂg(C) of exponent 2 and order 2¢. If
d=2g+1 then By generates a subgroup of Picﬂg(C) of exponent 2 and order 2%9.

Exercise 10.6.3. Prove Lemma 10.6.2 via the following method.
1. First, consider By = { Py, ..., Pagy1} and for any subset T C {1,...,2g + 1} define
Dr = (P) = #T(c0).
jeT
Show that Dr has order 2 in Picg((]).

2. For T C {1,...,29 + 1} we define the complement 7" = {1,...,29 + 1} — T (so
that TNT' = @ and TUT' = {1,...,2g + 1}). Show that Dy, + Dy, = D,
where T3 = T3 UT, — (71 NT%). Show (using Lemma 10.3.24 and other results) that
Dy, = D, ifand only if Ty =T or Ty = T

3. Hence, deduce that the subgroup generated by By consists only of divisor classes
represented by reduced divisors with support in B. Complete the proof by counting
such divisor classes (note that if d < 2g + 1 then T' C By implies T’ ¢ By).



10.7. HYPERELLIPTIC CURVES OVER FINITE FIELDS 229

Lemma 10.6.2 describes 229 divisor classes over k of order dividing 2. Since The-
orem 10.6.1 states that there are exactly 229 such divisor classes over k it follows that
every 2-torsion divisor class has a representative of this form. A corollary is that any func-
tion f € k(C) with divisor div(f) = 2(P1) + 2(P,) — 4(o0) is equal to c(z — z1)(z — x2)
for some ¢, z1, zs € k.

A determination of the 2-torsion in Jacobians of hyperelliptic curves over finite fields
is given by Cornelissen; see [147] and its erratum.

Division Ideals

In some applications (particularly when generalising Schoof’s algorithm for point count-
ing) it is desired to determine the elements of a given order in the divisor class group.
It is therefore necessary to have an analogue of the elliptic curve division polynomials.
Early attempts on this problem, in the context of point counting algorithms, appear in
the work of Pila and Kampkotter.

We sketch some results of Cantor [119]. Let C : y* = F(x) over k be such that F(x)
is monic of degree 2g + 1 and char(k) # 2 (though Section 9 of [119] does discuss how to
proceed when char(k) = 2). Cantor defines polynomials v, for n > g + 1 such that for
P = (zp,yp) € C(k) we have ¥, (zp,yp) = 0 if and only if n((xp,yp) — (00)) lies in the
set © of all divisor classes with a Mumford representative of the form div(u(z),y — v(x))
having deg(u(z)) < g — 1. While points P € C(k) such that [n]((P) — (c0)) is principal
will be roots of these polynomials, we stress that these polynomials do have other roots
as well. Also, since most divisor classes do not have representatives of the form (P) — (c0)
for a point P on the curve when g > 1, in general there are divisor classes of order n that
are not of this form. Equation (8.1) of [119] gives explicit recurrence formulae for ¥, in
the case when g = 2. Section 10 of [119] gives the first few values of ¢, (z, y) for the genus
2 curve % = a® + 1.

Let C be a genus 2 curve. Note that if D = (z1,y1) + (22, y2) — 2(c0) has order n
then either [n]((x;,y;) — (00)) = 0 or [n]((z1,y1) — (00)) = —[n]((x2,y2) — (c0)). Hence
one can find general divisors of order n using formulae for computing [n]((z,y) — (00))
and equating polynomials. In other words, to determine divisors of order n it is sufficient
to obtain rational functions that give the Mumford representation of [n]((z,y) — (c0)).

Let n € N and let C be a genus 2 curve over k in ramified model. There are
polynomials dy, 0(x), dp1 (), dn,2(2), €n,0(2), €n,1(2), en2(x) € klz] of degrees respectively
2n? — 3, 2n%2 — 2, 2n% — 1, 3n% — 2, 3n% — 3, 3n? — 2 such that, for a “generic point”
P = (zp,yp) € C(k), the Mumford representation of [n]((zp,yp) — (c0)) is

<x2 + dn1(zp) i dn2(xp) (61,11(9613)17 + ez,n(xP)>> )

dno(@p)” " dno(@p) " \eon(@p)”  eon(zp)

Indeed, this can be checked directly for any curve C' and any prime n by computing
Cantor’s algorithm in a computer algebra package. These formulae are not necessarily
valid for all points P € C'(k) (such as those for which n((zp,yp) — (c0)) = 0). For details
we refer to Gaudry’s theses (Section 4.4 of [241] and Section 7.2 of [243]). Information
about the use of these, and other, ideals in point counting algorithms is given in Section
3 of Gaudry and Schost [248].

