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ABSTRACT

We consider the long standing problem of constructing d? equiangular lines in c? ie.,
finding a set of d? unit vectors (¢;) in C* with

1
Vd+1’

Such ‘equally spaced configurations’ have appeared in various guises, e.g., as complex
spherical 2-designs, equiangular tight frames, isometric embeddings ¢5(d) — £4(d?), and
most recently as SICPOVMs in quantum measurement theory. Analytic solutions are
known only for d = 2, 3,4, 8. Recently, numerical solutions which are the orbit of a discrete
Heisenberg group H have been constructed for d < 45. We call these Heisenberg frames.

In this paper we study the normaliser of H, which we view as a group of symmetries of
the equations that determine a Heisenberg frame. This allows us to simplify the equations
for a Heisenberg frame. From these simplified equations we are able construct analytic
solutions for d = 5,7, and make conjectures about the form of a solution when d is odd.
Most notably, it appears that solutions for d odd are eigenvectors of some element in the
normaliser which has (scalar) order 3.
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1. Introduction

We consider the following problem: find a set of d? unit vectors (¢;) in C? with

1 .

Problems of this type have a long history, dating back to the early study of polyhedra in
real Euclidean space, some of which we discuss at the end of this section. Analytic solutions
are known only for d = 2,3,4,8. Most recently it has appeared in quantum measurement
theory (cf [R04], [RBSC04]), where numerical calculations for d < 45 suggest that it has
a solution given by the orbit of a discrete Heisenberg group H of unitary transformations
on €% (Conjecture 1 of [RBSC04]). We call solutions of this type Heisenberg frames.

If v is a unit vector in €%, then the condition (hv)pen is a Heisenberg frame, i.e.,

{gv, hv)| = [{(v, g~ tho) = \/dl+—1 =1, g # h, is equivalent to
1

[ (v, hv)| = VSR

The key to our results is the following simple observation. If v gives a Heisenberg frame,
and U is unitary and in the normaliser of H, i.e., U"'hU = U*hU € H, Yh € H, then Uv
also gives rise to a Heisenberg frame, since

({Uv, hUv)| = |(v, U*RU)| = |(v, U hUv)| =

heH, h#1. (1.2)

1
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Thus we are naturally led to the normaliser of H in the unitary matrices, which we think
of as a group of symmetries of the equations determining a Heisenberg frame.

The remaining sections are as follows. In Section 2, we define the (discrete) Heisenberg
group (modulo d), and develop its basic properties. In Section 3, we give three types of
elements in the normaliser of H, but not in H itself: the Fourier matrix F', a diagonal
matrix ¢, and certain permutation matrices P,, a € Zz{. This observation that the
normaliser of H is larger than H is the key to the results given here. The elements of
(scalar) order three in the group generated by H and F, Q, P,, a € 7Z}; are particularly
important, and we determine what they are in Section 4. In Section 5, we observe there
is another transformation mapping solutions to solutions, that of pointwise conjugation.
This is not a linear map. The equations (1.2) for v € C? to generate a Heisenberg frame
are d? equations in d complex variables. In Section 6, we give sets of equivalent, and more
easily solved equations. In particular, for d odd we have 1 + %(d2 -1) = %dg + % real
equations in the d coordinates of v and their complex conjugates. In Section 7, we solve the
equivalent sets of equations for d = 2,3,5,7. Our solution for d = 3 has a neat geometric
presentation which is not apparent in earlier solutions. Our analytic solutions for d = 5,7
are new.

he H, h#1.

1.1. Historical remarks

Let X be a set of n unit vectors in €% and ¢ € {0,1,2,...}. Then a simple argument
of [We74] based on the Cauchy—Schwarz inequality shows that
2
n
> Heol = g (1.3)

z,yeX ( t )



Incidently, for n unit vectors in IR? it can be proved that

TL2

2t
Z (@, y) |7 > d(d12)--(d12t—2) (1.4)
z,yeX 1-3-5---(2t—1)

which is sharper for ¢t > 2, d > 1.

Equality in (1.3) is equivalent to many other conditions (cf [K99], [LyS04], [KR05]).
These include X being a complex spherical t—design (cubature formula with equal weights
for certain polynomials on the complex sphere with the Haar measure), X being a SIC
POVM (symmetric informationally complete positive operator valued measure), the exis-
tence of an isometric embedding f5(d) — f2:(n) for ¢t > 0, and the Waring—type formula

1 y,y)"
=~ ) = fm_)l . wyect
rxeX ( d—1 )

It can be shown that if (any one of) these equivalent conditions hold for ¢ = k, then they
also hold for t < k. Note the condition for ¢ = 0 holds trivially. If X is a set of n = d?
unit vectors in €% satisfying (1.1), then there is equality in (1.3) for ¢ = 2 since

2

)3 |<x7y>|4:n7;n4+”:d2d31 =
z,yeX ( d+1) + ( 2 )

2

In particular, the Waring—type formula for ¢ = 1 holds, i.e.,

d d
lyl>=—>_ [w2)l>, wee! <= y=—3 (ya)s, vyec

zeX reX

which is the definition of X being an (equal-norm/isometric) tight frame (cf [W03]).

We arrived at this problem as that of finding a tight frame X of n unit vectors which
are equiangular, i.e., with |(z,y)| = C,  # y. These must give equality in (1.3) for ¢t = 1,
and satisfy (1.3) for t = 2, i.e.,

n2 2
(n* =n)C* +n = FE (n* =n)C* +n > (d+1)7
2

Substituting the formula for C? given by the first equation into the second and simplifying
gives (d —1)(n —d?) < 0. Hence such an equiangular tight frame exists only if n < d? (for
d > 1). Thus a solution to the problem, should it exist, is an equiangluar tight frame for
C? with the maximal number of vectors.

Problems of the type considered here have a long history dating back to the study of
polyhedra in real Euclidean space. The analogous problem of finding n equiangular lines
in IR? has received most attention. Here (1.4) leads to the bound n < 2d(d+1). However
this is not attained unless d = 2,3 or d = r? — 2 with 7 # 1 an odd integer (cf [LS73]),
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and the theory does not seem as neat as in the complex case, e.g., the analogue of the
equivalant conditions above (cf [S01]).

2. The discrete Heisenberg group

Throughout fix the integer d > 1, and let w be the primitive d—th root of unity

w = 2™,

Let S € €%*? be the shift (rotation down) matrix, and Q € €% the diagonal matrix
which are given by

r0 0 0 0 17 1 0 O 0 7
1 0 0 0 0 0 w O 0
2
g._ 0 1 0 0 0 7 0 0 0 w 0 (2.1)
L0 0 0 1 0. [0 0 0 w1
These have order d, i.e., S¢ = Q¢ = I, and satisfy the commutativity relation
QF ST = Wik SiQk, (2.2)

In particular, the group generated by S and €2 contains the scalar matrices w”I.

