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Abstract

We give a complete classification of the finite tight frames which are G-invariant,
i.e., invariant under the unitary action of group G. This result is constructive, and we
use it to consider a number of examples. In particular, we determine the minimum
number of generators for a tight frame for the orthogonal polynomials on an n—gon or
cube, which is invariant under the symmetries of the weight.
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1 Introduction

A finite sequence of vectors (f;);ecs is a tight frame for a d-dimensional Hilbert space H if
it gives the “redundant orthogonal expansion”

f= S VfeH, (1.1)

jeJ

where A = 53 ies | fil>. Tight frames (for finite dimensional spaces) have been studied
extensively over the last decade (cf. [6], [3], [19]). Many applications, such as signal analysis
[4] and quantum measurements [12], use tight frames which are the orbit of a single vector
under the unitary action of a finite group G. These so called G—frames [18] include the
harmonic frames (abelian groups) [5], and SIC-POVMs (discrete Heisenberg group) [13].

Here, we consider finite tight frames which are the G—orbit of a one or more vectors,
equivalently, G—invariant frames. By way of motivation, we first outline the case of the orbit
of a single nonzero vector, which was studied extensively in [16]. If the unitary action of a
finite group G on H is irreducible, i.e., every G—orbit of a nonzero vector is a spanning set,
then every such orbit is a tight frame. If the action is not irreducible, then there are two
cases:

1. No G-orbit spans H, and hence there are no tight G—frames for H.
2. Some G—orbit spans H, in which case there is a tight G—frame for H.

In the first case (or the second for that matter) one might seek a G—orbit of more than one
vector which is a spanning set, and then find a tight frame. Of course this can always be
done: take a basis and then the canonical tight frame of its G—orbit.

We give a more precise answer. Namely, a complete characterisation of when the G—orbit
of vectors wy,...,w, is a tight frame for H. This is first given for a complex space which
is easily stated, and then the real case is considered separately. This very general result is
constructive, and contains many known results as special cases, e.g., harmonic frames (one
generator, and G abelian). From it, one can determine the minimal number of generators for
a G-invariant tight frame. We do this calculation for the spaces of orthogonal polynomials of
fixed degree on an n—gon and on a cube. Another application considered is the construction
of G—invariant fusion frames.

2 The characterisation of G—invariant frames

Our results involve the representation theory of finite groups (cf. [9]). Throughout, G is a
finite group. A representation or linear action of GG on a vector space V over a field F is
amap p: G — GL(V), which is an action, i.e.,

g(hv) = (gh)v, lv=wv,  gv:=p(g)v.



We say V is a representation of G, or an FG-module, or just a G-module if the field F
and action of G is clear from the context. The reason for this name is that an FG-module
is a module over the group algebra FG, which is the F-vector space with a basis given by
the elements of G and multiplication given by extending the multiplication of G linearly.

When F = R or C, a representation is said to be unitary (or a unitary action) if V'
is a Hilbert space, and each p(g), g € G, is unitary. If an action is not unitary, then the
inner product can be changed so that it is. Hence, for simplicity, we usually suppose that
our actions are unitary.

A subset of V is said to be G—invariant if it is closed under the action of G. We call a
finite spanning set for a Hilbert space a frame.

Definition 2.1 The number of generators of a G—invariant frame is the number of orbits
under the action of G on the set of its vectors.

Example 2.2 A frame given by the G-orbit of a single nonzero vector, i.e., (gv),eq, is called
a G—frame or group frame. (cf. [8],[17]). Clearly, a G-frame is a G-invariant frame with
one generator. Conversely, every one generator G—invariant frame is a G—frame repeated a
fixed number of times.

A representation V' of G is said to be irreducible if every G—orbit of a nonzero vector
is a spanning set for V. In this case, we have (cf. [15])

Lemma 2.3 (Irreducible G—frames). Suppose that a unitary action of a finite group G on
a Hilbert space H is irreducible. Then (gv)gec is a tight G—frame for H for any v # 0, i.e.,

_ dim(#) 1
T="er TP

> (fgvygv,  VFfEH.

geG

When the action is not irreducible, or there is more than one generator, we need the
theory for decomposing a space into its G—invariant subspaces. This is often presented in
the language of FG-modules

Definition 2.4 Suppose V- and W are FG—-modules. Then a linear map o : V. — W s an
FG—homomorphism if it commutes with the action of G, i.e.,

og = go, Vg € G.

An FG—homomorphism is also often called a G—morphism, a G—map or a G—equivariant
map, where the field F is understood from the context.

A bijective FG-homomorphism is called an FG—isomorphism. We say V' and W are
isomorphic, written V = W, if there exists an FG—isomorphism o : V' — W. Usually, we
only consider FG—modules up to isomorphism.

If F is a field of characteristic zero, e.g., R or C, then Maschke’s Theorem (cf. [9])
says that every submodule of an FG-module has a complement. That is, if V' C W is an



inclusion of FG-modules then there exists V' C W with W =V &V’ (algebraic direct sum).
This implies that a FG-module V is (isomorphic to) a quotient of W if and only if V' is
(isomorphic to) a submodule of W. It also implies that any finite-dimensional FG-module
V' can be decomposed into a direct sum of irreducible FG-modules, and the summands are
unique up to isomorphism.

Lemma 2.5 (Decomposition). Let G be a finite group, and V be an FG-module over a field
F of characteristic zero. Then G can be written as a direct sum

V=VaVhe & Vy,, (2.2)

where each V; is an irreducible FG-module, and the V; are unique up to FG-isomorphism
and reordering. Furthermore, if V. = H is a Hilbert space and the action of G on H is
unitary, then (2.2) can be taken to be an orthogonal direct sum.

Proof: The algebraic complement of Maschke’s theorem can be taken to be an orthogonal
complement (see [16] for details). O

We also need the following lemma.

