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1. IntrodutionThis paper is the multivariate ounterpart of Cooper and Waldron [CW00℄, whihgave the spetral deomposition of the univariate Bernstein operator and appliations.Here we show that the multivariate Bernstein operator Bn for a simplex in IRs is alsodiagonalisable, with the same eigenvalues, namely�(n)k := n!(n� k)! 1nk ; k = 1; : : : ; n; 1 = �(n)1 > �(n)2 > � � � > �(n)n > 0; (1:1)and give an expliit formula for the eigenfuntions. The paper is set out as follows.In the seond half of this setion, we de�ne Bn, establish notation and give sometehnial results. The notation used is based on that of de Boor [B87℄, whih indexesthe baryentri oordinates by the verties they orrespond to, rather than imposing someordering on them. This leads to a ompat notation whih simpli�es the alulations andreveals the underlying geometry.In Setion 2, we give the diagonalisation and desribe its symmetries. Sine Bnreprodues only the linear polynomials, these give the eigenspae for �(n)1 = 1. For k > 1,the �(n)k {eigenspae is no longer 1{dimensional, as it is in the univariate ase. It onsistsof polynomials of exat degree k whih are uniquely determined by their leading term, andfor whih an expliit formula is provided.In Setion 3, we show that Bnf takes a simpli�ed form when f is ertain ridge{typefuntions. This is used to desribe the eigenfuntions of Bn in terms of the substitution ofthe baryentri oordinates (for the underlying simplex) into elementary eigenfuntions.It turns out that there are eigenfuntions of every degree k whih are ommon to eah Bn,n � k, for suÆiently large s.In Setion 4, we show, as in the univariate ase, that the eigenfuntions (with �xedleading term) onverge as n ! 1. We desribe these limiting eigenfuntions and theironnetion with orthogonal polynomials of several variables.In Setion 5, we give an interesting result about Bn applied to ertain shifted fatorials,and some onsequenes of it.We onlude with some omments about those aspets of the univariate theory whihhave not been extended to the multivariate setting. The appendix ontains a list of theelementary eigenfuntions.We now give the de�nitions whih will be used throughout.De�nitionsLet V be a set of s + 1 aÆnely independent points in IRs, i.e., the verties of ans{simplex whih we denote by T . Denote by � = (�v)v2V the orresponding baryentrioordinates, i.e., the unique linear polynomials whih satisfyXv2V �v(x) = 1; Xv2V �v(x)v = x; 8x 2 IRs:1



We will use standard multi{index notation with indies from ZZV+ and ZZs+, so, for example,�� := Yv2V ��(v)v ; � 2 ZZV+; �! := �1!�2! � � ��s!; � 2 ZZs+:The Bernstein operator of degree n for the simplex T with verties V is de�ned byBn;V f := Xj�j=n�2ZZV+ �n����f(v�); 8f 2 C(T ); (1:2)where �n�� := n!�!(n� j�j)! ; v� := Xv2V �(v)j�j v 2 T:For V = fv0; v1; : : : ; vsg, this an be rewritten asBn;V f = nXk=0 Xj�j=k�2ZZs+ �n����1v1 � � � ��svs �n�kv0 f��1v1 + � � �+ �svs + (n� k)v0n �: (1:3)If T is the standard simplex in IRs, i.e.,V = f0; e1; : : : ; esg (ei the standard basis vetors for IRs)then (1.3) beomes (f [L53:(13),p. 51℄)Bnf(x) = nXk=0 Xj�j=k�n��x�11 � � �x�ss (1� x1 � � � � � xs)n�k f��1n ; : : : ; �sn �: (1:4)It is well known that Bn;V maps onto �n(IRs) the polynomials of degree n in IRs.Let SV be the symmetry group of the simplex T with verties V , i.e., the group ofaÆne transformations whih map T onto T . This is (isomorphi to) the symmetri groupon the s+1 verties V sine an aÆne map IRs ! IRs is uniquely determined by its ationon s+ 1 aÆnely independent points. It follows from (1.2) thatBn;V (f ÆA) = (Bn;V f) ÆA; 8f 2 C(T ); 8A 2 SV : (1:5)We let SV at on funtions p 2 C(T ) and linear funtionals � de�ned on C(T ) in the usualway, i.e., for A 2 SVA � p := p ÆA�1; (A � �)(f) := �(f ÆA); 8f 2 C(T ):For � 2 ZZV+ with j�j = k and h > 0, de�ne the multivariate shifted fatorial by[�℄�h := Yv2V [�v℄�(v)h 2 �k; [�v℄�(v)h := �v(�v � h)(�v � 2h) � � � (�v � (�(v)� 1)h):2



and the multivariate Stirling numbers of the �rst kind from the univariate ones byS(�; �) := Yv2V S(�(v); �(v)); � � �: (1:6)These are related by�� = X��� S(�; �)hj���j[�℄�h ; 8� 2 ZZV+; 8h > 0; (1:7)whih follows from the univariate result��(v)v = �(v)X�(v)=0S(�(v); �(v))h�(v)��(v)[�v℄�(v)��(v)h ;by the alulation �� = Yv2V 0� �(v)X�(v)=0S(�(v); �(v))h�(v)��(v)[�v℄�(v)h 1A= X��� Yv2V S(�(v); �(v))h�(v)��(v)[�v℄�(v)h != X��� S(�; �)hj���j[�℄�h:A speial ase of Theorem 5.2 of Setion 5 is thatBn;V ([�℄�1=n) = �(n)k ��; j�j = k � n;where �(n)k are the eigenvalues de�ned by (1.1).For � 2 ZZV+ with �(v0) = 0 and h > 0, let ��h;v0 be the multivariate di�ereneoperator de�ned by��h;v0f := X����(v0)=0�2ZZV+ ����(�1)j���jf��+ hXv2V �(v)(v � v0)�; ���� := �!�!(�� �)! : (1:8)Let ev 2 ZZV+ be the multi{index withev(w) := � 1; w = v;0; otherwise.3



