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ABSTRACT

First we give a compact treatment of the Jacobi polynomials on a simplex in IR? which
exploits and emphasizes the symmetries that exist. This includes the various ways that they
can be defined: via orthogonality conditions, as a hypergeometric series, as eigenfunctions
of an elliptic pde, as eigenfunctions of a positive linear operator, and through conditions
on the Bernstein—Bézier form. We then consider all aspects of the limiting case when
the parameters @ = (uo, ..., iq) of the Jacobi polynomials approach —1, and the weight
becomes singular. We show that the orthogonal projection of a continuous function onto
the Jacobi polynomials of degree n has a limit as the p; — —1, and give an explicit formula
for the corresponding ‘orthogonal’ expansion. It turns out that this expansion is closely
related to the limit of the eigenfunction expansion of the Bernstein operator and a new
mean value interpolant.
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1. Introduction

The Jacobi polynomials for the weight function (1 — 2)*(1 +z)?, « > —1,8 > —1 on
the interval [—1, 1] are given explicitly by

J n-—j

P () = 2~ n fj (” i a) (” * 5) (x — 1)V (z + 1), (1.1)

J=0

If either «v or (3 is set to —1, then this formula makes sense (indeed it is an analytic function
of a and (3), but the weight is no longer integrable, and the resulting polynomials are not
orthogonal polynomials (for some measure). There have been a number of attempts to
determine ‘orthogonality conditions’ for these polynomials: distributional weights [MK78],
complex weight functions [R84], [IMR91], Hadamard’s finite parts [K97], and orthogonality

on a Riemann surface [KMOO05]. These works exclude the case o = f = —1, and have not
been extended to multivariate Jacobi polynomials.
In this paper we consider the case o = 8 = —1 by taking the limit as o, 3 — —17 to

obtain the corresponding ‘orthogonality conditions’. Our results are given for multivariate
Jacobi polynomials. To obtain and understand them, we first give a compact development
of basic properties of Jacobi polynomials on a simplex which utilises the symmetry. This
includes the various ways they can be defined: via orthogonality conditions, as a hyper-
geometric series, as eigenfunctions of an elliptic pde, as eigenfunctions of a positive linear
operator, and through conditions on the Bernstein—Bézier form.

Next we consider all aspects of the limiting case when the parameters pu = (po, - - -, f4d)
of the Jacobi polynomials approach —1, and the weight becomes singular. We show that
the orthogonal projection of a continuous function onto the Jacobi polynomials of degree n
has a limit as the u; — —1, and give an explicit formula for the corresponding ‘orthogonal’
expansion. This expansion gives rise to a new mean value type interpolation.

Finally, we show that this expansion is closely related to the limit of the eigenfunction
expansion of the Bernstein operator and the limiting form of the Bernstein—-Durrmeyer
operator with Jacobi weights.

2. Jacobi polynomials on a simplex

2.1. Notation

Throughout let £ = (£,)ycv be the barycentric coordinates of the d—simplex T' C R?

obtained by taking the convex hull of d + 1 affinely independent points V in IR¢, e.g., for
V={-1,1} C R', T is the interval [—1,1], and

_1—:(: 1+

Ealn) =5 al)=—




We use standard multiindex notation, e.g., the Jacobi weight is written £# = [], o §4,
where p = (ty), to > —1, Vo € V. For V.= {—1,1} and p_1 = «, py = [, this is

o B
1—=z 1+
Hx) = :
eo=(57) (%)
We find it convenient (for most formulas) to write the Jacobi parameters 4 = v — 1, where
v > 0, and consider instead the limit ¥ — 07 in place of the limit 4 — —17. The shorthand
notation 1 = (1) for the vector of 1’s, etc, is used, and causes no confusion as it is easily
inferred from the context. By default all multiindices «, (3, etc, are in ZK, and we write

the v—th coordinate of v as o, or a(v), whichever is the most convenient. The multiindex
which is zero in all coordinates but the v—th where it is 1 is denoted by e,,.

