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Abstract

Given scattered data in IR®, interpolation from a dilated box spline space Sy (2%-)
is always possible for a fine enough scaling. For example, for the Lagrange function of a
point 6§ one could take any shifted dilate M (2% - —j) which is nonzero at @ and zero at
the other interpolation points. However, the resulting interpolant, though smooth (and
local), will consist of a set of “bumps”, and so by any reasonable measure provides a
poor representation of the shape of the underlying function. On the other hand, it is
possible to choose a space of interpolants which contains some M (2% - —j) of arbitrarily
large support. But the resulting methods are increasingly less local, and in general still
require some splines with a much higher level of dilation. Here we provide a multilevel
method which constructs a space of interpolants by taking as many splines as possible
from a given dilation level, then as many from the next (higher) dilation level, and so
forth. The choice at each level is made using the suggestion of [W99], which is based on
the Riesz representation theorem. This requires an inner product on the ground space Sy,
and the higher levels Sy (2%.) © Sy (2871.), k = 1,2,.... The inner products used here
involve the box spline coefficients, and prewavelet coefficients of [RS92], respectively, and
are norm equivalent to || - ||z,rs). These lead to a scheme which is easily implemented,
and numerically stable. Previously, box spline interpolants have been considered only for
data on a regular grid.
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1. Introduction

This paper deals with the interpolation of scattered data using box splines. Previously,
only cardinal box spline interpolation (data on a regular grid) has been considered (see
[BHRI3] and [RS95] for fundamental solutions which are of exponential decay and compact
support, respectively). The multilevel scheme proposed here is based on a generalisation
of the least solution of the polynomial interpolation problem of de Boor and Ron [BR92]
to an arbitrary inner product space of interpolants by Waldron [W99], and uses the box
spline wavelet decomposition of Riemenschneider and Shen [RS92].

Given linear functionals Aq,..., A, on some space X, in our case function evaluation
at scattered data points, we say interpolation from a subspace V' is correct (aka unisolvent,
poised, well posed, etc) if for each f € X, there is a unique g € V' with

Ailg) = il f), 1<i<n,

and we denote by £ : X — V the interpolation operator f — g.
Suppose that V is a correct space contained in P a space of possible interpolants, in
our case | J, - Snm(2%-), which is graded, i.e.,

Py=HyoH\@--®H,CP, P=[]h,

where functions in Hj, are thought of as being simpler (lower degree), or more appropri-
ate for the interpolation, than those from Hjy,;. In practice Hy will be a space of low
computational complexity for small k. Following the example where Pj is the space of
polynomials of degree < k, we say that L is degree reducing if

L(Py) C P, k=0,1,...,
or, equivalently, the correct space V is of minimal degree, i.e.,
dim(V N P) = dim(span{\;|p, }), k=0,1,....

If interpolation from P is possible, then minimal degree interpolation spaces V (those as
simple as possible) always exist (see [W99]).

It is instructive to think of a minimal degree V' as being built up by taking as many
(linearly independent) functions from Hj as possible, then as many from H; as possible,
and so forth. Unless all the Hy are one dimensional, there are many ways to do this. If
each Hj, has an inner product structure, then [W99] suggests taking from H}, the subspace

Rp, (span{A1,..., A\, }) N Hg, kE=0,1,...,
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where Ry (A) denotes the Riesz representation of the linear functionals A defined on some
Hilbert space H. This paper investigates the choice of Pj as the dilated box spline space

Py =Sy, = Sy (28) = {f(2%) : f € Su},
and Hj a suitably chosen complement of Py in Py, i.e.,
Hy = Sy, Hy =Sk oSttt k=12... (1.1)

Here Sy, is the closed shift invariant subspace of Ly (IR®) generated by a box spline M.

To obtain an implementable interpolation method it remains only to endow each Hy,
with an inner product which is norm equivalent to || - ||z, (rs), and for which the Riesz
representations of the interpolation conditions {\;} are easily computed. Our choice is
detailed in the next section. Briefly, it involves choosing a finite number of functions
which generate the shift invariant spaces Hy (M for Hy, and wavelets for £ > 0), and
taking the inner product in which the shifts of these are orthogonal.