Definition 2.3. The group H = (S,)) generated by the matrices S and € is called the
discrete Heisenberg group modulo d, or for short the Heisenberg group.

In view of (2.2), the Heisenberg group is given explicitly by
H={wTj :0<rjk<d-—1}, Ty, := STQF.

Since w, S, ) have order d, it is convenient to allow the indices of w"T}; to be integers
modulo d. Since S and () are unitary, H is a group of unitary matrices. Further, H is
closed under taking adjoints as (2.2) gives the adjoint rule

(Tjr)* = (S7QF)* = Q7Fg=7 = L=NERgmIQ=k — ikp . (2.4)

It is easy to verify that H satisfies the multiplication rule T} j 1. T, j,k, = Trjr, Where

1 k r 1 ko 1o 1 k1 m
01 jl=1]0 1 jolxlo 1 j]. (2.5)
0 0 1 0 0 1 0 O 1

The group H has order d?, and so the orbit of a v # 0 consists of d® vectors (hv)nes.
But for j, k fixed, the d vectors w"Tj,v, 0 < r < d — 1 are scalar multiples of each other,

3



which we identify together. It is in this sense that the orbit of H is interpreted as a set of
d? (hopefully equiangular) vectors, say {Tj,v:0 < j,k <d—1}.

Incidently, the group H is irreducible, i.e., the orbit of every v # 0, v € €% spans C¢,
from which it follows (cf [VWO04]) that every nonzero orbit of H is a tight frame for €.

3. The normaliser of the Heisenberg group

Here we investigate the normaliser of H in the unitary matrices U(d), i.e., the group
N(H):={U cU(d): U *hU = U*hU € H,Yh € H}.

The normaliser N (H) contains H. We will show it also contains matrices F, Q, P,, a € 7Z},
which are defined below, and hence the group they generate together with S, €2.

From now on, it is convenient to index the entries of all matrices in €% by elements
of Zg, i.e., {0,...,d — 1} rather than {1,...,d}. For example, the entries of the S and 2

are given by
1, j=k+1; u)j, = k;
(S)jk = { / (ke = { J

0, otherwise 0, otherwise.

Let F' € U(d) be the Fourier matrix which is given by

1 .
(F)jlc = —wjk.

Vd

Since S is circulant, it is diagonalised by F', which leads to the conjugacy relation
S =F*QF. (3.1)

Let Q € U(d) be the quadratic diagonal matrix which is given by

(Q)jr = {wj27 k=7

0 otherwise.

Let ZZ; be the (multiplicative) group of elements a € 72¢ with a multipicative inverse, i.e.,
an a € g with aa = 1 (modulo d). For a € 7Z;, let P, € U(d) be the multiplicative
permutation matrix

1 if k = ay;
Py)jk = { 7
( )] F 0 otherwise.

Note that a — P, is a group isomorphism, and in particular
PoPy=Puy, P'=Ps=P;, abelZ

Let A be the matrix obtained from A by taking the complex conjugate of each entry.
Then

S =5, Q=0 F =F*, Q=Q, P, = P,, (3.2)
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and from (3.1) we obtain
S=8S=FQF = FQ'F* = Q'=F"SF. (3.3)

Lemma 3.4. The unitary matrices F, Q, P,, a € 7ZZ}; belong to N (H ), since

F*(S7QFF = w™ikS* Q07 ¢ H, (3.5)
Q*(S70M)Q = w I SIOF% € [, (3.6)
Pr(S7QF P, = S¥0 ¢ H. (3.7)

Proof: From (3.1) and (3.3), we have F*Q*F = S*¥ and F*S'F = (%)) = Q77,
so that
F*(S7QFF = (F*STF)(F*QFF) = Q778% = wik gk =7,

Since (87)ag = 8a.p+j, We calculate

2

Q" Qap = (Q)aa(5)ap(Q)ps = W™ da gy =w™ P15, 5,507
= W S g w0 = T (87)ap (27 H ) g5 = (T STQTH ) o,

so that Q*S7Q = w‘j2SjQ_2j, and since diagonal matrices commute Q*Q*Q = QF. Hence
Q" (579N)Q = (Q"S7Q)Q"QQ) =w T ST,
Using (P,)jk = daj,k, we calculate

(P;Sjpa)aﬁ = (PESjPa)aB - Z Z(Pa)ar(sj)Ts(Pa)sﬁ = Z Z 5&a,r5r,s+j5as,ﬁ

= Z 5Eo¢,s—|—j(5as,ﬁ - Z(saa,ﬁﬁ—hj = 5a,ﬁ+aj = (Saj)otﬂa
s s

so that P*S7P, = S%. Similarly, one shows that P*Q* P, = Q% and hence

P (S7QFP, = (PSP, (P:QFP,) = S¥Q%,



Let E be the subgroup of N(H) generated by H together with F', @ and P,, a € Z:{, ie.,
E:=(Q,8,FQ,P,:acZ}).

We conjecture (but cannot prove) that £ = N(H) when d > 2. Lemma 3.4 gives a
commutativity relation between elements the of H and K := (F,Q, P, : a € Z;), ie.,

(STOMVF = Fwi%skQ~1,  (S90%)Q = Qu=7" 5702 (S7QF)P, = P,SY Q%

so that elements of F can be expressed in form hk, h € H, k € K. However, for d even
this product in not direct since H N K contains the matrices

[SIISH

of = ((-ioul=Qf,  st=(§ () =roir (38)

and also w2l = —] = (FQ?%)* when d/2 is odd. Hence sometimes we restrict ourselves
to the simpler case of d an odd prime. The generators of K satisfy the commutativity
relations

P,F=FP.  P,Q"'=Q" P, (3.9)

but no such relation between F' and () exists.
It is convenient to generalise the commutativity relation (3.6).