2.2. The inner product

The inner product for the Jacobi weight £€/~!, v > 0 on T is given by
v 1 1

v T 2.1
1—1(]/) d'VOld(T)/ngé- Y f?gec( )7 ( )

where the integral is over T' with respect to the Lebesgue measure on IR%, voly(T) is
measure of T'; and I'(v) is the multivariate Gamma function. The normalisation ensures

<fvg>1/ =

a B — (V)Oé-l-ﬁ ZV 2.9
<£ 75 >I/ (|V’)|o¢|+|ﬁ|, Od,ﬁ € + ( )

where (v), is the multivariate version of the Pochhammer symbol
()p =x(x+1)---(x+n—-1), xz € IR.
The associated Hilbert space will be denoted by La(v) = Lo(T, £V 1), or Lo(T, &H).

2.3. The space of Jacobi polynomials

Let II,, = Hn(]Rd) be the space of polynomials on IR? of degree < n. The space Prv
of Jacobi polynomials of degree n with respect to (-, ), consists of all f € II,, which satisfy

<f7p>1/:0, VpGHn_l.

This space has dimension (";ﬁ;l), and is spanned by the polynomials

v (=1)"()a (n+|v] = 1)g(=)p £” v
Déa 1= = e &Y 411,14, a €, |al =n.
S R oF 3 w1

(2.3)
A simple computation verifies p¢o € Py . The monomial basis of [DX01:p.47] is obtained
by taking those polynomials with indices satisfying a,,, = 0 for some fixed vy € V.
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2.4. Eigenfunctions of an elliptic pde
Let D, f(z) denote the derivative of the function f at 2 € IR? in the direction v € IR?

D, f(z) := lim fl+tv) = @) :

t—0 t

Let 1 = v —1. The Jacobi polynomials Py, are the eigenfunctions of the second order pde

Lif =€ Y D€ Dof) = 56 3 3 Do ul6bul Do)

{v,w}cVv veV weV

v (2.4)
= Z gvngi—wf + Z (o + 1w — (pw + 160} Dy f
{v,w}CV {v,w}CV
vFwW vFwW

for the eigenvalue
A = Ae(Ly) = —k(ju| +k+d) = —k(k— 1+ |v]).
This follows from the simple calculation

B
L€ = M€+ 3 8o+ 1)y (Bl = k>0,

)
veV gv

This operator has been considered by several authors, see, e.g., [BS00], [BJS04], and the
remarks therein. It is elliptic on the interior of T', and is self adjoint with respect to (-, -),.
2.5. Eigenfunctions of positive linear operator

The Jacobi polynomials P, , are the eigenfunctions of the Bernstein—Durrmeyer
operator of degree n

Ve n a<f7£a>u v—1
Myfi= Y (a)g RN Vf € Lo(T, e, (2.5)

lor|=n
for the eigenvalues

n! I'(n+|v|)
Ae = M(M) = S Tt ke ) 0.L,...,m

See Derriennic [D85] for further details about this positive self adjoint operator.

2.6. Bernstein—Bézier form

Let f = Zm‘:n caBo be the Bernstein—Bézier form of f € II,,, where B, := ('g')fa.
Then f € P, , if and only if its Bernstein-Bézier coefficients ¢ = (¢,,) satisfy

G =3 i Wats o gy, (2.6)

“al (|v])ja)+15

la|=n



This can be interpreted as saying that a — ¢, is a Hahn polynomial of degree n (see
[W06:Th.2.3]), or rewritten (see [W06:Cor.2.5]) as

* * Buw + Vi
RVC = O, (RVC)B = Z W06+6w, |5| =n—1. (27)
weV

3. The limiting form

Now we consider the limiting form of the Jacobi polynomials P,, , as v — 07 (equiv-
alently as 4 — —17). Our techniques also apply if only some v,, — 07, but for simplicity,
we will not present this more general case. Since

<17 1>1/ = 17 <§w> 1>V = T

(€w, 1), does not have a limit as v — 0T, and so it is not possible to define a limiting
form of P, , via a limit weight function. However, with @,, , f denoting the orthogonal
projection of f € C(T') onto P, ., we will show that Q,, , f has a limit as v — 07. To do
this, it is convenient to start with (2.3).