Lemma 2.6 Suppose that there is a unitary action of G on H. If V; and Vj, are irreducible
G —invariant subspaces of H, which are not FG-isomorphic, then for v; € V;, vy € Vi, we
have

> (figvdgue =0,  Vf €V (2.3)

geG

Proof: The map A : V; — Vj, given by

Afj = (5, gvi)gvk

geG

is an FG-homomorphism, by the calculation

hAf;) =0 (fi.gv)gue =Y (hfj, hguiyhgue = A(hf)).

geG geG

In particular, its image A(Vj) is a G-invariant subspace of Vj,. Since Vj is irreducible, this
subspace must be either 0 or Vj. If A(V;) = V, then A is an FG-isomorphism because
ker(A) is a proper G-invariant subspace of V; and so ker(A) = 0. Since V; and Vj, are not
isomorphic, A(V;) must be 0, i.e., (2.3) holds. O

An irreducible representation V' of a finite group G over F = R is said to be absolutely
irreducible if its complexification V¢ = C®V is an irreducible CG-module. An irreducible
representation over F = C is also said to be absolutely irreducible.



Lemma 2.7 (Schur). Let F = C. Suppose that V; and Vi, are irreducible G-modules, which
are FG—isomorphic via o : V; — Vi If S : V; = Vi, is an FG-homomorphism, then S = co
for some ¢ € C.

We now prove the main result: a characterisation of which G—orbits of vectors wy, ..., w.
give tight frames.

Theorem 2.8 (Characterisation). Let H be a Hilbert space over F = C or R. Suppose that
there is a unitary action of a finite group G on H, and

an orthogonal direct sum of absolutely irreducible G—invariant subspaces. Let P; be the
orthogonal projection of H onto V;. Then

¢ = (gws)geG,1§s§r7 Wiy ..., Wy S H,

s a tight G—invariant frame for H if and only if

. , " Pw* dim(V;) ,
Puw|*#0, Vj, fol | Zywsll” _ I k, 2.4
; || J || 7é j 28:1 ||Pk;w5||2 dlm(‘/;g) j 7é ( )
and when V; # Vi, are FG—isomorphic
ocP;w,, Pawg) = 0, 2.5
j

s=1

where o : V; = Vj, is any choice of FG—isomorphism.
Proof: & is a tight frame for H if and only if there exists a A > 0 with

Sq)(f):ZZ(fvgws)gws:/\fa VfGH

s geG

By linearity, it suffices to show this for f; € V;, 1 < j < m, i.e. to show that there exists A
(independent of j) such that,

SN gwdgwe =3 D" N f gPrwigPaw, = Af;, (2.6)

s geG s geG k

since wy, = Y, Pyw,. By equating the Vj, components, (2.6) holds if and only if

Zz<fjagpjws>gpjws = )\fja Zz<fjagpjws>gpkws = 07 k 7& ] (27)

s geG s geG



By Lemma 2.3, the first part of (2.7) will hold for all f; € V; provided that some wy has a
nonzero V;—component, i.e., Y || Pws||? # 0, with a A = \; > 0, which depends on j, given

by
G| Z
j = dlm HPJ 5

This ); is independent of j if and only if (2.4) holds. By Lemma 2.6, the second part of
(2.7) automatically holds if V; 2 Vi, and so reduces to

YO (figPw)gPavs =0, Vi€V, k#4 V=W (2.8)

s geG

We now seek to simplify (2.8) in the case that V; is absolutely irreducible. Let 7 : V; — Vj
be the FG-homomorphism

Tf = Z Z<f7 gID]ws>ngws

Then for o : V; — Vj, an FG-isomorphism, we calculate

(Tv;, 00§) ZZ v, gPjws) g Pyws, ov;)
= ZZ v;, gPjws) (g Prws, ovj)
s g
=) (g vy, Pwy) (Paws, 09 'v;)
s g
= Z(Pkws, UZ<ijS’971UJ>gilUj>

||v]|| e,
= 2 (P g 7y Pl

with the last equality given by Lemma 2.3. Since Vj is absolutely irreducible, Lemma 2.7

implies that 7 = co, for some ¢ € F (possibly zero). Substituting 7 = co into the above gives
6]l

dim(V)|ov;||?

Z(Pkws, o Pywg)o.

Thus (2.8), which is equivalent to 7 = 0, holds if and only if (2.5) does. O

We conclude this section with some special cases.

2.1 One generator

The special case r = 1 gives the Theorem 6.18 of [16].
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Corollary 2.9 (One generator [16]). Let H = Vi & --- @ V,, be an orthogonal direct sum
of absolutely irreducible G—invariant subspaces, and v = Zj vj, v; € V;. Then (gv)seq, is a
tight G—frame for H if and only if

fosll2 _ dim(V))
P~ dim(Vi)’

Vj 7& 07 VJ, .] 7£ k?

and when V; # Vi, are FG—isomorphic via o : V; — Vj, that

(ovj,vg) = 0.

2.2 (G is Abelian

We now consider the special case when G is abelian. In this case, all the absolutely irreducible
G—invariant subspaces V; are 1-dimensional, with the action of G given by

gv=_&gv,  vel;

where ¢ is a (linear) character of G, i.e., a homomorphism G — C. The characters of G
form a group G (under pointwise multiplication) which is isomorphic to G. In particular,
there are |G| different characters.

For one generator, it is known that there is a finite number of G—frames for C¢ (up to
unitary equivalence), the so called harmonic frames (cf. [5]). It is therefore natural to ask if
this situation extends to two or more generators. We now answer this question.

