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Abstract

In this paper we take a significant step forward in the classification of 3-groups
of coclass 2. Several new phenomena arise for the first time. Theoretical and
computational tools have been developed to deal with them. We identify and
are able to classify an important subset of the 3-groups of coclass 2. With this
classification and further extensive computations, it is possible to predict the full
classification. On the basis of the work here and earlier work on the p-groups of
coclass 1, we formulate another general coclass conjecture. It implies that, given
a prime p and a positive integer r, a finite computation suffices to determine the
p-groups of coclass r.

1 Introduction

The coclass of a group of order p™ and nilpotency class ¢ is defined as n — ¢. In 1980,
Leedham-Green & Newman [16] made a series of conjectures about finite p-groups,
using coclass as the primary invariant. A detailed account of the proofs of these
conjectures, and the resultant program of study, can be found in [14].

The goal is to classify p-groups via coclass. We expect that it is possible to reduce
the classification to a finite calculation, and that the p-groups of a given coclass can
be partitioned into finitely many families, where the groups in a family share similar
structure and can be described by a parametrised presentation. Omne approach to
achieving this goal is to understand the structure of the coclass graph G(p,r). Its
vertices are the p-groups of coclass r, one for each isomorphism type, and its edges
are P — @, with @ isomorphic to the quotient P/L.(P), where L.(P) is the last non-
trivial term of the lower central series of P. If G(p,r) can be constructed from a finite
subgraph using a finite number of graph-theoretic operations, then this may assist in
realising our goal.
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Marcus du Sautoy for useful discussions. Both Eick and O’Brien were partially supported by the
Alexander von Humboldt Foundation. All authors were partially supported by the Marsden Fund of
New Zealand via grant UOA1015.



Eick & Leedham-Green [11] proved that the graph for the 2-groups of a given coclass
can be constructed from a finite subgraph by applying just one type of operation to
the subgraph — and this operation has an analogue at the group-theoretic level. That
the graph exhibits such a simple structure was first conjectured by Newman & O’Brien
[18]. Their Conjecture P was proved by du Sautoy [7] and in a much sharper form in
[11]. The results of [11] have already been applied to study the automorphism groups
of 2-groups [9], and Schur multiplicators of p-groups [10].

Blackburn’s classification [3] of the 3-groups of coclass 1 implies that these groups
exhibit behaviour similar to that proved for 2-groups. But we know from other in-
vestigations that the results of [11] are not generally true. The 5-groups of coclass 1
have been investigated in [4, 5, 6, 15, 17]; while this work suggests that G(5,1) can be
constructed from a finite subgraph, the above operation does not suffice.

The number of isomorphism classes of p-groups of coclass r of order p”, for odd
p, is bounded by a linear function of n precisely when (p,r) is one of (3,1), (3,2) or
(5,1). We consider here the 3-groups of coclass 2. The study of G(3,2) goes back to
the late 1970s (see [1, 2]) and early results played a role in the development of the
original coclass conjectures. Our computations, reported in Section 8, show that the
complete graph is very dense. We determine a significant subgraph: the skeleton graph
(defined in Section 3.4). While this subgraph is comparatively sparse, it exhibits the
broad structure of G(3,2). Our computations suggest that the complete structure of
G(3,2) can be determined from a finite subgraph.

The skeleton graph of G(3,2) exhibits some new features; we consider these in
Section 7. Its determination required dealing with number-theoretic problems similar
to those considered by Leedham-Green & McKay [15] in their investigation of skeleton
graphs of G(p, 1) for p > 5. That G(3,2) does not reveal all complexities that arise in
classifying p-groups by coclass is demonstrated by Dietrich [6]. We conclude by stating
a conjecture about graph-theoretic operations needed to describe G(p,r) for arbitrary
p and r.

2 Preliminaries

2.1 Coclass trees

By [14, Corollary 7.4.13], every infinite pro-p-group G of coclass r is a p-adic pre-space
group. Namely, G has a normal subgroup 7" which is a free, finitely generated module
over the ring Z,, of p-adic integers, and @) := G/T is a finite p-group that acts uniserially
on 7. While T is not unique, the rank d of T" as Z,-module is an invariant of G called
its dimension; it is a consequence of [14, Corollary 7.4.13 and Theorem 10.5.12] that
d=(p—1)p® for some s € {0,...,r —1}.

The uniserial action implies that the subgroups defined by 7y := T and T;; =
[T;, Q] form a chain T'=To > Ty > ... >T; > T; 1y > ... > {0} with [T; : T;11] = p
and T q = pT; for 0 < i < co. We set T, := {0}. This chain extends to a doubly



infinite series --- > T o > T 1 > Ty > Ty, > T, > --- and again 7T;,; has index p in T;
for all 7.

If P and @ are groups in G(p, ), then P is a descendant of @ if there is a (possibly
trivial) path in G(p,r) from P to Q). The descendant tree of @ is the subtree of its
descendants, and has root Q).

If G is an infinite pro-p-group of coclass r, then G/L;1(G), the quotient of G
having class 4, is a finite p-group of coclass at most r for all © > 0, and the coclass of
G/ Li+1(G) is precisely r for all but finitely many values of i. Moreover, since there are
only finitely many infinite pro-p-groups of coclass r up to isomorphism [14, p. (viii)], for
sufficiently large i the group G/L;11(G) is a quotient of only one infinite pro-p-group
of coclass r. Choose @ minimal with respect to these properties. The coclass tree T (G)
is the descendant tree of G/L;+1(G) in G(p,r).

There are only finitely many coclass trees in G(p,r) and only finitely many groups
in G(p,r) are not contained in a coclass tree [13, Proposition 2.2]. Hence the study of
the broad structure of G(p,r) reduces to an investigation of its coclass trees.

2.2 Mainline and branches

Let G be an infinite pro-p-group of coclass r, and let 7 (G) be its coclass tree with root
G/L;i+1(G). The quotients G/L;11(G),G/Li2(G), ... form a unique maximal infinite
path, or mainline, in T(G).

For j > i, let B; denote the subtree of T(G) consisting of G/L;1(G) and all of
its descendants that are not descendants of G/L;12(G). Thus B; is a finite subtree
of T(G), and is its jth branch. Hence T (G) consists of an infinite sequence of trees
B, Bit1, ..., connected by the mainline. The subtree of all vertices in B; of distance
at most k from G/L;1(G) is denoted by B, .

2.3 Periodicity
Eick & Leedham-Green [11, Theorem 29| prove the following.

Theorem 2.1 Let G be an infinite pro-p-group of coclass r and dimension d. There
exists an explicit function f such that, for every positive integer k and every j > f(k),
there is a graph tsomorphism m; : B — Bjtak-

We say that 7(G) has period d and defect f; bounds for the latter appear in [11].

This theorem suggests that we arrange the infinitely many branches of a coclass tree
T (G) with root G/L;11(G) into d sequences (B;ie, Biterd, Biterad,---) for 0 <e < d.

The depth of a rooted tree is the length of a maximal path from a vertex to the
root. A sequence of branches has bounded depth if the depths of its trees B; . rq are
bounded by a constant. (If every sequence of branches has bounded depth, then 7 (G)
has bounded depth.) Theorem 2.1 implies that a sequence of branches of bounded depth
is ultimately constant, and can therefore be constructed from a finite subsequence.



Every sequence of branches of a coclass tree in G(2,7) or G(3, 1) has bounded depth
(see [14, Theorem 11.4.4]). In these cases Theorem 2.1 shows that Bj 4, = B, for
large enough j. The proof in [11] of Theorem 2.1 is underpinned by an explicit group-
theoretic construction. It defines families of p-groups of coclass r where the groups in
a family share similar structure and are described by a parametrised presentation.

All coclass graphs other than G(2,7) and G(3,1) contain coclass trees of unbounded
depth (see [14, Theorem 11.4.4]) and so are not covered by Theorem 2.1. We show
that both types of coclass trees occur in G(3,2).

2.4 Notation

Much of our notation is standard. For consistency, if G is the split extension A x B
or the non-split extension A - B, then in both cases B is normal in G. We denote a
term of the lower central series of G by L;(G) for i > 0; and a left-normed commutator

la,b,...,b] by [a,;b].

i

3 Skeletons

In this section we recall a construction by Leedham-Green & McKay [14, §8.4] that is
central to the investigation of branches of unbounded depth. Throughout this section,
let p be an odd prime.

Let G be an infinite pro-p-group of coclass r. Recall that G is an extension of a d-
dimensional Z,-module 7" by a finite p-group () which acts uniserially on 7" with series
T =Ty > T, > .... The exterior square T'A T is a Z,Q-module under the diagonal
action of Q. If 7 < j then we define T; AT = T; A'T; to be the Z,-submodule of T; A T;
spanned by {s At |s e T;,t € T}

3.1 Twisting homomorphisms

Let v : TAT — T be a Z,Q-module homomorphism. Then v(7; AT is a Q-invariant
subgroup of T for every ¢ > 0. Let v(T'AT) =T for j > 0, and let v(7; AT) = Tj. If
j <m <k, then v induces a homomorphism ~,, : T/T; NT/T; — T;/T,, defined by
Ym(a+Tj Nb+Tj) =~v(aAb) +T,,.
This induced homomorphism can be used to define a new group multiplication ‘-’ on
T/T,, that turns the additive abelian group 7'/T,, into a multiplicative group of class
at most 2. More precisely, for a,b € T" we define
(a+Tn) - (b+Tn) =(a+b+Ty) + 57mla+T; ANb+Tj).

The resulting group 7% ,,, := (T'/T,,, -) has order p™. Commutators are evaluated easily
in T, ,, as
[a+ T, b+ Tn) = vmla+T; N0+ Tj).
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If m = j, then ,, is the trivial homomorphism, and T, ,, is abelian. If j <m < k
then T, ,, has derived subgroup T;/7,, and class precisely 2. Also T, is a quotient of
Tymif j <n<m.

Lemma 3.1 With the above notation, let v(T'ANT) =1T; and v(T; NT) =Ty, and let
d be the rank of T', as Z,Q)-module.