Throughout the paper, we illustrate our construction with the representative univari-
ate and bivariate examples of a cubic B-spline M and the box spline Mss9, respectively.

2. Box spline and prewavelet inner product spaces

The development of box splines outlined below closely follows the monograph [BHR93],
which can be consulted for more detail.

2.1. Box splines defined

Given an s x n matrix = of rank s with integer entries, the box spline Mz on IR* is
defined via its Fourier transform as

]T/[\E(w) _ H 1 — exp(—iéw)

e 1€w

where £ € = denotes the n columns £ € 7ZZ° of =, and £w is the dot product of £ and w. The
box spline Mz is made up of polynomial pieces of degree n—s, and belongs to C™(®)~1(IR*),
where 7(Z) + 1 is the minimum number of columns that can be discarded from = to obtain

a matrix of rank less than s. It is compactly supported on the polyhedron

EO) ={> te:0<te <1}, O:=0,1]",
Ee=E



and is symmetric about the point

c= = 25/2

£eE

The box spline Mz satisfies the refinement equation

Mz=2° 3" m=(j)M=(2- ), (2.1)
JEXLS®

where its refinement mask mz : ZZ° — IR is given in terms of the Fourier series

W) = 3 m=(i)exp(—ije) = [] HOREE)

JEZL® ¢eE

m

[

The dependence on = will not be indicated when it is clear from the context. The univariate
box splines with Z = [1,1,...,1] are the familiar B-splines.

2.2. Shift invariant spaces S(¢1,...,0;)

Let S(¢1,...,¢,) be the closed shift invariant subspace of Lo(IR®) generated by a set
of compactly supported functions ¢1,...,¢, € Ly(IR"), and denote by Sy, := S(M) the
space generated by a single box spline M = Mz. The ¢; are said to be stable if their shifts
form a Riesz basis for S(¢1,...,®,), i.e., there exists Cq,Cy > 0 with

C1 Y ailleyzsy < 1D Y ¢il- = Nai()leamwe) < C2 Y lailleyzey,  Vai € L(Z2°).
i=1 i=1jezs i=1
When ¢4, ..., ¢, are stable, the only case we will consider,
S 60 = {30 3 6~ i) aild) € R, X, asli)? < 00} € Lo(IR%). (2.2)
i=1jexzs

Sums such as those in (2.2), can be written as the convolution of a function with a sequence

pxa:= Z o(-—7)a(d), ¢ : R® — IR (compactly supported), a:7Z° — IR,
JEUS?

which has Fourier transform

pra=0¢a, aw) =Y a(j)exp(—ijw).

JEXL®



We also use the semidiscrete convolution of a compactly supported ¢ with any f : IR® — IR

¢+ fi=0% (flae) = DY o(-—i)f(),

IS/ %

which has Fourier transform

¥ f=0f  flw) =Y f(j)exp(—ijw).

=

When ¢4,..., ¢, are stable, we endow S := S(¢1,...,¢,) with the inner product

(fr9) = (32 i xai, 325 &5 % bj) == 3" (ai, by), (2.3)
in which the shifts of ¢1,..., ¢, are orthogonal. This is norm equivalent to || - ||, (rs)-

2.3. The representation of linear functionals on S(¢1,...,¢;)

Our scheme is based on the Riesz representations of (compactly supported) linear
functionals on S := S(¢1,...,¢,), such as point evaluations, with respect to the inner
product (2.3), for which the shifts of ¢, ..., ¢, are orthogonal.