Lemma 1.9. Let � 2 ZZV+ with �(v0) = 0 and h > 0. Then ��h;v0 satis�es�evh;v0f = f(�+ h(v � v0))� f; ��+�h;v0 f = ��h;v0(��h;v0f); (1:10)and ��h;v0 [�℄�h = � �!(���)!hj�j[�℄���h ; � � �;0; otherwise. (1:11)Proof: From the de�nition (1.8), we have�evh;v0 = f(�+ h(v � v0))� f:Sine the �rst order di�erenes �evh;v0 and �ewh;v0 ommute, to prove the seond part of(1.10) it is suÆient to show ��h;v0 = Yv2Vv 6=v0 �evh;v0 � � ��evh;v0| {z }�(v) times ; (1:12)by indution on j�j. For j�j = 0 we have ��h;v0f = f . Now suppose �(w) > 0, for somew 2 V , then by the indutive hypothesisYv2Vv 6=v0 �evh;v0 � � ��evh;v0| {z }�(v) times f = �ewh;v0���ewh;v0 f= �ewh;v0 X����ew�(v0)=0�2ZZV+ ��� ew� �(�1)j��ew��jf��+ hXv2V �(v)(v � v0)�= X����(w)>0 ��� ew� � ew�(�1)j���jf��+ hXv2V �(v)(v � v0)�� X����(w)<�(w) ��� ew� �(�1)j��ew��jf��+ hXv2V �(v)(v � v0)�= ��h;v0f;whih ompletes the indution.For distint points v0; v; w 2 V , it an easily be shown that�v(�+ h(v � v0)) = �v + h; �w(�+ h(v � v0)) = �w;from whih it follows that, for v 6= v0,�evh;v0 �[�w℄�(w)h � = ��(w)h[�w℄�(w)�1h ; w = v;0; w 6= v. (1:13)Substituting (1.13) into (1.12) then gives (1.11).4



2. The diagonalisationOur diagonalisation is based on the representation of Bn;V f in terms of the basisBv0 := f�� : � 2 ZZV+; �(v0) = 0; j�j � ng; v0 2 V (2:1)for �n(IRs). For the standard simplex and v0 = 0 this is the monomials. The matrixrepresentation of Bn;V with respet to Bv0 is blok triangular. From this we obtain theeigenvalues and a basis of eigenfuntions.Lemma 2.2 (Blok triangular form for Bn;V ). Fix v0 2 V . ThenBn;V f = Xj�j�n�(v0)=0�2ZZV+ �n������1n ;v0f(v0); 8f 2 C(T ); (2:3)and, in partiular,Bn;V (��) = �(n)k �� + n!nk X�<��(v0)=0 S(�; �)(n� j�j)!��; 8� 2 ZZV+ ; j�j � n: (2:4)Proof: In de�nition (1.2), split � =  + �(v0)ev0 to obtainBn;V f = Xjj�n(v0)=02ZZV+ �n���n�jjv0 f � jjv + (n� jj)v0n � :Sine Pv2V �v = 1, the multinomial theorem gives�n�jjv0 = (1� Xv2Vv 6=v0 �v)n�jj = Xj�j�n�jj�(v0)=0�2ZZV+ �n� jj� �(�1)j�j��:Hene we obtainBn;V f = Xjj�n(v0)=0 Xj�j�n�jj�(v0)=0 �n��n� jj� �(�1)j�j�+�f � jjv + (n� jj)v0n �
= Xj�j�n�(v0)=0 �n�����1=n(f);where�n���1=n(f) := X+�=� Xjj�n(v0)=0 Xj�j�n�jj�(v0)=0 �n��n� jj� �(�1)j�jf � jjv + (n� jj)v0n � :5



This gives (2.3), via the simpli�ation�1=n(f) = �!(n� j�j)!n! X��(v0)=0 n!!(n� jj)! (n� jj)!(�� �)!(n� j�j)! (�1)j��j� f �v0 + 1n (jjv � jjv0)�= X��(v0)=0 ���(�1)j��jf  v0 + 1n Xv2V (v)(v � v0)!= ��1n ;v0f(v0):By (1.11) and (1.7)��h;v0�� = ��h;v0(X�� S(�; )hj��j[�℄h) = X�� S(�; )hj��j��h;v0([�℄h)= X���� S(�; )hj��j !( � �)!hj�j[�℄��h :Sine [�℄��h (v0) = � 1;  = �;0; otherwise,this implies (��h;v0��)(v0) = ��!S(�; �)hj�j; � � �;0; otherwise. (2:5)Hene, substituting f = ��, j�j � n, into (2.3), and using (2.5), givesBn;V (��) = Xj�j�n�(v0)=0 �n����(��1n ;v0��)(v0) = X����(v0)=0 n!�!(n� j�j)!���!S(�; �)� 1n�j�j ;whih an be rewritten as (2.4).Let p" denote the leading term of the polynomial p, i.e., the unique homogeneouspolynomial that satis�es deg(p� p") < deg(p):Denote by �0k(IRs) the homogeneous polynomials of degree k.Theorem 2.6 (Diagonalisation of Bn;V ). The multivariate Bernstein operator Bn;V isdiagonalisable, with the same eigenvalues as the univariate Bernstein operator, i.e.,�(n)k := n!(n� k)! 1nk ; k = 1; : : : ; n; 1 = �(n)1 > �(n)2 > � � � > �(n)n > 0:6