(a) If j is infinite, or equivalently v = 0, then m is infinite and T, o = (T, +).
(b) If j is finite, or equivalently v # 0, then 2j —d < k < 2j + d.
(c) If j <m <k, then Ty pi0iq 5 defined for every i > 0.

PROOF:

(a) This follows directly from the definition.

(b) Write j = id+e with 0 < e < d. Then T}, = y(T;AT) = y(p'T. AT) = p'y(T.AT),
and Tjrq = pTj = y(pT ANT) < v(T. ANT) < (T AT) = T;. Hence p'Tj,q <
Ty, < p'T; or, equivalently, id + j +d > k > id + j. As id = j — e, this yields
2j+(d—e)>k>2j—e.

(c) Note that p'y(T AT) = p'T; = T}1ia, and
PY(Tjria NT) = p*y(Ty AT) = p*Tj, = Thyia-
Thus if j <m < k, then j + 2id < m + 2id < k + 2id, and the result follows. e

3.2 Skeleton groups

Assume that G splits over T'. Let v : T'AT — T be a Z,(-module homomorphism,
where v(T'AT) = Tj and y(T; AT) = T}, and j < m < k < co. Since the natural action
of @ on T/T,, respects the new multiplication induced by v, we can define a skeleton
group G p, = QX T, ,,,. If j is sufficiently large, then G, ,, is a group of depth m —j in
the branch of 7 (G) with root @ x T'/T;. Lemma 3.1(c) shows that the homomorphism
p'y for i > 0 defines a skeleton group G piny m+2ia of depth m — j +1id in the branch with
root Q xT'/T; ;4. Thus the sequence of branches with roots Q x T'/Tj;q fori =0,1, ...
has unbounded depth.

Now assume that G is a non-split extension of T' by Q. As described in [14, §10.4],
there exists a unique minimal supergroup S of T such that G embeds in the infinite
pro-p-group H := @) x S of finite coclass. A finite upper bound to [H : G] = [S : T]
is given in [14, Theorem 10.4.6]. Let v: S A S — S be a Z,Q-module homomorphism
where y(S A S) = S; and v(S; AS) = Sk, and j < m < k. Now H,,, = Q X S,
is the skeleton group defined by v and m. Assume that the largest mainline quotient
of H,,, has class j, so H/L;1(H) =2 H,,,/Lj11(H, ). Assume also that j is large
enough so that L;,1(H) < G. Define G.,,, as the full preimage in H,,, of G/L;.1(H).
Then G, is the skeleton group for G defined by v and m.
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Lemma 3.2 Every constructible group in the sense of [14, Definition 8.4.9] is a skele-
ton group, and conversely.

ProOOF: This is straightforward if the infinite pro-p-group G splits over T'. If G is a non-
split extension of T by ), then a constructible group G, for G is defined as an extension
determined by a € Homg(T A T,T) in [14, Definition 8.4.9]. This homomorphism
extends to the minimal split supergroup S of 7" and defines a constructible group G,
for the pro-p-group @ x S. Since G, is a skeleton group for Q x S and contains G, as
an appropriately embedded subgroup, G, is a skeleton group. °

3.3 The isomorphism problem for skeleton groups

Assume that T is a characteristic subgroup of G. (This assumption is always satisfied in
our later applications.) Since T; for ¢ > 0 is then characteristic in G, each a € Aut(G)
induces an automorphism of 7'/7;. Hence we can define an action of Aut(G) on the
set of homomorphisms 7, induced by surjections v € Homg(T A T, 7}). Namely, for
x,y € T/T; let

a(ym) (@ Ay) = alym(a (z) Ao (y))).

Lemma 3.3 Let v and ' be two surjections in Homg(T A T,T}), and assume that
there ezists o € Aut(G) with o(vm) =), Then Gy m = Gy .

PRrROOF: First consider the case where G = @) x T'. Since T is characteristic in G, the
automorphism « induces automorphisms of ) and of 1. The restriction of o to T is a
Zy-linear map. Hence for a,b € T', if -, and -, denote the twisted operations on 7'/T,,
defined by v and 7/ respectively then

a(la+Tn)~ (b+Ty) = al(la+b+Ty)+ 2ymla+T; Ab+Ty))
= ala+T,)+al+Ty) + s0(ymla+T; Ab+Tj))
= ala+T,)+alb+Ty) + 37, (ala+T;) Aalb+T3)))
= ala+Ty) -~ alb+Ty).

Thus o induces an isomorphism 7%, ,, — T . Since G = @ x T, we deduce that
Gym = Q% T,,, and the map G, = Gy 1 (9,2) = (a(g), a(z)) is an isomorphism.

Now suppose that G is a non-split extension of 7" by ), and let H = GS be a
minimal split supergroup. An automorphism of G restricts to an automorphism of
T and this, in turn, extends uniquely to S. Since H = G S, an automorphism of G
extends to an automorphism of H which normalises G. The split case implies that
H

vm = Hy o and thus G, = Gy . °

The isomorphisms induced by this action of Aut(G) on skeleton groups are orbit iso-
morphisms. The determination of the orbit isomorphisms is an important step towards
a solution of the isomorphism problem for the skeleton groups. Other isomorphisms
can arise, as the study of 3-groups of coclass 2 shows. We call them ezceptional. Their
complete determination requires considerable care.
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3.4 The skeleton graph

Let P be a skeleton group in 7 (G) of class ¢, and let L.(P) be the last non-trivial
term of its lower central series. If P/L.(P) is in 7T (G), then it is also a skeleton group.
Thus the skeleton groups define a subgraph, the skeleton graph, of T(G) which includes
the mainline. The subtree of branch B; consisting of skeleton groups defines §;, the
skeleton of B;.

The twig of P is the subtree of all descendants of P that are not descendants of any
skeleton group that is a proper descendant of P. Thus 7 (G) is partitioned into twigs,
and the twigs are connected by the skeleton graph of T(G).

The following is a consequence of [14, Theorem 11.3.9] and Lemma 3.2.

Theorem 3.4 There is an absolute bound to the depth of the twigs in T (G).

Hence the skeleton graph exhibits the broad structure of 7(G), the twigs contain
the fine detail. In particular, there are only finitely many isomorphism types of twigs.
Conjecture W (Section 9) suggests that there are patterns in the isomorphism types of
twigs which occur in a coclass tree.

4 The infinite pro-3-groups of coclass 2

We show that there are 16 infinite pro-3-groups of coclass 2 up to isomorphism, and
identify the four coclass trees in G(3,2) that have unbounded depth.

Theorem 4.1 There are siz isomorphism types of infinite pro-3-groups of coclass 2
with non-trivial centre. They have the following pro-3 presentations:

{a,t,z|a® = 20 [t, 19 = 29, 11" = 2" 2% = [z,a] = [2,1] = 1}
where (f,g,h) is one of (0,0,0),(0,0,1),(0,1,0),(0,1,2),(1,0,0), or (1,1,2).

PrOOF: Every infinite pro-3-group of coclass 2 with non-trivial centre is a central
extension of the cyclic group of order 3 by the (unique) infinite pro-3-group S of coclass
1 (see [14, §7.4]). This is reflected in the presentations, since (z) is a central subgroup
of order 3 with quotient S. The isomorphism types of infinite pro-3-groups of coclass
2 with non-trivial centre correspond one-to-one to the orbits of Aut(S) x Aut(Z/37Z)
on H2(S,Z/37) = (Z/3Z)>. °

Every infinite pro-3-group G of coclass 2 with trivial centre is a 3-adic space group
of dimension d = 2-3° where s € {0,1}. As the unique 3-adic space group of dimension
2 has coclass 1, it follows that d = 6. Thus G is an extension of a free Zz-module of
rank 6 by a finite 3-group acting faithfully and uniserially on the module.

We use number theory to describe the infinite pro-3-groups of coclass 2 in more
detail. Let K be the ninth cyclotomic number field. Then K = Q3(6), where Qs is the



field of 3-adic numbers, and 6 is a primitive ninth root of unity; so 1 + 6% + 6% = 0.
The ring of integers O of K is a free Zs-module of rank 6 generated by 1,6, ... ,6°.

Let W be the group of Zs-linear maps of O generated by the permutations a =
(1,0,...,60%) and y = (1,6%,65). Then W has order 81 and is isomorphic to the wreath
product of two cyclic groups of order 3. Further, b = (,60% 607)(6%,6%,0%) = a’y?ay,
and so b € W. The action of W on O extends to a Qs-linear action on K. We write
k" for the image of £k € K under w € W. Note that k* = kf, and thus a acts as
multiplication by 6. Further, k* = o4(k), where, for i prime to 3, the map o; is the
Galois automorphism of K defined by 6 — 6.

The split extension W x (O,+) = {(w,0) | w € W,0 € O} is a uniserial 3-adic
space group of coclass 4 with translation subgroup {(1,0) | 0 € O} = (O,+). Let
p = (6 — 1)O denote the unique maximal ideal in O. The maximal W-invariant series
in the translation subgroup (O, +) is O =p° > p' > p? > ...

It is sometimes useful to have a multiplicative version of (O, +). We denote this
multiplicative group by 7" and write T} for the subgroup corresponding to pt. If to € T
corresponds to 1 € O, then t; = [to,; a] € T; \ Tj41 corresponds to (0 —1)° € p*\ p'™'. In
the multiplicative setting we write the split extension W x T as {wt | w € W,t € T'}.

Every 3-adic space group of coclass 2 embeds as a subgroup of finite index in W x T'.
Define C' := (a) and D := (a, b) as subgroups of W, and so of W x T.

Theorem 4.2 There are ten isomorphism types of infinite pro-3-groups of coclass 2
with trivial centre. They are:

(a) R:=(a,ty) so R=CxT.

(b) G; :={a,bt;_1) fori=1,2,3, so G; = D -T; and has index 3 in its minimal split
supergroup H; 1 := (a,b,t;_1).

(c) {a,yti_s) and {a,ya t;_s) fori=2,3,4. Each subgroup is isomorphic to W - T;
and has index 9 in W x T;_5.

That there are precisely ten isomorphism types follows from [8]; the algorithm given
there can be used to obtain descriptions of the groups.
The following can be deduced from Corollary 11.4.2 and Theorem 11.4.4 of [14].

