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1. Introduction

Tight frames of n vectors for C? have numerous applications (see the surveys [4], [5]). These include
signal transmission with erasures [10], [14], [2] and quantum information theory [16], [20].

Many tight frames of practical and theoretical interest are G-frames (the orbit of a unitary action of a
group G) [22]. Most notable are the harmonic frames (G is abelian) and SICs, i.e., d* equiangular lines
in C¢ (for a projective action of the abelian group Z32). The main result of this paper is a precise statement
about how numerous the harmonic frames of n vectors for C? are (Theorem 3.1). By way of comparison,
SICs are known to exist only for certain values of d, and there is strong evidence for Zauner’s conjecture
that they exist for all values of d (see [20], [25]).
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We now provide some background on harmonic frames, and then detail our approach (precise definitions
are given in §2). What we will call a cyclic harmonic frame for C? was first introduced as a d x n submatrix

[v1,...,vy,] of the Fourier matrix (character table for Z,)
1 1 1 e 1
1 w w? e wn1
2 4 2(n—1 ni
1 w w w ( ) , w = 62" , (11)
i wn.—l w2(7:L—1) L w(n—l')(n—l)

obtained by selecting d of the rows (characters of Z,). See [11], [13], [3] (who use the term harmonic frame
for when the first d rows are taken), [6] (who use the term a Fourier ensemble), and [19] (who show a
matrix with its columns given by a random cyclic harmonic frame is a RIP (restricted isometry property)
matrix with high probability). These tight frames can be viewed as Z,-frames (called geometrically uniform
frames in [9]). This construction generalises, with Z, replaced by an abelian group G of order n [21], to
give what we call a harmonic frame (it is cyclic if G can be taken to be Z,,). It follows from the character
table construction (and the fact there are a finite number of abelian groups of order n) that there is a finite
number of harmonic frames of n vectors for C¢.
A computer study [24] of the harmonic frames of n vectors for C¢ suggested the following behaviour:

« The number of harmonic frames (up to unitary equivalence) grows like n?~1, and it is influenced by the
prime factors of n.
e The majority of harmonic frames are cyclic.

In this paper, we show that for fixed d the number A, 4 of cyclic harmonic frames grows like

n

hna ~ —— >t

> , n — o0.
o(n)

The key points of our argument are

e Cyclic harmonic frames correspond to d-element subsets J C Z,,.

e When cyclic harmonic frames given by J, K C Z, are unitarily equivalent, usually K = o¢J for some
automorphism. When this is not the case, we say they are exceptional.

o The automorphisms of Z,, are easy to describe (as the units Z;).

« A pair of unitarily equivalent cyclic harmonic frames determines a torsion point on the (2d)-torus T2

o By using results about the torsion point solutions of algebraic equations, we show that the number of
exceptional harmonic frames grows slower than the number which aren’t.

e The nonexceptional cyclic harmonic frames are counted by Burnside enumeration.

We carry out this argument in §4-§5. We give examples and some numerical data in §6. In §7 we show
that there are no exceptional equivalences when n is prime, and together with Burnside enumeration this
allows us to give an exact formula for h,, 4 in this case, which we break down into lifted and unlifted, and
into real and complex harmonic frames.

In the final section, we use our techniques to investigate the number p,, 4 of harmonic frames of n vectors
for C up to projective unitary equivalence. For d > 4, this gives the lower estimate

d—1

3

IV
QU
S

Pn,d ~ (p(n)



48 S. Marshall, S. Waldron / Appl. Comput. Harmon. Anal. 48 (2020) 46-63

2. Harmonic frames

A sequence of n vectors (v;) in C? is a tight frame for C? if for some A > 0
AlFIP =) _Kfopl,  vfec
j=1

By the polarisation identity, this is equivalent to the redundant “orthogonal expansion”

1

f==Y (fov,  VfeCh (2.2)
j=1

o |

We say that tight frames (v;) and (wj) are unitarily equivalent (up to a reindexing) if there is a unitary
map U and a bijection o : j — k (a reindexing) between their index sets for which

v; = Uwej, V5. (2.3)

If (v;) is unitarily equivalent to a frame (w;) C R, then we say it is a real frame.

A tight frame (gv)geq which is the orbit of a vector v under the unitary action of a finite group G is
called a G-frame (or group frame) [22]. For G abelian, there are finitely many G-frames for C¢ up to unitary
equivalence, which we call the harmonic frames. For G nonabelian, there are uncountably many G-frames
for C¢, d > 2. We now give the basic theory of harmonic frames required (see [7], [22], [8], [23] for details).

Let G be a finite abelian group (written additively). The (irreducible) characters of G are the group
homomorphisms £ : G — C\ {0}, where C\ {0} is a group under multiplication. Here we think of characters
as vectors £ € CY (with the Euclidean inner product), which satisfy

§lg+h)=&9Eh), Vg,hed. (2.4)

A

The set of irreducible characters of the abelian group G is denoted by G.

