Linear Algebra and its Applications xxx (2010) XXX-XXxX

Contents lists available at ScienceDirect

Linear Algebra and its Applications

journalhomepage: www.elsevier.com/locate/laa

The symmetry group of a finite frame
Richard Vale , Shayne Waldron >*

2 Department of Mathematics, Cornell University, 583 Malott Hall, Ithaca, NY 14853-4201, USA
b Department of Mathematics, University of Auckland, Private Bag 92019, Auckland, New Zealand

ARTICLE INFO ABSTRACT

Article history: We define the symmetry group of a finite frame as a group of permu-
Received 21 September 2009 tations onits index set. This group is closely related to the symmetry
Accepted 17 February 2010 group of Vale and Waldron (2005) [12] for tight frames: they are
Available online xxxx isomorphic when the frame is tight and has distinct vectors. The
Submitted by H. Schneider symmetry group is the same for all similar frames, in particular

for a frame, its dual and canonical tight frames. It can easily be
calculated from the Gramian matrix of the canonical tight frame.

AMS classification: )

Primary 42C15, 58D19 Further, a frame and its complementary frame have the same sym-

Secondary 42C40, 52B15 metry group. We exploit this last property to construct and classify
some classes of highly symmetric tight frames.

Keywords: © 2010 Elsevier Inc. All rights reserved.

Finite frame

Geometrically uniform frame
Gramian matrix

Harmonic frame

Maximally symmetric frames
Partition frames

Symmetry group

Tight frame

1. Introduction

Over the past decade there has been a rapid development of the theory and application of finite
frames to areas as diverse as signal processing, quantum information theory and multivariate or-
thogonal polynomials, see, e.g., [10,11,14]. Key to these applications is the construction of frames with
desirable properties. These often include being tight, and having a high degree of symmetry. Important
examples are the harmonic or geometrically uniform frames, i.e., tight frames which are the orbit of a
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single vector under an abelian group of unitary transformations (see [1,9]). A workable definition for
the symmetry group is required for a full understanding of such frames.

In [12], the symmetry group of a finite tight frame was defined to be the group of unitary transfor-
mations which map the set of its vectors to itself. This led to methods for constructing and character-
ising tight frames with symmetries of the underlying space. For example, all harmonic frames were
characterised using the theory of group representations.

Here we introduce a closely related symmetry group which maps the sequence of vectors of a
(possibly nontight) frame to itself. In the case when a frame is tight and consists of distinct vectors
these symmetry groups are isomorphic. This new symmetry group has the following key features:

e It is defined for all finite frames as a group of permutations on the index set.

It is simple to calculate from the Gramian of the canonical tight frame.

e The symmetry group of a frame and all similar frames are equal. In particular, a frame, its dual
frame and canonical tight frame have the same symmetry group.

e The symmetry group of various combinations of frames, such as tensor products and direct sums,
are related to those of the constituent frames in a natural way.

e The symmetry group of a frame and its complementary frame are equal.

The last property leads to a simple construction of some highly symmetric tight frames, the so called
partition frames. Further, the order of the symmetry group of a frame is < n!, where n is the number of
vectors in the frame, and so it follows that there exist maximally symmetric frames of n vectors, i.e.,
those with the largest symmetry groups.

The paper is set out as follows. Next we give the basic theory of finite frames. We then define the
symmetry group of a finite frame as a subgroup of the permutations on its index set, and prove it has
the key features mentioned above. We also discuss the analogous definition if a frame is thought of
as a (weighted) sequence of one-dimensional subspaces. Finally, we use it to construct the class of
partition frames, and to investigate finite frames which are maximally symmetric.

2. The basics of finite frames

The following definitions and results are (mostly) well known (see, e.g., [5,16]). Let + be a real or
complex Hilbert space of finite dimension d. A finite sequence of n > d vectors @ = (fj)jg in'Hisa
frame for 7 if it spans 7, and is a tight frame for 7 if there is a ¢ > 0 with

f=c) (. Yfen. (2.1)
jel
We say a tight frame is normalised if it has been scaled so thatc = 1in(2.1), i.e,,
=Y (.5 Yfen (2.2)
j€J
The term Parseval frame is also used for a normalised tight frame since (2.1) is then a generalised Parseval

formula. In general, frames with a countable number of vectors (for a finite or infinite dimensional
space) are defined via the so called frame bounds, i.e., that there exist A, B > 0 with

AIFIP <21 HIP<BIFI?, Vf €.
jel
This is easily seen to be equivalent to the definition above for J finite. If the vectors in the frame are

distinct, then it is sometimes written as the set {fj};¢;.
The synthesis operator for a finite sequence ( fj)je; in H is the linear map

