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ABSTRACT

Given a suitable weight on IR?, there exist many (recursive) three term recurrence
relations for the corresponding multivariate orthogonal polynomials. In principle, these
can be obtained by calculating pseudoinverses of a sequence of matrices. Here we give
an explicit recursive three term recurrence for the multivariate Jacobi polynomials on a
simplex. This formula was obtained by seeking the best possible three term recurrence.
It defines corresponding linear maps, which have the same symmetries as the spaces of
Jacobi polynomials on which they are defined. The key idea behind this formula is that
some Jacobi polynomials on a simplex can be viewed as univariate Jacobi polynomials,
and for these the recurrence reduces to the univariate three term recurrence.
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1. Introduction

A sequence of univariate orthogonal polynomials (p,,) satisfies a three term recurrence
Prnt1(z) = (Apz + Bp)pn(z) — Cppp—1(x), n >0, p_1:=0.
This can be viewed as a formula for the inclusion of vector spaces
Pri1 Cspan(I1P,,) ©4 Pr—1, P, := span{p,},

where @, is an algebraic direct sum, i.e., span(II;P,) N Pp_1 = {0}, and II;, = II;(IRY) is
the space polynomials of degree < k. In particular, the coefficients A,,, B,,, C,, are unique.

For P,, the space of multivariate orthogonal polynomials of degree n for some weight
on R? (details below) the situation is more complicated. Here

Pry1 C span(Hlpn) + Pn_1,

but the above sum may not be direct. For example, the orthogonal polynomials on the
triangle (with constant weight) satisfy

Ps C span(Il1Py) = P1 & P2 & Ps,
with @ the orthogonal direct sum, so that
span(Hlpg) NPy =P, dim(P1) = 2.

Thus the cubic orthogonal polynomials can be expressed a linear combination of quadratic
ones multiplied by linear polynomials, without needing the linear orthogonal polynomials!
See Example 1 of Section 3 for the details. This is quite different from the univariate case
where C,, > 0, n > 1.

Since span(Il;P,) is orthogonal to II,,_o, we have the inclusion

span(Il1P,) C Ppy1 @ Prn & Pn_1 (orthogonal direct sum). (1.1)

This map, and formulas for it, are sometimes referred to as three term recurrence relations
(cf [DXO01]). A version of Favard’s theorem holds for this map (see [K82a], [K82b], [X93]).
However, it is not recursive in the sense that it allows orthogonal polynomials in P41 to
be calculated from those of degrees n and n — 1 in a similar fashion to the univariate case.
We will call any pair of linear maps (or the formulas defining them)

B, : Pny1 — span(I1Py,), Chn:Pni1— Pn_1,

with
f=Bn(f)+Cn(f),  VfEPnp (1.2)
a recursive three term recurrence. Such a recurrence is recursive, in the above sense,

since an orthogonal polynomial f € P, 1 is uniquely determined as the projection of its
leading term (homogeneous term of degree n + 1) onto Py, 1.
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In principle, a recursive three term recurrence can be calculated using the inclusion
map (1.1) as follows. Let @,, be the orthogonal projection onto P,,, and

L= Qn—l—l’span(l’[l’Pn) : Span(Hlpn) — Fn+i1

be the orthogonal projection of span(IlyP,,) onto P,4+1 (this is clearly onto by considering
leading terms). Let R be any right inverse of L, i.e., an injective linear map

R : Pny1 — span(I1P,,)

which preserves leading terms. Then f— Rf is a polynomial of degree n, which is orthogonal
to II,,_», and so belongs to P,,&P,,_1. Hence we obtain the recursive three term recurrence

f=(Rf+Qun(f—Rf)) + Qu-a(f — Rf) € span(I11 P) + Pr—1, Vf € Ppyr.  (1.3)

By taking R to be the B, of (1.2), it follows that all recursive three term recurrences
can be obtained in this way. One choice for a general weight (described via the monic
orthogonal polynomials) and the associated evaluation algorithms is given in [BPS10].

In the univariate case, there is, of course, just one choice for R, and (1.3) reduces to
the classical three term recurrence. For the multivariate Jacobi polynomials, we propose
a natural R, which, e.g., shares symmetries of the weight and varies continuously with it.

2. The Jacobi polynomials on a simplex

Here we define the Jacobi polynomials on a simplex. The orthogonal polynomials
for other weight functions (or measures) on IR? can be defined similarly (see [DXO01]).
Applications of these polynomials include spectral methods on triangular domains [D91],
Fourier series [X10], and the construction and analysis of good points for cubature and
polynomial interpolation on a triangle [B83], [BS92].