Theorem 4.3 The sixz groups of Theorem 4.1 and the six groups in part (¢) of Theorem
4.2 have coclass trees whose sequences of branches all have bounded depth.

Since the trees of bounded depth are covered by Theorem 2.1, we do not investigate
them further. As we prove below, the remaining groups — those in parts (a) and (b)
of Theorem 4.2 — have coclass trees with unbounded depth, and so we study them.
In Sections 5 and 7 respectively, we study 7 (R) and 7 (G;) for 1 < i < 3; in Section
6 we prepare for the latter by studying 7 (H;) for 0 < i < 2. We first theoretically
determine their skeleton graphs and then investigate their twigs.



5 The skeleton groups in 7(R)

The root of T(R) has order 3°. Let BB; denote the branch of 7(R) whose root has class
j and order 372 and let S; be the skeleton of B;.

In this section we determine S; for every j > 7. The general construction of
skeleton groups is described in Section 3. In number-theoretic notation, it uses the
surjections v € Homg (O A O, p?), and their images 7, in Homg(O/p? A O/p? p? /p™),
for j < m < k; we determine the value of k in Lemma 5.3. The resulting skeleton
groups R, ,, := C x T, have order 32 class m, and depth m — j in S;. We first
describe Homg (O A O, O), then we determine all orbit isomorphisms, and finally show
that there are no exceptional isomorphisms. We also give presentations for the skeleton
groups and describe their automorphisms. To facilitate the determination of §;, we
use a different representation of R for each j.

5.1 The homomorphism space

We now describe the space of homomorphisms which determine the skeleton groups in
T(R). Recall that o; is the Galois automorphism of K defined by 6 + 6° where i is
prime to 3.

Lemma 5.1 Let v : ONO — O :x ANy — o9(x)o_1(y) — 0_1(x)oa(y). Then ¥ €
Homc(OAO, ). Ifi and j are non-negative integers, then ¥ maps p* Ap’ onto p'7+e,
where ¢ = 3 if i = 7 mod 3, and € = 2 otherwise.

PRrOOF: Clearly ¥(0z A Oy) = 09(0x)o_1(0y) — 0_1(0x)02(0y) = 09(x A y). Hence ¥ is
compatible with the action of §, and thus ¥ € Homg(O A O, O). The image of p A p?
under ¥ is generated by 9((6 — 1)/ A (0 — 1)76°) for 0 < a,b < 5, as p* = (0 — 1)'O
and O is generated by 1,60, ...,0° as a ZzC-module. Let k =i —j and [ = a —b. Then

I((0 —1)'0° A (0 —1)76")

(92 _ 1)j+k62(b+l)(671 _ 1)3'9717 _ (971 _ 1)j+k97(b+l)(02 B 1)]'9217
_ (02 _ 1)]‘(9—1 _ 1)]‘(0 _ 1)k0b—l—k[(1 + 0)k93l+k _ (_1)k]

(0= 1) e(i, j,a,b) [(1+0)"6°+F — (=1)*],

where c(i, j,a,b) is a unit. Consider the term (1 + 6)k63+% — (—1)*: if k = 0 mod 3 it
is in p3; if k = 0 mod 3 and [ # 0 mod 3 it is in p3 \ p*; if k£ #Z 0 mod 3 it is in p2\ p>. e

Let U denote the unit group of the ring O.
Lemma 5.2 Let ¢ and j be non-negative integers.
(a) Home(p! Ap!,p™) = {c(0 = 1779 | c € O} = pi =74
(b) Home(p? A p?, pit7) \ Home (p' A pi, pitit1) = (9 — 1)77731499.



PROOF: Lemma 5.1 shows that (6 — 177739 is a surjective element of Home (p* A
p’,p"™7). By [14, Theorem 11.4.1], the set {0} is a K-basis of Hom¢(K A K, K). Hence
Home (p! A pt, pti) = p/ =739 for every j > 0. Also p*\ p*1 = (0 — 1)U for every k.

5.2 A change of representation and notation

To describe S;, the skeleton of B;, we must determine the orbits of the action of Aut(R)
on the set of homomorphisms induced by the surjections of Lemma 5.2 for ¢ = 0. The
term (0 — 1)7=3 introduces technical complications to these computations. We avoid
these by adjusting our notation.

Let Ry = Cx T, = Cxyptforh >0. Then Ry = R and R, = R for h > 1.
Using R,_3 instead of Ry, the skeleton groups in B, correspond to the ZzC-module
surjections

Vip AR o pP
Lemma 5.2 shows that these surjections can be written as ¢ for some unit ¢ € U,
avoiding (6 — 1)773.
If 7 < m <k, then the new surjection v induces the homomorphism

Yo - pj—3/p2j—3 A pj—3/p2j—3 SN p2j—3/pm+j—3.

As with the previous notation, -, defines a multiplication ‘-’ on the set p/=3 /p™+i =3,
We denote the resulting group (p?=3/p™ 3 ) by T;_3 . It has order p™ and derived
subgroup p¥—3/p™ 73 Now R; 3. = C X Tj_3.m is a skeleton group in S; of order
3m+2 class m, and depth m — j.

Lemma 5.3 For every j > 7, the skeleton S; has depth j — x;, where x; = 0 if 3
diwvides 7, and x; = 1 otherwise. In particular, every skeleton S; is non-trivial, and
every sequence of branches in T (R) has unbounded depth.

PROOF: Lemma 5.1 implies that 9 maps p/ =2 A p/=2 onto p# =3, and p¥ =3 A p/—3 onto
p?=6+e where ¢ = 3 if 3 divides j, and ¢ = 2 otherwise. Hence R;_ 3., is defined for
J<m<2j—-3+e=2j—x;. o

Hence, for the remainder of Section 5, we assume that j > 7 and j < m < 2j — ;,
where Y, is defined in the above lemma.

5.3 The automorphism group of R,

We construct the automorphism group of Ry for h > 0 from three subgroups.

Galois automorphisms. Observe that oo generates the Galois group Gal(K, Qs),
which is cyclic of order 6. Further, o induces an automorphism of O, and thus of p”,
that extends to an automorphism of Ry, also called oy, mapping a to a®. Let

Ay = (o) < Aut(Ry).
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Unit automorphisms. Multiplication by a unit v € U is an automorphism of the
additive group O that normalises p”. Thus it extends to an automorphism pu, of R,
that fixes a. Let

Ay = (| uel) < Aut(Ry).

Central automorphisms. Viewing Ry, as a subgroup of C' x T}, 1 allows an element
of Th_1 = p"~! to act as an automorphism by conjugation. This action of ¢ € p"~! is
denoted by v,. Such automorphisms fix T, and Ry /T}, pointwise. Let

A2 = <V¢ | Qb S ph_1> S Aut(Rh)
Lemma 5.4 Aut(R,) = (Ao X A1) X Ay, and is isomorphic to (Aut(C) x U) x Tj,_;.

PROOF: Since p” is a characteristic subgroup of Ry, it follows that Aut(R},) maps into
Aut(C); and this map is onto, since Ay maps onto Aut(C'). It remains to prove that
Aj X As is the kernel of this homomorphism. This kernel maps, by restriction, into the
group of automorphisms of p” as C-module; that is to say, as O-module. But p” is a
free O-module of rank 1, so this automorphism group is naturally isomorphic to the
group of units U of O, and so the subgroup A; shows that this restriction map is onto.

Finally, we need to verify that A, is the kernel of this restriction map. This kernel,
as it centralises both Rj,/p" and p”, consists of the group of derivations of C' into
the C-module p". Now H!'(C,K) = 0, since C has order 3, and 3 is invertible in
K. Thus, if R, = C x p” is embedded, in the natural way, into C' x K, then every
derivation of C' into p” becomes an inner derivation induced by an element of K. But
the inner derivations induced by conjugation by elements of K that normalise R, are
those induced by conjugation by elements of p"~'. The result follows. .

5.4 Some number theory

As the descriptions of Aut(R;_3) and Home (p? > Ap/ =3, p¥~3) exhibit, number theory
plays a role in the construction of skeleton groups. We now present some number-
theoretic results that help to solve the isomorphism problem for skeleton groups in
S;.

As O is a local ring with unique maximal ideal p, its unit group & = O \ p. Recall
the structure of U from [12, Chapter 15].

Lemma 5.5 Fori >0, letU; =1+p" and k; =1+ (6 — 1)".

(a) U = Uy > Uy > Uy > ... is a filtration of U whose quotients are cyclic, and
respectively generated by —1,0, ko, 0> and k; for i > 4.

(b) The torsion subgroup of U has order 18, and is generated by 0 and —1.

(c) The exponential map defines an isomorphism p* — Uj.

11



Recall that a subgroup U of a group V' covers a normal section A/B of V if A/B <
UB/B.

Lemma 5.6 Let p: U — U : u > og(u)o_1(u)u™'. Then p(U) is a subgroup of index
3* in U that covers U; /Uiy if and only if i & {1,3,5,11}.

PROOF: First we consider p(Uy). Let 7 : p* — p? be defined by z + o9(x) +0_(z) — .
The image 7(p?) maps under the exponential map onto p(Uy), so p*/7(p?) = Us/p(Uy).
To determine the image of 7, observe that oy is an automorphism of order 6. Thus it
is diagonalisable with eigenvalues w' for ¢ = 0,...,5, where w := —0? is a primitive
sixth root of unity. As o_; = o3, it follows that 7 is diagonalisable with eigenvalues
{w'+ w3 —1|0<i<5}. Hence det(r) = —9 and the image of 7 has index 3? in p*.
Thus p(Uy) has index 32 in Uj.
Next, we determine p(U) modulo Uy = 1+ 90O. A routine calculation shows:

p(-1) = -1
p(0) = 1;

p(ko) = kobl’rykgrrkgky mod Uis;
p(0%) = 1

,0(/@1) = Kykskekipk11 mod Upy;
p(ks) = Keraki, mod Us;
p(ke) = rKekg mod Uiy;

p(kr) = /@%/@3/{%0/@11 mod Uo;
p(ks) = kskgriok1 mod Us;
p(ko) = 1 mod Us;
p(k10) = kKiok1 mod Ups;

p(k11) = 1 mod Us.