Vi=[filig : 62(0) > H:a~ Zajj},
j€l
and its frame operator is the linear map S = VW* : H — H given by
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SF=>_(f.f)fi VfeHn.

jel
With I = I, the identity on H, the tight frame condition (2.1) can be expressed as
S=W*=cd. (2.3)
If @ = (fj)je is a frame, then S is invertible, and the dual frame & = (E')jej is defined by
fii=5""f, Viel (2.4)

and the canonical tight frame @“" = ( jj-ca“)jej by

[ =573, Vie). (25)

A frame and its dual satisfy the expansion
F=Y 5= G0 Yen
jel jeJ
and the canonical tight frame is a normalised tight frame, i.e.,
f= Z </-'f}can>f}can’ Vf € H.
j€J
Let GL(H) be the (general linear) group of all invertible linear transformations H — 7, and ¢/(H)
be the subgroup of unitary transformations. Following [6], we say frames @ = (fj)jej and ¥ = (g))j¢j
are unitarily equivalent if there is a U € U/ (H) with ¥ = U® := (Ufj)jg, i,
g=1Uf, Vjie], (2.6)

and are similar if there is a Q € GL(H) with ¥ = Q. Clearly, these are equivalence relations on the
set of frames for 7, indexed by a given set J. In view of definitions (2.4) and (2.5), a frame, its dual
and canonical tight frame are all similar. A simple calculation shows that normalised tight frames are
similar if and only if they are unitarily equivalent.

The Gramian of a sequence of n vectors ( fj)jej is the n x n matrix

Gram(®) := V*V = [{fi, fij) ljke)-

Frames @ and ¥ are unitarily equivalent if and only if their Gramians are equal, and they are similar
if and only if the Gramians of their canonical tight frames are equal, i.e.,

Gram(@“") = Gram(¥“").

A sequence of vectors is a normalised tight frame (for its span) if and only if its Gramian matrix P
is an orthogonal projection matrix, i.e., P> = P and P = P*. Note that P = P* holds for any Gramian
matrix. We say that two frames @ and ¥ are complementary (or complements of each other) if the
Gramians of the associated canonical tight frames are complementary projection matrices, i.e.,

Gram(®“") + Gram(¥“") =1. (2.7)

The complement of a frame is well defined up to similarity, and the complement of a tight frame in
the class of normalised tight frames is well defined up to unitary equivalence.

3. The symmetry group of a sequence of vectors
Here we give two, closely related, symmetry groups of a finite frame @ = (fj);gj, namely

e Sym(®) - which gives a faithful action on the sequence of vectors in @.
e sym(®) (small ‘s’) — which gives a faithful action on the set of vectors in @.

Let 5; denote the symmetric group on the set ], i.e., the group of all bijections | — ] (called permuta-
tions) under composition. ForJ = {1, ..., n} the notation S, is used.
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Definition 3.1. Let @ = (fj);¢; be a finite frame for 7, i.e., a sequence of vectors which spans H. Then
the symmetry group of @ is the group

Sym(®) :={o € §; : AL, € GL(K) with L, f; = foj, Vj € J}.

Itis easy to check that Sym(@) is a subgroup of S;. Since linear maps are determined by their action
on a spanning set, it follows that if o € Sym(®), then there is unique L, € GL(+) with

Lofy = foj, Vi €.
From this it follows that

e : Sym(®) — GL(H) : 0 > Ly (3.2)
is a group homomorphism. We denote its image, a subgroup of GL(7), by

sym(P) := 7y (Sym(P)) = {L, : 0 € Sym(P)} (note the small s’).

This is the group of invertible linear transformations which map the set of vectors in @ to itself. Further,
T is injective if and only if the vectors in @ are distinct, in which case

Sym(®) ~ sym(®) (group isomorphism).
If @ is a frame of n vectors, m of which are distinct, for a space of dimension d, then
[sym(®)| ’ |Sym(<D)|’ n!, |sym(®@)|<m(m—1)---(m—d+1). (3.3)

When we refer to the symmetry group of @, without further qualification, we mean Sym(®).
Let S¢ denote the frame operator for @.If g € GL(H), then

So(gf) = ) 'Sgra (), Vf €.
In particular, if g € sym(@®) is unitary, then it commutes with Sg, i.e.,

So(gf) = gSe(f), Vf en.

Example 1. If @ is a tight frame, then sym(®) is a group of unitary transformations, and hence com-
mutes with the frame operator S¢. This follows because if L, € sym(®) and @ = (f;) is tight, then
Ly ® = (Lsfj) = (fo)) is tight, and so (2.3) gives

= [Laﬁ][l‘of}]* = La[ﬁ][ﬁ]*L; = CLO'L:- - LO'L:- =1L

Hence for @ a tight frame of distinct vectors, sym(¢®) is the symmetry group (of unitary transforma-
tions) defined in [12]. The essential point of difference is that Sym(®) is larger than sym(®) for a
frame with repeated vectors, which is necessary if a frame and its complement are to have the same
symmetry group (see Example 3 and Theorem 3.7).