Throughout, let £ = (&,),ev be the barycentric coordinates of the d—simplex T' C R
obtained by taking the convex hull of d + 1 affinely independent points V in IR?. These
are the coefficients of 2 € IR? as an affine combination of the points V, i.e.,

x = Z &(z)v, Z &) =1, (2.1)

veV veV

and are well suited to describing polynomials on T (cf [B87]).
Cases of interest include V = {—1,1} € IR', where T is the interval [~1,1], and

_l—x

E1(x) = 5 §1(x)

_1+ac
=

and V = {e1, e2,0} CIR?, e; = (1,0), ex = (0, 1), where T is the standard triangle
T={(z,y): x>0,y =0,z +y <1}, (2.2)
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and
£e1(xay) =7, 562(1’,y) =Y, SO(xay) = ]-_:U_y (23)
We will repeatedly use the facts that

€U($> Z 07 Va S T7 gv € Hl(md), Z fv =1.
veV

For the parameters kK = (ky)yev, kv > —1 we define an inner product by

(f.9) == /T fges.  Vf.geC(T). (2.4)

The condition , > —1 ensures the integrability of the Jacobi weight " = [], o &5
For V.={-1,1} C IR and k_; = «, k1 = 3, this is the usual Jacobi weight

e = (o) (L)
x) = :
2 2
We will use standard multi-index notation, with |s| := ) &, (even if some entries are
negative). The shorthand notation 1 = (1) for the vector of 1’s; etc, is used, and causes
no confusion as it is easily inferred from the context. By default all multi-indices «, 3,

etc, are in ZK, and we write the v—th coordinate of o as «,,. The multivariate factorial is
B! =11, B!, and the multivariate Pochhammer symbol is ()3 := [[,(kv)g,, with

(x)o:=1, ()p:=2x(xz+1)---(x+n-1), z € R.

Let e, be the multi-index which is zero in all coordinates but the v—th where it is 1. By
a > [ we mean «, > (3,, Vv, and similarly.

For a given k > —1, the space P, of (multivariate) Jacobi polynomials P,, with
respect to (2.4) consists of all f € I, (IR?) which satisfy

<f7p> = 07 Vp € Hn—l-

This space has dimension (”j{f;l), and is spanned by the polynomials (cf [CW02], [X05])

e (Dt Do g (ol e+ Dpp(—a)a €
S RSP PR E S B

where || = n. The formula (2.5) can be expressed in terms of the Lauricella function Fy.
These polynomials are the orthogonal projection of {* onto II},|, and date back to Appell
1882 for the case d = 2 and one entry of « fixed to be zero (cf [EMOT53] Vol 1. §5.13
and Vol. 2 §12.4). Though not linearly independent, they do form a tight frame for P,, (cf
[W06]), i.e.,

1|)2n
[ = Z %<fﬂp§a>p€a7 Vf € Pn. (2'6)

la|=n



From (2.5), we obtain

(k+1+B)ap (—)a—p

pee = el B, cla,f) = : (2.7)
=2 (al + Al + A+ |8 a1 (@~ D)
where only the terms with 3 < « are nonzero. In particular, we observe that
1 — _
(o, o — ) = (it1lta-Fs (=) 0<B<a. (2.8)

2lal + k] +d—|B])5 B!

When £% is the power of a barycentric coordinate &,, i.e., @« = ne,, the sum in (2.5)
becomes a 5 F}, which can be expressed in terms of a univariate Jacobi polynomial

—1)"n! Ko + 1) -n,1 " — Ky +d—1
(UL (et )yt =t =Dt

P = [+ d)n nl Ko + 1 ’ 29)
n! '
_ P(|I{|—Iiv+d—1,l£v) 2¢ —1).
This leads to a natural recursive three term recurrence for per.
Lemma 2.10. We have the following three term recurrence
Pen+1 = (§o + by n)pen — ConPen—1, n>1, (2.11)
where b, ,, and c, , are unique, and given by
b (pen s per) 2n + |kl +d—1 2n+|k|+d+1 '
o _ peppe)  _ n(nd k] = e +d = D(nts)(n 8] +d - 1) (2.13)
T pen1,pen—1) 2o ||+ d = 1)2(2n 4 K] +d = 2)(2n + K] +d) '
Proof: It follows from (2.9) and the three term recurrence relation for univariate

Jacobi polynomials that (2.11) holds with b, ,, and ¢, , given by the above formulas. O

The polynomials {peo : |a] = n} given by (2.5) do not form a basis. However, the
subset of those not involving the barycentric coordinate &,, for a fixed point vy € V, i.e.,