10.7 Hyperelliptic Curves Over Finite Fields

There are a finite number of points on a curve C of genus g over a finite field F,;. There
are also finitely many possible values for the Mumford representation of a reduced divisor
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on a hyperelliptic curve over a finite field. Hence, the divisor class group Pic]?;q (C) of a
curve over a finite field is a finite group. Since the affine part of a reduced divisor is a sum
of at most g points (possibly defined over a field extension of degree bounded by g) it is
not surprising that there is a connection between {#C(F,:) :1<1i < g} and #Pic%q ).
Indeed, there is also a connection between {#Picy (C):1 < i < g} and #C(F,). The
aim of this section is to describe these connections.qWe also give some important bounds
on these numbers (analogous to the Hasse bound for elliptic curves). Most results are
presented for general curves (i.e., not only hyperelliptic curves).

One of the most important results in the theory of curves over finite fields is the
following theorem of Hasse and Weil. The condition that the roots of L(¢) have absolute
value /g can be interpreted as an analogue of the Riemann hypothesis. This result gives
precise bounds on the number of points on curves and divisor class groups over finite

fields.

Theorem 10.7.1. (Hasse-Weil) Let C be a curve of genus g over Fq. There exists a
polynomial L(t) € Z[t] of degree 2g with the following properties.

1. L(1) = #Picg (C).

2. One can write L(t) = H?il(l — a4t) with a; € C such that agy; = @; (this is
complex conjugation) and |o;| = \/q for 1 <i < g.

3. L(t) = qot>9L(1/(qt)) and so

L(t) =14+ait+---+ ag_ltgfl + agtg + qag—lthrl 4+ o4 qg*1a1t2g*1 + qthQ_

4. Forn € N define L,(t) = H?il(l —al't). Then #Picgqn (C)=L,(1).

Proof: The polynomial L(¢) is the numerator of the zeta function of C. For details see
Section V.1 of Stichtenoth [589], especially Theorem V.1.15. The proof that |a;| = /g
for all 1 < i < 2g is Theorem V.2.1 of Stichtenoth [589).

A proof of some parts of this result in a special case is given in Exercise 10.7.14. [

Exercise 10.7.2. Show that part 3 of Theorem 10.7.1 follows immediately from part 2.

Definition 10.7.3. The polynomial L(t) of Theorem 10.7.1 is called the L-polynomial
of the curve C over Fj,.

Theorem 10.7.4. (Schmidt) Let C' be a curve of genus g over F,. There there ezists a
divisor D on C of degree 1 that is defined over F,.

We stress that this result does not prove that C has a point defined over F, (though
when ¢ is large compared with the genus existence of a point in C(FF,) will follow by the
Weil bounds). The result implies that even a curve with no points defined over F, does
have a divisor of degree 1 (hence, not an effective divisor) that is defined over F,,.
Proof: See Corollary V.1.11 of Stichtenoth [589]. O

We now describe the precise connection between the roots «; of the polynomial L(t)
(corresponding to Pic%q (C)) and #C(Fyn) for n € N.

Theorem 10.7.5. Let C' be a curve of genus g over Fy and let o; € C for 1 <1 < 2g be
as in Theorem 10.7.1. Let n € N. Then

29
#C(Fg) =q"+1-> af. (10.19)
=1
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Proof: See Corollary V.1.16 of Stichtenoth [589). O
Equation (10.19) can be read in two ways. On the one hand it shows that given L(t)
one can determine #C(F,»). On the other hand, it shows that if one knows #C(F ) for
1 < n < g then one has g non-linear equations in the g variables ay, ..., a4 (there are
only g variables since ;44 = q/a; for 1 < i < g). The following result shows that one
can therefore deduce the coefficients ay, ..., a4 giving the polynomial L(t).
Lemma 10.7.6. (Newton’s identities) Let a1, ..., a5 € C and define t,, = Z?il aol. Let
a1y .., asy be such that [22, (x — ;) = %9 + a1229 1 4 -+ agy. Then, for 1 <n < 2g,

n—1
Nay = —t, — § Ap—it;.
i=1

In particular, a; = —t, and as = (t2 — t3)/2.
Exercise 10.7.7.% Prove Lemma 10.7.6.