The characters G form a group under the multiplication (¢7)(g) := £(g)n(g), which is called the character
group. The character group G is isomorphic to G. For x € G, (2.4) implies that x(g) is a |G|-th root of
unity, and so the inverse of y satisfies

X H9) = — = =x(9)- (2.5)

The square matrix with the irreducible characters of G as rows is referred to as the character table of G.
For example, if G = (a) is the cyclic group of order n, with its elements ordered 1,a,...,a" !, then its
character table is given by (1.1).

The harmonic frames for C? given by G can all be described (up to unitary equivalence) in two equivalent

ways:
1. By a choice of d characters {&1,...,&5} C G (d rows of the character table), i.e.,

Wier, ey = (vg)gec Vg = (fj(g))?:l ec. (2.6)

2. By a choice of d group elements J C G (d columns of the character table), i.e.,

Dy = (&l1)ece ¢lyec’ =c (2.7)



S. Marshall, S. Waldron / Appl. Comput. Harmon. Anal. 48 (2020) 46-63 49

Many properties of harmonic frames are easy to describe in the second presentation. In particular:

e ®; has distinct vectors if and only if J generates G.

e ®; is a real frame if and only if J is closed under taking inverses.

o ®&;isan ETF (equiangular tight frame) if and only if J is a difference set.

e If o is an automorphism of G and K = oJ, then ®; and Pk are unitarily equivalent.
In this case we say that ®; and ®x are unitarily equivalent via an automorphism.

Note that if J does not generate G, then ®; has |(J)| distinct vectors (where (J) is the group generated
by J), each occurring |G : (J)| times. Moreover, the frame obtained by taking one of each of the distinct
vectors is a harmonic frame associated to (J).

We now focus on the harmonic frames for G = Z,,, which are said to be cyclic (harmonic) frames. In
this case, the automorphism group of G (and hence é) has a particularly simple form: each automorphism
corresponds to a unit a € Z;, via

og=ag, VYgE€QG, o € Aut(G),
™=x" Yx€G, 1eAu(G).

We say that d-element subsets {&1,...,&:} and {n,...,n4} of Zy,, or d-elements subsets K and J of Z,,
are multiplicatively equivalent if there is an automorphism mapping one to the other, i.e.,

{517---7§d}:{7717~-~777d}a:{77117-~-a77§}7 K =aJ

This holds if and only if the cyclic harmonic frames they determine are unitarily equivalent via an au-
tomorphism. Because of this, we shall sometimes apply the term ‘multiplicatively equivalent’ to a pair of
frames to mean they are unitarily equivalent via an automorphism. An exceptional equivalence is a unitary
equivalence between cyclic harmonic frames given by sets of characters (or group elements) which are not
multiplicatively equivalent. An exceptional frame is one having an exceptional equivalence with another
frame.

3. The number of cyclic harmonic frames

Calculations of [7] indicate that most cyclic harmonic frames are not exceptional, i.e., unitarily equivalent
cyclic harmonic frames usually come from multiplicatively equivalent subsets (this is proved in Proposi-
tion 4.6). This is the basic principle underlying our results.

Let hy, 4 be the number of unitarily inequivalent cyclic harmonic frames of n distinct vectors for C¢. We
recall that Euler’s totient function is given by

o) = 12z = n [ (1= 1).
pln

The main result is the following, which gives the growth of h,, 4 (for d fixed).

Theorem 3.1. If d =1, then hyq =1 for alln. If d > 2, then for all e > 0, we have

Tld

hn,d = M H(l — p_d)(l + OE<’[’L_1+E))7 n — o, (38)

where @ is Fuler’s totient function, and the product is over the prime factors p of n.
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Throughout, we use asymptotic notation, e.g., a, = Oc(b,) means |a,| < Cb,, as n — oo, where b, > 0
and C' is a constant depending only on €. For a,, > 0, b, > 0, we write

an Kb, << ap=0(n),

an b, <<= a,=0(by), b, =0(ay).

The Euler product formula for the Riemann zeta function gives

0< = — II - <JJa-p%H<1,  d=23,.... (3.9)

p prime pln
Thus (3.8) gives the asymptotic estimate

nd

hna = W > pd=t n — o0.

There are various upper bounds for the factor n/¢(n) above, e.g., [18] (Theorem 15) gives

2.51
< e%loglogn + ———, n >3,
loglogn

¢(n)

where C' is Euler’s constant.
The proof of Theorem 3.1 (see the comments after Proposition 5.4) consists of two parts:

1. We think of cyclic harmonic frames as being given by subsets (or sequences) of d characters of Z,,, and
hence by n-th roots of unity. This allows us to show that a pair of unitarily equivalent frames gives
a torsion point on the torus T2?? that satisfies certain algebraic equations. By using results about the
solutions of algebraic equation in roots of unity, we show that the number exceptional cyclic harmonic
frames grows slower than those which aren’t (Proposition 4.6).

2. In view of Proposition 4.6, it suffices to count the cyclic harmonic frames up to unitary equivalence via
an automorphism. This we do by (Burnside) counting the d-element subsets of Z,, up to multiplicative
equivalence (Proposition 5.4).