We say that a linear functional A\ : S — IR is compactly supported if each of the
sequences

a; : 7Z° — R : j— Moi(- — 7)), 1<i<r (2.4)

has compact support. Clearly every compactly supported distribution has this property
when restricted to S. Each compactly supported linear functional A : § +— IR has a unique
Riesz representation

M) =(f9), VfeS,

where (-,-) is the inner product (2.3), and g € S is the compactly supported function
defined by

g=Rs(\) =), bi x ai, ai(j) == Mi(- = j))- (2.5)

Example 1. For continuous ¢;, point evaluation at any 6 € IR®, i.e., A =g : f — f(6),
is a compactly supported linear functional on S = S(¢1,..., ¢, ), and so has a (compactly
supported) representer Rg(dg) € S given by (2.5). For example, when S = Sy, we compute

g0 = Rg(0p) := M« M(6—-)= Y M(-—j)M(0—j). (2.6)

Notice that the spline gy, a convex combination of shifts of M, is nonnegative, with compact
support (which is easily calculated), satisfies go4; = go(- — j), j € ZZ°, and integrates to 1.
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Moreover, gy is centred around 6, and the map 6 — gy is continuous. For example, let M;
be the cubic B-spline centred at j, then for 0 < 6 < 1 we compute

g0 = 31— 07Ny + (2 = 16°(2 = 0)) Mo+ (2 — 5(1= 07(0+ 1)) My + 20°.

0.7 0.7
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Fig. 2.1. The first figure shows the cubic B-spline M with support [0, 4], together
with the corresponding Riesz representer g of point evaluation at the origin, which has
support [—3, 3]. The second illustrates the continuity of the map g — gg by giving the

Riesz representers go, go.25,90.5, 91-
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Fig. 2.2. The centered box spline M3,,, and the corresponding Riesz representer of

point evaluation at the origin.

Example 2. The value of the derivative at 6§ € IR, i.e., A = 0p(D) : f — f/(0) is a
compactly supported linear functional on any B—spline space of degree > 2, in which case

from (2.5) and (2.6) we have
d

Rs(00(D)) = 0%

(2.7).



In particular, for our cubic spline example
Rs(69(D)) = —2(1 = 0)2M_y — 36(4 — 30) Mo + $(1 — 6)(30 + 1) M + 6% M.
Similarly, for the second derivative
Rs(69(D?)) = (1 —0)M_1 + (30 — 2)My + (1 — 30) My + 0 Mo,
and for the third derivative, which is not defined at 0 and 1, we have
Rs(89(D?)) = —M_1 + 3My — 3M; + Mo, 0<6<1.

The property (2.7) extends, in the obvious fashion, to A any derivative that is defined on
the given box spline space S);.

0.8

o)  Rg(0o(D)) = —2M_; + 1 M, ] oo Rg(0o(D?)) = M_1 — 2Mq + M
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Fig. 2.3. The cubic B-spline representers of the first and second derivatives at 0.

2.4. Box spline prewavelets and semiwavelets

The refinability of (2.1) implies S¥, € S¥ and so the grading (1.1) is well defined.
Each Hy := S%, © S% ! is a dilate of the finitely generated shift invariant space H;(-/2).
We endow Hy = S(M) with the inner product (2.3), and restrict ourselves to the
case when this is norm equivalent to || - |1, (Rrs), i-e., M is stable. This occurs when =
is a unimodular matrix, i.e., all bases of columns from Z have determinant 41, which is
equivalent to there being no w € IR® at which ]\/Z(w +2mj) =0, V5 € ZZ°. Thus, the shifts

of the box spline M= form a Riesz basis if and only if the autocorrelation function

P(w) = Ps(w) ==Y Mzy_=(j)exp(—ijw) = Y [Mz(w+ )
JEXLS® JEXLS®

is positive for all w € IR”.



For Hy1 = H;(2"), we also take the inner product (2.3), via

Hy =S, ... P2 1),

where the prewavelets 11, ...,1%9: 1 (whose shifts form a Riesz basis) are now described.
Here we follow the development of [RS92]. Let ZZ35 be the quotient group Z2°/272°.
Given a refinement mask m = mgz, for each p € 7ZZ5\{0}, define

~ , P(w+mp)m(w +mp), 2czp is odd;
b — ) ! 2.8
plw) i= explin(p)w) { P(w+mp)ym(w+ mp), 2c=p is even, (28)

where the map n : ZZ5 — 725 is defined by 1n(0) = 0 and n(1) = 1 when s = 1, and for
s = 2 as follows

n:(0,0) — (0,0), (0,1) — (0,1), (1,0) — (1,1), (1,1) — (1,0).