Exercise 10.7.8. Suppose C'is a genus 3 curve over F7 such that #C(F7) = 8, #C(F72) =
92, #C(Fys) = 344. Determine L(t) and hence #Picg. (C). (One can take y? = 27+ 2 +1
for C.)

Exercise 10.7.9. (Weil bounds) Let C' be a curve of genus g over F,. Use Theo-
rem 10.7.1 and Theorem 10.7.5 to show that

[#C(Fgn) — (¢" + 1)| < 29v/q"

and

(V@ — 1) < #Pic). (C) < (V@ + ).

More precise bounds on #C(FF;) are known; we refer to Section V.3 of Stichtenoth [589]
for discussion and references.

We now sketch the relationship between the above results and the g-power Frobenius
map 7 : C — C given by n(z,y) = (z%,y?). This is best discussed in terms of Abelian
varieties and so is strictly beyond the scope of the present book; however Exercise 10.7.11
shows how to consider the Frobenius map in Pic%q (C). We refer to Section 21 of Mum-

ford [444], especially the subsection entitled “Application II: The Riemann Hypothesis”.
Briefly, the Frobenius map on C' induces a morphism 7 : Jo — Jo where J¢ is the Jaco-
bian variety of C' (note that J¢ is defined over Fy). Note that 7 is not an isomorphism.
This morphism is a group homomorphism with ker(r) = {0} and so is an isogeny. More
generally, if A is an Abelian variety over F, then there is a ¢g-power Frobenius morphism
m: A — A. Just as in the case of elliptic curves one has A(Fgn) = ker(s™ — 1) and
so #A(Fgm) = ker(n™ — 1) = deg(n™ — 1) (note that 7 is inseparable and 7™ — 1 is a
separable morphism). By considering the action of 7 on the Tate module (the Tate mod-
ule of an Abelian variety is defined in the analogous way to elliptic curves, see Section
19 of [444]) it can be shown that 7 satisfies a characteristic equation given by a monic
polynomial P4(T) € Z[T] of degree 2g. It follows that deg(m — 1) = P4(1). Writing
Pa(T) = [122,(T — ;) over C it can be shown that #A(Fn) = [[72, (1 — ). Tt follows
that the roots a; are the same values as those used earlier, and that P(T) = T2IL(1/T).

Definition 10.7.10. Let C be a curve over F,. The characteristic polynomial of
Frobenius is the polynomial P(T) = T?9L(1/T).
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The Frobenius map 7 : C' — C also induces the map 7, : Pic%q (C) — Pic%q(C), and
we abuse notation by calling it 7 as well. If D is any divisor representing a divisor class in
Pic%q (C) then P(7)D = 0. In other words, if P(T) = T?9 +a;T?9" ' + -+ a1¢9 1T+ ¢¢
then

729(D) + [a1]7* (D) + - + [a1¢? ' |7(D) + [¢°]D =0 (10.20)

where the notation [n]D is from Definition 10.5.1.

Exercise 10.7.11. Let C be a curve over F; and D a reduced divisor on C over F, with
Mumford representation (u(z),v(x)). Let m be the g-power Frobenius map on C. For
a polynomial u(z) = Y% w;z’ define w@(z) = Y% ula’. Show that the Mumford
representation of 7,(D) is (u(?(z),v(@ (z)).