We now give the arguments for each part (§4 and §5).
4. Torsion points and exceptional cyclic frames
Since any character & of Z,, satisfies

E(k) =¢M)F,  VE,

choosing ¢ is equivalent to choosing the n-th root of unity £(1). Thus a choice of characters (giving a cyclic
frame) corresponds to a choice of n-th roots via

{6, &) = {a),.... &)}

In this section, we shall often think of a choice of d characters (or n-th roots) as being an ordered subset
(&1,...,&4). There are d! such orderings of a given subset {&1,...,&4}.
Two sets of n-th roots determining unitarily equivalent harmonic frames satisfy the following.
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Lemma 4.1. Let G be a finite abelian group. If (vg)gec is a harmonic frame, then
(Vates Vbte) = (Va, Vb)), Va,b,c € G.

In particular, if {&1,..., &}, {m,...,na} C /. give unitarily equivalent cyclic harmonic frames, then for
some a € Zn,, we have

d d
> &)= ni(a). (4.10)
j=1 j=1
Proof. Let (vy)g4ec and (wy)gec be the harmonic frames given by {&;} and {n,} via (2.6). Then we calculate
(Vates Vote) = ng a+c)&(b+c) ng §0)&(c) =Y &(a)&;(b) = (va, v).
J

If (vg)gec and (wy)geq are unitarily equivalent via (2.3), then
(Vk, v0) = (Uwek, Utgr) = (Wok, Wor) = (Wok—ot, Wo)-
For G = Z,, taking k = 1, £ = 0 above, gives (v1,vg) = (wq,wo), a := ol — 00, which is (4.10). O

Let V C C2? be the set of solutions to

d 2d
dozi— > z=0. (4.11)
j=1

j=1+d

By Lemma 4.1, every unitary equivalence between cyclic harmonic frames of n vectors for C? gives a solution

z = (51(1)3 v agd(]‘)ﬂh(a)v s 777d(a)) ev (412)
in n-th roots of unity. Moreover, one may easily produce such solutions by letting z411,..., 224 be a per-
mutation of z1,...,z4. We call a solution to (4.11) in roots of unity exceptional if z4,1,..., 224 is not a

permutation of zq,..., zq4.

We shall prove (Lemma 4.2) that any exceptional equivalence between cyclic harmonic frames gives rise
to an exceptional solution to (4.11). This allows us to prove that the number of exceptional cyclic harmonic
frames is small (Proposition 4.6), i.e

Of the ~n?® choices of d characters of Z,,< n®! give exceptional cyclic harmonic frames.

This reduces the proof of Theorem 3.1 to that of counting the number of nonexceptional cyclic harmonic
frames, which is done by counting Z-orbits (see §5).

We will prove Proposition 4.6 by reducing it to a count of solutions to a linear equation in roots of unity.
This is a well studied problem in the theory of Diophantine equations, and the set of solutions has a simple
structure described by a theorem of Laurent [15], which is a special case of the Mordell-Lang conjecture.
We now give the details.

Let T* be the k-torus

Fo={zeCrilzy|==|u| =1},
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which is a compact abelian Lie group under the group operation

z-w:i= (21w, ..., ZpWE).

If z € Ty and T C Tk is a subgroup, we use z - T to denote the translate of T' by z. A point on the torus
of finite order is called a torsion point. We denote the set of torsion points by Tk .. We let T¥[n] denote
the set of n-torsion points (torsion points of order n), which is the same as k-tuples of n-th roots of unity.
There is a bijection between d-tuples of characters of Z,, and T%[n] sending (&1, ..., &4) to (&1(1),...,&q(1)).

If the ordered subsets (&1,...,&q) and (91,...,m4) give equivalent harmonic frames, then (4.12) gives a
point z € V N T2?%[n]. Note that z depends on the choice of unitary equivalence between the two frames
made in the proof of Lemma 4.1.

The basic result that allows us to reduce from counting frames to counting solutions to equations in roots

of unity is the following.

Lemma 4.2. If the cyclic harmonic frame given by (£1(1),...&4(1)) € T%n] has distinct vectors and is
exceptional, then there is an exceptional point

z = (fl(l), . ,fd(l), Zd41y -y ng) evVn TQd[n].
Proof. By hypothesis, there is an ordered set (n1,...,nq) of characters of Z, such that {&;,...,&;} and

{m,...,na} are multiplicatively inequivalent, but the frames they give are unitarily equivalent (and hence
both have distinct vectors). Then by Lemma 4.1, there is an a € Z,, satisfying (4.10), and so

2= (&(1),. ., &a(1),m(a), ... na(a)) € VN T*[n].
Suppose (by way of contradiction) that z is not exceptional, i.e., z4y1, ..., 224 iS a permutation of z1, ..., z4.
Then after a reordering &;(1) = n;(a) = n;(1)%, Vj, so that {¢;} = {n;}*. The frame given by {;} has
distinct vectors, and so {&;} generates Z,. Thus {£;(1)} = {n;(1)}* generates the n-th roots of unity, and
a must be a unit. This implies that {£;} and {7;} are multiplicatively equivalent, a contradiction. Thus z

is an exceptional point. O

The set of solutions to (4.11) in torsion points is described by the Mordell-Lang conjecture for tori,
proved by Laurent [15, Theorem 2] (see also the Conjecture on page 299). This states the following:

Theorem 4.3. Let I' C (C*)* be a subgroup of finite rank, i.e. so that the quotient of T' by its torsion

subgroup is finitely generated, and let X C (C*)* be an algebraic subvariety. Then there is a finite collection
of elements v; € T and algebraic subgroups H; C (C*)* such that ~; - H; C X for all i, and

XnF:U%-(HmF).