Thus p(Uy) covers neither Us /Us nor Uy /Uy». Since p(U,) has index 3% in Uy, it contains
U15. The result follows. °

Hence U/p(U) has order 81 and is generated by the cosets with representatives
0, k5, k11- A routine calculation shows that /{% = k3, mod Uye, so 6 and ks suffice.
Defining V' := (Z/9Z)?, we obtain an isomorphism of abelian groups ¢ : U/p(U) — V
defined by
0 k52 p(U) — (u, us).

Lemma 5.7 The Galois automorphism oy acts on U /p(U) as
V =V (ur,ug) — (2uq, 2usg).
PROOF: By definition, 09(f) = 6?. A routine calculation shows that
09(ks5) = Kekak2kgkgk1 mod Uss.

This yields 05(k5) = k2 mod p(U). .
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5.5 A solution of the isomorphism problem

We show that orbit isomorphisms solve the isomorphism problem completely for the
skeleton groups in S;.

Lemma 5.8 Let~y and ' be two surjections in Home (p? 2 Ap? =3, p%73). Then Rj_3.m
and Rj_3 . are isomorphic if and only if there exists o € Aut(R;_3) with a(vm) = 7,

Proor: By Lemma 3.3, we only have to show that, if R; 3., and R;_3., , are
isomorphic, then there exists an automorphism a of R;_3 with a(y,,) = 7/,- But
Tj_3/Tntj—3 is characteristic in Rj_3. ., and Rj_g . Thus, if Rj_5. ., and Rj_3 m
are isomorphic, then an isomorphism between them induces automorphisms «; and as
of C' = (a) and Tj_3/T5,_3 respectively. These automorphisms form a compatible pair;
namely, a=*t*2¢*" = (a~'ta)* for all ¢ in Tj_3/Ts;_3. Since Tj_3 is a free O-module,
ay lifts to an automorphism ag of R;_3 such that a; and a3 form a compatible pair,
and hence define an automorphism « of R;_3. Clearly «a satisfies a(7,,) = 7,,. .

We must investigate the action of Aut(R;_3) on the homomorphisms induced by the
surjections to solve the isomorphism problem for skeleton groups. Observe that A, <
Aut(R;_3) acts trivially on them. Hence it remains to determine the (Agx A;)-orbits on
the image of Home (p? =3 Ap?=3, p%=3) in Home (p? =3 /p2 =3 Apd =3 [p% =3 p2i=3 [pm+i=3),
Throughout let n = m — j, so R;_3.m, is a group of depth n in §;.

Lemma 5.9 Let ¢,d € U. The surjections ¢ and 9 induce the same element of
Home (p? =3 /p2 =3 A p? =3 [p2 =3 p273 /p2I=3t1) 4f and only if ¢ = ¢ mod U,.

PROOF: Let ¢ € U,, so c = 1 +e fore € p". If z,y € p/~3, then cd(z A y) =
I(x Ay) +ed(x Ay) and ed(z Ay) € pP 3. The converse is similar. .

By Lemma 5.9, the desired orbits correspond to the (Ay x Aj)-orbits on
0, = UJU,.

We first consider the action of A;. Using the definition of p from Lemma 5.6, for
My € Ay and c e U

(ta(c?))(@ Ay) = (cd(zu" Ayu™))u
= c(oa(zu Yo 1(yu) — oo(yu o1 (zut))u
= c(oa(2)or(u™ o1 (y)o-1(u™") = oa(y)oz(u™ o1 ()o-(u"))u
= cop(u™ o1 (uu(oa(x)o_1(y) — oa(y)o_1(x))
= cp(u)d(z Ay).

Thus A; acts on €2, via multiplication by p(U). The orbits of this action correspond

to the cosets
A, =U/p(UU,.
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Lemma 5.6 shows that A, has at most 3* elements for every n. As A; is normal in
Ag X A, the orbits under the action of A; are blocks for the orbits of Ay x A;. It
remains to determine the orbits of A; on the elements of A,,. Forc € U

(oa(c))(z Ay)) = oa(c(@(oy ' (z) Aoy (1))
= oa(coy ' (V(z N y)))
= oa(c)d(z A\y).

Lemma 5.7 shows that o9 acts as multiplication by the diagonal matrix

(52)

on V =U/p(ld). This allows us to read off the orbits of Ay on A,,.

Theorem 5.10 The skeleton S; is isomorphic to the first j — x; levels in Figure 1,
where j > 7 and x; = 0 if 3 divides j and x; = 1 otherwise.

PrOOF: The root of this tree corresponds to a mainline group, and the nodes at
depth n correspond to groups defined by v = ¢ for ¢ € U/U,, or rather to orbits
of such parameters by Lemmas 5.8 and 5.9. Thus the vertex of depth 1 corresponds
to ¢ = £1 mod U;. These two values of ¢ lie in the same orbit, as they are in the
same coset modulo p(U). The two vertices of depth 2 arise from the parameters ¢ €
{1,6,6?} mod Us. These last two are in the same orbit under o,. The left vertex of
depth 2 corresponds to ¢ = #, and the right vertex to ¢ = 1. The three vertices of
depth 4 arise from ¢ = 0¥ mod U, with k determined modulo 9. The leftmost node
we take to be defined by #, and may equally be defined by #* for any k prime to 1
modulo 3. The central node we take to be defined by ¢ = 63, the alternative ¢ = 6°
being in the same orbit as this value by the action of o5. The rightmost node is
defined by ¢ = 1. The eight nodes of depth 6, from left to right, we take to be defined
by ¢ = Ors, 0, 0k% k5,03, 03k2; k5,1 mod Us. The groups of depth 12 are defined by
c=0r3, 05, 0K%; 0K3,0,0K8; 0k2, 0k3, OKE; 03ks; 03k3, 03, 03KS; 03K2; kis; k2,1 mod Uy, @

Hence the 17 isomorphism types of groups of depth at least 12 in §; are obtained
by using the homomorphism v = 6“' k5?9 with the values of u; and us listed in Table 1.

1121345678910 11 12 (13|14 |15]16]|17
up |11 313131313 ]0([01]0
uy |4111713(0|6[2(5|8]1|3]0]6|2|13|0

—_
—_
—_
—_
—_
—_
—_

Table 1: Representative units for the groups in S; of depth at least 12
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Figure 1: The skeleton S; of B;

5.6 Presentations for the skeleton groups in B;

Lemma 5.11 Let v = 0" kr5*0 and let 7 < j <m < 2j — x,. Let
fz) = (=1)7 73255 (x4 1) +280) (g 4 273(22 4 32 + 3)(2° + 1)™ € Z[z],

and let a; denote the coefficient of x* in f(x) for2j —5<i<m+j—4. Let o and T
be two abstract group generators and let T; = [1,; ] for i > 0. Let

m—+j—4
r = [7’1,7'0]( H Tia_ij+3)_l.
i=2j—5
Then Rj_3.m has a presentation
{a, 7] = (7% = [r,®, 7] = [r, 7] [7*, 7] = [r, 7|7, 7] = [Fma] =7 = 1}

PROOF: Let F denote the free group on {«, 7}, and T" the normal closure of {7} in F.
Let G denote the group defined by the presentation, and let H = G/L;_5(G). We use
the same notation for elements and subgroups of F', and the images of these elements
and subgroups in G and H; the context will resolve ambiguities.

15



We first check that the relations are satisfied in R;_3 5, when o and 7 stand for a
and (6 — 1)773 respectively.

Clearly @ = 1, and so the relation (7a?)® = 1 reduces to s-s% - s = 0, where s =
(0 —1)773, and the twisted operation defined by + is denoted by ‘-’. But 9(uAuf?) =0
for every u € pi=3, so 55" - s = s+ % + s = 0, and the relation [r,a?, 7] = 1
follows from the same identity. Similarly [, 7%][r%, 7%"] = [r, 7*"][r**, 7] = 1 follows
from the identity 9(u A 0%u) + 9(0u A 03u) = I(u A 0%u) + 9(6%u A 63u) = 0. Finally,
to check the relation r = 1, we need to calculate v((6 — 1)7=* A (6 — 1)773)

(1+(0 -
(
= o
0 —
(

(0= 1)")"9((0 = 17~ A (0 — 1))
(0 — 1)) (62 — 1/=4(97 = 1Y* — (67" — 1)7=4(6% — 1))
(0= 1°)((0 = 1Y-4(0 + 1Y ~0 — 1)3(~1p =%~
—(0 = 117U (=10 — 1) (0 + 1))
= 01+ -1°)20 -0+ 17 3(=1Y207U3@+ 146071
= IR (9= 1) (0 - DT+ 11O 401,

Now substituting x for § — 1 gives rise to the polynomial f(x), as required. Note that
the two leading coefficients as;_5 and ag;_4 of f(z) are both multiples of 3, and as;_3
is not a multiple of 3, reflecting the fact that v maps p?=3 A p?~3 onto p¥ 3.

We now consider H. Define 7% = 7" for k > 0. Observe that T/T" is generated
by {7®) : 0 < k < 5}, since the relations o = (7a®)® = 1 imply that T/T" is a
homomorphic image of the additive group of integers in the ninth cyclotomic number
field. The next step is to prove that T is abelian. The relation » = 1 reduces, in H,
to the relation [r, 7] = 1, or, equivalently, to [r(), 7] = 1. Let I be the set of pairs
{(k,¢) : 0 < k < ¢ < 5} such that [0, 7®)] = 1. So (k,¢) € I if ¢ = k+1; in
particular, (2,3) € I; so the relation [r,7®][7() 73] = 1 implies that (5,0) € I. So
7 and 7 commute with 7). But the relation (a*7)% = 1 implies that 777 =1,
o (5,3) € I, and (k,¢) € I if { = k + 2. The relation [r,a® 7] = 1 implies that
(k,0) € I'if £ =k + 3. Since (k,¢) € I if { = k+ 1, or if £ = k + 2, the relations
[7, 7DD, 0] = [r, 7®)]|[r®), 7O)] = 1 imply that (k,¢) € [if ¢ =k +4or { =k+5.
Thus T is abelian, as required.