3.1. The limit of P, ,

Since

:(V—{_ﬁ)a—ﬁa ﬁgaa

we can take the limit as v — 07 in (2.3) for n > 2, to obtain

Pgo = lim pfa = =0 Z(n—1)|5|(—a)ﬂ(5)a—5—' € ¥ +IL, 1, la| =n, (3.1)
v—0t (TL — 1)n f<a ﬂ
and we let
P = lim Py, = span{pi. : |a| = n}, n>2.
v—0

We will call P, . Jacobi polynomials (of degree n) for the singular weight. For n = 0,1,

we have y
p11/217 pgw:fw_ﬁ7
and so P1, does not have a limit as v — ot.
The space P, . was considered in [S94], where it was obtained by substituting v = 0

into the Rodrigues’ formula.



Example 1. For n = 2, v # w, we have

9 1+ vy

V(Y + 1)

A+ N+

§w + pz;ﬂ = &w(&w — 1),

VyVy

A+ N+

(Vwéo + Volw) + Peye, = Svéw-

24|

The partial differential operator (2.4) has a limit as v — 0"

Y GwDi

{v,w}CV
vFEwW

as does the Bernstein-Durrmeyer operator (2.5), see [W03]. For these, the eigenspace for

lim Mg is P,w, k> 2, whilst
v—0

Hm Ap(Ly_1)) =0, Lm M(MY)=1,(n>k) k=01,

v—0+ v—0+

i.e., the \g and \; eigenspaces coalesce to II;. It is therefore natural to think of II; as the
limit of Py, ® P, =11 as v — 0T. Observe that we have the algebraic direct sum

0, =P Pis. Pro=1L (n>1). (3.2)
k=1

The condition (2.6) on the Bernstein—Bézier coefficients (c,,) of a polynomial f € II,,
that are equivalent to f € P, , can be rewritten

(VD) n+18)

|
(V),B <f7§ﬁ>y = Z Ca%(y“f’ﬁ)a :0, |B| <n.

|a|=n

We can take the limit of this as ¥ — 071 to obtain

n!
Z Caa(ﬁ)a =0, 18] <mn, (3.3)
|a|=n '
and also of (2.7) to obtain
Rie=0,  (Ric)si= 3 2" cpren, 1Bl =n—1. (3.4
vl 10 o

It can be shown that f € II,, is in Py, «, n > 2 if and only if its Bernstein-Bézier coefficients
satisfy either of (3.3) or (3.4). Note for n = 1 (8 = 0) the conditions (3.3) and (3.4)
degenerate to 0 = 0.



3.2. A tight frame for P, ,

Let Qn, : C(T) — Py, be the orthogonal projection onto P, ,,. This can be written

@l = (Wen 0 gl fste)opien VS €CAT) (35)

lar|=n.

see, e.g., [W06:Th.3.5]. The polynomials {p{. : |a| = n} above do not form a basis, and
(3.5) is what is termed a tight frame representation. Given that Pl — pza as v — 0T,
it is natural to try and find a limit of the coefficients in (3.5), and hence of @, , f. This
we do next. In principal, a similar calculation could be undertaken with either Appell’s
biorthogonal system, or Prorial’s orthogonal basis, but the formulas obtained are much
more complicated (cf the comments in [W06]).

3.3. The limit of Q,, . f

We need the following linear functional

1
— - - oA |
/ [00,....0%] / k! voly(S) /Sf ’ (3.6)

where S is any k-simplex in IR® with (k-dimensional) volume volg(S), and A : IR® — R?
is any affine map taking the k + 1 vertices of S onto the points 6y, ...,0; in IR?. The
change of variables formula shows that (3.6) does not depend on the choice of S and A.

If Og,...,0k are the points of V' = {vg,...,vq} taken with multiplicities a(v;) > 0,
a # 0, then a change of variables gives the generalised beta integral

/ f — 1 / ffo‘l_l, £| = (fv)vesupp(a)v (37)
[1]0, . ,Ug Vdy - - - ’UCE] F(O&|) [supp(a)] | Q)= a|SuPP(a)

.....

a(vg) a(vg)

where supp(«) C V' denotes the support of a. We recall the following.
Lemma 3.8 ([W03:Lem.3.1]). Let 3 € ZY,V = {vo,...,vq} with |3] > 1, then

. <f7§ﬁ>7/
1 = —1)! :
o0+ (1,£8), (151 ) /[vg,...,vg,...,yd,...,vd} /

S/

(3.9)

-~ -~

B(vo) B(vg)