The following consequence of Theorem 4.3 will be useful for us.

Corollary 4.4. Let f be a (holomorphic) polynomial on C* with zero set

Z(f):={z€CF: f(z) =0}.
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Then there is a finite number of (topologically) closed, connected subgroups Ty,..., Ty, of TF, and points
P1s-- Dm0 TE ., such that

T?OI‘S m Z( tors U j 7 p] : TJ C Z(f)’ V]' (4’13)

Proof. We apply Theorem 4.3 with I' = TF _ and X = Z(f) N (C*)* to produce p; € T

subgroups H; C (C*)* such that p; - H; C Z(f) for all i, and

ors and algebraic

Tkors (f) = Upi ’ (HZ n Tfors)' (414)

We have H; N TE . = and H; N TF = U;q;; - T; where g;; € TE . and T} is the identity
component of H; N T*, which is a (topologically) closed connected subgroup of T*. Combining this with

(4.14) gives

- (H N Tk) N Tﬁors? tors

T‘Iccom (f) = U Upl * iy - T N Tforq tors n U Upl qij * i'
iJ

We have ¢;; - T; C H; for all i and j, and so p; - gi; - T; C p; - H; C Z(f). This completes the proof. O

We now apply Corollary 4.4 to V NT2%_. Let 7 be the projection of T?¢ onto the first d components, i.e.,

tors*
T2 =T xT¢ 5 T¢: (2,w) — 2.
For any o € Sq, let T, = {(21,.. ., 2ds 2015 - -, Z0d) : |25] =1} C T24 so that

ngrsm U TU

g€Sy

is the set of solutions to (4.11) in roots of unity that are not exceptional.

Lemma 4.5. There are a finite number of (topologically) closed, connected subgroups T, ..., Ty, of T
satisfying dimw(Tj) < d for all j, and points p1,...,pm in T2L,, such that
m

oeSqy Jj=1

Proof. We apply Corollary 4.4 with Z(f) = V. We now determine the possible tori T} in (4.13) that can
satisfy p; - Tj C V. For a € Z* and z € T*, we define z® := 20 ... 2%,
A connected subgroup 7' C T?¢ of dimension k is the image of a map

TF 5 T2 2 = (21,...,21) = (2%,..., 2%24), a; € 7F,
where the o; must span R*, since the map has a discrete kernel. If p = (w1, ... ,waq) € T?¢, then p- T is
the image of the map z — (w12*1,...,waq2*2?). Thus for the linear polynomial (4.11) to vanish on p- T, we

must have

d 2d
g w;iz — g w;iz% =0, Vz e T*.
i=1

j=d+1
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For any exponent (3, the sum of the coefficients of 2z above must be 0. It follows that any /3 occurring as
an o; must occur at least twice, and so there can be at most d distinct exponents. Thus the o; can span
¥ only if k < d. If k < d, then clearly dim 7(T) < d.

If k£ = d, then every exponent occurs exactly twice. If some exponent occurs twice in the first sum, i.e.,
a; = ay, for some 1 < j # k < d, then the function z;/z;, is constant on 7', which implies that dim 7(7) < d.
If no exponent occurs twice in the first sum, then each exponent occurs once in each sum, i.e., agy; = ooy,
1 < j < d, for some o € S;. This implies that T" C T,, and as both are d-dimensional and connected, we
have that T' = T,,. We must also have wqi; = wsj, 1 < j < d,sothat pc T and p-T =1T;.

We have shown that

m
P]I‘%(girs nv = U (ngrs N T U U I’H‘lt2((>11rs mp] )’
ocX j=1

where X C S; and dim7(Tj) < d for all j. The inclusion

U @ nT,) c T nV
o€Sy

means that we can take X = S;, which completes the proof. O

Proposition 4.6. For d fized, the number of choices of d characters of Z, which lead to exceptional cyclic

d—1

harmonic frames with distinct vectors is < n as n — 0o.

Proof. Let £ C T[n] be the set of d-tuples of characters of Z,, (viewed as n-th roots) that give exceptional
cyclic harmonic frames with distinct vectors, and let £ C V N T?%[n] be the set of exceptional points. By
Lemma 4.2 and Lemma 4.5, we have

£c () cTn G

with dim 7(7) < d for all j, which implies that |T[n] N7 (p; - T;)| < n?~L. Since the collection of translates
p; - T only depends on d, we obtain |€] < n9~! as required. O

5. Counting the nonexceptional cyclic harmonic frames

Let m,, 4 be the number of cyclic harmonic frames of n distinct vectors for C?, up to unitary equivalence
via an automorphism, i.e., the number of d-element subsets which generate Z,,, up to multiplicative equiv-
alence. (In this section, it will be convenient to work with group elements rather than characters.) We will
prove Theorem 3.1 by calculating m,, 4, then using Proposition 4.6 to conclude

ho,d = My, 4, n — 00.