Bug,n i={pes : [B] = n, By, = 0} (2.14)

do form a basis for P,. For the standard triangle (or simplex) it is usual to choose vy = 0.
Our three term recurrence formulas will be defined for all p¢o. To verify that these
do give linear maps, we will need the following Lemma.
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Lemma 2.15. Fix a point vg € V. The polynomial p¢a € P,, can be expanded in terms
of the basis (2.14) as follows

a Cy
pga = (—1) vQ Z ( ﬁo)pgﬂ—‘ra_avoevo . (216)

‘B‘zavo
/Bvo =0

In particular, for v # vg, we have
i « .
(_1)041)0 J Z ( B’UO) (/B’U -7 —|— 1)] pgﬁJrOé*aquvO*E’U

‘B|=0‘710
Bvo =0

(2.17)
= (avo - j + 1)] p£&—6v+j(5v—e'u0)7 j Z 07
except for when o, = 0 and j = 0.
Proof: Let @ be the orthogonal projection onto P,,. Since Q(II,,_1) = 0, we have
« o QA—Qlyp €y _ Yo A— 0y €y
pee = QE) = Q((1- Y &) “grmeom) = Q((= Y &) Tgrmon),
vF£vg vFvg
The multinomial expansion gives
(-Xe) = ¥ (M)e,
'U;é’l}o |/3\=0¢v0
B’UO =0

and so we conclude that

pee = (=1)% Y (aﬁvo)@(éma_“”f’%)’

|B‘=O"UO
ﬂvo =0

which is (2.16).
Now the particular case. Since
aUO . . avo - j
(") )= (o =i+, (§
the left hand side of (2.17) becomes

. o Ay — ]
(avo —J + 1)3{(—1> vg —J Z < 0 )p§g+aaverOev}-

E— .6
|B|:‘1vo /6 j v

B’UO =0
Since either 7 =0, o, > 0 or j > 0, by making the substitutions
Y=a—ey+jer — eu), B =3~ jes,
the sum in the curly brackets above can be written

Yo
(_1)’YUO Z < Bo>p£l§+7—"{voev0 9

|f§‘="/v0
Bvo =0

which by (2.16) equals pev = Pea—cutilev—cug) and so we obtain (2.17). O



3. Motivating examples

Before giving the general Theorem 4.3, we illustrate the reasoning which lead to it.
Here we consider the Legendre polynomials on a triangle, i.e, the constant weight (x = 0)
on a triangle (d = 2). We will work with the barycentric coordinates (2.1).

Example 1. There are many recursive three term recurrences. We have
span(Il; Pz) = span{&,pez : v,w € V} = P3 ® Py @ Pr. (3.1)

This follows since span(II;P5) is orthogonal to Py, so that span(Il1Py) C Ps & Py & Py,
and the (easily checked) fact that the nine polynomials in (3.1) are linearly independent,
and hence are a basis for P3 @ Py @& P;. Thus the sum span(Il;Py) + P; is not direct, and
there are many different three term recurrences for the cubic Legendre polynomials on a
triangle (as outlined in the introduction). In particular, since P3 C span(Il;Ps), there is a
unique one involving only the quadratics P;. As an example, we have

24

— 3.2
3= Pes (3.2)

8 3 7
pes = gfv (Pez +pe2) + g(prfi + &upez) — g(prgg + &upez ) —

where {v,w,u} are different vertices of the triangle. An even more spectacular departure
from the univariate setting is that (3.1) implies P; can be computed from Ps, explicitly

10 70 80
be, = 2051}1’52 + = (fu +§w)p£2 + = (Swp@ +§up£2 ) - 10(£wp§2 +§up£2 ) - ?5@ (pgg +p£3} )

Though the formulas of Example 1 have a certain uniqueness, it would be hard to
argue that the three term recurrence (3.2) had merit over that from Lemma 2.10, i.e.,

17 3

Pg3 = &oPgz — 3Pz — £5P¢

We therefore seek to extend the formula of Lemma 2.10 to all of P,, 1. Below we use B,
and C,, for a recursive three term recurrence operator pair as in (1.2).

Example 2. The quadratics. The polynomials {pe:},cv are a basis for Pz, on which
(2.11) gives a recursive three term recurrence

7 1
per = (60— 13 )pe. — 75 = Bilbes) + Cilpgz). (3.3)

A three term recurrence formula for p¢ ¢, , v # w, can be obtained by factoring out one of
the barycentric coordinates

2 1 1 2 1
- . — (&, — = — 3.4
Peyt, = (é’ )psw t Pt Pt (5 5)% + 1P g6 (3.4)
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Since 2pe, ¢, = pe2 — Pe2 — D¢z, the three term recurrence given by (3.3) is

1 1
Pesen = Bi(pe,e,) + C1(pe,e,) = 531 (Pez — Pez = Pez) + 5C1(pez — Pez — Pez)
1 7 1 1 1 1
5(@—5)% (5” )pfv (5“’_ )p5w+§<_1_8+ﬁ+ 18)
Using &, + & + & = 1 and pe, + pe, + pe,, = 0, this simplifies to
S (60— 2 )peu + 5 (60— 15 )pe + 5 (3.5)
Pe g = v D¢, T w De, + 36 .

which is the average of the formulas in (3.4), and has the symmetries we would expect.