Corollary 2.10 (Abelian groups). Suppose there is a unitary action of a finite abelian
group G on C?%, and, without loss of generality, that the irreducible G—invariant subspaces
are V; = span{e;}, with the action on V; given by ge; = £;(g)e;, where & : G — C is a
character of G. Let wy, ..., w, € C?. Then

O = (g’ws)lgsgr,gee
is a tight frame for C if and only if
(a) The matriz W = [wy, ..., w,| has rows of equal norm.
(b) The rows of W corresponding to the same character are orthogonal.

In particular, there is a G-invariant tight frame for C% with r generators if and only if
d <r|G|.

Proof: Since Pjw; = (wy);e;, we have

Z | Pjw,||* = Z |(w,);]* = (norm of the j—th row of W)?,



and so (2.4) reduces to (a). If V; and Vj, are CG-isomorphic, i.e., correspond to the same
character, then o : V; — Vj : ¢; = ¢; is a CG-isomorphism, since

o(ge;) = a(&5(g)e;) = &i(g)ale;) = &(g)er = gloe;).

In this case, 0 Pjw, = o(w;);e; = e(ws);ex, and so (2.5) becomes

> (o P, Pawg) =Y ((ws)jer, (worer) = Y _ (wy);(wy) =0,

S S S

i.e., the j and k rows of W are orthogonal, which is (b). O

Example 2.11 (Harmonic frames). For r = 1, W = [v], v € C%. Thus the conditions (a),
(b) become v has entries of equal modulus which correspond to different characters. Since the
action of G on C? is via diagonal matrices, we can suppose, without loss of generality, that
v=(1,1,...,1), and so (gv)gec = ((§;(9)9=1)geq, where &, ..., & distinct characters. This
is the usual construction for harmonic frames, i.e., the d by |G| matrix [gv],ee is obtained
by taking rows of the character table (Fourier matrix) of G.

Example 2.12 Let G = (a) be the cyclic group of order 2. Define a unitary action of G on

C3 by
10 0 U1
av: =101 0 Jv=1] v
00 —1 —7V3

Here the action on Ce;, Ce, is the trivial representation, and on Ces it is the sign represen-
tation. There is no G—frame (gv),ee for C*. However, there are many choices for wy, wy so
that (gv;)i1<j<24ec is a tight G-invariant frame, e.g.,

1 0
W = [wy,wy] = |0 1 , lu| < 1.

u /1 — |ul?

Here (wy, we) = uy/1 — |u|?, and so infinitely many unitarily inequivalent G—invariant tight
frames for C3 can be constructed in this way.

Given w; = (z,y,2), a suitable wy can be chosen provided |z|> < |z|* + |y|?, since we
can take wy = (¥, —,u) where |u|* = |z|*> + |y|*> — |2|?>. For example, if w; = (1,2,2), then
wy = (2,—1,1) gives the G-invariant tight frame

{w17w27aw17aw2} - {

NN~
I
—
[\
I
—_
—



2.3 Fusion frames

The tight frame expansion (1.1) can be generalised to

f:ZCjPija erH,

jed
where ¢; > 0 and Py, is the orthogonal projection onto the subspace W; C H.

Definition 2.13 The nonnegative weights (c;);e; and subspaces (W;)cs of H are a tight
fusion frame for H if for some A >0

f—%zcjpwjf, VfeH.

jedJ

Tight frames (f;) for H correspond to tight fusion frames with each W; one-dimensional

(or 0) via
cj = £l W =span{f;}.
At the other extreme, the single subspace W, = H gives a tight fusion frame.

Fusion frames have found many applications: coding theory, distributed sensing, neurol-
ogy, parallel processing, sparse representations (see the short essays at www.fusionframe.org).
So far, the main constructions are via the frame potential (see [1], [2]). We now show how
they can be constructed as group orbits of a collection of subspaces.

Denote the Frobenius inner product on linear maps H — H by

(A, B) := trace(AB").

Corollary 2.14 (Fusion frames). Suppose that there is a unitary action of G on H, and
H = @;V; an orthogonal direct sum of absolutely irreducible subspaces. Let P; be the orthog-
onal projection onto V;, and Wi, ..., W, € H be subspaces. Then (gW)gec1<s<r with the
weights cqs = ¢, 15 a tight fusion frame for H if and only if

(P,Q) _ dim(V})
(PoQ) ~ dm(V)’

where Q := Y csPw,, and when V; # Vi, are FG~isomorphic via o : V; = Vj

(P;, Q) #0, Vj, j#k, (2.9)

(0P, PiQ) = 0. (2.10)

Proof: Let (wés))?il, ds = dim(Wj), be an orthonormal basis for W,. If g € G then
(gwés) )Zl“;l is an orthonormal basis for Wy, and so (¢W)geq1<s<r is a tight fusion frame for

‘H with weights ¢, (not depending on g € G) if and only if

r ds
STNTN et gulygul = Af,  VfeH,

geG s=1 (=1



i.e., the G-orbit of (\/c_swés))1<s<r 1<e<d, 1s a tight frame. By Theorem 2.8, the necessary

oAt >

and sufficient conditions for this are

r ds .
0y = Sl pull A0, v S W)y
’ s=1 =1 e ’ ’ [07% dlIIl(Vvk)7 ’

and when o : V; — V}, is an FG-isomorphism

Bk = Z Z (o P P!y = 0.

s l

Since 37, wi” (w)* = Py, these simplify to (2.9) and (2.10), by the calculations
aj =Y estrace(Puwy” (w)”) ) =) e trace(P; Piv,)
s ¢ s

= ch<Pj=PWs> - <P]7Q>a

Bik = Z Z ¢ trace(o Pywl” (w) By) = Z cs trace(o Py Py, Pr)
s L s
= c(oP;, PiPy,) = (0P}, PiQ).

O

We observe that the condition above depends only on @ = > c,Pw,, a semipositive
definite (Hermitian) operator. By considering its spectral structure, such a @ could be
decomposed in different ways to obtain various fusion frames, with the minimal number of
subspaces being the number of nonzero eigenvalues.