Since all elements which generate Z,, are multiplicatively equivalent, we have hy, ;1 = my 1 = 1. We may
therefore assume that d > 2 for the rest of this section.

Let YVgen be the set of all d-element subsets which generate Z, (i.e. give cyclic harmonic frames with
distinct vectors), and Vex C Vgen be the subset which gives exceptional frames. Then m,, 4 is the number
of Z}-orbits of Vgen under the multiplicative action of Z,.

If S is a collection of d-element subsets of Z,,, and S is stable under the action of Z*, we denote the set

n’

of its orbits by S/Z}, and the set of its elements fixed by a € Z} by Fix(a) = Fix(a, S).
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Lemma 5.1. We have the bounds

|(ygen \yex)/Z:;l < hmd < Mp,d = ‘ygen/ZZ|~

Proof. We observe h,, 4 is the number of equivalence classes in YVgen under the equivalence relation given
by unitary equivalence of the corresponding frames. Since each equivalence class is stable under the action
of Z}, the number of such classes is at most the number of Z}-orbits, which gives the upper bound. By
definition of Yex, the unitary equivalence classes in Vgen \ Vex are exactly the Z7-orbits, which gives the
lower bound. O

We now estimate the sizes of Veen and Vgen \ Vex-

Lemma 5.2. We have

d
Ygenl: Waen \ Ve = [T =7 + O™, n = o0, (5.16)
" pln

where the product is over the prime factors p of n.

Proof. It is convenient to work with the ordered subsets of Z,. Let X = Z% be the set of d-tuples of
elements of Z,,, Xyen be the subset of those whose elements generate Z,,, and Xgisx be the subset of those
whose elements are all distinct. Clearly,

|Vgen| = | Xaist N Xgen|/d!.

The size of Xyen is Hall’s d-th Eulerian function (d = 1 gives Euler’s totient function ¢(n)). We now
calculate |Xgen| by using inclusion-exclusion counting. Let X(m) C X be the collection of d-tuples all of
whose elements lie in mZ,,. If some d-tuple does not generate Z,,, then its elements must be contained in
some maximal proper subgroup pZ,, p|n, and so we have

Xgen =X \ UX(p)

pln

It is easy to see that if py,...,px are distinct primes dividing n, then

k
‘ﬂ X(pj)‘ = | X(prp2-pr)| = (n/(prpa---px))".

Thus, inclusion—exclusion counting gives

[Xgen| = [X] =D 1X@)+ D |X(p1) N X (p2)| — -
pln

p1,P2\n
P1#£P2

=nT[(1=p™).

pln

Since |X \ Xgist| =n? —n(n—1)---(n —d + 1) < n?~1, we have

d!‘ygen| = |Xgen N Xdist‘ = nd H(l 7p7d) + O(ndil)

pln
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which gives the estimate for |Vyen|. Because |Vex| < n?=! by Proposition 4.6, we also have the estimate for

|ygen\yex|- O

We now count the number of orbits for the action of Z;, on Veen and Veen \ Vex- Recall Burnside’s Theorem
(see [17]), which states that if G is a finite group acting on a finite set .S then the number of orbits is

1S/G| = é > | Fix(a, S)|. (5.17)

aeG

We shall combine Burnside’s Theorem with the following bound for | Fix(a, Vgen)|-
Lemma 5.3. Let a € Z;,. Then

1. | Fix(a, Ygen)| < nd=t for a # 1.
2. | Fix(a, Ygen)| < 142 for a® # 1.

Proof. Let A € Fix(a, Vgen). We note that the elements of A € Vyen generate Zy,.

If a #1, then H={b € Z, : ab= b} is a proper subgroup of Z,, and so there is some b € A, b ¢ H. As
the choice of b determines a second element ab € A, the number of choices for A is less than n-n¢=2 = nd=1,
Similarly, if a? # 1 (so @ # 1), then H = {b € Z,, : a®b = b} is a proper subgroup of Z,, so that {b, ab, a®b}
are distinct elements of A for b € A, b ¢ H. It follows that if d = 2 then Fix(a, Vgen) = 0, and if d > 3 the

number of choices for A is less than n - n? 3 =nd=2, g

Proposition 5.4. For each € > 0, we have

1

|ygen/Z:z|’ ‘(ygeﬂ \ yeX)/Zm - dlp(n)

(n? H(l —p N+ 0 (m¥)), n— oo (5.18)

pln
Proof. Since |Z; | = ¢(n), counting the Z-orbits of Veen by Burnside’s Theorem (5.17) gives

. 1 .
D}gen/Zn| = m Z |F1X(a7ygen)|-

a€Zy,
Partition Z; into {1}, B={a:a? =1,a # 1} and {a : a® # 1}, and apply Lemma 5.3 to the last two sets
to obtain

* 1 — —
Veen/Zy| < m(lygenI +[BIn® ! + p(n)n??).