Let P (n)k;V denote the �(n)k {eigenspae. ThenP (n)1;V = �1(IRs); 8n: (2:7)For k > 1, P (n)k;V onsists of polynomials of exat degree k, whih are uniquely determinedby their leading term, i.e., P (n)k;V is isomorphi to �0k(IRs) via P (n)k;V ! �0k(IRs) : p 7! p":Let p(n)f , deg(f) = k � n, denote the �(n)k {eigenfuntion with leading term f". Then (forv0 2 V �xed) a basis for P (n)k;V is given byfp(n)�� : � 2 ZZV+; �(v0) = 0; j�j = kg; p(n)�� = X��� (�; �; n)��; (2:8)where the oeÆients an be alulated using the reurrene formula(�; �; n) := 1;(�; �; n) := nj�j[n� j�j℄j���j1 � nj���j X�<�� S(; �)njj (; �; n); � < �: (2:9)Let M(n)k;V denote the dual spae to P (n)k;V , i.e., those � 2 spanff 7! f(v�) : j�j = ng forwhih �(P (n)j;V ) = f0g; 8j 6= k (j = 1; : : : ; n):The spaes P (n)k and M(n)k are SV {invariant, i.e., they have the symmetry propertiesSV � P (n)k = P (n)k ; SV �M(n)k =M(n)k :Proof: Sine Bn;V maps onto �n(IRs), it follows from (2.3) that Bv0 of (2.1) is abasis for �n(IRs). We now show that the linear operator de�ned by " : p 7! p" takes Bv0to another basis for �n(IRs), i.e., the homogeneous polynomialsBv0" = n[k=0f(��)" : � 2 ZZV+; �(v0) = 0; j�j = kg (2:10)are linearly independent. Suppose thatXj�j=k�(v0)=0 a�(��)" = 0 () Xj�j=k�(v0)=0 a��� = p; 9p 2 �k�1(IRs):Then for Æ 2 ZZV+ with jÆj = k and Æ(v0) = 0, (1.7) and (1.11) give�Æh;v0(p) = �Æh;v0� Xj�j=k�(v0)=0 a� X��� S(�; �)hj���j[�℄�h� = aÆ = 0;7



whih proves the asserted linear independene.The linear eigenspae (2.7) is well known. For k > 1, we will use (2.3) to show thatBn;V has �(n)k {eigenfuntions of the formp(n)�� = X��� (�; �; n)�� = �� +X�<� (�; �; n)�� 2 �� +�k�1(IRs) j�j = k; �(v0) = 0:Sine " maps these to a basis for �0k(IRs), they are the basis of a subspae of P (n)k;V whihis isomorphi to �0k(IRs) (via p 7! p"). The dimension ountdim(�1(IRs)) + nXk=2dim(�0k(IRs)) = dim(�n(IRs));shows this subspae is all of P (n)k;V , and so Bn;V is diagonalisable.We now show suh eigenfuntions exist. Substitutingf = X��� (�; �; n)��; j�j = k; �(v0) = 0 (2:11)into the eigenfuntion equation Bn;V (f) = �(n)k f , and expanding using (2.4) givesX�� (; �; n)Bn;V (�) = X�� (; �; n) n!njj X�� S(; �)(n� j�j)!�� = �(n)k X��� (�; �; n)��:Equating oeÆients of the linearly independent funtions �� in the above gives�(n)k (�; �; n) = X���� n!njj S(; �)(n� j�j)!(; �; n)= �(n)j�j (�; �; n) + X�<�� n!njj S(; �)(n� j�j)!(; �; n): (2:12)For � = �, (2.12) is satis�ed for any hoie of (�; �; n). Suppose that (�; �; n) := 1. For� < �, (2.12) an be rewritten as(�; �; n) = 1�(n)k � �(n)j�j X�<�� n!njj S(; �)(n� j�j)!(; �; n)= nj�j[n� j�j℄j���j1 � nj���j X�<�� S(; �)njj (; �; n):This reursively de�nes (�; �; n), � < � from (�; �; n), and hene an eigenfuntion ofthe form (2.11) exists and is given by (2.9).For p 2 P (n)k;V and A 2 SV , (1.5) givesBn;V (p ÆA) = (Bn;V p) ÆA = (�(n)k p) ÆA = �(n)k (p ÆA);so that p ÆA 2 P (n)k;V , and P (n)k;V is SV {invariant. Similarly, for � 2 M(n)k;V and A 2 SV ,(A � �)(P (n)j;V ) = �(P (n)j;V ÆA) = �(P (n)j;V ) = f0g; j 6= k (j = 1; : : : ; n);and hene M(n)k;V is SV {invariant. 8



3. Elementary eigenfuntionsIf p(n)k is the �(n)k {eigenfuntion (k > 1) of the univariate Bernstein operator for thestandard simplex T = [0; 1℄, then it an be shown that the s+ 1 polynomialsp(n)k Æ �v; v 2 Vare �(n)k {eigenfuntions of Bn;V (whih are linearly independent for s > 1).The above is a speial ase of the main result of this setion, whih e�etively saysthat eah eigenfuntion of Bn;V is also an eigenfuntion of all Bernstein operators forhigher dimensional simplies when interpreted appropriately. This we desribe in terms ofthe substitution of baryentri oordinates into so alled `elementary' eigenfuntions. Theresult is based on the following generalisation of the aÆne hange of variables (1.5).Let BIRdn denote the Bernstein operator for Sd the standard simplex in IRd, i.e.,Sd := f(x1; : : : ; xd) 2 IRd : x1; : : : ; xd � 0; x1 + � � �+ xd � 1g:Lemma 3.1 (Bn;V applied to multi{ridge funtions). Let A : IRs ! IRd be an aÆnemap onto IRd, with W := AV . ThenBn;V (g ÆA) = (Bn;W g) ÆA; 8g 2 C(AT ): (3:2)In partiular, for d � s distint points v1; : : : ; vd 2 VBn;V (g Æ (�v1 ; : : : ; �vd)) = (BIRdn g) Æ (�v1 ; : : : ; �vd); 8g 2 C(Sd); (3:3)where �v are the V {baryentri oordinates, and (�v1 ; : : : ; �vd) is the aÆne mapIRs ! IRd : x 7! (�v1(x); : : : ; �vd(x)):Proof: Sine A is aÆne, W := AV is the set of verties of a simplex in IRd, andA maps fv� : � 2 ZZV+; j�j = ng onto fw� : � 2 ZZW+ ; j�j = ng. Let � = (�v) denote theV {baryentri oordinates, and � = (�w) the W{baryentri oordinates. ThenBn;V (g ÆA) = Xj�j=n�2ZZ+V �n����g(Av�) = Xj�j=n�2ZZ+W Xj�j=nAv�=w��2ZZ+V �n����g(w�);
and (Bn;W g) ÆA = Xj�j=n�2ZZ+W �n��(�� ÆA) g(w�):9