In [RS92] it was shown that the 2° — 1 prewavelets 1, u € Z5\{0}, defined by

—~

IZJ\M(QCU) = gu(w)M(w) = Yy =Mxb,,
and their shifts form a Riesz basis for H;. Furthermore, the system
{2729 (2 - —a) : j € Z, p € Z5\{0}, o € 72°}

is a Riesz basis of La(IR?).
Also available are the semiwavelets ¥,,, u € 7ZZ5\{0}, defined by

—

U, (2w) = My (w)M(w) <= ¥, =Msxm,,

where -
N m(w+ ), 2czp is odd; (2.9)

my(w) = exp(in(p)w) {fh(w +7p), 2czp is even.

These semiwavelets have smaller support than the prewavelets. The space S({¥,}) is an
algebraic (but not orthogonal) complement of Sys in Sys(2-), and the functions

{2720,(27 - —a) 1 0 < j <k, € Z5\{0}, 0 € ZZ°}

form a Riesz system. It is as yet unknown whether with j unrestricted they provide a
Riesz basis for Ly(IR?). Hence, the semiwavelet system might yield a less stable algorithm
when a large number of levels have to be used to obtain the interpolant.



2.5. Examples

We will represent finitely supported maps 7ZZ — IR, ZZ* — IR as vectors and matrices
of their nonzero values, with the value at 0 in bold and the usual indexing.

0.15
%w('/Q) =M xb

0.1F N

0.051 b

-0.05 b

-5 0 5 10

Fig. 2.4. The cubic prewavelet 1)(-/2). This has support [—4, 10], and is symmetric about 3.

Example (Cubic spline wavelets). The choice = = [1, 1, 1, 1] gives the cubic B-spline

; 4
— 1— v 1
W)= (F50) L swpn =@ =04, = j(4 14141 =2

o\ 4
N B 14+e™™ . 1 —diw 1 —3iw 3 —2iw 1 —iw 1
m(w)—( 5 ) = 16¢ +4e +8e +4€ +16’

which gives the refinement mask

1
= —[1,4,6,4,1].
m 16[7’77]

Evaluating the centred B—spline of order 8 at the integers gives

1
Mzy-zlz = £5,5[1,120,1191, 2416, 1191,120, 1],



and so the autocorrelation function is

1
Plw) = 5510

(€73 + 1202 + 1191e™" 4 2416 + 1191e™ + 120e** 4 3,

Since 7ZZ2\{0} has one element u = 1, and 2czp = 4 is even, we have

~

bi(w) = € P(w + m)i(w + 7),

which gives

by [—1,124, —1677, 7904, — 18482, 24264, —18482, 7904, —1677, 124, —1].

~ 80640

Hence the prewavelet is
1 1
5@[1('/2) = —1(-/2) = M " by.

As predicted by [RS92], this function is symmetric about
¢ = c(L+ (=1)*=) — () =2(1+ (1)) =1 =3,

0.3

0.25}F %\I!l(/2) =M xmy

0.2 ]
0.15F n

0.05F n

-0.05 b

Fig. 2.5. The cubic semiwavelet W1 (-/2) (with smaller support than the prewavelet).
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The corresponding semiwavelet Uy of (2.9) is given by the mask

1
= ——[-1,120,—-1191, 2416, —1191, 120, —1].
my 5040[ ’ 9 ) ) ; ) ]

Example (Ms22 box spline). Let Mayy be the box spline corresponding to the matrix

This function is C?, stable, and has centre (2,2). Let ¢ := Maga(- — (2,2)), which has the

refinement mask

0O 0 1 21
1 0 2 6 6 2
mi=—|16 10 6 1 (2.10)
26 6 2 0
1 2 1 0 0
The sequence a := (¢ * ¢(—-))|zs is
0 0 0 2 34 34 2
0 0 34 1736 5100 1736 34
1 0 34 5100 37742 37742 5100 34
= 2 1736 37742 94992 37742 1736 2
= 362830

34 5100 37742 37742 5100 34 0
34 1736 5100 1736 34 0 0
2 34 34 2 0 0 0

Hence the prewavelet masks are
bu(a) == (=1)*"* o(a+n(n),  neZs,

where b = a xm is the convolution b() := }_, a(i — j)m(j).