2.4 The real case

For F = R, our characterisation (Theorem 2.8) applies if H is the orthogonal direct sum of
absolutely irreducible G—invariant subspaces. If not, i.e., some irreducible subspace is not
absolutely irreducible, then it can be applied to the complexification of H. However, this
does not guarantee that the tight frames constructed are real. A careful reading of the proof
of Theorem 2.8 gives the following version for F = R.

Theorem 2.15 (Real case). Suppose that there is unitary action of a finite group G on real
space
H=VieVad - &V,

an orthogonal direct sum of irreducible G—invariant subspaces. Let P; be the orthogonal
projection of H onto V;. Then

= (gws)gEG,lgsgra Wiy .o, Wy € H

10



1s a tight G—invariant frame for H if and only if

- . " Pw,|? dim(V;)
Pyw,||* #0, V9, 25_1 | By ll® — I k, 2.11
2 NEdE A0 0 S Bl T a7 21
and when V; # Vi, are RG—isomorphic
SN U 9P gPa, =0, Yf €V, (2.12)

s=1 geCG

which need only be checked for one f; # 0. For V; absolutely irreducible, (2.12) can be
replaced by

> (o Pw,, Paw,) = 0, (2.13)
s=1

where o : V; = Vi, is any RG—~isomorphism.

Example 2.16 Let G = (a) be the cyclic group of order n. An irreducible unitary action
of G on R? is given by

c —s 2m . 27
av = Av, Az( ), c=cos—, §=sin—.
s ¢ n n

Suppose G acts on R* = R? x R? componentwise, i.e., a(v,w) = (Av, Aw). Then the
conditions for the G—orbit of (v,w) to be a tight frame for R* are

n

loll = llwll #0, > (fr, Av) Alw = (Z Af'unfvrj)f1 =0, VfieR%
j=1

J=1

A calculation shows this is not possible, and so no G—orbit is a tight frame. This can also
be seen by appealing to Theorem 2.8, as follows. The action of G on R? given by av = Av is
not absolutely irreducible. On the complexification C? there are two orthogonal G-invariant
subspaces: the eigenspaces of A corresponding to the eigenvalues A = w,w, w := e“r. For
n > 2, w # w, and so these subpaces are not CG-isomorphic. Thus the complexification C*
of R? x R? decomposes as the sum of four 1-dimensional G-invariant subspaces, with two
pairs CG-isomorphic to each other. By Theorem 2.8, it is therefore not possible to find a

G-frame for C*, and hence neither for R*.

Similarly, Corollary 2.14 for fusion frames can be modified for the real case. Here, if V;
is not absolutely irreducible, then (2.10) is replaced by

ZngPWPjgflvj = 0. (2.14)

geG
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3 The minimal number of generators

Suppose that there is a unitary action of a finite group G on a complex Hilbert space H.
The following is a simple consequence of Corollary 2.9.

Proposition 3.1 The following are equivalent.
1. There exists v € H such that (gv)gec is a tight frame.
2. There exists v € H such that (gv)geq is a frame (spanning set).

3. As a G-module, H is isomorphic to a submodule of CG.

Wedderburn’s Theorem states that CG is isomorphic as a G-module to @y, W dim(W),
where the sum is over the set of all irreducible representations W of G. Thus, condition 3.
above is equivalent to

4. [H: W] < dim(W) for all irreducible representations W of G.

Note that this condition depends only on the structure of H as a G—-module and is indepen-
dent of the inner product on H.

We wish to generalise Proposition 3.1 to the case of tight frames with multiple generators.
It is convenient to give the following lemma.

Lemma 3.2 There exist vy, ..., v, € H such that (gv;)i<i<kgec 15 a tight frame if and only
if there exist vy, ..., v € H such that (gv;)1<i<kgec spans H.

Proof: This is a standard argument. If ® = (gv;)1<i<k e spans H then we can replace v;
by S;lﬂvi where Sg is the frame operator of ®. O

We denote the direct sum of k copies of a representation V of G by V*. We now show
that the minimal number of generators is determined by the G-module structure of H.

Theorem 3.3 (Minimal number of generators) The following are equivalent.
1. There exist vy, ..., v, € H such that (gvj)i<j<kgec S a tight frame.
2. There exist vy, ...,v; € H such that (gv;)1<j<kgec 1S a frame (spanning set).
3. As a G-module, H is isomorphic to a submodule of CG*. Equivalently,
[H: W] < kdim(W),

for every irreducible G—module W .

12



Proof: By Lemma 3.2, we need only check that the last two conditions are equivalent.

First, suppose that (gv;)i1<j<kgec spans H. Then H is a quotient of @j span{gv,}. For
each j, span{gv;} = CGv, is a quotient of CG, and hence is isomorphic to a submodule of
CG. Thus, H is a quotient of CG*, hence is a submodule of CG*.

Conversely, suppose that [H : W] < kdim (W), for every irreducible representation W of
G. Then we can write H = Z; @ - - - ® Zj, where each Z; contains at most one copy of each
irreducible W. Thus, each Z; is a submodule of CG, so we can find v; € Z; with (gv;).ec a
spanning set for Z;, by Proposition 3.1. Therefore, (gv;)i1<j<kgec spans H. O

4 Multivariate orthogonal polynomials

Here we use Theorem 3.3 to determine the minimum number of generators for a tight frame
for the orthogonal polynomials on the n—gon and on the cube, which is invariant under the
symmetries of the weight.