Lemma 3.10. We have the commutativity relation
SIQFQT = Wi IR QrOk i g (3.11)
Proof: By the commutativity relation (2.2), the result is equivalent to
SijQr _ wer—ijrw(k—er)ijQk—er _ w—rj2QrSij—2rj’

which we prove by induction on r. For r = 0 this holds trivially for all j, k. For » > 0, the
induction hypothesis and (3.6) gives

SijQr _ (SijQr—l)Q — w—(r—l)j2Qr—lszk—Q(r—l)jQ
= w DI Qr(Qr IR 2Ar1i Q) = (DI Qr (w7 §I Q- 2(r—1)i—2)
= w T QreiQk—2ri,



Proposition 3.12. The subgroup of E generated by Q, S, Q and Py, b € 7Z}; consists of
all the matrices of the form

W Lagys = w’Q° Q™S Pg, pyo, 7,8 € g, B € 717, (3.13)
These satisfy the multiplication rule
La,@'y5Labcd — w*’yﬁd+aﬁ272 Qé+ﬁd72a52,y@a+a@2 S’Y+CBPBb' (314)
Proof: It suffices to prove (3.14). This follows from the commutativity relations
Pt =QPps,  PeQt = Q™ Py, P3S¢ = SPP,,
STQPd — (,—BdQBd gy Sanﬁ2 _ waﬁzanﬁ?Q—Qaﬁ%Sv,
which are special cases of (3.6), (3.9) and (3.11), by the calculations
Q(SQOZS’YPBQ‘ZQG — o VBd+ap?y? Qé+ﬂd—2aﬁ27Qa+aﬁ2 S7 P, (3.15)

and
Logvs Lavea = (2°Q“S7P3)(Q2Q*S°P,) = (2°Q*SY PsQQ*)(S°Py)

_ o Bd+ap?y? Qé+ﬁd—2aﬁ27Qa+aﬁ2 S7P3S°P,.
which gives the result since PgS°P, = SCEP[ng = Scﬁpgb. O
For d even, (3.8) implies that
Qa+gQa+% _ Q5Qo¢7
and so some care must be taken counting the matrices (3.13).
Lemma 3.16. For a,b,c € 7ZZ, the functions
flab,e) : Zy — € j s w9 HTH = (b°Q°Q);

are different, unless d is even in which case the following pairs of functions are equal
d d
f(a,b,c) - f(a+ §7b+

—,c).

2

In particular, the number of (diagonal) matrices of the form
WPQBQQ7 P, 67 OAS Zd

is d® for d odd, and d>/2 for d even.

Proof: An easy calculation gives the result for d = 1,2. Suppose that d > 3, and
flay,by,c1) = flas, ba, o), ie., a1j? +b1j + c1 = asj? + baj + co mod d, Vj € Zy. Taking
j :0,1,—1 giVGS C1 = Cg, a1+b1+01 Ea,2+b2—|—02, a1 —b1+01 = Qa9 —bQ—l-CQ, which
we solve to get

C1 = Cg, 2((11 — O,Q) = 0, 2(b1 — bz) =0.

If d is odd, then 2 € 7Z}; (since 2% = 1), and we have ay = ay, by = by, c2 = c1.

If d is even, then 2z = 0 has two solutions x = 0, g,
7 =0,1,—1 gives either as = a1, by = ay or as = a; + %, by = by + g. Either of these

choices satifies the equations for all 7, since % G2+ %l j= g j(j+1) =0, and so we are done.
Ol

and so solving the equations for



Since (S) N (Ps : B € 7)) = {1}, the group of permutation matrices generated by
S and {Pg}gez: has order |(S)|[(Pg)| = d¢(d), where ¢(d) is the Euler function. Hence
Lemma 3.16 gives

dio(d),  d odd;
. * _ P _ I )
|<Qv S?vab . b € Zd>| - #{w LOC/Q’Y(S} - { %d4¢(d), d evern.

We now consider a set of matrices in N(H) that involve F.

Theorem 3.17. For p,«a, 3,7,0,€ € 7Zg and (3 € 7L}, the matrices

praﬁ'y5s = prSQaPﬁFQ'er — ﬁ[wa32+gjk+fyk2+6j+ek+p]jk (318)

are all in the normalizer N(H). These satisfy the multiplication rules:
(a) If y+a =0, then

72 2_ 7 7\ 2 7 72 =
MaﬁyéeMabcae — b (e+0) —eb(e—l—@)QoH-c(ﬁb) ()0 —eBb+2cpb (6+3)S_ﬁ(€+8)P755, (3_19)

(b) Ifd is an odd prime, and v =y Fa #0, r := —2 v(e + 0)2, then
1—4 5—2vB(e+0) Ha—2 13> —2%ub% (ye—2ub(e+0)
MagyseMapcoe = (v+ald) T—w" QTHRTEQITT L 5, 5 FQT T QT
(3.20)

Proof: We have already observed M,gys5c € E C N(H). First multipy out to get

(Maﬁfyée)jk: = Z Z Z Z Z(Qg)j’r’(Qa)rs (Pﬂ)st (F)tu(Q’y)uv (Qe)vks

67 ar? wtu u? €v 1 Sji+ajl+Bik+~vk®+ek
= E W 0j,w*" Ors08s,t—=wW" Oupw Oyp = —=w T THIETY .

Vd Vd

r,8,t,u,v

Hence the product of M,g+sc and Mypeoe is given by

(Maﬁ’ycSeMabcae)jk — Z(Maﬁ'yée)jr(Mabcﬁe)rk

r
1 -2 - 2 . 1 2 2
_ = aj +Bis+ys +dj+tes as®+bsk+ck“+0s+ek
=2 v Wl (3.21)
~ Vd

S

= -w

1 aj?+8j+ck?+ek w(’y+a)$2+(,6’j+e+bk+8)s

S

Case (a): If v +a = 0, then the last sum in (3.21) is zero, unless 3j + € + bk + 0 = 0. This
gives (3.19), since

—B(e+0 —B(e+0
(S™HADP )ik =D (STPAD) (P )k = 0, r—B(e+d)0—gorp = 0

T T



— j=r—0(+0), Bbr=k, <<= pjt+e+bk+0=0.

Case (b): Now suppose 7 + a # 0. We have to deal with the quadratic Gauss sum in
(3.21). Provided that 2(y + a) divides 85 + € + bk + 0, e.g., d is an odd prime, we can
complete the square

:ﬁj+e+bk+3
2(v+a)

(y+a)s® + (B + e+ bk + 9)s = (v + a){(s +n)* — n*},

)
and the Gauss sum becomes

Z w(’y+a)82+(ﬁj+€+bk+a)s — Z w(7+a){(5+n)2—n2} — w_(')""a)nzG(’y +a, d)7

where

Gy + a,d) Zwma)r S wirtasn?,

Suppose that d is an odd prime, then the above sum can be evaluated (see [A76:§9.10])

G(y+a,d) = (y +ald)G(1,d),  G(1,d) = i‘_f Vad,

where (v + a|d) is the Legendre symbol, giving

1—4¢ 1
(Maﬂ'y§eMabcae)jk = ('7 + CL|d) Z. waj P8 ek ek —(’Y-i-a)n (322)
1

For d an odd prime, every nonzero element of 7ZZ, is invertible: in particular 2 and v+a # 0.
Hence we obtain (3.20) by simplifying (3.22) using

—(y+a)n? = —(TFa)2 (8252 + b2k + (e + 9)% + 2B(e + D)5 + 2b(e + D)k + 23bjk).