We can now compute the limit of Q,,, f as v — 0.
Theorem 3.10. Let @), , : C(T) — 11, be the Lo(v)-orthogonal projection onto Py, .
Then
lim (Qouf+Quuf)=Lvf=) f()&,  VfeC(T),

veV



and, for n > 2,
Tim Qnyf =Qn.f = l; Ao(f)pie, YV EC(D), (3.11)
where

(n—1)5 (=1)le=Al 1
(n—1)n (a=p) B /[Uo,... V0,...,Ud v f. (3.12)

s UQyeeny g oo ey
[ N

OECIESIDY

0<B<L

-~ -~

B(vg) B(vg)

The map Qp « : C(T') — Py« is a linear projector onto Py, .. With Q1 . := Ly, we have

QuQre =0, j#k. (3.13)
Proof: We write (3.5) as
Quuf =Y NAf)pte,  VfeC(T),
|a|=n

where, by (2.3),

vOpy e (i, LPE)y (D2 (D" (n+ vl =15 (—a)s (£,€°)s
R e e £

First, observe that

—~

f51>1/ Vw

(L1, [v]

Qouf = (f1)1=3

weV

N

and so in view of (3.9), Qo f does not have a limit as v — 0%. Using (1,&,), = ”—w|,

|v
Yowbw =1and > v, = |v|, we have

Qut = (W1 + 1) T 50— e = 759
weV Y
— (v <f7§w>y__ __KE
=) (e ira) ) (6 - 22
— (lp <f7€w>1/ _V_w
= (1 +1) 3 i -
> LS g, — )+ (;V Lo, _§<f,gw>y)
= H;V ggj;: (IV|€w — vw) + ; ggzi:gw — (f, 1), 1.



Hence, by (3.9),

Qopf+Q1uf = Z

wGV

(f:€
§w> “(v|€w — vi) + Z<1’€ Zf w asv— 0T,

weV weV

Now suppose n > 2. Using (2.2), we have

o (W (1) (n+ 1= Disi(=a)s )5 1 {£.€%),
Aalf) =] (n+py—mn;; (V)p (1v1)1e B! (1,€7),
B 1 c_l)n 1 <f7§ﬁ>u
= am ﬁ%;(n + v = 1)1p/(=a)s(|v] + |ﬁ|)2n—|ﬁ|a (1,68),
Since
(f,€")s

< max|f(z)] = || flle,

(1,67),
the factor (|| + |B])2n—|5| ensures the term for 3 = 0 converges to 0 as v — 0%, and so
using (3.9), we obtain

lim Ac(f)
1 (=" (18— 1)!
— e 2 (0= D (-a)a(1Bn-i g [ /
al (n—1), 0<§ﬁ;a 64 (V05 - -+ V0, Ud, - - - Vd]
B(vo) B(vq)
Using

—« _1)I8l
(18D2mior(18 - Dt = n -1, =02 2 (C1) (1)1 = (_1yledl,
this can be rewritten

lim A(f) = (@2n—1)1 Y (= Dy HWBE/ £,
Vo, - V0,---,

v—0+ 0S5 n—1), (a—p)! p! Vg, s]

~~ -~

B(vo) B(vs)

and so we obtain (3.11).
Since II,, is an algebraic direct sum of II; and Py «, kK = 2,...n, and

f=> Quuf, Vfel, = f=lm (Qouf+Quuf)+) Qk.fo VfeTl,

k=0 k=2

we conclude that @, . is onto P, ., n > 2. Replacing f by @); . f in the above, and equating
the Py . components in the direct sum (3.2), we get

Qjuf =Y QrsQjnf = QruQjuf = {(?j,*f, i;’;&
k=1 )

and so )y, « is a linear projector which satisifies (3.13). O



The map Ly = Q1. : C(T) — II; above is Lagrange interpolation at the points in V.
Corollary 3.14. Let n > 1. For each f € C(T) there is a unique p € 11,, matching the
data

/ fo0<|g <n. (3.15)
[Vo, V0;--Vd; - - - 5 Vd]

~ N

B(vo) B(vq)

n
The corresponding linear projector C(T) — 11, : f — p is given by L, := Ly + Z Q-
k=2
Each of the operators L,, interpolates function values at the points in V. They are of
a similar type to the interpolation operator of Hakopian [H81]. For © a set of k > d points
in general position in IR?, the Hakopian interpolant is the unique p € Hk,d(]Rd) matching
the mean values