4.1 Generalities

Let V' be a finite-dimensional complex vector space. Let S = C[V] be the ring of polynomial
functions on V', and suppose that S is equipped with an inner product (-, ). Suppose further
that a finite group G acts on S by unitary transformations which preserve polynomial degree.
A typical example is S = Clz, y] with (-,-) given by

(f.9) :Z/Afﬁdu

where p is the Lebesgue measure on R?, and A C R? is some measurable region with
((A) > 0. The innner product (-, -) is to be understood as the sesquilinear extension of

<5Ej1yk1,xj2ykl> :/$j1+j2yk1+k2du.
A

We write S; for the space of homogeneous polynomials of degree j, so that
S=@Ps;
j=0

is a graded ring, and let IIy = @;.VZO S; be the polynomials of degree up to N. The space of
orthogonal polynomials of degree N is

QN - HN m Hﬁ_la

where | denotes the orthogonal complement.

In [16] the problem of constructing one-generator G-invariant tight frames for @y, was
considered. Since the dimension of @y is soon larger than |G| (the size of a G-orbit), these
techniques only apply to orthogonal polynomials of small degree. In this section, we use our
results to consider the case of several generators. The natural question is:

13



Question 4.1 What is the minimum number of generators that a G—invariant tight frame
for Qn can have? In other words, what is the smallest k, such that there exist wy, ..., wy €

Qn for which (gw;)geci<i<k is a tight frame for Qn?
Note that the map

Sy = Qn: e f—Pay,(f)= PﬂﬁflﬂHN(f)

is an orthogonal projection onto a G—invariant subspace, and so commutes with the action
of G. It is also a linear isomorphism. Therefore, Sy and () are isomorphic G-modules, and
so Question 4.1 is equivalent to

Question 4.2 What is the minimum number of generators for a G—invariant tight frame
for Sy ?

In order to answer Question 4.2, we need to know the structure of Sy as a G—module. We
can then apply Theorem 3.3. In general, it is very hard to decompose Sy into irreducibles.
However, for one class of group actions, the complex reflection groups, this problem can
be addressed. In the next subsection, we analyse the action of a complex reflection group to
get a bound on the number of generators for a tight frame. We then consider the case of the
action of the dihedral group on an n—gon in the plane, and calculate the minumum number
of generators exactly. Finally, we consider the orthogonal polynomials on the cube.

4.2 Complex reflection groups

Let V be a finite-dimensional complex vector space. A linear transformation s : V — V
is called a complex reflection if s has finite multiplicative order and fixes a hyperplane
pointwise [11]. That is, s = Pdiag(¢,1,1,...,1)P~! for some invertible P and some root of
unity £. A finite group G generated by complex reflections is called a complex reflection
group [11]. Note that being a complex reflection group is a property of the set of matrices G,
not the abstract group G. The number dim(V') is called the rank of the complex reflection
group. We will assume that V' is an irreducible G-module. A complete classification of the
irreducible complex reflection groups was given by Shephard and Todd [14].

One important fact about complex reflection groups is that their invariant theory is
well-understood [10] (Chapter 23). The group G acts on the polynomial ring S = C[V] by

g-f=fog

This action preserves the degree of a homogeneous f, and so we can ask how the module Sy
of homogeneous polynomials of degree N decomposes as a sum of irreducible representations

of G.
Let S¢ denote the invariant polynomials, that is,

S¢={feS:qg-f=fVgeG})
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Let S¢, denote the invariant polynomials with zero constant term and let I, denote the ideal
generated by S¢ in S, that is

k
Lo ={> fhi:f;€ S5 hieSHcCs

=1

The ring of coinvariants is the quotient ring

S
SCOG P
Iy

and there is a decomposition of S as a tensor product of graded G—modules
S = 8% @e 5°Y (4.15)

For readers who are unfamiliar with invariant theory, the following example may help.
Let V' be one-dimensional and let G = {1, g} be a group of order 2 with g acting by —1.
Then S = Clz], a polynomial ring in one variable, and ¢ - z = —z. The ring of invariants is
S¢ = C[2?] and the ideal I, = 22C|[z] consists of the polynomials of degree > 2. The ring of
coinvariants is S°°¢ = span{[1], [z]}, a two-dimensional vector space spanned by the images
[1] =1+ 1I; and [z] = 2+ I; of 1 and z in the quotient ring S/I,, with the multiplication
given by [z][z] = 0. As a G—module, this can be naturally identified with span{1,z} C S.
We have the tensor product decomposition

S = SY ®c span{l, z},

meaning that for each N, we have

N
Sy = EB S¢ @¢ span{l, 2} ny_; = S @ span{1} & S§_, ® span{z}
i=0

where the subscript denotes the homogeneous polynomials of degree 7. This is just another
way of saying that a homogeneous polynomial of degree N can be written as a linear combi-
nation of an invariant times z plus another invariant times 1. Since the only homogeneous
polynomial of degree N is 2V, this is just saying that 2% = 2V.1if N is even and 2%V = 2N~z
if N is odd.

Returning to the case of a general complex reflection group G, equation (4.15) describes
how Sy decomposes as a sum of irreducible representations of G. From (4.15), we have

N
Sy =P SF @c 5%
i=0

as G-modules. But, by definition, S& consists of dim(S) copies of the trivial module.
Therefore, if V' is an irreducible G-module then

Sy : V] = Zdim(sf)[syvof; V).
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The ring S is very well-understood. It happens that as G-modules, S°°¢ = CG. There-
fore, [S°¢ : V] = dim(V) for every irreducible G-module V', and so we have

[Sx : V] < max dim(SY) - dim(V).

0<i<N

Applying Theorem 3.3 gives a partial answer to Question 4.2 for a complex reflection group.

Theorem 4.3 Let G be a complex reflection group acting on the irreducible G-module V.
Let S = C[V] and let Sy C S denote the space of homogeneous polynomials of degree N. Let
¢ be the minimum number of generators for a tight frame of Sy. Then

¢ < max dim(S7).
0<i<N

The bound in Theorem 4.3 is not sharp in general, see Proposition 4.5 (to follow).

