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Abstract: First, we dwell on the definition of the Majoritarian Compro-
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tial Culture hypothesis we calculate the average maximum welfare achievable
by the Majoritarian Compromise procedure and show that this social choice
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n is the total number of agents.
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'We write g(n) = O(f(n)) in case there is a positive constant C such that |g(n)| <
Cf(n) for all sufficiently large values of n



1. Basic Concepts and Definitions

Let A= {ay,...,an} be an m-element set whose elements will be called
alternatives. By L(A) we denote the set of all linear orders on A; they
represent the preferences of agents over A. The elements of the Cartesian

product
L(A)" =L(A) x ... x L(A) (n times)

are called n-profiles or simply profiles. They represent the collection of pref-

erences of an n-element society of agents N' = {1,2,... ,n}. A typical profile
R = (Ry,...,R,) is an ordered n-tuple of linear orders, where a linear or-

der R; € L(A) represents the preferences of the i-th agent. By aR;b, where
a,b € A, we denote that the ith agent prefers a to b.

In this paper we assume the so-called Impartial Culture (IC) conjecture
under which every voter chooses a linear order from a uniform distribution
on the set of linear orders and all voters are independent.

A family of correspondences F' = {F,},

F.: L(A)" = P(A),

where n is a positive integer and P(A) is the power set of A, we will call a
social choice rule (SCR). Normally it is assumed that F' represents a certain
algorithm which, on accepting a positive integer n and an n-profile R &€
L(A)", outputs a subset F,,(R) of A.

One of the SCRs is the majoritarian compromise procedure, which was
first suggested by Sertel around mid eighties and has been widely discussed
recently. The goal of this paper is to study the behavior of the majoritarian
compromise in large societies. We first define it following Sertel and Yilmaz
(1999). -

Suppose a profile R = (Ry,...,R,) € L(A)" is given, where R; € L(A)
is the linear order which represents preferences of the voter i € N over the
alternatives from A. According to Sertel and Yilmaz, for the ith voter the
alternative a € A obtains an ordinal “utility”

mi(a) = card{b e A | aR;b},

which is a positive integer such that 1 < m;(a) < m. For a coalition K C N
any alternative a € A provides an ordinal “welfare”

i (a) = IZIEMI? mi(a),
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and

WK(ﬁ) = max i (a)

is the maximal welfare achievable for the coalition K. A coalition K is called
a majority in N iff card(K) > card(N \ K). The set of all majorities is
denoted as M. Then

W(ﬁ) = Ignz.}\}il WK(ﬁ)
S

is the maximal majority welfare achievable. Let

—

K(R,a)={ie N'|m(a) > 7(R)}.

be the coalition of voters whose welfare at a is at least the maximal majority
welfare. Then we define

MC(R)={a€ A| K(R,a) e M}.
Definition 1. The social choice correspondence
MC: R — MC (ﬁ)
1s called the Majoritarian Compromise.

If we need a social choice function, then we may try to consider the
following refinement of the Majoritarian Compromise by choosing the set

MCy(R)={a € MC(R) | card(K(R,a)) is maximal}.

This also does not guarantee that the choice set will be a singleton. Eventu-
ally we will have to consider using one of the tie-breaking rules.

2. Maximum Majority Welfare Achievable

Let us put the Majoritarian Compromise in the algorithmic setting. Given
a profile R we say that an alternative a € A gains kth degree of approval
from a coalition K if mx(a) > m — k + 1. In the first round we look for
alternatives which gain first degree approval from their respective majorities
(there may be no more than two of them). If such alternatives exist, the



algorithm stops and outputs these alternatives. In other words, in the first
round we test the hypothesis that m( R ) = m.

In the second round we test the hypothesis that 7'('(?) =m—1. We
look if there is an alternative (or several of them) which gains second degree
approval from any majority. If such alternatives exist, the algorithm stops
and outputs these alternatives.

If the first two rounds do not reveal the winner(s), we continue to test
hypotheses W(ﬁ) =kfork=m,m—1,.... If m = 2p is even, then at most
p rounds would be necessary and the last hypothesis to test is W(ﬁ) =p+1.
Indeed, there are a total of “* approvals of pth degree, hence at least one
alternative will get > 5 approvals.

If m = 2¢ + 1 is odd, then g rounds might not be enough. From the
Lemma below we will see that the probability of this event tends to 1. The
same Lemma shows that the probability that all alternatives gain (¢ + 1)th
degree approval also tends to 1.

Lemma 1. Let a € A and { < m/2. Then there exists 0 < o < 1 such that
the probability of the event

card{i e N'| mi(a) >m — 0+ 1} > {n;lJ

is in the order of O (a™), when n — 00.?
Proof. We consider that n is even, in which case L”T’lj = n/2—1; when n
is odd, some minor and obvious changes should be made. It is convenient
to view any profile R = (Ry,...,R,) as a table in which the ith column
represent R; so that aR;b iff a is higher in this column than b. In these terms
we now need to estimate the probability v of the event that in a random
profile R an alternative a € A is found in the upper ¢ rows of the table
s >n/2—1 times.

Let i = TE/ 2—( > 1/2. Then the probability v, that an alternative a € A

is found in R exactly s times in the upper ¢ rows of the table is equal to

y, = Lm DY (”) (m/2—4)* (m/244)"=* = % (") (m)2—4)* (m /244)">.