Example 3. The cubics. We now consider how the recursive three term recurrence

17 3
<§v - >p.5 - 5027& : B2(p§g) + C'Q(pgﬁ)- (3«6)

can be extended. Since 3pe,¢,¢, = Pes + DPes + Pes , we obtain from (3.6) that

Peuttn = (B2+C2)(De,e,e,,) = %(&—;—g)pgﬁ%(ﬁv—;—g)pgﬁ%(fw—%)pggﬁo. (3.7)

Thus we need only decide on the best recurrence for pez¢, . The analogue of (3.4) is

13 2 1 2
Peze., = (&, - %)Psvsw +gePe +gpbe, — mePe, = f1 (6), .
8 2 1 - '
Pezg, = (fw - )Ps + gpPetn t mebe, — TpoPen = f2(8).

The four dimensional space P3 can be decomposed
P3 = span{pgs : v € V} @ span{q},
where, with v, w, u some fixed ordering of the points of V,

q=q""" = Dey (2 —€2) 10, (€2—€2)+ £, (62-€2) -

The polynomial ¢ above is mapped to itself by rotations of the triangle, and to its negative
by the reflections. Hence for a recurrence to be invariant under the symmetries of the
triangle, one must choose the space spanned by the linear polynomial Cy(q) € P; = I1; &1l
to be invariant under these symmetries, i.e., C2(q) = 0, giving ¢ = Ba(q). By (3.1) this is
possible, with the formula given by

Ba(q) = q = &u(pe2. — pe2) + Ew(pe2 — pe2) + Eu(Pez — pe2) € span(I1; Py). (3.9)

Since
1 1 1 1

Peze, = T e Peu (€3 €0 +6u (€ —€2)+eu (€3 -62) T Ped T pPed — Pk
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we can use (3.6) and (3.9) to obtain the corresponding recurrence for pez¢,

1 1 3 1 3 1 3 1
2(Peze) = — 50— 5\~ gl ) T (T pgPen ) g TrgPen )= 5p (Pe — Peu):
since pe, + pe,, + e, = 0, and after considerable (but routine) simplification
B o - ( v ) ( W >
2(Peze,) = 5 (&0 — 35 )Peuen T3¢ Pz

Thus the best possible recurrence for peze,

1

= gff’w(f) + gf;’w(ﬁ),

which we observe is (remarkably) a convex combination of those in (3.8).

(3.10)

It turns out that extensions of Lemma 2.10, similar to that of (3.10), hold for the
Jacobi polynomials of any degree for any weight in any number of dimensions (Theorem
4.3). The general form of the recurrences (3.3) and (3.6) is given in Proposition 5.1.

4. The recursive three term recurrence
We now extend the best possible recurrence formula (3.10) for the cubic Legendre
polynomials on a triangle. The key features of our recurrence are:

e The formulas are simple, recursive, and reduce to those of Lemma 2.10.
e They are defined on the linearly dependent set {p¢« }, and give linear maps.
e They have the same symmetries as the spaces they are defined on.

e They depend continuously on the parameter x > —1.
Recall that an affine map o of the simplex T" onto itself induces an action on functions
Uf = f(a_l)a f S C(T)7 (41)

and is uniquely determined by its action on the vertices V' (a permutation of V'), or,
equivalently, its (induced) action on the barycentric coordinates. We observe

0ly =50, YWEV, = g€%=¢E7 oa:=(ag-1y)vev- (4.2)

The symmetry group of a Jacobi weight £ consists of those affine maps o which map
T onto itself and leave £" invariant, i.e.,

G =Sym(£") :={0:0"=¢£"} ={0: Koy = Ky, VU € V]
Clearly, this is a group, and P, is invariant under its action, i.e., for all & € Sym(£")
of € Py, Vf e Pn,
since (by a change of variables) (o f,09) = (f,9), Vf,g.
We denote the support of a multi-index 8 by supp 3 :={v eV : g, > 0}.
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Theorem 4.3 (Recursive three term recurrence). Let n > 0, A := 2|a| + |k| +d — 3.
Then the Jacobi polynomials pga € Pp41 satisfy the (recursive) three term recurrence

(e
pee =) Tap & T 00Pee e, - Y Bpeas,  Q€Zy, lal=n+l, (44)
veEV ‘§‘<:2

where by and ¢j are the continuous functions of k given by

o — ota)(a =D —ay+1  |af(ry + o)