4.3 Orthogonal polynomials on a regular polygon in the plane

Dunkl [7] considers orthogonal polynomials on the hexagon (to be used for the analysis of
optical properties of hexagonal lenses).
Let n > 3. We consider the regular n-gon 7" = T,, with vertices (v;) on the unit circle

27
cos 2 j ,
Uj (Sln 2%]) ) J € L
These correspond to the n-roots of unity wi = 2%

Define 0 : R?> = R? by 0 : (z,y) — (z,—y) and define p : R> — R? to be anticlockwise
rotation through an angle of 27 /n. Then ¢ and p generate a subgroup of GL(R?) of order 2n,
called the dihedral group G = D,,. The group G consists of all the linear transformations
which leave the regular n—gon invariant. When considering polynomials on the regular n—
gon, it is convenient to complexify the problem and regard G as a subgroup of GL(C?). Let
S = Clz,y] be the ring of polynomial functions on C?. It is convenient to define

— —{-Zy

Z=x—1

Then S = Clz,y] = Clz,Z], and o acts on this ring by ¢ : z +— Z, 0 : Z — z and p acts by
p:zrwlz, p:Z+ wz The ring of invariants S¢ is generated by 2" + 2" and 27 (called
the fundamental invariants of G). It is isomorphic to a polynomial ring in these variables.
Therefore, the number 7; := dim(S¢) is the coefficient of ¢* in the power series

riq'
(1—¢?) 1—q Z;
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where ¢ is an indeterminate. We now calculate the numbers r; in order to apply Theorem
4.3. We observe that

ri = #2i
where

S = {(k,0) i k, 0> 0,k 0 € Z,2k +nl = i}.

It is clear that the value of r; depends on whether n is odd or even, so we must consider
these cases separately.

4.3.1 The case of odd n
Suppose that n is odd. Then if 2 t i, there is a bijection between S; and S;_,, given by
(k,0) — (k, 0 —1),80 1, = Ti_p.

Similarly, if n {4 then r; = r;_o.

Next, for ¢t > 1, we have Xo,; = Yoni—r, U {(0,2t)}, S0 7ops = Topt—n + 1. But 24 2nt —n
because n is odd, SO T9,;—n = Tont—2,. By induction on ¢, we see that

Tont =t+1.

Using these facts, the reader may now verify that if ¢ = 2nt + ¢ with 0 < ¢ < 2n — 1 then

T

t, ¢ < n,l odd
t+1 otherwise.

Therefore, if N =2nt + /¢, 0 < ¢ < 2n — 1 then

N +1
max 17, =t+1= .
0<i<N 2n

Therefore, from Theorem 4.3, the minimum number of generators for a G-invariant tight
frame of S; is at most [ZE1]. But notice that |G| = 2n, so the span of a G-orbit can have
dimension at most 2n. Also, dim(S;) = N + 1. So the number of generators of a spanning
set of S; must be at least (N + 1)/2n. Therefore, the minimum number of generators for a

tight frame of S; is exactly [(N +1)/2n].

4.3.2 The case of even n

Suppose that n is even. Then ¥; = @ for ¢ odd, so r; = 0 for odd ¢. For i even, we can do
a similar analysis to the odd case. If n { ¢ then r; = r;_5. Otherwise, ry, = 74— + 1. By
induction on t we have r;,, =t + 1. Overall, if i =tn+ /¢, 0 <{ <n —1, then

t+1 /even
T =
0 ¢ odd.
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Soif N=nt+/{,0<{¢<n—1, we have

N+1
max r;, =t+1= .
0<i<N n

Therefore, from Theorem 4.3, the minimum number of generators for a G—-invariant tight
frame of S; is at most [2=-1]. But notice that |G| = 2n and —1 = p"/? € G. The element
—1 acts by 1 or —1 on S;, so the span of a G-orbit can have dimension at most n. Also,
dim(S;) = N 4+ 1. So the number of generators of a spanning set of S; must be at least
(N 4+ 1)/n. Therefore, the minimum number of generators for a tight frame of \S; is exactly
(N +1)/n].

The above observations can be summarised in the following way.

Theorem 4.4 Let G = D,, be the dihedral group of order 2n acting on V = C? and let
S = C[V] = @Bn_y S~ be the ring of polynomial functions on V. Regardless of the inner
product, the minimum number of generators for a G—invariant tight frame of Sy is given by

N +1 N +1
[——i_—‘ if n is odd, and [ +

if n is even.
2n n

4.4 Example: the triangle

Let us consider Theorem 4.4 in the simplest case n = 3. Then G = D3, the symmetry
group of a triangle 7' in the plane with vertices 1,w, w? where w = ¢*™/3. This example was
previously considered in [16]. The inner product on S = Clz,%] is given by (f,g) = [, fg
where [, h(z) is shorthand for [, Re(h(z))du + i [, Im(h(z))dp where p is the Lebesgue
measure on R2.

The group G = D3 has three irreducible representations: the trivial representation triv,
the one-dimensional “sign” representation sgn, which is isomorphic to span{z® —z*}, and a
two-dimensional representation V', which is isomorphic to span{z,z}.

Let us study the action of G on the space of homogeneous polynomials Sy of degree V.
For each N, we can decompose Sy into a direct sum of irreducibles by inspection, using the
basis {2z 710 < i < N}. We see by inspection that

S1=V

Sy = span{zz} @ span{z*,7°} ¥ triva V

Ss = span{z® + 2°} @ span{z® — 2°} @ span{z?z,7°2} X trivP sgn o V
Si=ZVaeVotriv

S5 =2V eV dsgndtriv=CH
Se =V PV &sgndtrivd triv

The smallest N for which there is an irreducible W with [Sy : W] > dim(W) is N = 6. This
is in agreement with Theorem 4.4, because the smallest N for which (%W >2is N =6,
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and so there exists a G—invariant tight frame for Sy for N < 5. Incidentally, this corrects a
false claim in [16].
As an example, let us show how to construct a G—invariant tight frame for Sg. Following
Dunkl [7], we observe that
/ a—b =0
T

if a # bmod 3 because p : z — w 12,7 — wZ leaves the triangle T invariant. Let us write

425 137 1
a:/zﬁiﬁz— 62/2’923:— 7:/212:—
T 28028 T 10010 T 91

These values are for normalised Lebesgue measure. and note that «, 8,7 € R because T is
invariant under z — Z. We get the following table of inner products among elements of a
basis of Sg.