/f, Wce, [W=d
(W]

The map L,, does not appear to be liftable (cf [W97]).
Example 2. Consider n = 2. For |a| = 2, (3.12) gives
() = 2 F-3 3 fo
“ a a! [Vo, -

C 3 V0, Vs - U] vev

NS
-~ -~ epla

so that
Qonf =D Noe, (NE =6+ D Noje, (&b
veV {v,w}CV
vFEwW
= > (6 [ ]f—3f(v)—3f(w)> Eobur
{v,w}CV v,w
VAW

It is easily verified that the map Ly = Ly + Q)2 . interpolates the function values at the
vertices V' of T and line integrals over the segments between vertices.
For d =1 and V = {0, 1}, the interpolation conditions (3.15) are f(0 fo f, and

Lof(x) = (1 - 2)£(0) + 2£(1) (/f )di —3£(0) — 3f(1 >)x<1—x>.

Example 3. The limiting form of the Bernstein—Durrmeyer operator (cf [W03])

Ut = Jim g ==t 3 (7)er /[ ) i jecm),
0, 05+

v—0+ la|=n Cey cUgy ooy Vg
~~ N ~~ >y

a(vp) a(vs)



which is the operator of [GS91] and [S94], has the diagonal form

n! (n—1)!
(n—k)!(n+k-1)

Un = Z)\k(Un) Qk,*, )‘k(Un) =
k=1

We now consider the ‘orthogonality conditions’ defining P, .. Let II,,(F') denote I,
restricted to some subset F' ¢ IR%.

Theorem 3.16 (Orthogonality condition). Let f € II,,, n > 2. Then f is a Jacobi
polynomial for the singular weight, i.e., f € P,, ., if and only if

/ F=0. Vol <n. (3.17)
[Vo,

R TR OF PO 7Uc£]

-

~~ ~~
a(vg) a(vg)

This is equivalent to f being orthogonal to all polynomials of degree less than n — |W| on
the convex hull of every nonempty subset W C V, i.e.,

/ w) fp=0, Vp € I, _jw|—1 (conv(W)). (3.18)
conv(W

Proof: In view of Theorem 3.10, f € P, . if and only if

f = ZQj,*f = Qn,*f — Qj,*f = O, 1 S] <n.

Jj=1

Since @, . f matches the data (3.15), we can have @Q; . f = 0 if and only if

/ f=0, 0<|g<i
[Vo;-.-,00,.-,Ud; -+ -, Ud]
——
B(vg) B(vg)

Thus f € P, « is equivalent to (3.17).
Fix W Cc V, W # ¢, and let o) := a|w, § = {|w. Using (3.7), the conditions in
(3.17) for a with supp(«) = W can be written

1 a—=1

= VS =0,
/[vg,...,vo Uy« -+, V] (04| _1)! (W] |

which is equivalent to
[ rg—o weml.ppl<n-|wl
conv (W)

Since {ff : B € ZK/, 18] < n —|W|} spans II,,_|y|—1(conv(W)), we therefore obtain the
equivalence with (3.18). O
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Example 4. The condition (3.17) for a = e, implies that each function in P,, . (n > 2)
vanishes at all the points v € V. This can also be seen by evaluating (3.1) at v € V. Here
the only terms which are possibly nonzero are those with 3 = je,, but these are all zero
due to the factor (5),—g, unless a = ne,. For oo = ne,, these terms sum to

GV o VR Nk

Example 5. For d = 1, V = {0,1}, the first three polynomials f = Pe2, g = pes and
h = pes given by (3.1) are

fl@)y=z(x-1), gx)=z(zr- %)(m - 1), h(z) =z(x —1)(z* — 2z + %)

It is easily verified that these satisfy the conditions given by (3.18), i.e.,

F(0) = F(1) =0, g(0) = g(1) = / g=0, h(0)=h(1) = / h(t) dt = / th(t)dt = 0.

Example 6. For n = 3, the space P3 , is spanned by the polynomials

1

gv (gv - 5)(51} - 1)7 gvgw (5@ - 1)7 &)gwgu (Ua w,u diStinCt points Of V)

Clearly, each of these satisfies the conditions of (3.17), i.e.,

f(v) =0, f=0, v#w.