Hene to prove (3.2), it is suÆient to show thatXj�j=nAv�=w��2ZZ+V �n���� = �n���� ÆA; 8� 2 ZZ+W ; j�j = n: (3:4)
We now expand the RHS of (3.4) in terms of the basis f�� : � 2 ZZV+; j�j = ng for �n(IRs).Observe that �w ÆA is the aÆne map IRs ! IR with(�w ÆA)(v) = � 1; Av = w;0; otherwise, v 2 V;i.e., �w ÆA = Xv2VAv=w �v;so that �� ÆA = ( Yw2W ��(w)w ) ÆA = Yw2W(�w ÆA)�(w) = Yw2W( Xv2VAv=w �v)�(w):By the multinomial theorem( Xv2VAv=w �v)�(w) = ( Xv2fv:Av=wg�v)�(w) = XjÆj=�(w)supp Æ�fv:Av=wgÆ2ZZ+V ��(w)Æ ��Æ;and so we obtain�n���� ÆA = �n�� Yw2W( XjÆj=�(w)supp Æ�fv:Av=wgÆ2ZZ+V ��(w)Æ ��Æ) = Xj�j=n�2ZZ+V � ��; (3:5)where the oeÆients � an be determined by expanding the produt. It remains to showthat � equals the oeÆient of �� in LHS of (3.4), i.e.,� = 8<:� n�� ; Av� = w� ;0; otherwise.Sine V is the disjoint union [w2W fv : Av = wg, the oeÆient � is zero unlessXv2VAv=w �(v) = �(w);10



whih implies Av� = Xv2V �(v)n Av = Xw2W Xv2VAv=w �(v)n w = Xw2W �(w)n w = w� :In this ase, supp� � fv : Av = wg, so� = �n�� Yw2W � �(w)�jfv:Av=wg� = n!�! �!�! = �n��;and we onlude (3.4) holds.Sine eah �vi is aÆne, the map A := (�v1 ; : : : ; �vd) is aÆne. FromAv = n ei; v = vi;0; otherwise, v 2 V;it follows that W := fAv : v 2 V g = f0; e1; : : : ; edg =) AT = Sd;i.e., Bn;W = BIRdn , and (3.3) is proved.De�nition. For k > 1, the d{variate elementary �(n)k {eigenfuntionp(n)k1;:::;kd : IRd ! IR; k := k1 + � � �+ kd � n; k1; : : : ; kd � 1is de�ned to be the �(n)k {eigenfuntion of BIRdn with leading term xk11 � � �xkdd .These an be omputed viap(n)k1;:::;kd(x) := X����2ZZd+ (�; �; n)x�; � := (k1; : : : ; kd); (3:6)where the oeÆients are determined by the reurrene (2.9). This notation is onsistentwith that of [CW00:(2.6)℄, where the �(n)k {eigenfuntion p(n)k is preisely the univariateelementary eigenfuntion de�ned above. Observe that hanging the ordering of k1; : : : ; kdleads to essentially the same elementary eigenfuntion (the oordinates are just reordered).Theorem 3.7 (Elementary eigenfuntions). Let v1; : : : ; vd be d � s+1 distint pointsin V . Then p(n)k1;:::;kd(�v1 ; : : : ; �vd) := p(n)k1;:::;kd Æ (�v1 ; : : : ; �vd) : IRs ! IRis the �(n)k {eigenfuntion of Bn;V with leading term (�k1v1 � � � �kdvd )", i.e.,p(n)�� = p(n)k1;:::;kd(�v1 ; : : : ; �vd); � := (k1; : : : ; kd):11