We recall that Z7.. is cyclic for p an odd prime, and Z3.. is a product of at most two cyclic groups. By the
Chinese Remainder Theorem and the structure of Zy... for p prime, we have

Bl < |[{a € Z} : a® = 1}| < 2¢(W+1

where w(n) is the number of prime factors of n. We see that 2¢(™) is at most the number of divisors d(n) of
n, and it is known that d(n) <. n, see for instance [1, Thm 13.12]. Applying this and ¢(n) < n gives

* L d—1+e¢
|ygen/Zn| < o(n) (|ygen| + Oc(n ))
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Combining this with the estimate (5.16) for |Vgen| gives the upper bound

| Veen/Zn| < d, dH 1—p O (nd=1+e)). (5.19)

We estimate |(Vgen \ Vex)/Z:| in the same way. Let S = Vgen \ Vex in (5.17) and take only the a =1
term to obtain

‘(ygen\yex)/z*| > |ygen\yex|

( )

Combining this with the estimate (5.16) for |Vgen \ Vex| gives the lower bound
|(Veen \ Yex)/Zis| > d, n? H (1- O (n=1+9)). (5.20)

Since |(Veen \ Vex)/Zy| < |Vgen/Z1|, the bounds (5.19) and (5.20) give (5.18). O

By Lemma 5.1, Proposition 5.4 and (3.9), we have

hn,d; Mg = d' d H 1 _ ( d71+e))
w(n pln
= n—dH(l —p_d)(l—i—O (n_1+€)) n — 0o
d!gp(n) € b) b

pln

which completes the proof of Theorem 3.1 (we already observed that h, 1 = my 1 = 1).
6. Some examples

The number of cyclic harmonic frames up to multiplicative equivalence can be calculated exactly by
Burnside counting (this can be done by a computer algebra package):

tina = Veon /23] = s (aenl + Z | Fix(a, Vyen)| ). (6.21)
a#l

This slightly over counts h,, 4 when there are exceptional frames. Theorem 3.1 gives the approximation

n _
hn,d ~ an7d = W |H(1 —p d), n — Q. (6.22)
pln

This appears to give a good fit to h,, ¢ and m,, 4 (even for small values of n), see Fig. 1.
Since ¢(n) is multiplicative, with

it follows that

1
an1 =1, an2=EH(l+—)€Z, n> 2.

For d > 2, a,, ¢ may not be an integer.
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Fig. 1. The number of harmonic frames of n distinct vectors for C* (including noncyclic frames) as calculated by [24] together
with an, 3.

Example 6.1. For d = 2, unitary equivalence and multiplicative equivalence are the same [7], i.e., by 2 = My, 2.
Despite a, 2 being an integer, it does not always equal m,, ». They first differ for n = 8, when the units
group has three elements of order 2, i.e., 3,5,7 € Z§ with

Fix(3) = {{1,3}, {5,7}}, Fix(5) = {15}, (3,7}}  Fix() = {{3,5}, {1,7}}.
Since Ygen has 22 elements, (6.21) gives ago =6 < 7 = %(22 +24+2+4+2) =mgo.

Example 6.2. For d > 2 there exist exceptional cyclic frames, e.g., for n = 8 vectors in C3, there are 17
multiplicative equivalence classes of 3-element subsets that generate Zg. The classes

{{1,2,5},{3,6,7}},  {{1,5,6},{2,3,7}}

give exceptional frames (a frame from each class gives an exceptional pair), and it is easy to show that
hg’g =16<17= mg.3.

7. Harmonic frames with a prime number of vectors

When n is prime, then the n — 1 primitive n-th roots of unity are a Q-basis for the cyclotomic field Q[w]
that they generate. As a consequence, many of the inner products between vectors of the (cyclic) harmonic
frames are distinct, and so there are no exceptional frames:

Proposition 7.1. If n = p is prime, then all harmonic frames of n distinct vectors for C* are cyclic, and
multiplicative and unitary equivalence are the same for these frames, i.e., hp g =mpq.

Proof. Let {&1,...,&q} and {m,...,nq} be characters of Z, giving unitarily equivalent harmonic frames
with distinct vectors. By Lemma 4.1 there is some a € Z, with

d d
Z@(l) = Zm(a)- (7.23)
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We will show that after a reordering &;(1) = n;(a), Vj. The argument of Lemma 4.2 then implies that the
frames are multiplicatively equivalent.

Let w be a primitive p-th root of unity, and a; and b; be the number of times that w’ occurs as a
summand on the left hand and right hand sides of (7.23). Then

ap+--+ap_1=bo+ - +b,_1=d. (7.24)

Since 1 +w+---+wP~! = 0, we may replace each appearance of 1 in (7.23) by —w —--- —wP~! and equate
coeflicients of the resulting Q-linear combinations of primitive roots to obtain

aj—a():bj—bo, j:1,2,...,p—1. (725)
Solving the system (7.24) and (7.25) of p linear equations in ay,...,a,—1 gives a; =b;, V4. O

The above argument shows that harmonic frames that are unitarily inequivalent have no inner product
between distinct vectors in common.