It follows that H is a mainline quotient of R, and that G lies in the branch with root
H. To verify that G is isomorphic to R;_3  , it suffices to check that r corresponds to
the image of 7(f — 1 A 1), a routine calculation. °

5.7 The automorphism groups of the skeleton groups in B5;

The classification, up to isomorphism, of the skeleton groups in B; translates to the
calculation of certain orbits. The stabilisers of the orbit representatives determine the
automorphism groups of the skeleton groups.
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n

1

2,3

45
6,..., 11
12,51

(%)
»hoow}—log
SN—

—| =

,3,3,3,3,6)
7]"1717 71717173737371717376)

Y

Table 2: Definitions of functions d and ¢

Theorem 5.12 Let7 < j <m < 2j—3, and let v : pP 3 ApI=3 — p? =3 be a surjection.
Suppose that R;_s .~ is isomorphic to the skeleton group of depth n :== m — j in B,
determined by the column labelled by k in Table 1.

(a) Aut(R;j_3..m) has order 3™ (n, k), where § and ¢ are defined in Table 2,
and ((n, k) is the kth entry in ((n).

(b) Aut(Rj_3..m) is isomorphic to a subgroup of (Cs X U [Up,) X Tj_4 1 m, where Cg
is the cyclic group of order 6 and ' is the map of p~* A pi=* onto p¥ = induced
by .

PROOF: Since T}_3 -, is characteristic in R;_3 - ,, there are homomorphisms ;o and v
where

Aut(R]_?’v'va) ﬂ> Aut<c) X Aut(j—.‘j_?)f%m) : 5 = (€|Rj—3,-y,m/Tj73,w,m’ €|Tj73,’y,m)7
Aut(Rj_3777m) 1> Aut(C) : g — £|Rj—3,'y,m/Tj—3,~/,m'

Let Ky denote the kernel of u, and K5 the kernel of v. Recall that C' = (a). Observe
that Ck,(a), the centraliser of a in Ky, is a complement to Ky in Kj, and it acts
faithfully on 7;_3 . . Thus Cg,(a) can be identified with the stabiliser in U /U,, of 7,
under the action defined by Lemma 5.6. Let U be the subgroup of Ck, (a) corresponding
to Uy, /Uy,. Define Ky := U x K to obtain a chain of normal subgroups

Ko < Ky < Ky < Aut(Rj_3.4m)-

Using a construction dual to the orbit computations for the isomorphism problem, we
deduce that Ky has order 3™; the index of Ky in K; equals the order of U = U, /U,,,
and thus, by Lemma 5.5, is 3™ " = 37; the index of K; in K5 is 3°(; the index of K,
in Aut(R;_3.,,) is the order {(n, k) of a subgroup of Aut(C) = Cg, and is 1,3 or 6.

6 The skeleton groups in 7 (H;)

For i > 0let H; = D x T;, where D = (a,b) as defined in Section 4. The isomorphism
type of H; depends only on the value of i modulo 3. We thus consider i € {0, 1,2} and
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investigate the skeleton groups in 7 (H;) as an intermediate step towards understanding
those in T (Gj41).

In number-theoretic notation, the skeleton groups in 7 (H;) are determined by sur-
jections v € Homp (p?Ap?, p™7) and their images 7,, € Homp(p?/p* ™I Ap? /ptTi, piti /pitm)
for j < m < k where k is the maximum class of a skeleton group in B;(H;), the branch
with root of class j in 7 (H;); we determine the value of k in Lemma 6.2. The resulting
skeleton groups H; ., := D x T} ,, have order 3m+3. coclass 3 and class m. If Sijis
the skeleton of B;(H;), then H, , ,, is a group of depth n:=m — jin S, ;.

We use the following notation. Let w := 62 be a primitive cube root of unity.
Now K3 = Qs3(w) is the third cyclotomic number field with ring of integers Os). Let
pi) = (w — 1)O() be the unique maximal ideal of O(s), and let Uy be its group
of units. The Galois group of K3 over Qs is cyclic of order 2, and is generated by
09 W > w2,

6.1 The homomorphism space

We now determine the space of homomorphisms describing the skeleton groups in
T (H;). Recall the definition of ¥ from Lemma 5.1. It follows from Section 5.5 that
¥ is compatible with the action of the Galois automorphism o4 = o2, and thus ¥ €
Homp(O A O, 0O).

Lemma 6.1 Ifi and j are non-negative integers, then Homp (p'Ap?, pi™7) = p([g*if?’)/g]ﬁ.
Thus if j # i mod 3 there are no surjections in Homp(p* A p*, p'*7); otherwise

Homp (p’ A p?, p™7) \ Homp (p! A p?, p™H11) = (w — 1)U=35 9.

PROOF: Observe that D acts as (C, 04) on O; thus Homp(p’ A p*, p**7) corresponds to
the space of fixed points of o4 in Home (p? Ap?, p™7). Lemma 5.2 shows that Home (p? A
p’,p" ) = p="=39Y. From Section 5.5 we deduce that o4(ct)) = (04(c))d for every ¢ € K.
The fixed points of o4 in K are the elements of K3. Finally, p/ =3 N K3 = p[(jfifg)/g].

3)
The lemma follows. °

Lemma 6.1 implies the following.

Lemma 6.2 The skeletons S; ; with j # ¢ mod 3 have depth 0. The skeletons S; ; with
Jj =1 mod 3 have depth j — x;, where x; = 0 if 3 divides j and x; = 1 otherwise. In
particular, two of the siz sequences of branches in T (H;) have unbounded depth.

It remains to investigate S, ; for j = 7 mod 3 in more detail. Since H;_3 = H;, we
adjust our notation as in Section 5.2, and use H;_3 instead of H;. Thus the homo-
morphisms used to construct skeleton groups now have the form v = ¢ for some unit
cE Z/{(g).
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6.2 The automorphism group of H;
Theorem 6.3 Aut(H;) is isomorphic to (Aut(D) - Usy) x Ti_1.

PROOF: Since T; is the Fitting subgroup of H;, it is characteristic in H;; so Aut(H;)
maps into Aut(D), a group of order 54. To show that this map is onto, consider first
the group W defined in Section 4; it is isomorphic to C5 1 Cs, and acts on p’ in such
a way that W x p® contains H; = D X p® as a normal subgroup of index 3. Thus W
may be regarded as a subgroup of Aut(H;) that maps onto a subgroup of order 27 of
Aut(D). Now oy acts naturally on p’, and this action extends to an automorphism of
H; of even order that maps a € D to a® and centralises b. Thus Aut(H;) maps onto
Aut(D). If 05 and W are regarded as lying in Aut(H;), they generate a group of order
162 that maps onto Aut(D).

The kernel of the homomorphism of Aut(H;) onto Aut(D) acts as multiplication
by elements of Uy on T;. Thus Aut(H;) acts on 7; as an extension of Uy by Aut(D).

The kernel of the action of Aut(H;) on T;, and on H;/T;, is isomorphic to the
additive group of derivations of D into T;. Since 3 is invertible in the field K, we
deduce that H'(D, K) = 0. Thus the desired derivations can be realised as conjugation
by elements of p*~1. .

6.3 Some number theory

Recall the structure of Us) from [12, Chapter 15].
Lemma 6.4 For k>0, let Uz =1+ pﬁ,)) and Ay = 1+ (w — 1)k

(a) Ua) > Uiy > Usz > ... is a filtration of Uy whose quotients are cyclic, and
respectively generated by —1,w and A\, for k > 2.

(b) The torsion subgroup of Uy has order 6, and is generated by w and —1.

(¢) The exponential map defines an isomorphism p%g) — Uz ).

Lemma 6.5 p(U)) is a subgroup of index 3% in Uy that covers U gy /U gy if and
only if k & {1, 3}.

Proor: First we consider p(Ua)). Let 7 : plgy — py) be defined by z — oa(z) +
o_1(z) — x. Then 7 is an endomorphism of p‘(lg) which has determinant —3. Thus
p(Us ay) has index 3 in Uz 4). (Note that O is now a module over Zs(w) whereas O in
Lemma 5.6 is a module over Zs.)

Next, we determine p(U(3y) modulo Uz ) = 1+2703). A routine calculation shows:

p(=1) = -1
plw) = 1;
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p(Xa) = AA3As mod Use);
p(Az) = s mod Uz e);
p(A1) = A5 mod Uz g);
p(As) = 1modUgsg.

Thus p(Us,4)) does not cover Uz 5y /Us 6)- Since p(Us 4y) has index 3 in Us 4y, it contains
Uz ). The result follows. °

Hence Uy /p(U)) has order 9 and is generated by the cosets with representa-
tives w and A3. Defining V := (Z/3Z)?, we obtain an isomorphism of abelian groups

@ :Us)/p(Us)) — V defined by
WA p(U)) = (U1, ug).
Lemma 6.6
(a) The Galois automorphism oy acts on U /p(Us)) as

V =V (ur,ug) — (2uq, 2usg).

(b) Multiplication by w translates to the action on Uy /p(U)) via

V=V (u,u2) = (ug + 1, uz).

PROOF: Clearly 09(w) = w? and 02(A\3) = 1 — (w —1)* = A} mod p(Us)). Thus oy acts
as multiplication by 2/ on V. That (b) holds is obvious. .

6.4 A solution of the isomorphism problem

We show that orbit isomorphisms solve the isomorphism problem completely for the
skeleton groups in S, ;.

Lemma 6.7 Let j > 7, and let £ be a ZsD-automorphism of p' /p**7. There is a ZsD-
automorphism ¢ of p* such that, if ¢ is the automorphism of p' /p*™ induced by ¢, then

& — C maps p'/p"™ into pttI /ptt.