Example 2. Many interesting examples of finite frames are given by the orbit of a single vector under
the action of a finite group of (usually unitary) transformations, e.g., the n equally spaced unit vectors

Fig. 1. The frames @ and @’ of Example 3, with [Sym(®)| = 6, |Sym(®’)| = 2.
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in R?, the vertices of the platonic solids in R*, and the harmonic frames. Given a finite group G, a frame
@ = (¢g)gec for H, indexed by the elements of G, is a group frame or a G-frame (see [7,13]) if there
exists a representation p : G — GL(H) (i.e., group homomorphism) for which

gbh:=p(8)dn = dgn, Vg, h €C.

If @ is a group frame, then Sym(&®) has a subgroup isomorphic to G, and p(G) C sym(®). Further, a
given frame @ of n distinct vectors is a group frame if and only if sym(@®) has a subgroup G of order n
which acts faithfully on the sequence of vectors in @.

Example 3 (See Fig. 1). Let @ = (vq, v, v3) be the tight frame of three equally spaced unit vectors in
R?, and ¥ = ([1],[1], [1]), which is the complementary tight frame for R. Then
Sym(®) = Sym(¥) = S3 = S{1,23}-

Here sym(®) = (a, b) is the dihedral group of order 6, which is generated by the unitary maps: a =
rotation through 2% and b = reflection through the line spanned by v3, while sym(¥) consists of just
the identity. The tight frame @’ = (vq, v, —v3) has

sym(®’) = {1,(12)}, sym(®") = (b).
Example 4. The symmetry group of the tight frame given by n equally spaced unit vectors in R? is the
dihedral group of order 2n, i.e.,

Dp:i=(ab:d"=1blab=a"),

where a acts as rotation through 27” and b as a reflection which maps the set of vectors onto itself.

Given that all unitary transformations on R? are products of rotations and reflections, it is easy to
see this is the most symmetric tight frame of n distinct vectors in [R%. By way of contrast, the frame
consisting of one vector taken n — 1 times together with another (not linearly dependent) vector has
a symmetry group of order (n — 1)!.

Example 5. The n equally spaced vectors in R? are not always the most symmetric tight frame of n
distinct vectors in C2. For n even, the (harmonic) tight frame given by the n distinct vectors

1 w w? ? w? "2 w1 2xi
<]> ’ <—0)) ’ 0)2 , —0)3 , 604 yee ey wn,2 , _wn,1 , Ww:=en
has a symmetry group of order %nz (see [9] for details).

The symmetry group of a frame depends only on its similarity class:

Theorem 3.4. If @ and ¥ are similar finite frames, say ¥ = Q®, then
Sym(¥) = Sym(®), sym(¥) = Qsym(®)Q .
In particular,

Sym(®) = Sym(®) = Sym(@“").

Proof. Suppose that @ = ()¢ is similar to ¥ = (gj)j¢j, i.e., there exists an invertible Q with gj =
Qfj, Vj € J. Then, for o € Sym(®),

Lofi=fsj ¥i = (QoQ Q=00 Vi

sothat o € Sym(¥), and Sym(®) C Sym(¥), Qsym(®)Q ™! C sym(¥). The reverse inclusions fol-
low since similarity is an equivalence relation (and so ¥ is similar to @). [l
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If two frames with the same index set have the same symmetry group, then they need not be similar.

Since a finite frame @ is determined up to similarity by Gram(®“"), it should be possible to
compute its symmetry group from this Gramian matrix. We now explain how this can be done.

Let e; be the jth standard basis vector. There is a bijection between permutations o € S; and the
J x ] permutation matrices, given by o — P,, where

Pyej := egj.

A symmetry o € Sym(®) corresponds to a P, which satisfies the following.

Lemma 3.5. Let @ = (fj)je be a finite frame. Then
o €Sym(®) <= PiGram(®“")P, = Gram(P“").