, a, # 0, 4.5
v Sal + x|+ d—3 Sal+ x| +d—1 7 (45)

except for A =0, i.e., |o| =1, |k| = —d + 1, and

(ﬁ+1+a—ﬁ)g(—a)5{2|a| )\(ﬁv—l)—f—l—av}

% = — 2 » , 4.6

G = TameCD @ el 2t 2 AT (4.6)
vEsupp B

except for A = 1, ie., |a] = 2, |k| = —d. Moreover, there are (unique) linear maps

B, = Bl : Ppy1 — span{ll1 P, } and C,, = CF : P41 — Pp_1 with

Ay [e% (o}
By(pee) = Y (& + b0 )pease,,  Culpee) = D Gpea—s, Ypew € Puyr,  (47)

veV |a| [Bl=2
B<a

and these commute with the action of the symmetries of the weight.
Proof: The formal power series in £ obtained by substituting (2.7) into

Oy a
pes = ) Ta] (6 T 03)peee. (4.8)
veV

is a polynomial of degree n involving only the powers £, 8 < . The coeflicient of £~
is

a
cla,a —ey) — Z a—wc(a—ew,a—ew —ey) — — b

|

This can be made zero by choosing b (for «, # 0) to be

wesupp(a—e,)

by = Mc(oz,oz—ev) _ ol E a—wc(a—ew,a—ew —ey). (4.9)
Qy Qy o
wesupp(a—ey)

Using (2.8), and taking care when the sum over w € supp(«a — e,) is empty, (4.9) becomes

e = _M (KU + OC’U)OC'U Z Oé_w (/ffu + Oév)Oév % (/ifu + g, — 1)<av — 1)
v ay 2|al + |kl +d—1 w¢va02la|+\f£[—l—d—3 ay, 2lof+ |kl +d-3
_ || (ko + ) (Jaf = ap) (ko + av) | (Ko +aw —1)(aw — 1)
20al + k| +d—1 2la| + |k| +d—3 2o + |kl +d—3
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except when A = 0, which gives (4.5).
With the choice (4.5) for b, the formal power series obtained from (4.8) becomes a
polynomial of degree n — 1, with the coefficient of €477, 3 < a, | 3| = 2, given by

_C% = C(Ck,a—ﬂ)—E ‘Oé_v‘c(a_evaa_ev_ﬁ)_E ‘a_v‘c(a_evva_ﬂ)bqojv (410)
(6] o
veV veV
oy =By 21 Bv=>1

which, by Lemma 6.1, simplifies to (4.6). Here |a| > 2 implies A > 0. With this definition
for ¢3,
Qy (e (e}
Deg> — Z m(fv + b, )pfa/«sv + Z Cg Pea—8

veV 1B|=2
BLla

is a polynomial of degree n — 2, which is orthogonal to II,,_5, and hence is equal to zero.
This establishes (4.4), except in the exceptional cases A = 0 and A = 1. Outside of these
cases, by and cj are rational functions of k, and hence are continuous.

When bf and cf are not defined by (4.5) and (4.6), we extend (4.4) by taking limits
in , as follows. Observe A = 2|a| + |k| +d —3 — X\* = 2|a| + |k*| +d — 3 as Kk — K*.
Thus, for |a| =1, A # 0, we have

ba:Q—K“+1—>—K“+1 as Kk — K*,

YA AF2 2
and for |a| =2 (6 = a), A # 1, we have

a_(/{#—l)a{ -2 av(av—l)}
“T ox g1 2 Ko + ay

VESUPp &
-1)
—>( +1 {2+ E o ( }, as Kk — K.
2 K¥ 4+
VESUPp &

By defining b3 and cj to take these limiting values in the exceptional cases, (4.4) can be
extended, with the by and c§ (so defined) being continuous functions of .

We now show that there are linear maps B,, and C,, on P, satisfying (4.7). Since
(4.4) implies the sum of such maps would be the identity, it suffices to consider only B,,.
Let B, (peo) be defined by (4.7), and L : P,y; — span(Il;P,) be the linear map defined
on the basis (2.14) by L(pga) := By (pe«), @(vo) = 0. In view of the basis expansion (2.16),

Lpee) = (-1 3 (“;0)Bn<pga+a-avoem>, (4.11)

|5|=avo
51}0:0

and we need only show that L(pgo) = By, (pe) (for oy, # 0).
Fix 8 with || = ay,, Bv, = 0 and v # vg. Since

2(lo| + |k| +d —1)