This has a fator of �v1 ; : : : ; �vd . Indeed, when k1; : : : ; km > 1, km+1 = � � � = kd = 1p(n)k1;:::;kd(�v1 ; : : : ; �vd) = �v1 � � � �vdg(�v1; : : : ; �vm); g 2 �k�d(IRm); (3:8)where g(x) := g(n)�̂;d(x) = XÆ��̂Æ2ZZm+ a(Æ; �̂; d; n)xÆ; �̂ = (k1 � 1; : : : ; km � 1); (3:9)an be alulated from a(�̂; �̂; d; n) := 1, and for Æ < �̂ the reurrenea(Æ; �̂; d; n) := nj�̂j[n�jÆj�d℄j�̂�Æj1 � nj�̂�Æj XÆ<��̂2ZZm+ S(+(1; : : : ; 1); Æ+(1; : : : ; 1))njj a(; �̂; d; n):(3:10)Moreover, all eigenfuntions of degree � 2 are zero at eah of the verties V , andp(n)k�1;1(x1; x2) = p(n)k (x1)x1 � 1 x2: (3:11)Proof: By Lemma 3.1 and the de�nition of elementary eigenfuntionsBn;V (p(n)k1;:::;kd Æ (�v1 ; : : : ; �vd)) = (BIRdn p(n)k1;:::;kd) Æ (�v1 ; : : : ; �vd)= (�(n)k p(n)k1;:::;kd) Æ (�v1 ; : : : ; �vd)= �(n)k p(n)k1;:::;kd Æ (�v1 ; : : : ; �vd);so that p(n)k1;:::;kd(�v1 ; : : : ; �vd) is a �(n)k {eigenfuntion of Bn;V , and sinep(n)k1;:::;kd(x) = xk11 � � �xkdd + lower order powers of x;its leading term is (�k1v1 � � � �kdvd )".For � < (1; : : : ; 1), i.e., �i = 0 for some i, one has S(; �) = 0, and so by (2.9) theoeÆients in (3.6) satisfy (�; �; n) = 0; � < (1; : : : ; 1):This allows us to divide (3.6) by x(1;:::;1) to obtain (3.8), withg(x) = p(n)k1;:::;kd(x)x(1;:::;1) = X(1;:::;1)�����2ZZd+ (�; �; n)x��(1;:::;1)= X��(1;:::;1)�(�̂;0;:::;0)�2ZZd+ (�; �; n)x��(1;:::;1)= XÆ��̂Æ2ZZm+ a(Æ; �̂; d; n)xÆ;12



where �̂ := (k1 � 1; : : : ; km � 1), i.e., � = (�̂; 0; : : : ; 0) + (1; : : : ; 1), anda(Æ; �̂; d; n) = ((Æ; 0; : : : ; 0) + (1; : : : ; 1); �; n):From the reurrene (2.9) we then obtaina(�̂; �̂; d; n) = (�; �; n) := 1;and for Æ < �̂a(Æ; �̂; d; n) := nk[n�jÆj�d℄k�jÆj�d1 � nk�jÆj�d� X(Æ;0;:::;0)+(1;:::;1)<~�� S(~; (Æ; 0; : : : ; 0)+(1; : : : ; 1))nj~j (~; �; n):Making the substitution ~ = (; 0; : : : ; 0) + (1; : : : ; 1) in the summation above givesXÆ<��̂2ZZm+ S((; 0; : : : ; 1)+(1; : : : ; 1); (Æ; 0; : : : ; 0)+(1; : : : ; 1))njj+d ((; 0; : : : ; 0) + (1; : : : ; 1); �; n)= XÆ<��̂2ZZm+ S(+(1; : : : ; 1); Æ+(1; : : : ; 1))njj+d a(; �̂; d; n);and so we obtaina(Æ; �̂; d; n) := nk�d[n�jÆj�d℄k�jÆj�d1 � nk�jÆj�d� XÆ<��̂2ZZm+ S(+(1; : : : ; 1); Æ+(1; : : : ; 1))njj a(; �̂; d; n);whih is (3.10).In [CW00:(2.11)℄, it was shown that p(n)k (1) = 0, k � 2. This together with the fat�v(w) := � 1; w = v;0; otherwiseimplies all the eigenfuntions (3.8) of degree � 2 are zero at the verties v 2 V .13



Example 1. For p(n)2;1;:::;1 we have �̂ = 1 2 ZZ (d = k � 1), and g is the univariatelinear polynomial g(x) = x+ a(0; 1; k� 1; n), wherea(0; 1; k� 1; n) := n1[n� (k � 1)℄11 � n1 S((2; 1; : : : ; 1); (1; : : : ; 1))n1 = � 1(k � 1) :Thus p(n)2;1;:::;1(�v1 ; : : : ; �vk�1) = �v1 � � � �vk�1 ��v1 � 1(k � 1)�is a �(n)k {eigenfuntion of Bn;V whenever 2 � k � s+ 2.Sine this funtion is independent of n, it follows that there are eigenfutions of degreek whih are shared by all Bn, k � n, for suÆiently large s.Example 2. For p(n)3;1;:::;1 we have �̂ = 2 (d = k�2), and g is the univariate quadratipolynomial g(x) = x2 + a(1; 2; k� 2; n)x+ a(0; 2; k� 2; n), wherea(1; 2; k� 2; n) := n2[n� 1� (k � 2)℄11 � n S(3; 2)n2 = � 3(k � 1) ;and a(0; 2; k� 2; n) := n2[n� (k � 2)℄21 � n2 �S(2; 1)n �3(k � 1) + S(3; 1)n2 �= n2�2nk + 3n+ k2 � 3k + 2 � �3n(k � 1) + 1n2�= 3n� k + 1(2nk � 3n� k2 + 3k � 2)(k � 1) :Thus �v1 � � � �vk�2 ��2v1 � 3(k � 1)�v1 + 3n� k + 1(2nk � 3n� k2 + 3k � 2)(k � 1)�is a �(n)k {eigenfuntion of Bn;V whenever 3 � k � s+ 3.Example 3. For p(n)2;2;1;:::;1 we have �̂ = (1; 1) (d = k � 2), and g is the bivariatequadrati polynomial g(x) = x1x2 + 1(x1 + x2) + 2, where1 = a((1; 0); �̂; k � 2; n) = a((0; 1); �̂; k � 2; n)= n2(n� k + 1)� n S(2; 1)n2 = � 1(k � 1) ;and2 = a((0; 0); �̂; k � 2; n) = n2[n� (k � 2)℄21 � n2 �2S(2; 1)n �1(k � 1) + S((2; 2); (1; 1))n2 �= 2n� k + 1(2nk � 3n� k2 + 3k � 2)(k � 1) :14