Example 10.7.12. (Koblitz [346]) Let a € {0,1} and consider the genus 2 curve C, :
y? +zy = 2° + az? + 1 over Fy. One can verify that #Cq(F3) = 4, #C1(F3) = 2
and #Cy(Fy2) = #C1(Fy2) = 4. Hence the characteristic polynomial of Frobenius is
P(T) = T* + (=1)°T% + 2(—1)°T + 4. One can determine #Picp , (C,) for any n € N.
If n is composite and m | n one has #Pic%m (Co) | #Picgzn (Cq). For cryptographic
applications one would like #Picp. , (C,)/#Picg, (C,) to be prime, so restrict attention to
primes values for n. For example, taking n = 113 and a = 1 gives group order 2 - r where
r =1539---381 is a 225-bit prime.

If D e Pic]%zn(cl) then ©*(D) — 73(D) — [2]m(D) + [4]D = 0 where 7 is the map
induced on Picp_, (C1) from the 2-power Frobenius map (z,y) = (22,3?) on C.

A major result, whose proof is beyond the scope of this book, is Tate’s isogeny theorem.

Theorem 10.7.13. (Tate) Let A and B be Abelian varieties over a field Fy. Then A
is Fy-isogenous to B if and only if Pa(T) = Pg(T). Similarly, A is F,-isogenous to an
Abelian subvariety of B if and only if Pa(T) | Pg(T).

Proof: See [601]. O
Exercise 10.7.14 gives a direct proof of Theorems 10.7.1 and 10.7.5 for genus 2 curves
with ramified model.

Exercise 10.7.14.% Let ¢ be an odd prime power. Let F(x) € F,[z] be square-free
and of degree 5. Then C' : y? = F(x) is a hyperelliptic curve over F, of genus 2 with a
ramified model. For n = 1,2 let N,, = #C(F4») and define ¢, = ¢" + 1 — N,, so that
N, = q" +1—t,. Define a; = —t; and as = (t — t2)/2. Show, using direct calculation
and Exercise 10.4.4, that Pic%q (C) has order ¢®> + a1(q+ 1) +az + 1.

An important tool in the study of elliptic curves over finite fields is the Waterhouse
theorem (Theorem 9.10.12). There is an analogous result for Abelian varieties due to
Honda and Tate but it is beyond the scope of this book to present this theory (we refer
to [602] for details). However, we do give one application.

Theorem 10.7.15. (Dipippo and Howe [182]) Let ¢ > 4 be a prime power and n € Zs1.
Let B = (/g —2)/(2(/g — 1)) and C = (|B\/q) +1/2)/\/a. If N € N is such that
IN — (¢" + 1)| < Cq"~'/2 then there exists an Abelian variety A over B, of dimension n
such that #A(F,) = N.

10.8 Endomorphisms

Let A1, Ay be Abelian varieties over k. One defines Homyg (A1, A2) to be the set of all
morphisms of varieties from A; to Az over k that are group homomorphisms (see Section
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19 of [444]). We define Hom(A;, A2) to be Homg(A;, A3). The endomorphism ring
of an Abelian variety A over k is defined to be Endg(A) = Homg(A, A). We write
End(A4) = Homg (A4, A).

It is beyond the scope of this book to give a complete treatment of the endomorphism
ring. However, we make a few general remarks. First, note that Homg(A1, As) is a
Z-module. Second, recall that for elliptic curves every non-zero homomorphism is an
isogeny (i.e., has finite kernel). This is no longer true for Abelian varieties (for example,
let ¥ be an elliptic curve and consider the homomorphism ¢ : E x F — E x E given
by ¢(P,Q) = (P,Og)). However, if A is a simple Abelian variety then End(A) ®z Q
is a division algebra and so every non-zero endomorphism is an isogeny in this case.
Furthermore, if an Abelian variety A is isogenous to [[, A}"* with A, simple (and A; not
isogenous to A; for i # j) then End(A)®zQ =[], My, (End(4;)®zQ) where M, (R) is the
ring of n X n matrices over the ring R (see Corollary 2 of Section 19 of Mumford [444]).

10.9 Supersingular Curves

Recall from Theorem 10.6.1 that if C' is a curve of genus g over a field k of characteristic
p then #Pic%(C’)[p] < p9.

Definition 10.9.1. Let k be a field such that char(k) = p > 0 and let C' be a curve of
genus g over k. The p-rank of C' is the integer 0 < r < g such that #Pic%(C) [p] =p".