O

Observe that (3.19) gives an element of the form (3.13), and (3.20) gives one of the
form (3.18) multiplied by the scalars (v + a|d) = +1 and

1-4" (1, d=1mod4;
=977 - ’ 3.23

1—1 {z d = 3 mod 4. ( )
The product of matrices of the form (3.13) and (3.18) is of the form (3.18), since by (3.15)

La,@’yﬁMabcde = (QéQaSVPB)(QanPbFQCQe)

Py 2 2 (3.24)
_ w—'YBd_Faﬁ 0 Q(S—Fﬁd—Qaﬁ 7Qa+aﬁ PBbFQCQe-

9



Hence (since F' = Mo1000), for d = p an odd prime, E consists of the p*(p — 1) matrices of
the form (3.13) and the p°(p — 1) matrices of the form (3.18), together with their multiples
by £1 and powers of the scalars (3.23). Thus it has order

2pt(p — 1 1), = 1 mod 4;
AR E A AR 029
Example. For d = p an odd prime, (3.20) gives the ‘commutativity’ between F' and @

1
1

while if d not an odd prime and v + a # 0, the product (3.20) may not be of the form
(3.13) or (3.18), e.g., for d = 4, we have

52
)

F*QF =

—iP B
——Q T P3FQ

i1 0 1—i 0 001 0
erm L0 i+l 0 1—i| s |0 0 0 1
FQF_E 1—i 0 i+1 0 =: 4, A= 0 0 0
0 1—4i 0 i+1 0100

4. Elements of scalar order three

Based on extensive numerical calculations, it appears that:

Conjecture 4.1. For d > 3 odd, the vectors v € C? which give rise to a Heisenberg
frame are eigenvectors of a matrix in I which has scalar order 3, where the corresponding
eigenvalue has multiplicity greater than one.

Definition. A matrix A € €?*¢ has scalar order 3 if A # I and A% = ul, for i € C.

Note that matrices of order 3 have scalar order 3, and that if a matrix of scalar order
3 has finite order (e.g., it is in E) then some power of it has order 3. If d is an odd prime,
then (3.25) and Cauchy’s theorem implies that F has elements of (scalar) order 3.

Since vectors v generating Heisenberg frames appear to be eigenvectors of elements
of scalar order 3, it is natural to identify these (see below). Our vision is to then seek
(analytic) solutions by representing v in terms of the eigenvectors of an appropriate element
of A € E order 3. There are two factors to balance here: we want A to have small
eigenspaces and also to have a simple form.

Lemma 4.2. The matrix w”Log~s, 8 # 1 has scalar order 3 if and only if 32 =1 mod d.
Proof: By applying (3.14) twice, we obtain
(WP Lages)® = w!QO-208")(A+6+6%) Qa(1+6°+5") g1 (1+B+5) p,
where t = 3p — 36 + a3%7? — v3(8 + 55 — 2a8%y) + 327?(a + af?). This can be a scalar
multiple only if 3% = 1. But if 3% = 1, then (w”Lagys)? is scalar multiple of the identity,
since
Pt o1

2 Y 2., 7% _
71 0, 1+8+p8"=14+06+7 _ﬁ_o.

1+ 8+ 3% =

10



Lemma 4.3. Let d = p an odd prime, then w”M,g~s- has of scalar order 3 if and only if
B =2(a+7)#0mod d.

Proof: If v+ a =0, then (3.19) and (3.24) imply that (w”Mags:)° is a matrix
of the form (3.18), and so cannot be a scalar multiple of the identity.
Now suppose that d = p an odd prime, and v + o # 0. Then (3.20) gives

9
(Maﬁ755)2 = ,UMabcdea we Cv a=oa—2 (7 + Oé)ﬁQ, b= _2(7 + O‘)ﬁ2~

So by Theorem 3.17, (w” My p+s:)® can be scalar matrix only if y+a = 0 and —3b = 1. Now
—fb = 1is equivalent to 3 = 2(a+7), and with this choice y+a = 7+a—§2(7—|——a)52 =0,
and

a=—, b= -2, c=rv— 28, d= —¢, e = —0.

By (3.19), it follows that if 8 = 2(a + ) then (w”Maygs:)° is a scalar matrix since

a+efb)?=0, 5—efb+2e6b(c+d)=0, —B(e+d) =0.

O

Examples. If there is a solution to 3% = 1 mod d (which implies that d is odd), then the
permutation matrix Pg has order 3, e.g., P» for d =7, Py for d =9, and P; for d = 13.

For d = p an odd prime, it follows that Q%F and FQ% have scalar order 3, since
B=2a+7v)= 2% = 1. In particular, for d = 5, the matrix Q3F has scalar order 3.

5. Conjugate solutions

We have observed than if a unit vector v € €% generates a Heisenberg frame, i.e.,

|U*SjQI€,U|2 = ma (]7 k) 7£ (00)7

then so does Uv for any U in the normaliser of H. There is another simple operation that
maps v to another solution, namely (entrywise) conjugation, since (3.2) gives

_— —i—k ) . )
v SIOky =7V T =790 = 0¥ SIQF| = [7757Q k.
Note that v — ¥ is not linear (it is norm preserving).
Now consider the set V of all unit vectors v € €% that generate a Heisenberg frame,
which we often refer to as ‘solutions’. We say that solutions v and w are equivalent if

v=alw, la] =1, UE€E,
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i.e., they are in the same G-orbit of V under the (multiplication) action of the group
G:={aU :|a| =1,U € E}.

It follows from (3.2) that E is closed under (entrywise) conjugation, as is therefore GG, and
so conjugation maps a G-orbit of V either to itself, or to another G-orbit. In the latter
case, we say that a solutions v and w are conjugate to each other if v and v are in
different orbits and w belongs to the orbit of .

6. Equivalent equations for Heisenberg frames

If v € €% is a unit vector, then the d? unit vectors {SIQF : j,k € 7y} form a tight
frame for €%, which we call a Heisenberg frame if (1.1) holds.
By (1.2), it follows that v € C? is a Heisenberg frame if and only if

‘ 1
QR = e G £ (0,0, ]? =1
These d? quartic equations in vy, . .., vg, U1, . . . , g with coefficients from Q[w] have proven
difficult to solve (for d > 3). We now find equivalent and more tractable sets of equations.
Our equivalent sets of equations come from the observation that v*S7QFv are the
eigenvalues of certain circulant matrices. Recall (see [D79:Th. 3.2.2]) that each circulant
matrix
C = cire(2) := [2,5%,...,89 2] € 0%, z e

is diagonalised by the Fourier transform matrix F', with eigenvalues given by

)\k:erwk"", k=0,...,d—1.

For 5 # 0, we calculate

v* S0y = (STIu)*QFy = Zvrﬂ-wkrw = Z(vTij)wk"’, k=0,...,d—1,
T T
which are the eigenvalues of the circulant matrix circ(U;), where (Uj), := v, Ur4;.
Since these values [v*S7QFv| must be constant for v to generate a Heisenberg frame,
it is natural to consider when the eigenvalues of a circulant matrix have constant modulus.