Proof. By Theorem 3.4, Sym(®) = Sym(®“"), and so we can suppose without loss of generality that
@ is a normalised tight frame. Let V:={[fjlj¢;, and observe

VP = V[eaj] = [Veaj] = [f(rj] = [Lcrﬁ'] =LsV. (3.6)

(=) Suppose o € Sym(®). By Example 1, L, is unitary, and so (3.6) gives
PGram(®)P, = (VP,)*VPy = (LyV)*LsV = V* (L:L,) V = V¥V = Gram(®).
(<) Suppose P} Gram(®)P, = Gram(®), i.e.,
Gram((foj)jes) = Gram((fj)jey)-
It is easy to prove (see, e.g., [12, Lem. 2.7]) that if (f;) and (gj) are sequences of vectors which span #,
with the same inner products, i.e., {f;, fx) = (gj, g&), Vj, k, then there is a unitary U with Uf; = gj, V.

Thus, for gj = f;, there is U € U/(H) with Uf; = f5;, Vj. Hence, by taking L, = U, we conclude o €
Sym(®). U

In words, o € Sy is a symmetry of a frame @ = (f;);¢ if and only the corresponding permutation
matrix P, commutes with the Gramian matrix M of the canonical tight frame, i.e., M is invariant under
simultaneous permutation of its rows and columns by o.

Example 6. An equal - norm finite frame @ = ( fj);j¢; is equiangular if there is a C > 0 with

| fiol = C. Vj#k.
These frames have applications in signal processing (see [8,2]). The equiangular frames of n > d
vectors for RY are in 1-1 correspondence with graphs with vertices | and an edge from j to k if and
only if {f;, fr) = C (see [15] for details). The symmetry group of such a real equiangular frame is the
automorphism group of the corresponding graph, since o is an automorphism of the graph if and only
if P, commutes with its Seidel adjacency matrix (which is a linear combination of the Gramian and
identity matrices).

The frames @ and ¥ of Example 3 are complementary, and have Sym(®) = Sym(¥ ), while sym(®)
is not isomorphic to sym(¥ ). More generally:
Theorem 3.7. Suppose that @ is a finite frame, and ¥ is a complementary frame, i.e.,
Gram(®“") + Gram(¥“") =1,
then
Sym(®) = Sym(¥).

It need not be the case that sym(®) is isomorphic to sym(¥).
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Proof. Since the definition of frames being complementary is symmetric, it suffices to show that
Sym(®) C Sym(¥). By Lemma 3.5, 0 € Sym(®) if and only if P = P, commutes with Gram(®“").
Since P*P = I, this implies

P*Gram(¥ “")P = P*(I — Gram(®“™))P = [ — Gram(®“") = Gram(¥“"),

and so, by Lemma 3.5 again, we have o € Sym(¥). [J

If a frame is constructed from its complement, or its complement is for a space of low dimension,
then it is often easier to calculate its symmetry group via the complement.

Example 7. Consider the equal-norm tight frames @ of four vectors for C3 with nontrivial symmetries,
i.e,, |Sym(®)| > 1. The complement ¥ consists of four equal-norm vectors for C. The symmetries of
¥ (and hence @) are those permutations of ¥ which can be realised by multiplication by a complex
number (of unit modulus), e.g., the permutation (12)(34) is a symmetry of ¥ = ([1],[—1], [1], [—1])
corresponding to multiplication by —1. Thus, the only possibilities for these complementary frames
(up to a scalar multiple) are

(11011 (1), 2D, z#1, (1. [1) [2) [2D), z# %1, ([1]1.[1] [z WD), z#w, z w1,
(g ap, @l =11 0L =1, Q1 G, (=11 (=i,

and the corresponding symmetry groups are
S3, S» xSy, Sy, S4, Dy (dihedral group of order 8), Cjy.

The Gramian matrices for the last three (which are harmonic frames) are

3 -1 -1 -1 3 1 -1 1 30 —i 1 i
Il-1 3 -1 -1 111 3 1 -1 i 3 —i 1
4(-1 -1 3 —=1|" 4|-1 1 3 11" 4|1 i 3 —i

-1 -1 -1 3 1 -1 1 3 - 1 i 3

4. Symmetries of combinations of frames

Let @ = (fj)jg and ¥ = (gk)kek be finite frames for #; and H,. The inner product on the orthog-
onal direct sum H; @ H; and the tensor product 1 ® H; are given by

((f.g0) (f.82)):=(.o) +(g1.82), Y(f1.81), (f2.82) € H1 ® Hy,
(1 1.2 ®g)={1.){g.&) Yi®g, fr®g € H ®H,.

We investigate the symmetry groups of the union, sums and tensor product of these frames.

Example 8. The union @ U ¥ of these frames (which is indexed by J U K)

20w=((8)- (), e

is a frame for the orthogonal direct sum +; @ H>. If no confusion arises, then one can identify 7; and
Ha as subspaces of H1 @ Hy, and write f; or f; 4+ 0 in place of (f;, 0), etc.