28 2Pz 2422 23 22t 2z 2B

X la 0 0 I} 0 0 v
27210 « 0 0 15} 0 O
27210 0 o 0 0 B0
223060 0 a 0 0 B
27410 B 0 0 « 0 0
22 |0 0 6] 0 0 a 0
2y 0 0 B 0 0 «

Using this, we observe that 2% — z% is orthogonal to all basis elements except 2%, 7% Next,

2% 4+ 7Z% is orthogonal to everything except z%z3, and therefore

(2% +72°,2°2°) 4 4 6 , =6
HZ?’E?)HZ 220 =z +7z —

2
2 4353

2 4+70 —

is orthogonal to all the other basis elements, so that
2
Sg = span{z® — z°} @ span{z°z°} @ span{z°® + z° — —ﬁz?’i?’} @ span{2*z?, 2?7, 22°, 22°)
a

is an orthogonal direct sum. In a similar way, we can decompose span{z*z?, 22z%, 2z 225}
into two orthogonal copies of V', yielding the following decomposition of Sg mto an orthogonal
direct sum of irreducibles.

5 3

Sg = span{z® — z°} @ span{z*z*} @ span{:® + z° — =27’}

@ span{z'z*,7*2*} @ span{2°7 — 5§4z2,§5z — é2’422}.
a e

We can now use Theorem 2.8 to construct a G-invariant tight frame consisting of the orbits

of two vectors in Sg. For this, we need the norms of the basis elements. We have |25 —Z%||? =
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200 — 29, ||2°23||2 = o, [|20 + 20 — 223382 = 20 + 2y — %, 124222 = ||z2*2?]]* = «, and
52

1257 — 2242212 = o — £. We can take
1
wy = \/a(z?)z?))
and
1 6 -6 1 6 -6 28 33
Wy = ———=(2 — 2 ) + 2+ 72— —2"Z7)+
’ V204—27( ) \/2a—|—27—452/a< o )
2 2
+ £z4§2 + L(Z‘K)E— §24z2).

val  a=mra a

In other words, we just take a unit vector in each irreducible component, with the two-
dimensional components having a factor of v/2. This guarantees that the conditions of
Theorem 2.8 are satisfied and we conclude that

2
(wlawl)wlawlawl7wlaw27p cWa, P - W20 - W2, PO - W2,0p0 - w?)

is a G-invariant tight frame for S5. We may as well replace the six copies of w; by a single
copy of v/6w;. Rescaling, we see that

1 1 1 1 1 1
Wi, %wz, %p - Wa, %PZ - Wa, %U " Wa, %PU - Wa, %UP - ws)

is a G—invariant orthonormal basis for Sg. This basis could not be constructed by the methods
of [16] because it does not arise as a single orbit of the group G. A basis for the space Qg of
orthogonal polynomials of degree 6 can be constructed by applying the isomorphism S5 — Qg
to ®. This basis is orthonormal because it is a tight frame (being the image of a tight frame
under an orthogonal projection) and has exactly dim(Qg) elements.

In general, the question of for which N there exists a G—invariant orthonormal basis for
Sy is quite delicate. For example, there is no such basis for S7.

@ =

4.5 Orthogonal polynomials on the cube

Let us consider a complex reflection group of rank 3 in order to demonstrate that some of
the phenomena from the dihedral case do not carry over to the case of a general complex
reflection group.

Consider the cube X = [-1,1]> C R® with vertices (£1,+1,4+1). The group G of
symmetries of the cube consists of those 3 x 3 matrices with exactly one entry in each row
and column, such that all the nonzero entries are +1. An arbitrary element x € G can be
written uniquely as x = Ao where A is a diagonal matrix whose entries are +1 and o is a
permutation matrix. The group G has order 233! and is the Coxeter group of type Bs. It
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is a complex reflection group and is labelled G(2,1,3) in the Shepherd-Todd classification.
Let S = Clz,y, z] with the inner product

(f.g) = /ng

and let Sy denote the subspace of homogeneous polynomials of degree N. Then Sy is a
Hilbert space of dimension w We consider the minimal number of generators for a
tight frame of Sy. Using Theorem 4.3, an upper bound for the minimal number of generators
is given by

max dim(SE).

0<i<N
As for all complex reflection groups, the ring S¢ has been written down explicitly. It is a
polynomial ring with generators in degrees 2,4, 6. Therefore, if 7; = dim(S) then

2 = =A== )

from which we see that 7, = 0 for k odd. The sequence {7y} is a well-known sequence; it is
Sloane’s A001399.

By an explicit computation of the coinvariant ring of G, it is possible to verify the
following proposition.

Proposition 4.5 Let cy be the minimum number of generators for a tight frame of Sy.

Then
TN N even
N = "TN71+7'N73+7"N75—‘ N odd.

3

Proposition 4.5 is interesting because it shows that the upper bound of Theorem 4.3 is
not sharp. Indeed, for N odd we have maxp<;<y dim(S) = maxo<;<n 7; = ry_1. But there
exist N for which ry_; > [2 *1+TN3*3+TN =21, For example, for N = 7 the minimal number of
generators is (%]

= 2 but 'N—1 =T = 3.