The corresponding semiwavelets are given by

\IIM = 28 Z mu(a)M222(2 . —Oé), N S Zg\{o}a
[ ASY/ A

where
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2.6. Evaluation of box splines and wavelets

To implement of our method we require the values of box splines and their corre-
sponding prewavelets and semiwavelets, which can be computed as follows.
Let m be the refinement mask of the box spline M, i.e.,

M = %m(a)M(Z C—a), (2.11)

and m,, be the mask of the prewavelet (or semiwavelet) v, p € ZZ5\{0}, i.e.,

Yp= Y mu(a)M(2- —a). (2.12)
le1<y/4
Using (2.11) and (2.12) the values of M and v, at dyadic points U;>0277Z° can be
calculated from the value of M at the integers ZZ°. This can be done as follows.
Suppose the support of M is contained in [0, N]*, and define the matrix

M := [2°m(2] — k)] er, ker, I:=[0,N]°*NZ".

For the M considered here, the matrix IM has a unique dominant eigenvalue of 1, which
is simple, and the corresponding eigenvector is M|« (see e.g., [LLS97]). The entries of
M|x1 sum to one. Once the values of M are known at the integers, the values of M and
1, at dyadic points can be calculated exactly using (2.11) and (2.12), and hence as closely
as desired at any point. For the Msso box spline its values at the integers are given by

1/2,  j=(2,2);
M222(j) - 1/127 .7 € {(171),(271);(172)7(2,3)7<372)7<373)}5
0, otherwise.

Similarly, by taking the derivative of (2.11) and (2.12), it is easily seen that the values
of a derivative of M and v, can be reduced to the calculation of the integer values of the
derivative of M. Since

De¢Mz = Mz\¢ — M=\¢(- — &), €E,

where D¢ is the derivative in the direction &, the integer values of D¢ Mz can be obtained
from those of Mz\¢. Since the columns of Z contain a basis of IR”, it is possible to compute
derivatives in any direction, and higher order derivatives can also be calculated. Finally,
since all the other basis functions used in the calculation are linear combinations of box

spline and its shifts, their valuse can be computed from those of box splines.
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3. The least level method

We now give details of the implementation of our “least level method” for interpola-

tion.

3.1. Overview

Our objective is to interpolate function values (and possibly derivatives) at scattered
points © C IR® using splines from an appropriately chosen subspace of Sp;(2%-). This can
always be done in a naive way by choosing a large k, then taking as the interpolant to f

6 )
g = gz@ mmk o),

where the shifts jy € ZZ° are such that M (2% - —jg) is zero at all points of © except 6.
For large k the resulting interpolants though smooth (and local) consist of “bumps” near
each of the interpolation points, and so provide a poor representation of the underlying
function. On the other hand, it is possible to choose a space of interpolants which contains
some M (2% - —j) of arbitrarily large support, but such interpolants are increasingly less
local, and still require some splines with a much higher level of dilation.

The least level method balances these factors by taking as many functions as possible
from a low dilation level, then the remainder from increasingly higher levels. The starting
level must be chosen in an appropriate way. The philosophy behind such a choice is the
following. If a space of interpolants can be taken from just the starting level, then this level
is highly dilated and the interpolants will be too localised (the situation of “bumps”), and
one should start with a less dilated space. If functions with a much higher level of dilation
than those in the starting level are required, then the starting level is not sufficiently
dilated. In practice, we will start with a dilation level which would be appropriate for
cardinal interpolation if the points were regularly spaced, and most of the interpolating
space will come from this level. There will be a small contribution from higher levels which
can be thought of as a correction which takes account of the scattering.