[v,w]

Example 7. Given the equivalence of (3.17) and (3.18), the linear functionals giving the
interpolation conditions (3.15) of the map L,, = Ly + >_;_, Q. « have a basis given by

{f— (W)fsﬁ:¢¢Wcm|W|Sn,ﬁeZY,|ﬁ|=n—|W|}.

This follows from the dimension count
d+1 L.
1 — -1
SN (IR 2 () 2 dim(rm, (rY),
Pl j—1 d

11



4. The limit of the diagonal form of the Bernstein operator

The Bernstein operator on the simplex T = conv(V') is the positive linear operator
B, : C(T) — 11, given by

B.f = Bn,Vf = Z (Z) faf(va)a Vo = Z OTSJRU eT. (41)
la|=n veV

In [CWO02] it was shown that B,, had eigenvalues

my._ nt 1
koo (n— k) nk’

k=1,...,n, 1=A">2A"> .52 50, (4.2)

and corresponding eigenvectors of the form

Péz) = &7 + lower order powers of ¢, 18| = k.

Moreover, p(?;) has a limit as n — co. We will show this limit is precisely ng € P« 1.€.,

the Jacobi polynomials for the singular weight are limiting eigenfunctions of the Bernstein
operator.

Lemma 4.3. Let W = supp(«), |a| =k > 2 and «| := alw. The polynomial pi. € Pk,
can be factored
pie = (IT &w)ot), &= ¢lw

weWw
where
_ o~ 1)), €]
o(6) = (0 S ey SO
WSa|t1

Proof: The factor (3)n—p ensures those terms in (3.1) for supp(3) # W are zero,

and so (1)F e
e B; (k= Digi(=)s(Ba-p gy
supp(B8)=W
B—1
R 13@2(1( D1 (=) (B))a -5 e
Making the substitution v = 3, — 1, we obtain
—1)* &
’YS‘l‘tl

12



This can be rearranged using
(—a)y 41 (7 + Doy —r-1 = (=1 (=aj+ 1)y (v a1 = (=)™ (=(a) = 1)) (v+ 1)),

(7 + 1)a|—’y (7 + 2)o¢|—'y—1 . (2)04‘—1 i

(k= D1y = = Dy (k= L+ [W])y,

G+ 1) T @, A
to get
_1)k 2)a-16
o = (el T (e D= L W (1) (o~ 1),
Vﬁa‘tl
_iw (B =D (—(a = 1))y §
= & (=)W = 1;: (2)a -1 Wegw (k—1+ W) ), 7? =&l g(€),
’YSa‘tl
which gives the desired factorisation. O

In view of (2.3), the factor g(§|) above can be interpreted as a Jacobi polynomial of
degree k — |W| on the simplex with vertices W for the parameter y = v — 1 = 1.

Corollary 4.5. Let pgg), 2 < |B| = k < n, be the eigenfunction of Bernstein operator B,
of the form

péz) = 55 + lower order powers of £,
then

lim p{ = pis € Pr.

n—oo

Proof: In [CW02:Th.4.2] this limit was calculated. The formula given there is
precisely the factored form (4.4). O

Now we consider the univariate Bernstein operator on the interval 7" = [0, 1], which is

given by .
B.f(z):=Y_ (Z) 28 (1 - a:)”_kf<%>.

With p,gn)(x) denoting the )\,E;n)feigenfunction of B,, with leading term z*, the diagonal
form of B,, can be written

n

B.f(z) = Ly f(z) + Y _ (£ o\ (@),  VfeCo] (4.6)

k=2

where u,(cn)( f) are the dual functionals to the p,(cn) . In [CW00:Th.4.2] it was shown that
u]gn)(f) has a limit as n — oo for f a polynomial. We now show that this limit is (3.12).