PROOF: Since p’ is a projective O-module, £ can be lifted to an O-module automor-
phism « of p’. Since ¢ is a D-module automorphism, o4(x) — x maps p’ into p**7/. Now
k is multiplication by some n € O, and n = 1y + M0 + 76* where 1. € Qz(w) for
0 <e <2 Then oy(n) —n=mn(0"—0)+ (0% — 6% = (w— 1)(m0 + n36?), where
ns = ne(w + 1) € Q3(w). Since 7; and n3 are elements of Q3(w) and o4(n) —n € P,
it follows that 7; and 73 are elements of p/~%, and so 7, € p/~*. Taking ¢ to be
multiplication by 7o, the result follows. °
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Theorem 6.8 Let 7 < j < m < 2j — x;. Let v and ' be two surjections in
Homp(p? =2 A p?=3p*=3). Then H;_3.m and H;_ 3./ ., are isomorphic if and only
if there exists a € Aut(H,_3) with o(Vm) = ),

PROOF: If v and ~' are in the same Aut(H,_3)-orbit, then H;_3. ., and Hj_3 ., are
isomorphic by Lemma 3.3. Conversely, let o : H;_3  ,, — Hj_3. ,, be an isomorphism.
Theorem 6.3 shows that Aut(H,_3) maps onto Aut(D), so we may assume that o acts as
the identity on D. Then « restricts to an isomorphism from Tj_3 ., ,,, to Tj_3 / mm, Which
is also an automorphism of the D-module Tj_3/7;_5.,,. Hence this automorphism
commutes with the action of (a), and, since Tj_3 is projective as O-module, lifts to
an automorphism o’ of Tj_s which also commutes with the action of a. Now o is
multiplication by a unit v € Y. Lemma 6.7 shows that u = wjuy, where u; € Uz,
and uy € U,,—4. Multiplication by u; induces an automorphism of H,_s - ,, taking 7,
to p(u1)Ym. It remains to show that p(ui)y, = 7., But p(u)y, = v,,, so it suffices
to prove that p(us) centralises v,,. But 1 — p(uy) € p™4, and p™~*y,, = 0 since
Y € Homp (p?=3/p2 =3 ApI=3 /p2 =3 p2 73 /pi=3T™) "and 2 —3+m —4 > j—3+m. e

We now solve the isomorphism problem for the skeleton groups by describing the
orbit isomorphisms. The description of Aut(H,_3) in Theorem 6.3 shows that T;_4
acts trivially on the homomorphisms induced by the surjections. Further, D acts as
the inner automorphisms of D, and so also acts trivially. Hence Aut(H;_3) acts as
Out(D) . U(g).

Throughout, we assume that 7 = jmod 3 and n = m — j, so that H;_3.,, is a
group of depth n in S, ;. The following is proved in a manner similar to Lemma 5.9.

Lemma 6.9 Let ¢, € Usy. The surjections ¢t and 'V induce the same element of
Homp (p? =3 /p% =3 A pi=3 /p?I=3 p2=3 /p2=31) if and only if c = ¢ mod U, [ny31) -

We must determine the orbits of Out(D) - U(3) on

Q := Uy /U 1ny31)-

As in Section 5.5, the normal subgroup U3 acts on €, as multiplication by p(U(s)).
The orbits of this action correspond to the cosets

Ay = Uy / p(Us) U ny3)) -

Lemma 6.5 shows that A, has at most 3% elements. As U(3) is normal in Out(D) - Uz,
its orbits are blocks for the desired orbits. It remains to determine the action of Out(D)
on A,. Recall that Us)/p(U)) is isomorphic to V = (Z/3Z)? via .

Recall that D is a normal subgroup of index 3 in the group W of Z,-linear maps of
O defined in Section 4, and hence is normalised by the element 8 of W that permutes
the powers of § by the permutation (62,65, 6%). Observe that Out(D) has order 6, and
is generated by the images of § and o».
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Lemma 6.10 3 acts on ci via multiplication by w for ¢ € Uz).

PROOF: Let X,Y and Z be the Zs(w)-submodules of O generated by {1,6},{0, 0"},
and {0?%,6°} respectively. Now X = Oy and O = X @Y @ Z. Also 3 centralises X
and Y, and acts as multiplication by w on Z.

Both 05 and o_; normalise X and interchange Y with Z. Thus

0o(X)o1(Y)CXZCZ and o09(Y)o1(X)CZX C Z;
09(X)o_1(Z) CXY CY and o03(Z2)o_1(X)CYXCY,
0o(Y)o 1(Z)CZY CX and o09(Z)o1(Y)CYZ CX.

Observe that ONO = (X AY)D (X AN Z)d (Y AN Z). Let z,y and z be elements
of X, Y and Z respectively. We can determine the action of # on ¥ as follows:

Bz Ay) = Bloa(B7 (2)o-1 (671 (y)) — 02(67 (y))o-1 (87 (2))]
= Bloa(z)o-_1(y) — oa(y)o_1()]
= wi(x Ay)

B nz) = Bloa(B7 (2))o-1(871(2)) — 02(B7(2))o-1 (87 ()]
= Blos(r)o1(w™'2) — o2(w ™ 2)0 1 (2)]
= whloa(z)o_1(2) — 02(2)0_1(2)]
= wi(zA=2)

BNy Az) = Bloa(B7()o-1(B7(2)) — 02(67(2))a-1 (67 ()]
= 5[02(9)0—1(‘*)_12) - UQ(W_IZ)U—I(y)]
= whloa(y)o-1(2) — 02(2)0-1(y)]
= wi(z A 2).

Thus 3 acts as multiplication by w on ¥ and so on cv for ¢ € Us). °

Hence the action of Out(D) = (o9, ) on the space of homomorphisms translates to
the action of oo and multiplication by w on A,,. We summarise the action determined
in Lemma 6.6.

Corollary 6.11 Out(D) = (02, 5) acts on V' as the affine matriz group M = (a,b)
with

0
2
0

S
I
oo

0 10
0 and b= 01
1 10

_ o O

Namely, the image of (ui,us) € V under m € M is determined by the vector-matrix
multiplication (uq,ug, 1)m.

This allows us to read off the orbits of Out(D) on V' and thus on A,. The orbits
on V are {(0,0),(1,0),(2,0)} and {(0,1),(1,1),(2,1),(0,2),(1,2),(2,2)}. These amal-
gamate to one orbit in V/V; for V; = ((0,1)). We now summarise the classification of
skeleton groups in T (H;).
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Theorem 6.12 Let j > 7, and let x; = 0 if 3 divides j and x; = 1 otherwise. Let S; ;
denote the skeleton of B;(H;), the branch in T (H;) with root of order 373 and class j.
Then S; ; is non-trivial if and only if © = j mod 3, and in this case S;; is isomorphic
to the first j — x; levels in Figure 2.

Figure 2: The skeleton S, ; of B;(H;)

6.5 Presentations of the skeleton groups in B;(H;)

Recall that H; ., = D x T, ,,, where D = (a,b) and T}, ,, = () as D-module. Thus
H;. . is an extension of R;. ., by (b), where ®* = 1 and a® = a*. We use this to
construct a presentation for H; ., from that for R; , ..

Lemma 6.13 Let v = ¢ where c = 1+ 3(6° — 1) and w € {0,1}, and let 7 < j <
m < 2j — x;. Assume that 3 | j and write j — 3 = 3z for some x > 2. Let o, 3 and T
be three abstract group generators and let

r=[r,a], 7] (T(oﬁfl)z(a‘lfaz))w(1+3(a3fl))_

Then H;_3 .., has a presentation

{a, 8,7 | o =(ra®)® =[r,0® 7] = [r,7][7*, 7] = 1,
4

[, 7 [r 7 =82 = 8, 7] = Pat = [rmal =r = 1}.

Proor: We first check that the relations are satisfied in H;_3 ., when o and 3 and
7 stand for a and b and (6 — 1)773 respectively. The relations that do not involve 3,
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other than the relation » = 1, all hold, as in the proof of Lemma 5.11, and the relations
involving (3 clearly hold. We now verify the relation r = 1.
If w = 0, then v = 9. Since t = (6% — 1)"63®, we can evaluate [t,t?] by computing

19((03 o 1)36 A (93 o 1):1:6) — (06 o 1)2‘%(971 o 92) — (93 o 1)2:1:939:(671 o 92)

using the identity (6% +1)2 = (%)2 = 3. Thus [[t, a], {]t@* D" "=a®) — 1,

If w=1, then v = ¢i for ¢ = 1 + 3(6* — 1). Writing w, for t(@~D"(@7=0*) e
deduce, as in the first case, that [[t, ], {jwl™@ Y = 1.

It now follows, exactly as in the proof of Lemma 5.11, that the group generated by
{a, 7}, subject to the above relations that do not involve f3, is isomorphic to R;j_3 ~ -

It is easy to see that the relations not involving 7 give a presentation for D. It
remains to prove that the given presentation defines the action of 8 on the normal
closure of (1) in (o, 7). But the presentation implies that (7*')? = 7" and the proof
is complete. °

Lemma 6.13 yields a presentation for the skeleton group Hy ;. When ¢ =1 or 2,
we do not give presentations for the corresponding skeleton groups, but instead exhibit
them as subgroups of low index in Hy .

Remark 6.14 Let Hy, , = (a,b,t) be a group of depth n:=m — j in B;(H).

(a) The subgroup {(a,b,[t,a]) of index 3 in Hy , is the skeleton group for Hy defined
by v and m. It has depth n — 2 in the skeleton with root of class j + 1.

(b) The subgroup (a,b, [t,a,a]) of index 9 in Hy ., is the skeleton group for Hy defined
by v and m. It has depth n — 4 in the skeleton with root of class j + 2.

7 The skeleton groups in 7(G;41)

The aim of this section is to determine the skeleton groups in 7 (G;41) with i € {0, 1, 2}.
The roots of T(G;y1) have orders 3%, 3% and 37 respectively.
Our main result is the following.

Theorem 7.1 Leti € {0,1,2} and h > 9. Let S;11 denote the skeleton of the branch
of Giy1 with root of order 3"*% and class h. Then Sii1, is non-trivial if and only if
h =0 mod 3.

Let Fi,, and F,, denote the rooted subtrees of depth n of the left and right graphs
in Figure 3, respectively.