Lemma 6.1. A nonzero circulant matrix C, := circ(z), z € C% has eigenvalues of constant
modulus if and only if

C1C: = |2]*1,
ie., H71HCZ is unitary and C, has eigenvalues of modulus ||z||.

Proof: Since C, is circulant, it is diagonalised by F', i.e., C, = F*AF with A
diagonal, and hence C;C, = F*A*AF. But A*A is diagonal and its diagonal entries
are the modulus squared of the eigenvalues of C,. Hence C, has eigenvalues of constant
modulus « if and only if A*A is the scalar matrix a1, in which case C;C, = o*F*F = o?1I.
By evaluating the (1, 1)—entries of C}C, = o?I, we get ||2]|? = o?. O

12



Theorem 6.2. Suppose that v € C%, and let

VoV
V1V145
—_— 1 - .
U, == VU2 , 0<73<d-1, my ::i{g b gggjﬁ
V4—1Ud—1+;

Then v is a unit vector and generates a Heisenberg frame if and only if
2
(a) IUo]l” =

‘ .

Proof: First we observe that (b) and (c) hold equivalently with mg replaced by
d — 1, since o
U_;=S8"U;), (U;,S"U;) = (U;, S*U;).

Hence the conditions (b) and (c) are equivalent to

1

circ(U;)* circ(U;) = m[,

j#0.

Since the eigenvalues of Uj, j # 0 are A\;, = v*S7Q%v, by Lemma 6.1 this is equivalent to

[v* STk =

1
Vd+1’

Now suppose that (b) holds, then

= d—1 2
4 2 20 — 4 2
=0l + TP = 1= U - =,
[oll® = [|Uol| +j:1 (LA e o] 1ol = 577
and (a) is equivalent to |[v|| = 1 (given that (b) holds). Hence if v is unit vector which

generates a Heisenberg frame (a),(b) and (c¢) hold.
Thus it remains only to show that if (a),(b) and (c) hold (so ||v]| = 1), then

1
Vd+1’

lv*QFv| =

k=1,...,d—1. (6.3)

Now for any ( € IR,

v*QFy = Z|UT|2wkT :Z(|vr|2+ﬁ)wkr, k=1,...,d—1,

r
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so that v*QFv, k # 0 are eigenvalues of the circulant matrix C, = circ(z), z, = |v.|? + 3.
By Lemma 6.1, this has all its eigenvalues of modulus 1/v/d + 1 if and only if

1
2 _ 2 4 2 2 _ 2 2 2
1217 = > (jo,* + 8)° Z|Ur| +252|Ur! +dB” = ||Uol” + 2B]jv[" + d” = -,

r

and CFC, = ||z||?I. Since ||Up||?> =1/(d + 1) and ||v|| = 1, the quadratic above becomes

Vd+1+1
dvd+1

If we take either of these two choices of 3, then CFC = ||z||?I holds, since

(2,592) = S (ol + B)(fvry >+ 8) = S o Plor— P +283 fon [ + dp?

r

dFP +28+1)(d+1)=0 <+ f=

= |U_; > +28|v|> + dB* = dB* + 28+ 1/(d+1) =0,  j#0,
and hence (6.3) holds. O
Lemma 6.4. The condition (c) of Theorem 6.2 can be reduced to
(U;,8*U;) =0,  1<j<k<mg (6.5)

Proof: Making the substitution »r = s — j + k, we obtain

<UjaSkUj> = Z(U) (S Uj) ZUTUH-JUT kUr—k+j = Zvrvr—kﬂ’vr—mvr—k

r r r
= E Vs—j+kVUsVUs4+kVs—j = E VsVUs—j+kVs—jVUs+k = <U/€,S]Uk>
s s

Suppose that (6.5) holds. Then the equation (U, S*U;) = 0 also holds for j > k, since
(U;,S*U;) = (Uy, S7Ux) = 0
]

Thus we have an equivalent set of mq+ 14 smg(mg+1) = 2(ma+1)(mg +2) < 1d?
quartic equations in vq,...,vq, U1,...,0q with coefficients from Q.

Theorem 6.6. Suppose that d is odd and v € C%. Let

Vo—;V0+5
V1—5V145 1
Vi = V2— V24 , 0<j<d—-1, my = §(d —1).

Vd—1—35Vd—1+j
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Then v is a unit vector and generates a Heisenberg frame if and only if
2
(a) [IVol* =

‘ .

d+1’

-+

(b) [|V;]I> = PR 1 <73 <myg,

() (Vj, Vi) =0, 0<j#k<mq.

Proof: First note that V_; = Vj. Recall (U;), = v,U;1;, and observe
(S7TIVi)r = (Vi)rtj = VrtjmjVrtjti = VrUrt2j,

so that .
Vil = [IS77V;|l = || U]l

In particular, ||Vo]| = ||Uol|, and so condition (a) is equivalent to that of Theorem 6.2.
Further, the conditions (b) are also equivalent, since if 1 < j < %2, then 2j is even, with

U251l = IVill,  2<2j <my,
and if 5 < j <myg then d — 2j is odd, with
[Ua—2; (| = [[U=25[| = [[V-;[| = [IV;ll,  1<d—2j<ma.

Finally,

Vi, Vi) = Z(Vj)r(vk)r = Zvr—jvr—l—jvr—kvr—Fk = ZUr—i-jvr—l—j—l—(k:—j)Ur—kvr—k:-l-(k:—j)

T T T

= (Us-)r+5Uk—)r—t = (S Uk, S*Uy ) = (Uy—j, 7 T*Ux ),

and it follows, by Lemma 6.4, that the orthogonality conditions are equivalent. O

This gives 1 +mg + 3ma(mq — 1) = 1+ £(d? — 1) equations.

7. Analytic solutions
We now solve the equivalent equations to find analytic solutions for the primes d = 2, 3,5, 7.

7.1. The case d =2
Ford =2, w=—1, and

_ (ol _ ( vour _
UO - (|'l)1|2 ’ Ul - Ul% ) mg = 17



so that the equations of Theorem 6.2 are
2 4 4_ 2 2 2, 2 _ 1 22, —2 2
1Woll” = Jvol*+val" = 5, [IOA]I" = 2Jwol*n[" = 5, (U1, 5U1) = vgor"+7p"v1 = 0.

Recalling that the first can be replaced by |vg|? +|v1|? = 1, we substitute in the polar form

— o0
v; = r;e’, and solve to get

6rg —6re +1=0, m2+ri=1 <= rj=

cos(2(91 —0p) =0 <= 2(0;:—0p) = g+7m — e =¢feTin = 0,1,2,3.