For o € Sym(®) and t € Sym(¥), with corresponding L, € GL(H1), Ly € GL(H3), let Ly 1) =
Ly @ L; € GL(H; © Ha), ie,

tow (5) = (1%). wew veen (a1)

and interpret (o, T) as a permutation on J U K in the obvious way. Then

o (6) = () = (7). 10 () = (1) = (ane)
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and so the permutation (o, T) € Sym(® U ¥). In this way, we have
Sym(®) x Sym(¥) C Sym(® U V), sym(®) @ sym(¥) C sym(® U W).

These inclusions can be strict, e.g., if H, = H; and ¥ = @, then there are additional symmetries
which interchange the two copies of @.
We say a frame is balanced if its vectors sum to zero.

Example 9. There are two notions of the sum of frames.
(i) If either @ or ¥ is balanced, then the sum @ + ¥ (indexed by J x K)

1
. —=fi
P+Y = (( 1"2gj , np:=], np:=|K|
Jm ok jelkek

is a frame for H1 @ Hs.
(ii) If K = J, and the frames are disjoint, i.e., satisfy

Y (.f)g =0 Yfern << > (8g)fi=0 VgeH,
j€l j€l
then the direct sum @ @ ¥ (indexed by J)

vov=((g)),,

is a frame for H; @ Hs.
For the first sum, we may apply the transformation L, of Example 8, to get

(ff) ) (ff) :
Lo,7) 1 = 1 cd+VY,
ﬁgk ﬁgrk
and hence conclude

Sym(®) x Sym(¥) C Sym(®4¥), sym(P) @ sym(¥) C sym(P + ¥),
with strict inclusion possible as before. For the second, it is easy to verify

Sym(®) N Sym(¥) C Sym(P @ ¥).

Example 10. The tensor product @ ® ¥ of these frames (which is indexed by | x K)

D RV = (fi ® gkje)kek
is a frame for the tensor product Hilbert space #; ® H. Similarly to Example 8, we can define L, ¢) €
GL(H1 ® H2) by L(4,z) = Ls ® L;. Then

L(a,r)(fj Qg = (Laf}‘) ® (Lfi) =fcj & 8k
and so we obtain

Sym(@) x Sym(¥) C Sym(® ® ¥), sym(®) ® sym(¥) C sym(® ® ¥).

These inclusions can be strict, e.g., take the tensor product of orthonormal bases for spaces of
dimensions d; and d; to obtain an orthonormal basis for a space of dimension d;d>.

We summarise the results of these examples.

Proposition 4.2. The symmetry groups of a finite frame satisfy
Sym(®) x Sym(¥) C Sym(® U ¥), sym(P) @ sym(¥) C sym(P U ¥),
Sym(®) x Sym(¥) C Sym(® + W), sym(P) @ sym(¥) C sym(P + V),
Sym(®) x Sym(¥) C Sym(® @ ¥), sym(®) ® sym(¥) C sym(® Q ¥),
Sym(®) N Sym(¥) C Sym(P @ ¥).
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In some situations these inclusions become equalities, e.g., we have:

Proposition 4.3. Suppose that @; is an equal-norm tight frame of n; vectors for a space of dimension
dj' j=1,2.1fdy/n1 # dy/ny, then

Sym(q)]) X Sym(cpz) = Sym(q§1 U (Pz).

Proof. For ¢ € Sym(®7) and T € Sym(®;), with corresponding L, € sym(®) and L; € sym(®;),
let Ly 7y € sym(®q U @;) be defined by (4.1). Let J; and J, be the index sets of @1 and @, and denote
by 6 (o, T) the permutation on J; U J, given by
. |oj j€ls

0 , = . .

0@ o= {7 T
Then 6 (o, ) € Sym(P1 U @7) (as detailed in Example 8). It is easy to check that

6 : Sym(®1) x Sym(P,) — Sym(P1 U Dy)
is an injective group homomorphism, and so it suffices to show that 0 is onto.

In view of Theorem 3.4, we may suppose without loss of generality that ¢; and &, are normalised
tight frames, in which case @ U @, is also. It follows that all ‘sym’ groups consist of unitary trans-
formations (Example 1). Taking the trace of (2.3), then gives that the norm of each vector in @; is

/d;j/n;. Since di/nq # d/ny, any unitary transformation which permutes the vectors in @ U @,

must permute the vectors in @1 and @; individually, and so is of the form L(, ;) for some o and 7, as
required. [J

We now generalise Example 7. Recall that a group G is a semidirect product of a normal subgroup N
and a subgroup H, written G = NxH,if G=NHand NN H = {1}.