13



Lemma 4.7. For k > 2, the operator (i « can be expressed

B)—1

-k (k= Djs () &
Ul =@k=D1D ) 2 = re /[W]< Zﬁ: (k—1)|i|( ﬁ!)ﬁ (ﬁ||—1)!f>’ “8)

wcv k ol
W#¢ |or|= supp(B)=W

where ) = (lw, W = supp(f), § = {|w-
Proof: We have

(D" « (k=1 (—a)s
=2k —1)! . '
Qr«f = ( ) 042:k o 52;;0 (k—1), 03 be /[vo,...,vo,...,yd,u-,vd}f

J/

-~ -~

B(vg) B(vg)
By summing over those § with supp(3) = W C V, and applying (3.7), we obtain

1)k (k=1 (—a)s , 1
Qraf=k=1! > > % ; (k — 1)2| ( 5!)%5"‘ L3y Jiw 74

WCV |q|=k
wazg 1] supp(8)=W

~1k (k—1)5 (—a)s &
SCEEDD e pﬁa/[WK 2 <k—1>|z|(m)ﬁ<ﬁ||—1>!f>’

WCV |o|=k
W#¢ ol supp(8)=W

as claimed.

Theorem 4.9. Let d =1 and V = {0,1}. Then for k > 2,
Qk,*le/;:(f)pz’ fGC[O, 1]7

where p; 1= pZ’f’ and

i =3 (o oo -k [ rorte-val. o

Proof: For a = (j, k — j), comparing powers of x gives
Pea(r) = (1 - x)? 2" + lower order terms = (—1)jpzk = (=1)p;,
1

so that (4.8) reduces to
B—1

_ (=DF(=1) (k=D (=(G.k =) &
W#¢ supp(B8)=W
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The binomial identity gives

o ent o
R D S G

o D) Bo<i<k—p 7!
- (=1)Po __1)51
= —1)Yk(=1)7 (-1) (
gog;_m( R T N N
_ (_1>k+50+51 k—pBo—51 [yt k— Gy —
=g X Y (Fhm)
—1)k+Bo+81
- ey -y
:{<—1>ﬂ°7 18] = fo+ By = k;
0, otherwise
so that

Quf _ —ps g
i (2k —1)! Z/ > (B!) (5|_1)1f>-

pk wcv 18l=k
W#¢ supp(8)=W

There is just one term in (Qg «f)/py for W = {0} and W = {1}, namely

Dk f(0 1/2k 1)° f(1 1/2k
<2k_1)(k:') (k:ii)!:§<k>(_1)kf(0)’ (Qk_l)(k') (kij)l)!zﬁ(k)f(o)'

The remaining terms (W =V = {0,1}) are

_1)5o B—1 Yo+1 ¢
-0 [ (X S popd) e (8 S

181=Fk ly|=k—2
B>1
Letting v = (k — 2 — j,j) the above can be written
1 k 2 Y2341 (1 — )k 20y
(2k — 1) 1)) d. 411
A 2T e i G2 1y

Substituting n = k — 2 and x = 2¢t — 1 into (1.1) gives
(1,1) (o, (k—2) _2‘1“1 k—2+1 o k—2—7 (o]
Pl (2t —1) =2 Z ( E_2— (2t — 2)F=273(2t)

o (k=D E—-1) (1—t)k2-0¢
_Z(_l)k (k=1—=NG+1)! (k—2—7)5""

j=0
Thus (4.11) is equal to

2k —1)! ! k(2K [
_(k—(l)!(k)—l)!/o P,Sl_’;)(%—l)f(t)dt:—§<k)/o P,El_’;)(%—l)f(t)dt.
Thus (Qk,«f)/p; is given by the formula (4.10). O
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Corollary 4.12. Let u,(cn), 2 < k < n be the dual linear functionals in the eigenfunction
expansion (4.6) of the Bernstein operator B,,. Then for f a polynomial

lim u{"(f) = vi(f),

n—oo

where v}, is defined in (4.10).

Proof: In [CW02:Th.4.20] this limit was calculated. The formula pj(f) given
there for it is precisely (4.10). O

Conclusion

The multivariate Bernstein operator has the diagonal form
B, = AMPM AP 4 AP >,

where P,Sn) : C(T) — Iy is the projection onto the )\,(ﬁn)feigenspace. Corollary 4.5 and
Corollary 4.12 together imply that for the univariate Bernstein operator

lim P f = Q.. (4.13)

for all polynomials f.

We conjecture that (4.13) holds for all continuous functions f, and for Bernstein
operators B, in any dimension. To prove this directly would seem to require a tractable
expansion of P}gn) f in terms of the values {f(v,) : |@| = n}. Such an expansion is not yet
known — even in the univariate case. Still, after all the years of study of the Bernstein
operator, the finer detail of its spectral properties have not been fully resolved.
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