The nature of the data also influences the quality of the approximation, as illustrated
in Section 4. For rapidly varying data a starting level with a higher dilation gives a better
fit, while for smoother data a less dilated starting level gives better results.

A recent paper of Johnson [J99] considers the same problem of selecting a good inter-
polant to scattered data from a suitably dilated space S(¢), with ¢ a compactly supported
function satisfying the Strang—Fix conditions. He shows that interpolants which ‘nearly
minimise’ a cost functional provide good approximation. This cost functional becomes
large as a function is dilated, and so this selection method is similar in spirit to our own,

where most of the interpolant is taken from a low dilation level.
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3.2. Construction of the multilevel spline space

To simplify the exposition we suppose the starting level is Hy = Sjs, and that the
points are chosen from some region €2 C IR®. Changing the starting level is equivalent to
scaling €2, which we will assume has already been done appropriately.

The inner product on Hy is such that {M (- — j) : j € ZZ°} is an orthonormal basis,
and this choice is a Riesz basis for La(IR®). The higher levels H; = S%, & S}Jl, i=1,2,...,
are dilates of S(¢, : p € 7ZZ5\{0}), namely

Ho={ > 3 6@ —iau() : Loy lau() < oo},

peZZ\{0} jEZ*

where {1, } are either the prewavelets or semiwavelets of Section 2. An orthonormal basis
of this space is given by {2°%/24),(2° - —J)}pems\{0}.jezs- This is also a Riesz basis of Hj,
and the constants in the norm equivalence can be chosen independently of ¢ when the pre-
wavelets are used. The Riesz basis property ensures the stability of our calculations which
are done using the aforementioned bases, and only involve finite sequences of coefficients.
Using these orthogonal bases the Riesz representation of a (compactly supported)
linear functional A defined on the orthogonal direct sum Py, = Sy;(2%-) = Hy @ --- ® Hj,

can be written as
Rp, (A) = Ru,(A) + -+ + Ra, (N), (3.1)

where, by (2.5),

RHO()\) = Z )\<M( _]))M< _j)v

JEL®
: o o (3:2)
Ry, (N) = > D A2 2.2 —)2 Py, (2 - —j), i=1,... k.
peZI\{0} jEZ*

Our construction uses the functions given by (3.2), where the A\ are the functionals being
matched. Since these functionals have support contained in €2, all but a finite number of
the coefficients in (3.2) are zero, the relevant ones being those where

supp(M (- — ) NQ#{},  supp(vu(2'- —5)) NQ# {},

respectively. The only calculations used are vector space operations on the Ry, (\), which
will be performed using the vectors of relevant coefficients from (3.2). As already discussed,
these calculations are stable.

Let Ai,...,\, be the n linear functionals that are to be matched. For us these are
the point evaluations f — (), 6 € O, though the method is quite general, and could be
applied to any A\; with compact support such as derivative values (Hermite interpolation).
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We now construct the minimal degree interpolation space V' (multilevel spline space)
using the method of [W99], which is effectively Gauss elimination applied to a matrix with
entries from a vector space. For each )\;, let

hik = RHR()‘i|H;€)€Hk7 k=0,1,...,
so that (3.1) becomes

Rp, (A\ilp,) = hio + hix + hia + - - - + hig,

and the i~th row of A := [h;;] represents \;

th hll h12 e )\1
h h h e A

_ | o e — Sl = (3.3)
hnO hnl hn2 e )\n

To the matrix A (and the vector A) apply Gauss elimination (by segments) to obtain
a row echelon form (see [B94] and [W99]). The difference between this and the classical
method is that since entries of a given column now come from a vector space (as opposed
to the one dimensional space IR) some may be linearly independent, and so elementary
row operations can not make all but one of them zero. In this case we allow the possibility
of more than one pivot in a given column (all of which are linearly independent).