ﬂ—’—a—av €y
L N e TS

v
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we obtain

+Oé — € +a—ay, ey
Bn(pEBJrafa(vo)evO) _ Z ﬂv v vo( vo)v (51] + bf a—aye 0)p£;8+0<—01v0€'u0—511

veV ‘a|
/B’U + a’U o
= Z |Oé’ (gv + bv — rﬁv)pgﬁ“’a*avoe'uo*ev 5
e
Oy - B o Bu(By — 1
D R R L B ] L.
vF£vg

(4.12)
By substituting (4.12) into (4.11), interchanging the order of summation, and then applying
(2.17) of Lemma 2.15 for the cases j = 0, 1, 2, respectively, we obtain

« -
L(peo) = Z F‘f’(&) + 03 )pea-ev — Z ﬁ(‘fv +05 —r— Tav)pga—evo
vFvg . EZIN (413)
_ Z EOLUO (Oévo — 1)p§a+ev—2ev0 .
vF£vg

Since

Z g’U - ]_ - 57_)07 Z bg - _1 - b?}O + T‘(|Oé’ + d - 1), Z p€a+‘3u—2€v0 - _p&-a—cv(),
EZN vF£vo V#£VQ

the sum of the last two terms of (4.13) is

o

and so (4.13) becomes

(1 — &y —1=by +r(la|+d—1) —rd —7r(|a] — ) — (0w, — 1))p£a—eu0 ,

Qy o Oy o
L(pe~) = Z m(fv + by )pga—ev + ﬁ(gvo + bv())pga—evo = By (pea).
vFvg

Thus the existence of a (unique) linear map B,, satisfying (4.7) is proved.

Finally, the symmetry condition. Since B,, + C,, is the identity, its suffices to show
it for B,,. Since (0a)yy = ay, (2.5) gives opg. = pgf.. Hence for o € Sym(€~), we have
Opge = pgoa, and thereby obtain

Ay « (Ja)UU oo
O'(Bnpfa) = E : |Oé| (0’&, + bv)o-pﬁo‘/ﬁv = E : |a| (501} + bov )pﬁaa/fav = Bn(pﬁ‘m‘)’
veV veV

i.e., 0B, = B,o, Yo € Sym(&"), as asserted. O
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We note that when b} and c§ are not defined by (4.5) and (4.6), they are given by
Ky +1

— (=0, ($:(ﬂ+ {2+ 3 %”“_>} (A=1).

K «
vESuUpp o v + v

b = —

The proof above shows (more generally) that for any permutation o of the vertices
0By (f) =By (af),  oCL(f) = Cr"(af).
Theorem 4.3 reduces to Lemma 2.10 when o = (n + 1)e,. For the linears Py, (4.4) gives
Ky + 1
k| +d+1’
for the quadratics Ps it gives (3.3), (3.5), and for the cubics P it gives (3.6), (3.10) and
(3.7) in the form

Peucunt, = (&, 35)pswfu (ﬁw— )psusu (£u 35)psvsw~ (4.15)

A basis for Pn can be obtained by projecting the monomlals

pe, = o — (4.14)

x— % =xxy? -l la| =n

onto P,,. The resulting polynomials P, (z), which have leading term z®, are the monic

or monomial orthogonal polynomials (see [S99], [X05]). For the standard triangle we have
the following.

Corollary 4.16 (Standard triangle). For the weight

w(ac,y) :mayﬁ(l_m_y)'y, O‘?ﬁa’y > —1 (417)
on the standard triangle (2.2) the monomial orthogonal polynomials P; y(x,y) = 7 Y+
J + k > 0 are given by the recursive three term recurrence

Pisles) = o+ M) o) + i (0 + ) Praca(o,0) s
— 6 Pioak(@,y) — S Piowoa(z,y) — o Praa(2,y),
where, Py o(x,y) :==1, and with A\ :==2(j + k) +a+ 3+ ~v — 1,
bk (a+)DE+E-1—j+1 (G+k)(a+))

A A2 ’
i BARGEE-D) k+1 G+ RE R
2 A A2
; (j—D(a+j—1)(a+j)(j+k A+1—3j
Cy,k: — ](] -1
2,0 G+RA0—1) {)\+1 ot b (4.19)
k. k(k—1)<ﬁ+k—1>(6+k){j+k s A+1—/<:}
0.2 G+ k)A2(A—1) A+1 B+k I
; ik (a+5)(B+k)(2(j+k) 1—k 1—3j
A= J —2 .
Lk A2 —1) { A1 +<ﬁ+k+a—|—j>}
Proof: In view of (2.3), the monomial orthogonal polynomials are given by
Piw = P57 = peown,  Eayy) = (29,1 -2 —y), £ =(a,8,7),
to which we apply Theorem 4.3 for the multi-indices (7, k, 0). O
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We conclude this section with some technical remarks about Theorem 4.3. The special
case A = 0 in (4.5) is already apparent in the recurrence for univariate Jacobi polynomials

Cn+a+p+1)2n+a+ [+ 2)
2n+1(n+a+p+1)
2n+a+ B+ 1)(a? — 3?) PO ()
2+ D(n+a+4+1)2n+a+F)
_ _(a4n)B4n)Ontat 842 pa
mn+1D(n+a+6+1)2n+a+pF)
where the denominator A = 2n+ «a+ 3 is zero for n = 0, a+ 3 = 0. This is used by [IM91]
as the starting point to define the exceptional Jacobi polynomials via the recurrence (4.20).