For n = p prime we are able to give an explicit formula for the count (6.21) of mp 4 = h, 4. It is convenient
to split this into the lifted and unlifted harmonic frames. We say that a harmonic frame given by J C Z,, is
lifted if 0 € J, equivalently, the subset of characters defining it contains the trivial character 1 € Lo, or its
vectors have a nonzero sum.

Theorem 7.2. Let p be a prime, and hy, ; and h;yd be the number of unlifted and lifted harmonic frames of
p distinct vectors for C* up to unitary equivalence. For d > 1, we have

p—1

M= > ( y >s0(j), (7.26)

1 d
P=  gcdpora)  J

p—1
P = %1 > (dJ_l) (). (7.27)
jlged(p—1,d—1) ~ j

Proof. For d = 1, the unique harmonic frame (with distinct vectors) is unlifted, so that hy ; = 1, h;hl =0.
We observe that the formula (7.26) also holds for d = 1. For d > 1, all d-element subsets of Z,, generate Z,,
and so all harmonic frames have distinct vectors.

We first count the unitarily inequivalent unlifted harmonic frames, i.e., the number of d-element subsets
of Z, \ {0} up to multiplicative equivalence. If a € Z; has order j, then its action on Z, \ {0} gives ? ;1
orbits of size j. In order for there to be a d-element subset J of Z, \ {0} fixed by a, we must have j|d, and

-1
the number of such subsets is | Fix(a)| = (p?) There are ¢(j) elements in Zj of order j, and so Burnside’s

theorem (5.17) applied to S the collection of d-element subsets of Zp \ {0} gives the first formula:

. 1 , 1 p=ly
he= e 3 S |Fix(a,9) = " > ( y )w(J).
Pl jlged(p—1,d) a€Zy jlged(p—1,d) N 7

ord(a)=j

We now count the lifted frames. These are given by the d-element subsets J C Z, with 0 € J, which are
multiplicatively equivalent if and only if the (d — 1)-element subsets J \ {0} are. Thus h; 4 = hy 4_1, which
gives (7.27) since the formula for hj ; holds for d > 1. O

A backwards recursive formula for h, 4 based on orbit counting is given in [12].
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Example 7.3. For d = 2 and p > 2, we have h,» = 3(p + 1), since

1 p—1 p=L 1
u 1 u 1
hPJ - hP»Q =1, hP,Q - hpy3 - —pl{< ) ) + ( i )} - 5(]9 - 1)‘

Example 7.4. For d = 3 and p > 2, we have

u _ gl _
p,3_hp,4_p71

-

The above formulas for p =1 (mod 3) and p = 2 (mod 3) appear in [12] (Prop. 4.2).

Hence

(p*=2p+3), p#1 (mod 3);
(P2 —2p+7), p=1 (mod 3).

o= o=

Example 7.5. For d = 4 and p > 2, we have
T 1 ) + (?1)7 o #1 (mod 4);
P P p—1 (pll) + (?) —I—Q(T), p=1 (mod 4).

As indicated, we can construct formulas for h, 4 depending on p modulo d and d — 1, e.g.,

1
hpa=hya+hypa =5 (0" =5p* +9p+19),  p=1 (mod12).

It is also possible to count the number of real harmonic frames. We recall that J C Z,, gives a real
harmonic frame if and only if it is closed under taking inverses, i.e., J = —J. For n = p an odd prime,
—j = j if and only if j = 0, and so the J giving real frames have 0 ¢ J when d is even, and 0 € J when d
is odd. Burnside counting gives the following.

Proposition 7.6. Let p be an odd prime and d > 1. For d even, the number of real harmonic (unlifted) frames
of p distinct vectors for R (up to unitary equivalence) is

1 Pfl ' E )
=t X (D) X ()0}
jlged(p—1,d) ~ J jlged(p—1,4) ~ 27

j even j odd

For d odd, the number of real harmonic (lifted) frames of p distinct vectors for R is

p—1 p—1

1 = , o7 ,
hﬁdzlﬁ{ > <d]1>@<ﬂ)+ 2. (;71)@(])}.
jl ged(p—1,d—1) 7 jlged(p—1,952) 2
J even j odd

Proof. We first consider the case when d is even. The unit group Z, is cyclic of even order p — 1, and we
let a € Zj have order j. We wish to count the number of d-element sets J C Z, \ {0} that are invariant
under multiplication by a and —1. If j is even, then —1 = a2, and so this is equal to the number of subsets

p—1
invariant under multiplication by a. This is (?) as in the proof of Theorem 7.2. If j is odd, then the
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subgroup of Z; generated by —1 and a is cyclic with generator —a. We therefore wish to find the number

p=1
of subsets invariant under multiplication by —a, and as this element has order 27, this is ( 2 )
2j
Thus Burnside orbit counting gives

1 SR b
hzﬂid:ﬁ{ > ( y )@(JH > <i )w(y)}-
jlged(p—1,d) * 3 jlged(p—1,4) ~ 27
j even j odd

When d is odd, the subsets J giving real frames are multiplicatively equivalent if and only if the sets
J\ {0} are, and so we may apply the previous count (with d replaced by d —1). O

Example 7.7. For d = 2, 3, there is a single real harmonic frame of p distinct vectors, i.e.,

hpo=hys=1

For d even, d > 4, we have the estimate

R R PO |
hpa = Ppar1 =P, p — o0.