(a) S1p = Frp if h=0mod 6 and Sy = Fiy, if h = 3 mod 6.
(b) 827h = fr,h—S Zf h =0 mod 6 and Sg’h = E,h—5 Zf h = 3 mod 6.
(c) Ssp = Frp-s if h=0mod 6 and Sz, = F,p—3 if h =3 mod 6.
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Figure 3: Two skeletons of branches in 7 (G;41)

The proof of this theorem differs significantly from the other cases. We first describe
Aut(Gi41). We describe the skeleton groups in 7(G;41) in Section 7.2. Determining
their isomorphism types is challenging. We classify the skeleton groups up to orbit iso-
morphism in Section 7.3. For the first time, there are exceptional isomorphisms among
skeleton groups. We determine these in Section 7.4. Finally, in Section 7.5, we iden-
tify isomorphism types of skeleton groups in T (G;11) with subgroups of representative
skeleton groups in T (H;).

7.1 The automorphism group of G,

Recall, from Section 4, that D = (a,b) and t;,1 = [t;,a] for ¢ € {0,1,2}. The infinite
pro-3-group G;1 = (a,bt;) = D - T;;, embeds as a subgroup of index 3 in its minimal
split supergroup H; = (a,b,t;) = D x T;.

Theorem 7.2 Aut(G;y1) is the normaliser of Gy in Aut(H;). It has index 6 in
Aut(H;), and is isomorphic to (Aut(D) - U q1y) x T;.

PRrROOF: Recall, from Theorem 6.3, that Aut(H;) = (Aut(D) - Ug)) x T;—1. Every
D-automorphism of T;,; extends uniquely to a D-automorphism of T}, so Aut(G;i1)
is the normaliser of G;;1 in Aut(H;). Nine of the 13 maximal subgroups of H; have
coclass 2. Of these, three are isomorphic to R. The remaining six, all isomorphic to
Git1, are {ats, btd) for e € {0,1,2} and § = £1. These are conjugate under the action
of Aut(H;): the three values of € are permuted transitively by conjugating by ¢; 1, and
the two values of § are exchanged by multiplication by —1 € Us) \ Us1y. The result
follows. °
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Note that Aut(H;) contains an element o9 corresponding to the action of o9 on O,
and an element p corresponding to multiplication by —1 on . Theorem 7.2 shows
that p & Aut(Gyq1). If i + 1 is odd, then o9 € Aut(G;11); otherwise poy € Aut(Giyq).

7.2 Descriptions of the skeleton groups in 7(G;41)

Let j > 7, and let v € Homp(p® Ap?, p*™7) be surjective, so j = i mod 3. Then v defines
a skeleton group H; ., := D X T, ,,, for each m with j < m < 2j — x;, as shown in
Lemma 6.2. The skeleton group H; ., has order 3™*3 class m and it is contained in
the jth branch of 7 (H;).

As before, we identify ¢; € T' with its corresponding element in T;,,, and thus
obtain that H;.,, = (a,b,t;). With this notation, Git1~.m = (a,bt;) is the skeleton
group for G;;; defined by v and m. It has order 3™*2 and class m. However, it is
non-trivial to read off the branch of 7 (G;41) containing G414 m. The following lemma
provides bounds for the branch.

Lemma 7.3 Let j > 7, let v € Homp(p® A p’,p™7) be a surjection and let j < m <
27 = xj- If Gig14m 15 contained in the skeleton S, then 3 < h < j+ 2.

PRrROOF: We must determine the maximal mainline quotient of G;;1 ,,,. By construc-
tion, the class j quotient is on the mainline. Since y(p*™ A p'™!) = p*7*2 the class
7 + 3 quotient is not. Thus j < h < j+ 2. °

It can happen that H, ., is isomorphic to H; ./, yet Git14,m is not isomorphic
to Git1,4,m- Thus, to construct the skeleton groups in 7(G;41), we have to consider
all homomorphisms 7, and cannot restrict to isomorphism type representatives for the
skeleton groups in T (H;).

To solve the isomorphism problem for the skeleton groups in 7(G;41), we proceed
in two steps. First, we consider surjections v € Homp(p® A p’, p**/) and reduce the
homomorphisms induced by them under the action of Aut(G;yq). This yields repre-
sentatives for skeleton groups in 7 (G;41) up to orbit isomorphism. We then determine
exceptional isomorphisms among these.

7.3 Orbit isomorphisms

The orbit isomorphisms for G;;; are determined by the orbits of Aut(G;;1) on the
homomorphisms induced by surjections in Homp(p? A p?, pi*7). Lemma 6.1 shows that
such surjections exist if and only if « = j mod 3. Again, we consider the case i = j — 3
to simplify the number-theoretic translation.

Let n =m — j. Observe that Aut(G,_,) acts as Out(D) - Uz 1y on

Qn = Uy /U, [ny31)-

As in Section 6.4, the normal subgroup Us 1y acts on €2, as multiplication by p(Us 1))
The orbits under this action can be determined readily, as in Lemma 6.5. We summarise
the result.
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Lemma 7.4 p(Ugs 1)) is a subgroup of index 2 - 3% in U that covers U gy /U g1y of
and only if k & {0, 1, 3}.

It remains to determine the orbits of Out(D) on

An = Ug)/p(Usn)) U, mys))-

Defining V' := Z /27 & (Z/3Z)*, we obtain an isomorphism of abelian groups
@ Ugy/p(Usy) — V defined by

(=1)"w" A p(Uz1)) = (o, ur, ug).
If 1 =((0,1,0),(0,0,1)) and V5 = ((0,0, 1)), then

V/Vi for1<n<3
A, =2 V/Vy for3<n<9
V' for 9 < n.

Theorem 7.5 Let j > 7.

(a) Ifj is odd, then the action of Out(D) on V yields four orbits, with representatives
(0,0,0),(0,0,1),(1,0,0),(1,0,1). These orbits amalgamate to two orbits in V/V;
and in V/Vy. Thus the orbits of Out(D) on A, for 1 < n < { define a graph
1somorphic to the first  levels of the left graph in Figure 3.

(b) If j is even, then the action of Out(D) on V yields three orbits, with represen-
tatives (0,0,0),(0,0,1),(0,0,2). These orbits amalgamate to one orbit in V/V;
and in V/Vy. Thus the orbits of Out(D) on A, for 1 < n < { define a graph
1somorphic to the first £ levels of the right graph in Figure 3.

PRrROOF: Recall Out(D) = (02, ). Lemma 6.10 shows that /5 acts via multiplication
by w on the space of surjections. This translates to the action V- — V : (ug, uy, ug) —
(UO, uy + 1, UQ).

If j is odd, then Aut(G;_2) contains oy. This acts via o2(—1) = —1, 03(w) = w? and
02(A3) = A3 mod p(Us 1)), which translates to V- — V@ (ug, uy, ug) — (ug, 2uq, 2us).
Together with the action of 8 this produces four orbits on V:

{(0,2,0) |z € {0,1,2}}, {(L,,0) |z € {0,1,2}},
{0.2,y) [we{0, 1,2y € {1,2}}, {(La,y) [o€{0,1,2}y € {1,2}}.

These amalgamate to two orbits in V/V; and in V/V; and so yield the result in (a).
If j is even, then Aut(G,_2) contains pos, where g acts as multiplication by —1.
This translates to the action V. — V' : (ug, u1, uz) — (uo + 1, 2uq, 2us). Together with
the action of 5 this produces three orbits on V: {(u,2,0) | v € {0,1},z € {0,1,2}}
and {(0,z,1),(1,z,2) | z € {0,1,2}} and {(0,2,2),(1,z,1) | x € {0,1,2}}. These
amalgamate to one orbit in V/Vj and in V/V; and so yield the result in (b). )
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Theorem 7.5 yields a complete list of skeleton groups G;_s ., up to orbit isomor-
phisms, where v = ¢ and c¢ is determined by an orbit representative listed there.
We define a graph S}, ; on these orbit isomorphism types of groups, with edges
Gi2.c9m = Gj2e09m—1 if Gj_2.c9m—1 is orbit isomorphic to G2y m-—1. Then S,

contains the mainline group of class j. Theorem 7.5 asserts that &7, ; is non-trivial if
and only if 2 = 7 mod 3, and in this case has the shape displayed in Figure 3.

7.4 Exceptional isomorphisms

In this section we determine the exceptional isomorphisms among skeleton groups for
Git1. We show that there are no exceptional isomorphisms for ;. However such
isomorphisms occur, for the first time, for each of G5 and Gj.

As a first step, we observe that the determination of all exceptional isomorphisms
can be reduced to a finite calculation.

Theorem 7.6 Let 0 < i < 2 and let Sit1 4 be the tree consisting of all groups of
depth at most k in S;y1 1.

(a) For h > 61, Sit1.n.10 is isomorphic to Siy1pn—610-

(b) For h > 10, if Sit1p10 15 isomorphic to Fy10 where x is | or r, then Sii1y is
isomorphic to F, p.

PRrROOF: (a) The construction in [11] of the isomorphism 7, of Theorem 2.1 ensures
that it maps a skeleton group Gji1m in Bp10(Git1) to the skeleton group Gii13y.m
in Bpie10(Gip1) for all b > f(10), where f is the defect function of Theorem 2.1.
This induces a graph isomorphism S; 11410 = Sit1,n+6,10 for all A > f(10). Hence the
skeleton of By, 10(Gi41) for all h can be obtained from those for h < f(10) 4 6 using 7y,.

It remains to determine an explicit bound for f(10). An application of [11, Theorem
29] yields 686 as a bound for f(10). This can be improved significantly for skeleton
groups as follows. By Lemma 7.3, we have that 7 < h < j 4 2. Thus a group of depth
at most 10 in a skeleton satisfies m < h + 10 < (5 + 2) + 10.

We now employ the notation of [11]. Let P be the class 6 quotient of the infinite pro-
3-group Gyy1. Recall that L7(Giq14m) corresponds as a set to Tj 6/, As v maps
Tite N Tite into Tipj112 and m < j + 12, it follows that L7(Gjy1,m) is isomorphic as
P-module to L7(Git1)/Lim+1(Git1). Hence Gy .4m can be considered as an extension
of L7(Giy1)/Lim41(Gig1) by P. This implies that we can choose [ = 7.

If K is the kernel of the action of P on L7(G;;1), then K is elementary abelian
of order 3°. Thus 3% = exp(K/K’') = 3 and 3* = 3, the exponent of the Schur
multiplicator of K. So a = b = 1. Since P has order 3¢ = 3%, we deduce that
n = max{2(a + b+ 1)d,ed} = max{36,48} = 48. An upper bound for f(10) is now
l+mn =55.