This gives one solution, up to equivalence. Since [RBSC04] were unaware that F' maps
solutions to solutions, they count two inequivalent solutions v and w, for which we observe

w = e FQS, v—i( 3+ V3 ) W= (_m)

V6 \eii/3 -3 T V6 \efiV/34+ 3

It is interesting to observe that there are nonscalar matrices C' which map solutions
to solutions, but which are not in the normaliser of H, e.g.,

c::(1 Z) caC =9, C*SCz(_OZ. é):ms.

This matrix is in the normaliser of the group (i) H.

7.2. The case of d =3

Let d = 3. This case has some interesting geometric features: it appears to be the
only one where there are infinitly many inequivalent solutions (cf [RBSC04]). Since

g V_1V1 V21
W) - 'U% 9 Vl - VU2 - VU2 ) mq = 17
Ug V1Ug V1Ug
with 7; := |v;|, the equations of Theorem 6.6 become
1
(a) IIVoll* = 75+ 473 = 3,
1
) ViR = rod 4 oo+ g =

(C) <‘/O7 Vl) - 62611}(2) + EOEQU% + 6160’1}% —= O

From (a) and (b), we obtain
ro + iy =1/2=2(1/4) = 2(r§ri + r¥r3 +rirg),
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which can be rearranged to give
ro + (rf +2r{r3 +r3) — 25 (r] +13) = drfr3.
Completing the square on the left yields
(16 — (r} +73))* = 4rirs.

We now consider several cases. Firstly, if 72 > r? 4 r3, then taking square roots,

7“8 — (T% + T‘%) = 2riry =—> 7‘8 = r% 4+ 27179 +T§ = (r] + 7“2)2 = rog=1r1 +ro.

Secondly, if 3 < r? + rZ, then
7”(2) — (T% + 7“3) = -2riry — r(2) = r% — 2ryry + 7“3 = (r — 7"2)2,

so that rg = r;y — r9 when r; > 7o, and rg = 7o — 1 when ro > r;. Thus we have three
cases
To =11+ T2, r1 =179+ ra, ro =19+ T1.

From (a) and (b) it follows that r3 + r{ + r3 = 1. Hence since r; > 0, these three
cases describe the three sides of a spherical triangle in the first octant on the unit sphere.
The vertices of this triangle are given by the intersections of the three great circles, i.e.,

ro=r1+re and ri=rg+ry — rg=1r1= %,TQ =0,
ro=r1+re and ro=rg+r; = rog=r9= %,rl =0,
rn=ro+re and ro=rog+r, — 7“1:7“2:%,71):0
We now proceed to equation (c)
Vo013 + Toav; + D1 Dovs = 0.
We consider several cases:
First Vertex (rg,r1,72) = (%,%,O). Since ro = |va] = 0, equation (c) is trivially

satisfied, and as there are no other conditions, we have solutions
, 0,9 € IR.

Similarly, the other vertices give permutations of these solutions.

Second Vertex (rg,r1,72) = (%, 0, %) Gives solutions

0|, 6ock



Third Vertex (rg,r1,72) = (0, %, %) Gives solutions
1|0
v=—|e"?|, 0,¢ € IR.
2 i

First Triangle Edge ro = 1 + r2, r1,72 > 0. For convenience, let z; := U?/Ej, so that
|zj| = |v;| = r;. Then dividing (c) by Tov172 yields the equivalent equation

zo+ 21+ 22 = 0.

Since zg = —z1 — 22 and |z9| = 19 = r1 + 72 = | — 21| + | — 22|, the complex numbers
20, —21, —z2 must have the same argument, i.e.,

20 =10e"?, 21 = -1, 20 = —12e'?, ¢ € R.
Hence, writing v; = r;¢'%, so that z; = ;%% we calculate
2
T083190 _,,,.061¢ 90 = g-ﬁ-?ﬂko, k() :051527
7,163101 :—rle“ﬁ _— 91 = ?—l—z—l——ﬂ-]ﬁ, kl :0;1727
3 3 3
7"263192 — _7,261(1) — 92 — %—f—g—f—%k&, k2 :07172‘

Since ¢ is arbitrary, so is 6. Hence after the change of variables 0 := (¢ + 27kg)/3, we can
describe the solutions corresponding to the point (rg,r1,72) on this edge of the triangle by

vo =10e", w1 =reeFwt, vy =ree®e’Twi?, e R, ji,js € {0,1,2},

27

where w := e™3 . We can give a more precise description of this edge by solving the
equations 7“(2) + r% + r% =1 and rg = r1 + ro for r1, 75 in terms of rg, which gives

7”0:|:\/2—37“8 aIld
2

ro F /2 — 3rd

r = B

Note the half of the edge where r; > r5 is given by the choice of ‘+’ in the formula for 71,
and the choice ‘=’ gives the half with r; < r5. For these to give r1,r2 > 0, we must have

2 1
2-3r5 >0, 170—1/2-3r2>0 <= r8§§7 r8>§.

Hence % <r¢ < % along this edge, with r; and r, given by the formula above.
The other edges are similar.
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Second Triangle Edge r; = rg + 132, 79,72 > 0. The same as the first edge with the roles
of vy and v; interchanged.

Third Triangle Edge ro = rg + 71, 79,71 > 0. The same as the first edge with the roles
of vy and vy interchanged.

Clearly the diagonal matrices 2 and () map a solution corresponding to a particular
vertex or edge to another such solution, and (S, P; : j € Z;) is the group of six permutation
matrices which permute the coordinates of v € €3 and hence map a vertex/edge solution
to another vertex/edge solution (where the vertex/edge may be different). The action of
the Fourier transform matrix

11 1 1 0 0
1 i 1 3
F:— 1 w (.A)Q 5 F2: O O 1 N F4:[, w:€23 :—§—|—§Z
V31w 01 0
on solutions is much more complicated. Consider it applied to a first vertex solution
1 et? 1 et 4 e Pdd
. : . 1
V= — eub , FfU — 619 + welgb F2'U — O

V2 0 V6 e w2t 7 V2 e'?

If we choose 0 = ¢+ 7+ 2{ j, then the j—entry of F'v is zero, and we have a vertex solution.
Since (0, ¢) — Fv is continuous, it then follows that F'v can be a solution corresponding
to any vertex or edge of the triangle by making an appropriate choice of # and ¢. It is
interesting to observe that such a large set of solutions is given by the simple formula
1 et 4 ei?
v=— | e? 4 we”? |, 0,0 € 1R.
V6 | o 1 w2
Since F? is a permutation, F%v is vertex solution, F3v is permutation of Fv, and F4v = v.

7.3. The case d =5
Let d = 5, so that

1 5 1
w:—1+§+1\/§ 5 + V/5i.

We find a solution v which is an eigenspace of the element of order three given by
A= (FQ*)? = -Q°F.
Proposition 7.1. If d is odd, then

d+1 d—1

QFF = (—) T (FQT ), (FQT ) =(-1)71, (7.2)
and hence Q%F has scalar order 3.