8. Projective unitary equivalence of harmonic frames

Many applications of tight frames (v;) are based on the expansion (2.2), i.e., depend only on the vectors
up to unit scalar multiples. We say that tight frames (v;) and (wy) are projectively unitarily equivalent (up
to a reindexing) if there is a unitary map U, unit modulus scalars ¢;, and a bijection o : j — k (a reindexing)
between their index sets for which

Uj :CjU’ng, Vj

In [8] it is shown that harmonic frames given by subsets J, K C G are projectively unitarily equivalent (with
o the identity) if J and K are translates, i.e., K = J —b, b € G. Therefore the affine transformations L, p)
given by

Ling:=0g+b,  ocAut(G), beG

map subsets J C G to subsets which give projectively unitarily equivalent harmonic frames (via an auto-
morphism). Calculations of [8] suggest that the majority of projective unitary equivalences occur in this
way, via a reindexing which is an automorphism (indeed there is no known case where it does not). We
observe that every d-element subset of Z, is a translate of one which generates Z,, and so every cyclic
harmonic frame is projectively unitarily equivalent to one with distinct vectors.

We now count the number p,, 4 of cyclic harmonic frames ®; for C? up to this projective unitary equiva-
lence via an affine transformation of the index set J. Since the affine group (group of affine transformations)

has order n¢(n) and there are (7)) subsets of Z, of size d, we have

(Z) n=t d—2
np(n) = o) ©

DPn,d >

For d > 4, we can establish this rate of growth. Since Z}, gives the automorphisms of Z,,, the group of affine
transformations of Z,, is isomorphic to Z} x Z,, with (a,b) € Z¥ x Z,, acting on Z,, via © — ax + b.
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Theorem 8.1. Let p,, 4 be the number of orbits of the affine group acting on the d-element subsets of Z,,. For
d >4, we have

Pn,d & n > nd=2, n — 00. (8.28)

Proof. To obtain an upper bound for p,, 4, we estimate the terms in the Burnside orbit counting formula

1
Pn,d = Fix a, b s 8.29
o) |, b)eZZ;M | Fix(a, b)| (8.29)

where Fix(a,b) is the collection of d-element subsets A C Z,, fixed by the action of (a,b). The orbit of
under the action of (a,b) € Z} x Z,, is

z, ar+b, a’z+ab+b,

Since ax +b = = + ((a — 1)x + b), all orbits will have at least two elements provided that b ¢ (a — 1)Z,.
Thus, our assumption d > 4 implies that any A fixed by (a,b) with b ¢ (a — 1)Z,, will have at least two
of its elements determined by the fact it is a union of orbits. This implies the contribution to the sum in
(8.29) by these elements is at most n¢=2|Z* x Z,| < n?. It therefore remains to show the contribution to
the sum in (8.29) from the elements (a, b) with b € (a — 1)Z,, is < n?.

Suppose that b € (a — 1)Z,. Conjugating (a,b) by (1,c¢) does not change the size of Fix(a,b). Since
(1,¢)(a,b)(1,¢)"t = (a,b+c(1—a)) and b € (a—1)Z,, we may choose a c so that (1,¢)(a,b)(1,¢)~! = (a,0).
Thus | Fix(a,b)| = | Fix(a, 0)|. We observe the action of (a,0) and a on Z,, is the same. Let m := ged(a—1, n).
Then

(a = 1)Zpn = mZy,
and the subgroup of Z,, on which a acts trivially is

H:{xGZn:ax:x}zﬁZn.
m

We partition Fix(a,0) = U, F;, where each A € F; has exactly j elements not in H, i.e.,
F; :={A € Fix(q,0) : |[A\ H| = j}, j=0,1,...,d
If 2 ¢ H, then ax # x and ax ¢ H (otherwise axz = a 'a(axr) = a taxr = ), so that

Bl <|H|*=m"  |F|=0, |B<[H"n=m'n, > |Fj|<n®>
j=3

The last inequality holds because any A with at least 3 elements not in H has at least 2 elements determined
by the fact it is a union of orbits. Using these, we have the estimate

> IFx@)I<Y Y Y IFx@0) <Y (IR E+ Y5

(a,b)€Zy XLy, m|n a€ly, bemZy, m|n ji>3
be(a—1)Z, m=gcd(a—1,n)
A 2—d nA4—d 1
() e () e
<n'> (5 2 (o p
min m|n m|n
< pnd 1 d—1 d 1 d
<n E ﬁJrn E 1+n g — < n,
m
k m|n m

which completes the proof. O
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Lemma 8.2. For n prime, (8.28) also holds for d = 3.

Proof. If n is prime, then for any 3-element subset A C Z,, there is an affine transformation (a,b) so that
(a,b)A contains 0 and 1. There are at most n choices for the third element, so that n > p, 3. O
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