In a similar fashion, one might define multivariate exceptional Jacobi polynomials.
It appears that c§ # 0 for all 8 < a, 3] = 2, specifically

ple 5)( ) =

n+1 'rP’r(Layﬁ) (SL’)

(4.20)

)

o «
0261, > 07 Cev+ew < 07 v 7é w,

which would imply that C), is onto P, _1. This could be considered a multivariate analogue
of Cy, # 0. By way of comparison, Co = 0 in the recurrence of (3.7).

We emphasize that our three term recurrence is a pair of linear maps. Hence it gives
explicit three term recurrence formulas for any other system (by substitution) — provided

that (f, peo) can be computed for each polynomial f in the system. For example, if (QE."})

is an orthonormal basis for P,,, then substituting our recurrence into (2.6) and expanding
in the orthonormal basis gives

n—l—l [n [n] [” 1]
g Al ¥ + E B, , (4.21)
where

n (/ﬁ—}_l) n n X & "
AE] = Z w<@g +1]’p§a>zm({v+bﬂ)<p§a/§ang’]>7

[
|a|=n+1 al(k + 1)a veEV
[n] ._ (|H+1’)2n+2 [n—|—1 n—1]
Blli== 3 e (@ hre) 30 peen G,
laj=n+1 181=2

The formula (4.21) for an orthonormal basis (cf [P57]), and simplifications of it, gives
a benchmark with which to compare any other three term recurrence for an orthogonal
basis that might be constructed in the future.

5. Nonrecursive three term recurrences

We now give an explicit formula for the inclusion
span(Il1Pp,) C Pry1 @ Pn @ P

This extends three term recurrence of [BS92] for the monomial Jacobi polynomials on the
standard triangle (cf Corollary 4.16).

13



Proposition 5.1 (Three term recurrence). Let n > 0, and A := 2|a| + |k| +d — 3.
Then the Jacobi polynomials p¢a € Py satisfy the (nonrecursive) three term recurrence

EoPeose, =Peo — O b'pea—cw + Y €3peas,  ay £0, (5.2)
weESuUpp o \g|<:2

where bg;Y and Cg’v are the continuous functions of k given by

a,v . (Oév - 1)(/43'0 + ay — 1) Oéq;(/iy + Oév)
w# v, by' = 3 Nr2 (5.3)

200 (K + Q)
AA+2)

(2 O,
boY =

except for A =0, i.e., || =1, |k| = —d + 1, and

LI (H+1+Oé_ﬁ)ﬁ(_a)/3{ 2 _&_’.&)‘(ﬁv_l)—i—l_av}, (54)

CA A2\ —1) o! A1 ap oy Ky + Oy

except for A =1, i.e., |a| =2, |k| = —d.

Proof: In a similar fashion to Theorem 4.3, choose

by =cla,a—ey) —cla—ey,a—e,—ey) = (o = 5vw)(,€;\u t o = dou) aw("j\w_{—‘;aw),
(5.5)

where d,,, = (€y)q is the Dirac delta function, so that

EuPease, — (psa - > b%’”pga—ew> (5.6)

weESupp «

is a polynomial of degree |a| — 2, and (5.3) holds. Let 3™ be the P (B<a, |8l =2)
coefficient of formal power series (5.6) in &, i.e.,

5" =cla—epa—e,—f) —cla,a—B)+ Y. bive(a— ey a— ),

wEsupp G

which, by Lemma 6.1, simplifies to (5.4). With this definition for ¢/,

Eobeo e, — | Pee — by Dea—ecw + ¢y pea-n
6]

weEsSupp « |B]=2
f<a
is a polynomial of degree n — 2, which is orthogonal to II,,_5, and hence is zero. O
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The equation (5.2) can easily be solved for p¢a, thereby giving a recursive three term
oy

recurrence for peo. By taking the convex combination of these with coefficients [a] One
obtains (4.4). By way of comparison, the only other recurrence that I am aware of is a
nonrecursive three term recurrence in the Prorial orthonormal basis (cf [P57]) for Jacobi

polynomials on the standard triangle, i.e.,

2 a
PP (z,y) = b, (1 — a)* PO (% - 1>P7§2_k,jﬁ+7+1’ 2z —1), 0<k<n

where hy,,, are the normalising constants. The matrices which need to be (pseudo)inverted
to obtain a recursive three term recurrence have a tridiagonal block form (see [DX01:86-88]
for the explicit formulas).