Thus, for k � 4,p(n)2;2;1;:::;1(x) = x1 � � �xk�2�x1x2 � x1 + x2(k � 1) + 2n� k + 1(2nk � 3n� k2 + 3k � 2)(k � 1)� :A list of the elementary eigenfuntions up to degree 5 is provided in the appendix.4. Limiting eigenfuntionsHere we show that the �(n)k {eigenfuntions p(n)f onverge as n ! 1 to a limit p�f .Moreover, the limit of the fator (3.9) of an elementary eigenfuntion is a multivariateJaobi polynomial. This extends Theorems 4.1 and 4.5 of [CW00℄ to the multivariatesetting. Let ei be the i{th unit vetor in IRm, and (�)� the multivariate shifted fatorial(�)� := (�1)�1 � � � (�d)�d ; (�i)�i := �i(�i + 1) � � � (�i + �i � 1); � 2 IRd; � 2 ZZd+;with (2)Æ := (2)Æ1 � � � (2)Æm .Theorem 4.1 (Limiting eigenfuntions). Express ��, � 2 ZZV+, j�j = k in the form�� = �k1v1 � � � �kdvd ; k = k1 + � � �+ kd; k1; : : : ; km > 1; km+1 = � � � = kd = 1;where v1; : : : ; vd are d � s+ 1 distint points in V . Then the oeÆients of (3.9) satisfylimn!1 a(Æ; �̂; d; n) = a�(Æ; �̂; d) := (�1)k�d k1! � � �km!(k + d� 1)k�d (k + d� 1)jÆj (��̂)Æ(2)Æ 1Æ! : (4:2)Thus, p(n)�� onverges uniformly on T to p��� = �v1 � � � �vdg(�v1; : : : ; �vm), whereg(x) := g�̂�;d(x) := XÆ��̂Æ2ZZm+ a�(Æ; �̂; d)xÆ; �̂ := (k1 � 1; : : : ; km � 1): (4:3)Proof: First we prove by strong indution on j�̂ � Æj that a(Æ; �̂; d; n) onvergesto a limit a�(Æ; �̂; d) as n!1, whih satis�es the reurrenea�(Æ; �̂; d) = �1j�̂ � Æj(k + d+ jÆj � 1) mXi=1Æi+1�ki�1 (Æi + 1)(Æi + 2)a�(Æ + ei; �̂; d); Æ < �̂:(4:4)Clearly limn!1 a(�̂; �̂; d; n) = 1, whih begins the indution. Suppose Æ < �̂. Sine[n�jÆj�d℄j�̂�Æj1 � nj�̂�Æj = 12 j�̂ � Æj(1� k � d� jÆj)nj�̂�Æj�1 + lower order powers of n;15



all the oeÆients nj�̂�j[n�jÆj�d℄j�̂�Æj1 � nj�̂�ÆjS(+(1; : : : ; 1); Æ+(1; : : : ; 1));of a(; �̂; d; n) in (3.10) onverge to 0 as n ! 1, exept those for  = Æ + ei � �̂ whihonverge to S(Æ + ei + (1; : : : ; 1); Æ + (1; : : : ; 1))12 j�̂ � Æj(1� k � d� jÆj) = � (Æi + 1)(Æi + 2)j�̂ � Æj(k + d+ jÆj � 1) :Using this and the indutive hypothesis, we an take the limit of (3.10) to obtainlimn!1 a(Æ; �̂; d; n) = a�(Æ; �̂; d);whih satis�es (4.4).The limits a�(Æ; �̂; d) are uniquely determined by a�(�̂; �̂; d) = 1 and (4.4). We nowshow that the a� de�ned in (4.2) satis�es these, and so gives the desired limits. The aseÆ = �̂ is trivial, and so it suÆes to showb(Æ; �̂; d) := (k + d� 1)jÆj (��̂)Æ(2)Æ 1Æ!satis�es the reurrene (4.4). For Æ < �̂, we omputemXi=1Æi+1�ki�1 (Æi + 1)(Æi + 2)b(Æ + ei; �̂; d)= mXi=1Æi+1�ki�1 (Æi + 1)(Æi + 2)(k + d� 1)jÆ+eij (��̂)Æ+ei(2̂)Æ+ei 1(Æ + ei)!= �(k + d� 1)jÆj (��̂)Æ(2̂)Æ 1Æ! (k + d+ jÆj � 1) mXi=1Æi+1��̂i �̂i � Æi= �b(Æ; �̂; d) (k+ d+ jÆj � 1)j�̂ � Æj;as required. Sine the sequene p(n)�� is ontained in the �nite dimensional spae �k, itonverges to p��� 2 �k in any norm, and in partiular uniformly.16