Theorem 4.4. Let @ be a tight frame of n vectors for C"! (or C). Then

Sym(®) A Sy X [(Sg; X Say X - -+ X Sg,) % C], (4.5)
wherem >0, £>1, ay,...,a- > 1 are integers satisfying

ay+--+a)+m=n,

with m = 0 when @ is an equal-norm frame. Moreover, for any integers satisfying the above conditions
there is a tight frame & for C" ! with symmetry group given by (4.5).

Proof. By Theorem 3.7, we may suppose @ is a tight frame for C!. Let m be the number of zero vectors
in @, so that it may be written @ = (¢4, ..., ®n—m., 0, ..., 0) a union of the tight frames (0, . . ., 0) for
C%and (@1, ..., Pp—m) for cl. By a slight variation of the argument for Proposition 4.3 (zero vectors
must map to zero vectors under a symmetry), we have

Sym(®) ~ Sym(0,...,0) x Sym(¢y, ..., ¢n—m) = Sm X Sym(¢1, . .., dn—m).
Thus it suffices to consider only the case when m = 0 and @ consists of nonzero vectors.

Since @ is a tight frame, sym(@®) consists of unitary maps on C! (cf. Example 1), i.e., is a subgroup
of the unit modulus complex numbers under multiplication. Thus sym(®) is cyclic of order ¢, say
generated by z. We now show how to construct a T € Sym(@®) of order £ with 74 (t) = z, where ¢
is the group homomorphism given by (3.2). Let (z) act on the set of vectors in @. The vectors in @
consist of the orbits under this action (which have size dividing £) repeated some number of times.
Choose some fixed way of doing this. For a given appearance of an orbit of size t in @ as

2 t—1
Gj O =205, Gy =20, =2 Py,
define 7 on the set of indices for the vectors above to be the cycle (j1j2- - +j¢) (so T is a product of such

cycles). For example, if @ = (1, w, w2, 2, 2w, 202, 2, 2w, 20°), withz = w = e%, then one could take
T = (123)(486)(759), amongst other choices.
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Let o € Sym(®). Then ¢ (0) = 2P, for some b, and 7wy (07 ?) = 227" = 1 implies 677 €
ker(mg), so that Sym(®) = ker(;rg ) (7). Further, if t? € ker(mg), then 22 = 1, so that ¢ divides b,
which gives 7? = 1. Hence ker(7r4) N (r) = {1}, and we have
Sym(®) & ker(mwp) X (t) ~ ker(mwp) X Ce.
It remains only to show that ker(7wg) = (Sg; X Sgp X - -+ X Sar)e.
For a given vector ¢ in @, the number of times ¢ and z¢ appear in @ are the same. Further, the
vectors @, zo, . . . ,zz_lqb are all distinct, since otherwise
’p=¢ O0<a<l = z'=1 (since #0).
Thus if ¢ appears exactly g; times in @, then so do z¢, zz¢, e z£_1¢. A symmetry o € Sym(®) is in
ker (g ) if and only if it permutes all the vectors of @ which are equal, and so ker (g ) is isomorphic
0S5 X ++o X S o= (Sq x - x Sg,)t. O

The semidirect product in (4.5), which does not define a unique group until the multiplication is
specified, can (with a little work) be written as a wreath product. In this way (4.5) can be expressed as
Sym(®) ~ Sy X ((Sq; X Sgp X -+ X Sg,) 2 Ce),
where : denotes the wreath product of permutation groups.

Example 11. For the equal-norm tight frames of four vectors in C> given in Example 7, m = 0, and the
groups in the [ ] in (4.5) are (respectively)

(53 x 51)1 XC; &~ S3, (S x 52)1 XC1 A Sy xSy, (S x5 x 51)1 XC1 &~ Sy,

(S9)'XC1 ~ Sy, (S2)?XCy XSGy Dy, (S1)*xCy = Gy

5. Symmetries of frames thought of as sums of projections

In applications, the interest is in the decomposition (2.1), i.e., writing the identity as

(f.fi)
I=Y"qP qi=clfl’ Pf:=_"1F
5 G.5)
and the particular (unit modulus) scalar multiple of f; used to define the orthogonal projection P; is
unimportant. Indeed, there may not be a natural choice (cf. [11]). In this case, the unitary equivalence
of (2.6) is replaced by type IIl equivalence, i.e.,

8 = O[jUﬁ‘, Vje],

where «; are scalars of unit modulus (see [8]).
Correspondingly, one would define a permutation o to be a (type IlI) symmetry if there exists

Ly € GL(H) and unit modular scalars «; (possibly not unique), with

Lofi = ajfsj, Vi €].
This type Il symmetry group is larger than our symmetry group, but, for 4 a complex space, it cannot
be computed in the same way, since for a possible symmetry o and L, : fj = «;fs; there are infinitely
many possible choices for ;. The analogue of (3.5) is

(P A)*Gram(®“")P, A = Gram(®“"), A:=diag(w)),
and so to find type IIl symmetries one must solve a system of quadratic equations in the complex
variables aj, @;j, j € J. Such systems of equations define Heisenberg frames, and are extremely difficult
to solve in general (see [4]). However, in some cases of interest the scalars «; come from a finite set,

e.g., {—1, 1} for frames in R? or the cube roots of unity (see [3]), and so this type IIl symmetry group
can be calculated.