The row echelon form gives a new set of functionals with the same span as Aq,..., \,,
and their Riesz representations. By the construction, the pivots are linearly independent.
Those in the k—th column are a basis for the space

Vk = RPk (Span{)\la ) An}) N H]C7

and the n—dimensional space V := Vy & V] & --- is a minimal degree interpolation space.
This is easily seen by observing that the value of a new linear functional applied to a
function from a column up to that in which its leading term occurs is given by the inner
product of the function and this leading term. Pivoting strategies to minimise the errors
in this calculation are suggested in [W99].

Now that the interpolation space has been identified the interpolant can be constructed
in the usual way by solving a (Vandermonde) matrix system. We suggest that this is done
by performing an elimination (back substitution) to an orthogonal reduced row echelon
form of A as discussed in [W99]. First apply elementary row operations to make the pivots
P1,-..,Pn orthonormal (Gram—Schmidt within each grade). Then introduce zeros in all

14



entries above the pivots in a given row to obtain linear functionals AL = [A\:] = MA with
A (p;) = ;5. Thus, the interpolant to f is given by

Laf =) pidi(f).
=1

In the special case where Hy = S), the Riesz representors of evaluation at grid points
are shifts of each other

RHU(5j):gj:¢('_j)a jEZS7 ¢:M*/M(_)

These shifts form a Riesz basis when the symbol

M(w) =Y M(j)e 9

Jje%®

does not vanish, and so $ =M (—)]\7 has no 2m—periodic zeros. Since any finite set of these
shifts is linearly independent, a dimension count shows that the least level interpolation
space to © C 7Z° only uses functions from the ground level, i.e., is given by

Vo := span{¢(- — j) : j € ©}.

Moreover, the Gramian matrix for this interpolation is sparse since ¢ has compact support.

4. Examples

Here we give some univariate and bivariate examples of our scheme that illustrate the
effect of scaling the ground space (the “bump” phenomenon), and the behaviour of the
interpolant at the end points. We also see that the nature of the data itself plays a role.

Interpolation from Sys(-/h) to data on the integer mesh hZZ* is uniquely possible when
M does not vanish, and has good approximation properties as h — 0. This suggests the
rule of thumb that when the interpolation points have a ‘density’ like that of hZZ*, i.e.,

sup inf ||z — 0| = h
sup inf |z — 0|

then the ground space should be Sy/(-/h). A higher or lower starting level of dilation may
be desirable for data which is varying rapidly and slowly, respectively.
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4.1. Cubic spline example

Here we illustrate our method using the cubic spline prewavelet. Consider interpola-
tion at the 10 scattered points

© = {0.1755,0.6241, 1.5088, 3.1686, 4.3299, 6.2966, 7.5399, 8.4326, 8.6842,9.6802}

in the interval = [0, 10], to data which is varying rapidly, and varying slowly.

Hy = Spr(2) || Hy=Su(4)

I R e M S T A e R R M I A A A )
Fig. 4.1. The multilevel cubic spline interpolants to rapidly varying data +1 at the
10 scattered points © in the interval {2 = [0, 10]. Notice the beginning of the “bump”

effect for interpolation points with larger separations.

First we take as the ground space the cubic splines with breakpoints at the even
integers, that is Hy = Sjps(-/2). The number of B—splines in this space with support inter-
secting € (and hence available for the interpolation space) is 8, and all of this 8—dimensional
space is used. Since our prewavelet has support [—4, 10], there is a 23—-dimensional space
available at the next level, and the remaining 2 dimensions are taken from it.
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Next we take the ground space with breakpoints at the integers, i.e., Hy = Sj;. Here
all of the interpolation space is taken from the ground level, where a 13—dimensional space
is available. This is the suggested scaling.

In the third and fourth examples we take the ground space with breakpoints at the
half and quarter integers, i.e., Sy/(2-) and Sjp;(4-). Here the interpolation space is taken
entirely from the ground level.

Fig. 4.2. The multilevel cubic spline interpolants to slowly varying data from one arc

of x +— sin(mz/10) at the same 10 scattered points used in Fig. 4.1., with the same

breakpoints. Notice the “bump” effect as the spline mesh becomes more dilated.