Let P �k;V denote the spae of limiting eigenfuntions, i.e.,P �1;V := �1(IRs); P �k;V := spanfp��� : � 2 ZZV+; �(v0) = 0; j�j = kg; k > 1;whih is SV {invariant. It follows immediately that eah sequene of eigenfuntions p(n)f ,f" 2 �0k(IRs) onverges as n!1 to some p�f 2 P �k;V .The Lauriella funtion F = FA (see, e.g., [E76:Chap. 2℄) with arguments  asalar, and �; ; x vetors from IRd (or IRV ) is de�ned byF (; �; ;x) := X�2ZZd+()j�j (�)�()� x��! ;  2 IR; �; ; x 2 IRd:Theorem 4.5 (Identi�ation of p��� ). The funtion g of (4.3) an be expressed asg�̂�;d(x) = (�1)k�d k1! � � �km!(k + d� 1)k�dF (k + d� 1;��̂; 2̂;x); 2̂ := (2; : : : ; 2):Proof: From (4.2), (4.3) and the de�nition of F , we haveg�̂�;d(x) = (�1)k�d k1! � � �km!(k + d� 1)k�d XÆ��̂Æ2ZZm+ (k + d� 1)jÆj (��̂)Æ(2)Æ xÆÆ!= (�1)k�d k1! � � �km!(k + d� 1)k�dF (k + d� 1;��̂; 2̂;x):De�ne d{vetors � := (�̂; 0; : : : ; 0), j�j = k�d, � := (1; : : : ; 1) and � = (�v1 ; : : : ; �vd). ThenF (k + d� 1;��̂; ;̂(�v1 ; : : : ; �vm)) = F (j�j+ j�j+ (d� 1);��; �+ 1; �):In [W01℄ it is shown that the fator g(�v1; : : : ; �vm), d � 2 of p��� is the (multivariate)Jaobi polynomial of degree k � d for the simplex with verties fv1; : : : ; vdg and weight�v1 � � � �vd whih has leading term (�k1�1v1 � � � �km�1vm )":Example 1. Consider the univariate ase T = S1 := [0; 1℄. Here the baryentri oordi-nates are �0(x) = 1 � x and �1(x) = x. For ��(x) = xk we have d = m = 1, �̂ = k � 1,giving p�k(x) = x(�1)k�1 k!(k)k�1F (k; 1� k; 2;x)= x(�1)k�1 k!(k � 1)!(2k � 2)! 2F1(1� k; k; 2;x):17



Similarly, the leading term of xk�1(1 � x) is �xk. So taking k1 = k � 1, k2 = 1, m = 1,d = 2, �̂ = k � 2 givesp�k(x) = �x(1� x)(�1)k�2 (k � 1)!(k + 1)k�2F (k + 1; 2� k; 2;x)= x(x� 1)(�1)k k!(k � 1)!(2k � 2)! 2F1(2� k; k + 1; 2;x);and so we have the result of [CW00:Th. 4.5℄, thatp�k(x) = k!(k � 2)!(2k � 2)! x(x� 1)P (1;1)k�2 (2x� 1); k � 2; (4:6)where P (1;1)j are the (univariate) Jaobi polynomials whih are orthogonal with respet tothe weight (1� t)(1 + t) on the interval t 2 [�1; 1℄.Example 2. For eah pk1;:::;kd , d � 2,(x1; : : : ; xd�1) 7! p�k1;:::;kd(x1; : : : ; xd�1; 1� x1 � � � � � xd�1)x1 � � �xd�1(1� x1 � � � � � xd�1)is a Jaobi polynomial of degree k�d for Sd�1 with weight x1 � � �xd�1(1�x1�� � ��xd�1).
5. Bn;V applied to shifted fatorialsThe following result is of independent interest. In partiular, it shows thatBn;V ([�℄�1=n) = �(n)k ��; j�j = k � n; (5:1)whih an be used to give an alternative proof of the diagonalisation of Bn;V .Theorem 5.2 (Bn;V applied to shifted fatorials). Reall for � 2 ZZV+ with j�j = k �n, [�℄�1=n := Yv2V �v ��v � 1n���v � 2n� � � ���v � �(v)� 1n � 2 �k:Then Bn;V ([�℄�1=ng) = �(n)k ��Bn�k;V (g �n�kn � � knv��); 8g 2 C(T ); (5:3)where the Bernstein polynomials in (5.3) depend only on the valuesfg(v�) : � 2 ZZV+; j�j = n; � � �g: (5:4)18



In partiular, taking g = 1 in (5.3) gives (5.1). It an also be shown thatBn�k;V (g �n�kn � � knv��) = (Bn�k;W g) Æ �n�kn � � knv�� ; W := n�kn V� knv� : (5:5)Proof: Sine v� is an aÆne ombination of the points in V�v(v�) = Xw2V �(w)n �v(w) = �(v)n ; � 2 ZZV+; j�j = n;and we have([�℄�1=n)(v�) = Yv2V �(v)n ��(v)� 1n ���(v)� 2n � � � ���(v)� (�(v)� 1)n �= 1nk ��!=(�� �)!; � � �;0; otherwise. (5:6)This implies Bn;V ([�℄�1=ng) depends only on (5.4). For � � �, j�j = nv� = Xv2V �(v)vn = n� kn Xv2V (�(v)� �(v))vn� k + kn Xv2V �(v)vk = n� kn v��� + knv� ;and hene by (5.6) we obtainBn;V ([�℄�1=ng) = 1nk Xj�j=n��� �n���� �!(�� �)!g(v�)= n!(n� k)! 1nk �� Xj���j=n�k����0 �n� k�� ������g �n�kn v���� knv��= �(n)k ��Bn�k;V (g �n�kn � � knv��):Applying (3.2) with A := n�kn � � knv� , gives (5.5).Let Vn := fv� : � 2 ZZV+; j�j = ng, then Theorem 5.2 relates the support of the meshfuntion f jVn to fators of Bn(f).Corollary 5.7. Choose � 2 ZZV+ with j�j = k � n, and de�neV� := fv� 2 Vn : � � �g:Then the following are equivalentsupp(f jVn) � V� () [�℄�1=n ��� (f jVn) () �� ��� Bn;V (f); 8f 2 C(T ):19