The proof of Proposition 4.5 involves quite a lengthy analysis of the coinvariant ring of
G, so we omit it. However, let us explicitly show that the minimal number of generators
for a tight frame of S; is 2, as claimed. This is equivalent to saying that no irreducible X
appears more than 2 dim(X) times in S7. This can be verified by writing S7 as a direct sum
of irreducible G-modules and counting how many times each occurs.

Let {x,y, 2z} be the dual basis to the standard basis of R?. We will require the following
irreducible representations of G, given for convenience as linear subspaces of S = C|x, y, z].

V = span{z,y, z}
V' = span{(a® — %)z, (y° — 2°)z, (2° — 2%)y}
U = span{zyz}
W = span{2?,1?, 2*}/span{a® + y* + 2°} = span{2® — 9 2° — 2°}
W’ = span{z®yz, 29z, 2y} / span{2’yz + 292 + 2y} = span{zdyz — xy’z, 2yr — 2yl 2 U@ W
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These are irreducible representations of G with dim(V') = dim(V’) = 3, dim(W) = dim(W’) =
2, and dim(U) = 1. Since the monomials z'y/2* form a basis for S7, we see that S; can be
split into the following (non-orthogonal) direct sum of linear subspaces.

S, =span{z’, y", 2"} @ span{(2° + %)z, (° + %), (2° + 2%y}

@ span{(2° —y°)z, (v° — 2%)z, (2° — 2°)y} @ span{(z® + y*)2°, (y* + 2%)2°, (2* + 2”)y’}
@ span{(a? —y?)2°, (y* — 2%)2°, (2% — 2?)y°} @ span{(z* +y*)2%, (y* + 2%)2°, (2" + 2’}
@ span(z* — y*)2®, (y* — 2%, (2* — 2%y} @ xyzspan{z? +y* + 2%}

@ ryzspan{x? — y! 2t — 2*} @ wyzspan{(z® + v*)vy, (v + 2H)yz, (22 + %)z}

@ ryzspan{(z® — yHay, (v* — 2%)yz, (2* — 2?)za} @ v*y*2* span{x, y, 2}

® xyzspan{r®y® + 122% + y?2?} @ zyzspan{a?y? — 2?22 2%y? — 9?27},

Comparing these with the representations listed above, we see that
S=VeVeVeVeVeveVeUleWeoVeVeVeUsW

from which [S7 : X] < 2dim(X) for all irreducibles X, as claimed. Therefore, by Theorem
3.3, the minimal number of generators is 2, regardless of the choice of inner product on S7.
This verifies that the bound of Theorem 4.3 is not sharp in general.

Acknowledgements

We would like to thank Steven Sam for pointing out that for a general complex reflection
group G, (4.15) describes how Sy decomposes as a sum of irreducible representations of G.

References

[1] J. J. Benedetto and M. Fickus. Finite normalized tight frames. Adv. Comput. Math.,
18(2-4):357-385, 2003. Frames.

[2] R. Calderbank, P. G. Casazza, A. Heinecke, G. Kutyniok, and A. Pezeshki. Sparse
fusion frames: existence and construction. Adv. Comput. Math., 35(1):1-31, 2011.

[3] P. G. Casazza and G. Kutyniok, editors. Finite frames. Applied and Numerical Har-
monic Analysis. Birkhduser/Springer, New York, 2013. Theory and applications.

[4] A. Chebira and J. Kova™ cevi¢. Life beyond bases: The advent of frames (part i). [EEE
Signal Processing Mag., 24:86-104, 2007.

[5] T.-Y. Chien and S. Waldron. A classification of the harmonic frames up to unitary
equivalence. Appl. Comput. Harmon. Anal., 30(3):307-318, 2011.

22



[6]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

O. Christensen. An introduction to frames and Riesz bases. Applied and Numerical
Harmonic Analysis. Birkhauser Boston, Inc., Boston, MA, 2003.

C. F. Dunkl. Orthogonal polynomials on the hexagon. SIAM J. Appl. Math., 47(2):343~
351, 1987.

D. Han. Classification of finite group-frames and super-frames. Canad. Math. Bull.,
50(1):85-96, 2007.

G. James and M. Liebeck. Representations and characters of groups. Cambridge Uni-
versity Press, New York, second edition, 2001.

R. Kane. Reflection groups and invariant theory. CMS Books in Mathematics/Ouvrages
de Mathématiques de la SMC, 5. Springer-Verlag, New York, 2001.

G. I. Lehrer and D. E. Taylor. Unitary reflection groups, volume 20 of Australian
Mathematical Society Lecture Series. Cambridge University Press, Cambridge, 2009.

J. M. Renes, R. Blume-Kohout, A. J. Scott, and C. M. Caves. Symmetric informationally
complete quantum measurements. J. Math. Phys., 45(6):2171-2180, 2004.

A. J. Scott and M. Grassl. Symmetric informationally complete positive-operator-valued
measures: a new computer study. J. Math. Phys., 51(4):042203, 16, 2010.

G. C. Shephard and J. A. Todd. Finite unitary reflection groups. Canadian J. Math.,
6:274-304, 1954.

R. Vale and S. Waldron. The vertices of the platonic solids are tight frames. In Advances
i constructive approrimation: Vanderbilt 2003, Mod. Methods Math., pages 495-498.
Nashboro Press, Brentwood, TN, 2004.

R. Vale and S. Waldron. Tight frames and their symmetries. Constr. Approz., 21(1):83—
112, 2005.

R. Vale and S. Waldron. Tight frames generated by finite nonabelian groups. Numer.
Algorithms, 48(1-3):11-27, 2008.

S. Waldron. Group frames. In Finite frames, Appl. Numer. Harmon. Anal., pages
171-191. Birkhéauser/Springer, New York, 2013.

S. Waldron. An introduction to finite tight frames. Birkhduser/Springer, New York,
2015.

23