An Abelian variety of dimension g over F, is defined to be supersingular if it is
isogenous over F, to FY where E is a supersingular elliptic curve over F,. A curve C over
F, is supersingular if J¢ is a supersingular Abelian variety. It follows that the p-rank of
a supersingular Abelian variety over Fyn is zero. The converse is not true (i.e., p-rank zero
does not imply supersingular) when the dimension is 3 or more; see Example 10.9.8). If
the p-rank of a dimension g Abelian variety A over Fp» is g then A is said to be ordinary.

Lemma 10.9.2. Suppose A is a supersingular Abelian variety over F, and write P4(T)
for the characteristic polynomial of Frobenius on A. The roots o of Pa(T) are such that

a/\/q is a root of unity.

Proof: Since the isogeny to EY is defined over some finite extension Fy» it follows from
part 4 of Theorem 9.11.2 that a"/,/q™ is a root of unity. Hence, a/,/q is a root of unity.
O

The converse of Lemma 10.9.2 follows from the Tate isogeny theorem.

Example 10.9.3. Let C : 42 +y = 2% over F3. One can check that #C(F,) = 3 and
#C(Fy2) = 5 and so the characteristic polynomial of the 2-power Frobenius is P(T') =
T4 +4 = (T? 4+ 2T + 2)(T? — 2T + 2). It follows from Theorem 10.7.13 (Tate’s isogeny
theorem) that Jo is isogenous to E; X Es where E; and Es are supersingular curves
over Fy. The characteristic polynomial of the 22-power Frobenius can be shown to be
T4 +8T% +16 = (T? +4)? and it follows that J is isogenous over Fg2 to the square of a
supersingular elliptic curve. Hence C' is a supersingular curve.

Note that the endomorphism ring of J¢ is non-commutative, since the map ¢(z,y) =
(Cs,y), where (5 € Fga is a oot of 24 + 23 + 22 + 2 + 1 = 0, does not commute with the
2-power Frobenius map.

Exercise 10.9.4.% Show that if C is a supersingular curve over F, of genus 2 then
#Picgq(C) | (¢ — 1) for some 1 < k < 12.
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The following result shows that computing the p-rank and determining supersingular-
ity are easy when P(T') is known.

Theorem 10.9.5. Let A be an Abelian variety of dimension g over Fpn with characteristic
polynomial of Frobenius P(T) =T?9 + ayT?9™  + -+ -+ a,T9 + -+ p"9.

1. The p-rank of A is the smallest integer 0 < r < g such thatp | a; for all1 <i < g—r.

(In other words, the p-rank is zero if p | a; for all 1 <1i < g and the p-rank is g if
ptai.)

2. A is supersingular if and only if

plin/2] | a; forall 1<i<g.

Proof: Part 1 is Satz 1 of Stichtenoth [588]. Part 2 is Proposition 1 of Stichtenoth and
Xing [590]. O

We refer to Yui [639] for a survey of the Cartier-Manin matrix and related criteria for
the p-rank.

Exercise 10.9.6. Let A be an Abelian variety of dimension 2 over I, that has p-rank
zero. Show that A is supersingular.

In fact, the result of Exercise 10.9.6 holds when F,, is replaced by any finite field; see
page 9 of Li and Oort [386].

Exercise 10.9.7. Let C : y> + y = F(z) over Fan where deg(F(z)) = 5 be a genus 2
hyperelliptic curve. Show that C has 2-rank zero (and hence is supersingular).

Example 10.9.8 shows that, once the genus is at least 3, p-rank zero does not imply
supersingularity.

Example 10.9.8. Define C : y? +y = 27 over Fo. Then P(T) = T5 — 273 + 23 and so
by Theorem 10.9.5 the 2-rank of C is zero but C is not supersingular.

Example 10.9.9. (Hasse/Hasse-Davenport/Duursma [185]) Let p > 2 be prime and
C :y?>=aP —z + 1 over F,. One can verify that C is non-singular and the genus of C
is (p —1)/2. It is shown in [185] that, over F,2, L(T) = <I>p((’71)pT) where ®,(T') is the
p-th cyclotomic polynomial. It follows that the roots of P(T') are roots of unity and so C
is supersingular.