Proof: For d prime (7.2) follows from Theorem 3.17 and Lemma 4.3, and for d
not prime, the Gauss sums can also be evaluated to obtain the result. Thus A := Q%F

has scalar order three, since
d+1

A= (QFFP = (FQ ) = ()T L
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Lemma 7.3. The matrix B = FQ? has spectrum {p, pu?, p, u*, u°}, p = e5% = % + 731
Its orthonormal eigenvectors corresponding to p and p* are

To 0
7“1(,04 —7“3&)4
r:=| —row |, y:=1 rw (7.4)
—ToW —T4W
7“1(4)4 ?“3(4)4

respectively, where the r; > 0 are given by

545 1 5—2v5 1 5—2v5
To = ) = 1+ ) T2 = 1- )
15 22 15 29/2 15

CTEY FUNL:Ra o) R Y P R
374 15 ’ 47y 15 ’

Proof: The calculations in the original derivation are involved. It is difficult to
simplify the surds, e.g.,

Vi=w+wt—w? - =142w+w?) = -1 -2w? +u?).

We note the following eigenvectors with entries from the field Q[w, u],

203 (Vop 41 —w — w3 + w) 0
(VB — 1) (1 + w) + 2w? w—1
7= (ﬁuw?)(x/ﬁuw)w —2w , =] W —w+ VB |,
(VBu+w?) (Vo +wh) + w? ~w? +w—5p
(fu—l)(1+w)+2w 1-w
for which _ _
T — Ll Y vy
= = e 1 l” - = elO y
1]l 9]
However, it is easy to verify the result once it is obtained. O

Thus A = (FQ?)2 = B2 has a 2-dimensional eigenspace for the cigenvalue p2 = ¢
with an orthonormal basis given by the vectors x and y of (7.4).

Theorem 7.5. Define a complex number

_VI+VB [ [5=v5 . [5445

Then the four unit vectors v in the e 3 eigenspace of A given by

v =g := ax + [y, \/3— =+1-122, B=2—-2,2Z -2

20




each generate a Heisenberg frame for C°.

Proof: It is straightforward (but tedious) to check that all the equations are
satisfied. We leave the details to the reader who might note that

2\ -3+ ’z’2_1+¢§
B 4

O

Observe that the permutation matrix P_; = F'? commutes with A, so if v is a solution
in an eigenspace of A, then is F?v is a solution in the same eigenspace. In this case

F?%y, = V_,, F?y_, = Vs, F2ys = v_3, F2y_ 5 = s
There are two inequivalent solutions in this eigenspace: v, and vz, which are conjugate to
each other. The following comparison with the numerical results of [RBSC04], indicates
that these are all of the solutions. In [RBSC04] solutions v and w are considered equivalent
if
v=alw, ol =1, U € H.
We allow U € E (and so have fewer equivalence classes). Let E act on the equivalence

classes considered in [RBSC04]. Then the equivalence class [v] containing v is stabilised
by A, (—I) (which have orders 3, 2) and by H (of order 125), so that size of its orbit is

. |E| 30000
Orbit of = = =
(Orbit of o]l = Ser@D ~ 6-125
Taking the conjugate of this orbit gives another 40 solutions, which accounts for the total
of 80 (inequivalent) solutions found numerically by [RBSC04].

40.

7.4. The case d =17

Let d = 7, then the permutation matrix P, has order three. We will find a solution
v which is an eigenvector P, for the eigenvalue 1, i.e., satisfying vo; = v;, 0 < j < d —1,
which we write as

a
b
b
v=|c|, a,b,ce C.
b
c
c

Consider the equations of Theorem 6.6, in terms of the vectors V,,, 0 <n < (d—1)/2 = 3,
defined by (Vi,); = vj—nVjqn-

ra’ be T
b? ab
b? be
V() == 02 y Vi == 1)2
b? c?
c? be
L 2 ] L ac |
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Since Pyv = v, we have
(Vi)j = Vj—nVjtn = Va(j—n)V2(j+n) = V2j—2nV2j+2n = (Van)2;,
ie., V, = PVs, or, equivalently, Vo, = Py vy, = P22Vn. Hence we calculate
Vo = P3Vy, Vs =V_3 =V, =PV, = P}(P;V}) = P, V4.

Since V5, V3 are permutations of V7, the equations of Theorem 6.6 reduce to

2
2 _

(a) [[Voll _dﬂ,

b) [[Vi]]? = ——

(b) A" = 2=

(c) {Vo, V1, V1, P22V1} is an orthogonal set.
Using P,V = Vp and Py = Py ' = P2, we calculate

Vo, PoVi) = (P3Vo, Vi) = (Vo, Vi), (Vo, P3Vh) = (PaVo, Vi) = (Vp, VA,

(Vi, PiVi) = (P3Vi, Vi) = (Vi, P V), (P Vi, PiVy) = (Vi, PyVi) = (Vi, P V).

Hence {Vy, Vi, PoV1, P7V1} is an orthogonal set if and only if (Vg, Vi) = 0, (Vi, P,V;) = 0.
Consequently, the equations we must solve are:

(1) [Vol* =1/4:  a|* +3[b]* + 3|c|* = 1/4

(2) [Val> =1/8: 3[bP[e|* + [b]* + [c|* + [af*[b]* + |al*|c[* = 1/8

(3) (Vo,Vi) =0: bea? +alb|?b + c[b|2b+ b c® + 2b? + ble|?c +alc[2c = 0

(4) (Vi,P.V1) =0:  [b|?|c|? + alb|?C + b|c|?E + b%ac + c?ab + c|b|*b + a|c|?b = 0.

Consider the first two equations in |al, |b|, |c|. The first minus twice the second gives
lal* = 2al*(]b]* + |¢f*) + [b]* + [e|* — 6]b]*|c]* = 0,
which may be expressed as
(lal* = ([ + [e[*))* = 8[bI?|c]?,

so that
lal® = (|b]* + [c]?) = £2v2b||c|. (7.6)

Now a solution will satisfy ||v[|? = |a|® + 3(|b|* + |¢|?) = 1. From this subtract (7.6) to get
4(|b* + [e?) = 1 F 2v2[b]|c]. (7.7)

Now we make a simplifying assumption, that b,c € IR. Since we may multiply a
solution by a scalar to get an equivalent solution this is effectively the condition b/c € TR.
The equations (3),(4) become

(3) (Vo,V1) =0:  a?be+a(b®+c3) +be(b+¢)? =0
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(4) (Vi,PaVi) =0:  be(be+ (a+a)(b+c) +b*+¢?) =0.
In view of (7.6), bc = 0 does not yield a solution and so (4) simplifies to
(4) (Vi, PBVi) =0: be+ (a+a)(b+c)+b*+c* =0.
Let a = x + iy, then (by taking real and imaginary parts) we have five real equations in
the four real variables x,y, b, c.
Since a + @ = 2z, solving (4) for = gives
P+ Etbe
2(b+c¢)

xr =

(7.8)