Example 12. The simplest example of a Heisenberg frame (see [11,4]) is the equiangular tight frame
@ := (v, Sv, Qv, S2v) of four vectors for C?, where
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= R L R ()

Since S2 = — 28, multiplication by S and £2 induces type III symmetries, namely (12)(34) and
(13)(24). Further, the unitary matrix

B :% (—1: 1)

induces a type Il symmetry (132), and so the type IIl symmetry group of & contains
Aq = ((12)(34), (13)(24), (132)), |A4] = 12.

6. Partition frames

The simplest way to obtain a highly symmetric frame is to repeat the vectors in a basis a number
of times. By Theorem 3.7, the complement of such a frame is also highly symmetric, and it turns out
consists of distinct vectors. We call these partition frames.

Let (ej)J’-‘=l be an orthonormal basis for R¥.

Definition. Let @ = (a1, ..., ) € 7"be a partition of n, i.e.,
n=oa;+---+o 1<o<ay< <.
Then the normalised tight frame of n vectors which is complementary to the frame

€1 e e €k

1
(6.1)
PVASS pVALS! PVALLS A/ Xk
o1 times o) times
for R¥ is called the o-partition frame, and this is proper if «; > 2.
By (2.7), the Gramian of the «-partition frame is the block diagonal n x n matrix
| -1 ... =17
B4 o o o ]
] ] i ]
' =1 =1 o1 =1
P = Bj , Bj = o o o Qj ) (6.2)
. . .
: : . %
By -1 =1 =1 o1 gl
L O{j O{j Olj ocj Olj .

where the above B; is a @j X «; orthogonal projection matrix of rank «;j — 1. Since each normalised
tight frame is isomorphic to the projection of an orthonormal basis, namely the columns of its Gramian
matrix, it follows that the vectorsin a partition frame are distinct, except those corresponding toj = 1,
which are all zero (hence the term proper).

We can easily determine the basic properties of a partition frame from its Gramian.

Proposition 6.3. Let & be a proper «-partition frame, « = (a4, . .., ). Then

(a) @ is a normalised tight frame of n := a1 + - - - + « distinct vectors for RY d:=n—k.
(b) @ is a harmonic frame (and a G-frame) ifand only ift; = - - - = .
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(c) The symmetry group of @ has order
[Sym(®)| = l_[ me!(m)™ > n, myg:=|{j: aj = m}]. (6.4)

me{aj}

Proof. The a-partition frame is (Hilbert space) isomorphic to the normalised tight frame given by the
columns of its Gramian matrix P, which is given by (6.2).

(a) We observed that this implies a proper a-partition frame has distinct vectors. Moreover, the
frame (6.1) of n = o1 + - - - + g vectors spans a real k-dimensional space, and so by (2.7) its
complement is a normalised tight frame for a space of dimensiond = n — k.

(b) A tight G-frame (see Example 2) has equal length vectors, and a tight frame has equal length
vectors if and only if its complement does. Thus @ can be a G-frame only if 1 = - - - = o). A
frame is G-frame if and only if its complement is (see [13]), and so it suffices to show that (6.1)
is a G-frame for some abelian group G. Let S be the shift operator on R ie.

o [GHT 1<j<k;
17 e, j=k.

It is easy to check that (6.1) reordered as

(ﬁEZ & e e e
O

is a Z,-frame, via the representation p : Z, — gL([RE") fje S

(c) By Theorem 3.7, Sym(®) = Sym(¥), where ¥ is the complementary normalised tight frame
¥ given by (6.1). Since ¥ is tight, each symmetry o € Sym(¥) corresponds a unitary map L,
which permutes the vectors in ¥. Since unitary maps preserve vector length, the only possible
symmetries are those that map the vectors of length m € {;} to themselves. Since the subspaces
Hm := span{ej : oj = m} C R are orthogonal to each other, the symmetry group Sym(®) is the
product of the symmetry groups for the equal norm tight frames of the m - m« vectors contained
in Hp,. There are my! unitary maps which map these vectors to themselves. For each of these
maps, the image of the m copies of each of the my vectors % € Hpm (which are equal) can be

>, =g ==

reordered in m! ways, giving

|Sym(®)| = l_[ my!(m!)™ > 1_[ 2™ =2">n O

me{o;} me{o;}

Example 13. The (d + 1)-partition frame is the vertices of the regular simplex in RY, which has
Sym(®) = (d + 1)!. It follows from the block diagonal form (6.2) of its Gramian matrix that a proper
o-partition frame can be decomposed as the union over 1 <j < k of the normalised tight frames given
by the a; vertices of the simplex R4,

Example 14. The proper partition frames in R? and R? are as follows.