In Fig. 4.1., the third example provides perhaps the best fit, which shows that for rapidly
varying data some over dilation of the ground space may be appropriate. On the other
hand, the first example of Fig. 4.2. clearly gives the best fit, which indicates that for
smoother data some under dilation of the ground space is desirable.

In all the calculations we performed the majority of the interpolation space came from
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the ground space when the scaling rule of thumb was adopted. Indeed, to find a set up
where more than two levels was used it was necessary to “clump” points together to force
the introduction of higher dilation wavelets to resolve them.

4.2. Comparison with the classical cubic spline interpolants

We compared our interpolant with the classical cubic spline interpolants in a variety
of situations. The differences we observed relate to the behaviour at the boundary, and the
“energy minimisation” properties of the cubic spline interpolant. The classical cubic spline
interpolants give “minimal energy interpolants” to given data (see [B78:Ch.V]), whilst ours
give interpolants with the simplest structure (as described in the introduction). Thus for
problems where the interpolant should have minimal energy (the bending of plate for a
car body) one should use the classical cubic splines, but where the data comes from an
unknown function which does not have “low energy”, we suggest, with appropriate scaling,
that our interpolant might be more desirable. When data was given at the end points of €2,
or the derivative is known at the first and last interpolation point so that the complete cubic

spline interpolant can be used, then the classical methods invariably performed better.

5

-10

-15 ! ! ! ! ! ! ! ! !
0 1 2 3 4 5 6 7 8 9 10

Fig. 4.3. The multilevel cubic spline interpolant of Fig. 4.1. for ground level Sjs(2-),
together with the cubic spline interpolant to the same (rapidly varying) data with the

not—a—knot end condition (thin line). Notice the differing behaviour at the endpoints.
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Example (Cubic spline end conditions). Consider interpolation to
0:={1,2,...,n},

from the space Sys generated by the cubic spline M. Let M; denote the cubic B-spline
centred at j. Then the representor of point evaluation at j can be written as

1 2 1
RJ — EMj_l + § 7 + 6 J+1-
Here
supp M; =[j —2,7+2], suppR; =[j—3,5+3].

As remarked at the end of Section 3, interpolation from V := span{R;,...,R,} to © is
correct. For n > 4 this spline space has the following basis

4 15 1 4 4 1 15 4
— Mo+ —My, =My + =My, M3, My, ... My _3, My, o, =M, 1+ My, —M, + —M, 1.
19 0+19 L5 1+5 2, M3, My, 3 2% 1+5 19 +19 +1
The Gramian matrix for the basis Ry, ..., R, is the diagonally dominant bidiagonal matrix
18 8 1 i
8 18 8 1
) 1 8 18 8 1
R (D]F o1 = 5 -
1 8 18 8 1
1 8 18 8
1 8 18

If the interpolant is written as s = Z;Liol a;jM;, then the coefficients can be found by

solving the diagonally dominant tridiagonal system

15&0 — 4CL1 + as = O,
1 2 1 . .
Eaj—1+§aj+6aj+l :f(.])7 J :17"'7n7 (41)

an—1 — 4ay, + 15ap41 = 0.

The cubic spline end condition implied by (4.1) is not any of those given in [B78:IV]. By

way of comparison, the *

‘natural” and not—a—knot end conditions for the left end point are
s"(1) = ag — 2a;1 + az = 0, s"'(24) — §""(2—) = ag — 4a1 + 6az — 4az + ag = 0,

respectively.
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4.3. Box spline example

We now give examples our scheme for the Msoo box spline. For the interpolation

points © we take [0,4]? N ZZ* with the point (1,1) replaced by (1/2,1/2).

[B78]
[B94]

[BHR93]
[BR92]
[CW92]
[799]
[LLS97]
[RS92]
[RS95]

[W99]

&
- ) -2 2

Fig. 4.4. Lagrange functions for interpolation on the grid ©. The first is for the point
(1/2,1/2), and the second for the point (2,2).
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