Here we cannot have b+c = 0, since substituting this into (3) gives a?bc = 0, which doesn’t
yield a solution. Next expand equation (3)

(22 — y? + 2izy)be + (z — iy) (b® + ) + be(b + ¢)* = 0,
and take its imaginary part to obtain
y(2xbe — (b° + ¢3)) = 0. (7.9)

We now treat the two cases: y # 0 and y = 0.
Case y # 0: Solving (7.9) gives

v+ c?
= ) 7.10
v 2bc (7.10)
Comparing (7.8) and (7.10), we have
§+§+W+§+m_
2bc 2(b+¢c)
so that
(b+¢)(b> + ) + be(b? + ¢ +be) = (b + ¢ + be)? — 2b%c* = 0.
Solving (b? + ¢ + bc)? = 2b%c?, gives
4+ =(—1+V2)be = (—=14+V28)be, e {-1,1} (7.11)
Given that b, ¢ € IR, we may rewrite (7.7) as
400 + %) =1+2V2ebe, e€{-1,1}. (7.12)

Solving (7.11) and (7.12) for b + ¢? and be gives

126 —2425(20 —¢)

b2y C1V2(20 —¢) +2
4 (20 —€)?2 —2

L R O PSR i
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Multiply top and bottom by —de to make the denominators positive

w+w2:1—v@&—%g+27 lm:1v6®—2@—2&7
4 4 — 30¢ 4 4 — 30¢
and combine to obtain

12—20e(1+2 2(=0+20 F4
(bic)2:b2—|—czj:2bc:1 al lﬁ_g{i i 6).

The values (b+c)? and (b— c)? given by this formula are both nonnegative only if § = —1,
which gives

124654 V2(—1 —4e)

12-2 23+4
(b+c)? e+ V234 4e)
4 4+ 3¢

b—c)? ==
o (bmot=4 4+ 3¢

Since multipliying v by the scalar —1 gives an equivalent solution, we may assume that
b+ c > 0, and since the permutation matrix P_; = F? maps v to another solution with
the b and ¢ interchanged, we may further assume that b > 0 and b > ¢, i.e., b — ¢ > 0,
giving

1
b+ c=2a, a=——"1/246c— V21 +4e > 0,
4\/4+36\/ ( )
b—c=20, ﬁ:;\/2—26+\/§(3+45)>0.
4v/4 4 3¢

We therefore have
b=« + /67 C=«— 67

where the possible values of a and ( are

3vV2—4 4 — /2 8 —5v2 V2

azLy 5:7\/7 (e = —1), a:7f7 5:£ (e =1).
4 4 47 4

The choice e = —1 does not lead to a solution, since this implies

307 + ) = 3((a+ ) +(a - A) = 6(0® + ) = TV > 1,

contradicting ||v]|? = |a|? + 3(b? + ¢?) = 1. For choice ¢ = 1, we determine the possible
values of a. Using equation (4) to eliminate @ from (3), gives

(be)a® + (=% — ) a + (b*c + bc® + 2b? — b* — c*) =0,
which is a quadratic in a with real coefficients. Solving this in the form
(@® = %) a® — 2a(a® 4+ 36%) a + (a* — 35% — 14a%6%) = 0,

24



leads to a complex conjugate pair of solutions

—5V2(2V24+1+£Ti
__ VB~ 5V2(2V2 + 1 £70) ~ —0.31093791 F 0.56852731i, arg(a) ~ F118.68°.
2V7(3v2 - 2)

With the values of b, ¢ given below, this gives inequivalent solutions

1 (V8-5v2 1 [(V8-5v2
6_1<T+\/§)’ C —<T—\/§>

4
Case y = 0: Substitute (7.8), with = a, into equation (3), and factor to obtain

(20% + 3bc + 2¢)(b* — 2b%c — 5b?c? — 2bc® + ) 0
4(b+c)? -

Since the quadratic form (b, ¢) — 2b% + 3bc + 2¢? is positive definite, we must have
bt —2b3¢ — 5b%c? — 2bc® + ¢t = (b7 4 ¢*)? — 2be(b? + ) — Th*c? = 0.

Solving the above quadratic in b% + ¢? gives

 2bc £+ VA4b2c? 4 28b2¢?

5 = (1£2v2)be = (1 + 2V26)be, §e{-1,1}. (7.13)

v+ c?
Solving (7.12) and (7.13) for b + ¢? and be gives

2V/2 + 6 b

b2—|— 2 _ ’ be = :
‘ 2(4v/2 + 26 — V/2¢6) ‘ 2(4v/2 4 26 — \/2¢6)

and so
2v2 46 +26

(4V2 + 26 — \/2e6)

The values (b = ¢)? given by this formula are both nonnegative only if § = 1, which gives

2v/2+3 2v2 —1
(4V2+2—V2¢)’ (4V2+2—V2e)

As in the previous case, we may assume wlog that b+ ¢ > 0, b — ¢ > 0, so that

(bxc)? =b% +c? +2bc = 5

(b+c)2:2 (b—c)2:2

2v/2 43 2v2 -1
b=a+p, c=a-—7[, o= V24 , 6= V2 .

2V2V/4V2 + 2 — \/2¢ 2V2V/4V2 + 2 — /2
The choice e = —1 does not lead to a solution, and for € = 1, we get

b V2243 V6+5/2 5 V2v2—1 V242
C2v2V3v2+2 IV 2v/2/3V2 + 2 4
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which gives a solution, with the a = = obtained from (7.8) as

_V3V2-2
0T

Theorem 7.14. For d = 7, there are three inequivalent vectors of the form

v = (a,b,b,c,b,c,c)T, aceC, bcelR

which generate a Heisenberg frame for €7, namely the pair of conjugate solutions given by

V8 — 5v2(2v2 + 1 £ 74) b_\/8—5\/§+<‘/_§ _V8-5V2 V2
WTBV2-2) 4T N 1

and the all real solution given by

WV2-2  V6+5v2 V22 _ V6452 V242
2T 4T T T o

Proof: Since the above system of equations solved above was over determined, we
need to check the solutions derived above satisfy all the equations. This is easily done.

A numerical calculation shows the orbits of the above solutions under E are distinct,
and so these solutions are not equivalent. O

We now count the number of times [RBSC04] count vectors in the E—orbit of the
above v as different solutions. Since each v is stabilised by Ps, (i) and H, this is

|| 460992

Orbit of ]l = so b =347

= 112.

Since our three solutions are inequivalent they account for all the 336 = 3 x 112 solutions
found numerically by [RBSC04].
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