Partition n  Description of a—partition frame ® |Sym(D)|
(3) 3 Three equally spaced vectors in R2 6

(2,2) 4 Four equally spaced vectors in R? 8

(4) 4 Vertices of the tetrahedron in R> 24

(2,3) 5 Vertices of the trigonal bipyramid in R 12
(2,2,2) 6 Vertices of the octahedron in R> 48

In four dimensions the possible choices for « are (5), (2, 4), (3, 3) and (2, 2, 3) (see Fig. 2).
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Fig. 2. The proper a-partition frames in R> for o = (4), (2, 3) and (2, 2, 2), respectively, i.e., the vertices of the tetrahedron,
trigonal bipyramid and octagon.

Example 15. One can modify the construction of partition frames, e.g., the sequence of repeated
vectors in (6.1) could be replaced by

6 wej a)’ Te 2ri
w.:=e ] ,
NG f
aj times

for some or all choices of j, which gives a tight frame with |Sym(®)| > n (a7 > 2).

7. Maximally symmetric frames

Since the order of the symmetry group of a frame of n vectors (a subgroup of S,,) divides n!, there
are maximally symmetric frames in any class of such frames.

Definition 7.1. Let C be a class of frames of n vectors, e.g., the tight frames or equal norm tight frames
in R? and CY. We say that @ € ¢ is maximally symmetric if

|Sym(@)| = max [Sym(¥)].
vec

This definition should be treated with a little caution for frames with repeated vectors. For example,
the frame of n vectors for R? consisting of e; repeated n — 1 times and e, has symmetry group of order
(n — 1)!, whilst that of the n equally spaced unit vectors has order 2n.

Example 16. The only cases when a frame @ of n vectors for F? can have maximal symmetry by virtue
of |[Sym(®)| = n! are for n = d, i.e., when it is a basis (all bases are similar), and forn = d + 1 when
it is (similar to) the vertices of the regular d-simplex.

Example 17. In Examples 4 and 5, we observed that the n equally spaced unit vectors in R? give the
most symmetric tight frame of n distinct vectors in R?, but that this need not be the most symmetric
such frame in C?.

Example 18 (See Fig. 3). We determine the maximally symmetric tight frames @ of five distinct vectors
in R3. By Theorem 3.7, these can be described via the complementary normalised tight frames ¥ of
five vectors in R2. By (3.3), the order of Sym(<®) divides 5!. The complement of a unit vector is a zero
vector, and so the most symmetric @ with a zero vector is given by the (1, 4)-partition frame

o= [0 )] omr o=

which is the vertices of the tetrahedron and a zero vector. If Sym(®) does not have an element of order
5, then the next most symmetric is the (2, 3)-partition frame
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Fig. 3. The most symmetric tight frames of five distinct nonzero vectors in R3. The trigonal bipyramid (12 symmetries), five
equally spaced vectors lifted (10 symmetries), and four equally spaced vectors and one orthogonal (8 symmetries).

1 1 0 0 0
ve (ﬁ> ' (ﬁ> ' (1) ’ (1> ' (1>} ISym(®)| = 2!3! = 12,
0 0 7 7 7

which is the vertices of the trigonal bipyramid, i.e.,

1 cos & cos 4Z 0 0

b = % 0 % sinﬁ z sinﬁ i 0 L 0
’ 3 V3 V2 V2 '

3Vo/ V3| o 0 -1 -1

followed by

o~ (M) O] e

which is four equally spaced vectors and one orthogonal, i.e.,

1 M 1 /O 1 (1 1 [0 0
=3{—|0),—|1),—<|O0O])],—|—-1],]0

v2\o) ' v2\o) v2\o ) v2\0o ) \u

If Sym(¢&) has an element of order 5, then ¥ must be five equally spaced vectors

2 (cos 2l
v = - 5.)1:j=1,...,5 Sym(®)| = |Ds| = 10,
‘/S(Smm j ISym(®)| = |Ds|

5
and @ is the lifted five equally spaced vectors, i.e.,
2mj

2 COS?
2| L
®=1/-|sin=%]|:j=1,...,5
5 1° !

V2

Motivated by examples such as these, we end with the following conjecture.

Conjecture. A maximally symmetric tight frame is a union of group frames.
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