6. Appendix

Lemma 6.1. Let )\ :=2|a|+ |k| +d — 3, 3 > a and |3 = 2. Then the constants c2 and
¢ in Theorem 4.3 and Proposition 5.1

cg = —cla,a —f3) +Z ﬂc(oz — ey, 00 — ey — 3) —I—Z %c(a — ey, a0 — B)by,  (6.2)
v o = lol
ay =By 21 Bv 21
¢y’ =—cla,a = f) +cla—ey,a—e, =)+ Z be Vel — ey, a0 — ), (6.3)
wesupp

simplify for A # 1 as follows

cg =

(/{+1+Oé—ﬂ)ﬁ(—a/)ﬁ{2|0é| 9 Z ﬁv)\(ﬁv_l)+1—av}7 (64)

2(\ — !
la|A2(A —1) Bl LA+1 e Ky 4 ay

o (itl4a—Bs(—a)ss 2 B BuMBu—1)+1-ay
BT TR0 Al {)\ 1w Ko + vy } (6:5)
Proof: Suppose A # 1. Recall § < a and |3 = 2. It follows from (2.8) that
- o (Fo)s -1

C(Oé—GU,Oé—GU _ﬁ) — (lﬁ:—}—l—F&—ﬂ)g(_a)ﬂ{(ﬁv + _ﬂvxav _ﬂv)}’ (67)

6] A = 1Day(ky + ay)
_ _ — i (_a)ﬁ — By
cla—ey,a—p0)=(k+14+a—70)s 3l {Aav(ﬁv o) } (6.8)
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The factorisations of (6.7) and (6.8) were obtained from the identities

ay(—atey)s = (—a)slay—Fy), (k+lta—e,—F)g= (K?;Tozj)ﬂv)(”"‘l‘i'a_ﬁ)ﬁa
(kt1+a—p) (=) 1 B
(H—i_ I+ a— /8)/8_611 = Ky - Oty B? (—CY—FGU)B_eU = —Oévﬁ’ (ﬁ — 61;)! = E?

when v € supp 3, respectively, and follow by inspection otherwise. Let

A= (K+1+a—ﬁ)5(_§)ﬁ.

Using (6.7), the first sum in (6.2) can be split

A Bo(a
oot o ¢ -y ey

veV veV
oy —PBy>1 ay—PBy>1

The restriction «, — 3, > 1 can be removed from both sums above, and so we obtain
A Bo(aw — By)
_— -2 - } 6.9
(A — 1){|°‘| 2 o 0 (6.9)
vEsupp

Using (6.8) and (4.5) in the form

20 —A—-2 1-—a,

bU:(/{U‘i—O&U) )\()\+2) b\ 5

the second sum in (6.2) can be written

A+ 2 —2|a Bo(a, — 1)
DORE |a|)\2/\+2)+]a|)\2(mv+av)}

vEsupp B
(6.10)
A+ 2—2|a Bo(ay, — 1)
=A{2————— .
{ ey T 2 yaw(mﬁav)}
vEsupp
Adding (6.6), (6.9) and (6.10), we get
2(Jal = A —=1) —D+1—ay,
X — A v )
% {|a|)\2(>\2—1) + |a|)\2 > 8. s }
vEsupp;@
which gives (6.4).
Now we consider c"”. We may write (6.7) as
1 _ﬁv _ﬁv (av - ﬁv)
— Gy, & = Gy — =A ) 11
cla—eya—e,—f) {A(/\— D T A= Daw A= D +av)} (6.11)
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Since
(aw - 5vw)(’€w + Oy — 5vw) = aw(ﬁw + aw) - 5vw(’€w + Qo + Ay — 1)7

(5.5) can be written

200 (Kw + o) 5 (f@w—f—aw aw—l)

pov —
w AA+2) X T

Using this, and (6.8) with v = w, the sum in (6.3) becomes

A Y {v 1o +5”w<,\§;uw * viﬁ(iilgm)}

wEsupp B

+

. —4 ﬁv 51}(@11 - 1)
N A{ NA+2)  Na, * Aoy (Ky + ) }

Finally, adding (6.6), (6.11) and the above gives

a,v 2 _ﬁv (ﬁv - ) +1- Qy
s _A{/\Q()\Q—l) T 2= o, TP (A—l)av(/iv—i—ozv)}’
which is (6.5). O
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