(m!)n s s
When s > n/2, then n — s <n/2 < s, and we get

1 (n 2\ * 2\""° 1 /n 472\ "F 2\
v, = — 1-= 1+2) == R 1-=
2n \ s m m 2n\ g m?2 m

2| 2] stands for the largest integer which does not exceed .
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where a = /(1 — 1/m?). When s = n/2—1, then n—s = n/2+41, and
1 2 S 2 n—s -9 S . 2
27 \ s m m 27\ s m? m
Cn L] ”/2_ C (n\ ,
T 2n\s mz) an\s)

for some C' > 1. The probability v = v},/5_1 + v)2 + - - - + 1, in question,
then, can be estimated as

C n
v< — (n>a"§0a”.
AL s

s=n/2—1
The lemma is proved. O

So how to fix this irregularity for the odd m = 2g + 1 case? In this
paper we suggest that simple majority should not be used in the last round.
Instead, for the last round a subset K C N should be considered a majority
iff card(K) > “Ln. The reason for that is simple. We have a total of (¢+1)n
approvals of degree ¢ + 1 with the average number of approvals being %}n.
Therefore only those alternatives should be selected which have more than
average number of approvals. For example, if m = 3, then the 2/3 majority
rule must be used in the second round, and if m = 5, then in the third round
we should use 3/5 majority rule.

We summarise our results in the following theorem

Theorem 1. As n approaches infinity, then the probability that the majori-
tarian compromise procedure terminates in the (-th round, for some £ < m/2,
is in the order of O (a™), for some 0 < a < 1. In particular, the probabil-
ity that the mazimum majority welfare achievable is different from % | is
exponentially small.



3. The Asymptotic Stability

Definition 2. Let ibe an SCR and let R = (R1,...,Ry,) be a profile. We
say that the profile R is unstable for F if there exists a linear order R; such
that for the profile R = (Ry,..., R, ..
FL () # Fu(R).

In other words the profile is unstable if one of the voters is pivotal and can
change the result. Let us define the index of instability of F' by the formula

., Ry), where R; replaces R;, we have

er(n,m)
(mhm 7

(1)

Lp(n,m) =

where ep(n,m) is the total number of all unstable profiles. We note that
under assumption that £(A)" is a discrete probability space with the uniform
distribution, the index Lz (m, n) becomes the probability that a profile drawn
at random is unstable.

Definition 3. We say that an SCR F is asymptotically stable if for any
number m of alternatives Lp(n,m) — 0 as n — oo.

Theorem 2. The majoritarian compromise is asymptotically stable with the
probability Lyic(n,m) of drawing an unstable profile being in the order of

O (1/v/n).

Proof: By Theorem 1 we may prove the statement conditional on the event
that the procedure terminates in the last kth round, where k = %, when m
is even and k = mT“, when m is odd.

In general, we have to consider four cases depending on the parities of n
and m. The parity of n is not really important although the formulae will
differ slightly for the odd and the even case. We will assume that n is even.
It will be absolutely clear what changes should be made for the odd case.
The parity of m is more important since the last round is different for even
and odd m. Thus we will consider two cases.

a) m is even. Then a profile is unstable if and only if, for some alterna-
tive a,

card{i e N'| mi(a) > k+ 1} =




Representing again profiles as tables, this is the same to say that there are
either n/2 or n/2—1 entries of a in the upper half of the table. Using the
well-known inequality

(or2) <5 g

(nyo) (m/2)"2(m /2)"2 ((m—1)1)"

n/2
(m!)"

we obtain

Lyc(n,m) <m

+

(i) m /272 m 2024 (1)) n\1  2m
" (" <o) <

b) m is odd. Then a profile is unstable if and only if, for some alternative

a, there are either [M—‘ or {M-‘ — 1 entries of a in the upper k rows

2m 2m
of the table.? For simplicity of notation we will consider that % is an
integer. Some minor changes should be made in the general case. We will
need the following asymptotic formula for the binomial coefficients (see, for

example, Peterson and Weldon (1972)):

< ' > ~ (2ma(l — a)n) T2, )

an

where h(z) = —zlogyx — (1 — x)logy(1 — z) is the entropy function and

f(n) ~ g(n) means that % — 1 as n — oo. Thus, using (3)

m+1)n (m—1)n

el ) (22 (5)

(m!)" 2
(7n+1)n_1 (mfl)n_’_l

) () (o2

(m+1)n (m—1)n
& n m+1\ 2m m—1Y\ 2m
S — | mavn ) | —5— —

3[2] stands for the smallest integer which is greater than or equal to .
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log,

The latter can be proved by a simple calculation. Hence Lyc(n,m) =
O (1/4/n) as required. OJ

4. Asymptotic Strategy-Proofness

The well-known impossibility theorem of Gibbard and Satterthwaite states
that every non-dictatorial singleton valued SCR is manipulable (Gibbard
(1973), Satterthwaite (1975); see also Pattanaik (1976)). This result is also
valid for arbitrary social choice rules with an appropriate concept of manip-
ulability (see, for example, Ching and Zhou (1999) and the literature there).
The difficulty in the non-singleton valued SCRs stems from the fact that to
define a manipulability of such an SCR F' one has to know which changes of
the choice set F,(R) are advantageous for the manipulating agent and hence
one has to rank all subsets of alternatives one way or another. The latter can
be done in many different ways. This is addressed in Barbera et al (2001).

Nevertheless, for most classical rules it has been proved (Slinko (2002a),
(2002b)) that the probability of possibility to manipulate tends to zero as
the number of agents grows. Such SCRs are called asymptotically nonmanip-
ulable or asymptotically strategy-proof. Clearly every manipulable profile,
no matter how the manipulability is defined, must be unstable, therefore the
asymptotic stability implies the asymptotic strategy-proofness of any kind.
Hence we can state:

Theorem 3. The majoritarian compromise is asymptotically strategy-proof
for any definition of manipulability.
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