When this holdsBn(f) = �(n)k ��(Bn�k;W (f=[�℄�1=n)) Æ �n�kn � � knv�� ; W := n�kn V � knv� :Proof: From (5.6), we haveV� = fv� 2 Vn : [�℄�1=n(v�) 6= 0g;and so[�℄�1=n ��� (f jVn) () f(v�) = 0; 8v� 2 Vn n V� () supp(f jVn) � V� :By Theorem 5.2,[�℄�1=n ��� (f jVn) () f jVn = ([�℄�1=n)jVn(f=[�℄�1=n)jVn() Bn;V (f) = Bn;V ([�℄�1=n(f=[�℄�1=n))() Bn;V (f) = �(n)k ��(Bn�k;W (f=[�℄�1=n)) Æ �n�kn � � knv�� :Now suppose that �� ��� Bn;V (f), thenBn;V (f)=�� = Xj�j=n�n������f(v�) 2 �n�k(IRs) =) f(v�) = 0; 8�� � 6� 0=) supp f jVn � V� :
6. Conluding remarksWe onlude with some omments about those parts of [CW00℄ whih have not beengeneralised here.The ommon zeroes of the eigenspaes P (n)k;V do not have the rih struture of theunivariate situation (k real zeros in [0; 1℄ with estimates on their loation). Indeed, byonsidering the fatored form of elementary eigenfuntion p(n)k�s�1;1;:::;1 it follows that theommon zeros are just the verties V .By hoosing a basis of eigenfuntions for Bn;V , say that of (2.8) with p(n)� := p(n)�� , onean write down a diagonal formBn;V f = nXk=0�(n)k Xj�j=k�(v0)=0 p(n)� �(n)� (f); 8f 2 C(T ); (6:1)20



where the dual funtionals �(n)� 2 M(n)k;V an be found expliitly by solving the linearsystem obtained from �(n)� (p(n)� ) = Æ�;�; 8�; �:None of the formul� so obtained are nie enough to be worth reording. Reent results of[WX01℄ using (tight) frames to represent Jaobi polynomials on a simplex indiate that itmight be more pro�table to onsider a redundant, but more symmetri, representation ofthe form Bn;V f = nXk=0�(n)k Xj�j=k p(n)� �(n)� (f); 8f 2 C(T );where the inner sum involves all of the SV {invariant spanning set fp(n)� : � 2 ZZV+; j�j = kg.In [CW00℄ it was shown that dual funtionals suh as �(n)� in (6.1) have a limit asn ! 1 (as funtionals on the polynomials). The argument given relied on the fat thatdividing p(n)k , k � 2 by the produt of the baryentri oordinates (for the interval) gave asequene of Jaobi polynomials for whih an orthogonal expansion ould be used. In themultivariate ase this is no longer possible (not all eigenfuntions are divisable by eahbaryentri oordinate). It is believed that suh limits do exist, and that they might befound by an appropriate orthogonal expansion (possibly involving Sobolev orthogonality).There has been some work on iterates of the bivariate Bernstein operator by [LiP87℄and [CF93℄ generalising the methods of [KR67℄ (see the omments in [CW00:Set. 5℄).By setting the eigenvalues in (6.1) to 1 we obtain, similarly to the univariate ase, theoperator Ln;V f = nXk=0 Xj�j=k�(v0)=0 p(n)� �(n)� (f); 8f 2 C(T )of Lagrange interpolation from �n at the `simplex points' fv� : j�j = ng. The lassesof Bernstein quasi{interpolant operators proposed in [CW00℄ an then be de�ned in theobvious way. The eigenstruture of the multivariate Kantorovih operator an be deduedin the same was as in the univariate ase, see, e.g., [LiS96℄ (and referenes therein) for adisussion of the properties of this operator.
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7. AppendixList of the elementary eigenfuntions for k = 2; : : : ; 5degree 2, i.e., �(n)2 = n!(n� 2)!n2p(n)2 (x) = x1(x1 � 1)p(n)1;1 (x) = x1x2degree 3, i.e., �(n)3 = n!(n� 3)!n3p(n)3 (x) = x1(x1 � 1=2)(x1 � 1)p(n)2;1 (x) = x1x2(x1 � 1=2)p(n)1;1;1(x) = x1x2x3degree 4, i.e., �(n)4 = n!(n� 4)!n4p(n)4 (x) = x1(x1 � 1)�x21 � x1 + n� 15n� 6�p(n)3;1 (x) = x1x2�x21 � x1 + n� 15n� 6�p(n)2;2 (x) = x1x2�x1x2 � 13x1 � 13x2 + 2n� 33(5n� 6)�p(n)2;1;1(x) = x1x2x3(x1 � 1=3)p(n)1;1;1;1(x) = x1x2x3x4degree 5, i.e., �(n)5 = n!(n� 5)!n5p(n)5 (x) = x1(x1 � 1=2)(x1 � 1)�x21 � x1 + n� 17n� 12�p(n)4;1 (x) = x1x2(x1 � 1=2)�x21 � x1 + n� 17n� 12�p(n)3;2 (x) = x1x2�x21x2 � 14x21 � 34x1x2 + 3(n� 2)2(7n� 12)x1+ 3n� 44(7n� 12)x2 � n� 24(7n� 12)�p(n)3;1;1(x) = x1x2x3�x21 � 34x1 + 3n� 44(7n� 12)�p(n)2;2;1(x) = x1x2x3�x1x2 � 14x1 � 14x2 + n� 22(7n� 12)�p(n)2;1;1;1(x) = x1x2x3x4(x1 � 1=4)p(n)1;1;1;1;1(x) = x1x2x3x4x5 22



Formul� for the elementary eigenfuntions of degree kp(n)1;:::;1(x) = x1 � � �xkp(n)2;1;:::;1(x) = x1 � � �xk�1�x1 � 1(k � 1)�p(n)3;1;:::;1(x) = x1 � � �xk�2�x21 � 3(k � 1)x1 + 3n� k + 1(2nk � 3n� k2 + 3k � 2)(k � 1)�p(n)2;2;1;:::;1(x) = x1 � � �xk�2�x1x2 � x1 + x2(k � 1) + 2n� k + 1(2nk � 3n� k2 + 3k � 2)(k � 1)�p(n)k�1;1(x) = p(n)k (x1)x1 � 1 x2
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