(b) Consider two groups Gj1,,,m and Git1,m, of depth at least 10 in S;4q . If they are
isomorphic, then their quotients at depth precisely 10 are isomorphic. The hypothesis
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and Theorem 7.5 imply that at depth 10 isomorphism coincides with orbit isomorphism.
Hence the two quotients at depth 10 are orbit isomorphic. Since there is no further
branching below depth 10 in the graph 7, ;, it follows that Giy1m and Giyy 4, are
orbit isomorphic. Hence, orbit isomorphism and isomorphism coincide at all depths at

least 10, and so S;41,, can be read off. °

We use Lemma 7.3 and Theorem 7.5 to construct a finite list of groups of the form
Git1,,m that contains a complete set of skeleton groups for S;ii 10 and then reduce
this list up to isomorphism using the algorithm of [20]. Theorem 7.6(a) implies that it
suffices to perform the finite calculation for (b) for all values of h < 61.

We determined St 5,10 by computer for A < 61. If 3|h, then this is the tree
suggested by Theorem 7.1 up to depth 10; otherwise it is an isolated vertex, the mainline
group. This computation is sufficient to prove Theorem 7.1.

In the remainder of this section we provide an alternative theoretical description of
the exceptional isomorphisms. Our proof provides insight into the exceptional isomor-
phisms. It proceeds in two steps. First, given a skeleton group Gj1+,m, we determine
the skeleton S;1; ) containing it; so we determine the precise class h of the maximal
mainline quotient of G414,m. Secondly, we determine the precise shape of S; 11 5,10 and
apply Theorem 7.6(b) to deduce the shape of S;;1 5. Before we embark on this, we
present some preliminary results.

7.4.1 Some preliminary results

Our overall approach towards the investigation of the exceptional isomorphisms is to
consider each skeleton group Gii1,m,m = (a,bt;) as a cyclic extension of K1, =
(a,tiv1) < Git1.m by a cyclic group of order 3.

Lemma 7.7 Aut(G;y1) acts transitively on the subset {{a(bt;)* t;11) | 0 < k <2)} of
the set of maximal subgroups of G;y1, and each element of this subset is isomorphic to
Ripn =Cx Ty,

PROOF: There is an automorphism of D that maps a to ab and centralises b. As in
the proof of Theorem 6.3, this automorphism lifts to an element of W that may be
regarded as an automorphism d&; of H;. So §; maps a to ab, centralises b, and centralises
t; modulo T;,1. The same theorem shows that Aut(H;) contains an automorphism ds,
corresponding to conjugation by ¢? ;, that maps a to at; 2 centralises b modulo T},

and centralises ¢;. Then § := 0,dy is an automorphism of H; that sends (a,t;11) to
{abt;, t;11), and normalises G;;;. Hence § € Aut(Gjy1). Since 62 maps {(a,t;.1) to
(a(bt;)? t;11), the result follows. o

Remark 7.8 The subgroup Kii1.m 15 a skeleton group for R;y1. Lemma 5.1 implies
that O(p’ Apt) = p+3; so, if v : p*Ap' — p™7 is surjective, then y(p" Tt AptTh) = pitit2,
Hence Kii1 j+n is isomorphic to the mainline group of class j + n in T (R;y1) for
n < 2, and so it is independent of v; but if n > 2 then K1 j4n 15 not isomorphic to
a mainline group, since in this case Tii 1 jn 15 non-abelian.
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The following lemma solves the isomorphism problem for cyclic extensions by a
3-cycle.

Lemma 7.9 Let G and H be groups containing a normal subgroup M of index 3.
Let z € G\M andy € H\ M. Let 23 = ¢ and y* = (', and let a and 3 be the
automorphisms of M induced by conjugation by x and y respectively. Then there is an
isomorphism of G to H that normalises M, and maps x to an element of the coset
My, iof and only if there is an automorphism X of M, and an element h of M, such
that (A = C’hﬁzhﬁh and \"ta\ = Bv, where v is conjugation by h.

PRroOOF: If such A and h exist, then an isomorphism ¢ from G to H may be defined by
taking the restriction of ¢ to M to be A, and defining x¢ = yh; and conversely. .

As a final preliminary, we require two number-theoretic results.
Lemma 7.10

(a) For every integer k the endomorphism f of p* defined by y — o4(y) — y covers
pl/p! Y if and only if | > k +2 and | # 2 mod 3.

(b) For every integer k the image of the endomorphism 1+04+07 of p* is 3p* NO3).
In particular, the image does not cover p’ /p?™! unless j = 0 mod 3.

PROOF:

(a) If I = 0mod 3 and a; = (#* — 1)/3, then f(oy) = 0. If [ # 0 mod 3 and
a; € pt\ p, then oy = +(0 — 1)! mod p'*!; also

@ =101 =0-D O+ +0+1) —1) =10 — 1) mod p*2,
since >+ 60?2+ 60+1=1+ (6 —1)? mod p>. Hence f(qy) € pt+2\ p!*3.

(b) Observe that 6" + o4(6%) + o7(6") = 6%(1 + 6% + 65). But 1 + 6% + 6% = 0 if
i #Z 0mod 3, and 1 + 63 + 0% = 3 otherwise. J

7.4.2 Determining the branch of a skeleton group

The following theorem determines the precise maximal mainline quotient of a skeleton
group Giy1ym-

Theorem 7.11 Let j > 7, let 1 = jmod 3, and let 0 < n < j — x;, where x; = 0 if
3 divides j, and x; = 1 otherwise. If v is a surjection in Homp(T; A T;,Tiy;), then
Git1p,j4n 15 1somorphic to a mainline group if and only one of the following holds:

(a) n=20 fori=0mod 3;
(b) n <2 fori=1mod 3;
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(¢) n <1 fori=2mod 3.

ProOF: If n = 0 then G,;14 4 is a mainline group by construction. If n > 2, then
Git1,,j+n 1s not a mainline group by Remark 7.8. We consider the three cases in turn.

(a) We assume, without loss of generality, that ¢ = 0, and show that Gy, 41 is not
isomorphic to the mainline group of the same order. Recall that G, ;41 contains a
maximal subgroup Kj , ;i1 that is isomorphic to the mainline group C' x T /Tj;; for
Ry by Remark 7.8, and is independent of 7. To shorten notation, we denote it by M, ;.
(The first suffix indicates that T} is its lattice and the second suffix reflects the order).

Suppose that ¢ : G, 41 — G141 is an isomorphism. Then ¢ maps M; ; onto one
of the subgroups {a(bty)*,t;) for k =0,1,2 of Gy 1. Since the automorphism group
of G041 acts transitively on these subgroups by Lemma 7.7, we may assume k = 0.
Equating Ty with O, the generator bt, of Gy, 41 lying outside K, 41 becomes b1;
since 0 — 1 € p, which lies in the Frattini subgroup of G, j+1, we may replace b1 by
bf. Since (bg)* = 1, the group Gy 41 is a split extension of M ; by (bF). Clearly the
mainline group G ;41 is also a split extension of M; ; by the 3-cycle b6.

Theorem 5.12 shows that the automorphism group of M ; is (Aut(C) x U/U;) x
T/T;. Thus we write an element of this automorphism group as (o, u,0), where o €
Aut(C), and u € U /U;, and 0 € O/p’.

The 3-cycle b0 in G111 induces the automorphism (oy4,1,60) of M, ;, where 1
and 0 represent the images of these elements in U/U; and O/p’ respectively. The
corresponding 3-cycle b6 in G  j41 induces the automorphism (o4, 1 +w, 8 + ¢), where
w and ¢ are in p/~!/p7. Note that w is non-zero, as v is a surjection onto 7}, and thus
the action of b6 on T1/T;1; is not the same as the action of b, since 6, as an element of
To/Tj+1, needs no longer centralise T3 /Tj4q

We use Lemma 7.9 to prove that these two automorphisms do not define isomorphic
extensions. The lemma applies since every automorphism of D centralises b modulo
(a). Note that, in the lemma, ( = ¢’ = 1, as our groups are split extensions, and
the role of h is played by a*'t € M, for some x € {0,1,2}, where t+0e*+¥%* —
Conjugation by this element is the automorphism (1,6%,¢).

Taking A in the lemma to be (o,,,u,0), we are led to

04a179 Om,U,0) = (Om, U, 0 U4al+w>9+¢ 1’9390’{;’
(

as an equation in (m,u,o,t,x), where t + tha® 4 0% — (). This is equivalent to the

simultaneous equations:

= 6%(1+ W) (w) (+1)
uo,(0) +0 = 0°°(1+w)oy(o) + 03 (0 + ¢) +t. (t1)

We now show that (x1) has no solution in U/ /U;. Multiplying u by 6% we may take
x =0. So now (1) has become

w=(1+w)oy(u). (+2)
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Suppose first that u € Uy (modulo U;). Since Uy is naturally isomorphic to p* by
Lemma 5.5(c), we must consider the image of the endomorphism f of p? defined by
f(y) = o4(y)—y, which, by Lemma 7.10(a), covers p'/p"** if and only if | # 2 mod 3 and
[ > 6. For arbitrary u and [ € {1,2}, note that o,(u)u™' € U o \ Ui s if u € Uy \ Uy,
and o4(u) = u if u = £63; so since j > 6 the assumption that v € Uy (modulo U;) is
harmless. Thus we can solve (*2) if and only if j Z 0 mod 3. But j = 0 mod 3 in our
considered case, so (*2) cannot be solved.

Thus an isomorphism ¢ cannot exist, so G, j+1 is not isomorphic to a mainline

group.
(b) We may assume that ¢ = 1, and show that G, j+2 is isomorphic to the mainline
group G 2. The parameter j + 2 reflects the fact that exceptional isomorphisms
cause the branch in question to leave the mainline two steps lower. Recall that G 12
contains the maximal subgroup K. ;2. By Remark 7.8, the latter is isomorphic to
C x Ty /Tj13, a mainline group for Ry. Again, this group is independent of v, and we
denote it by M 1.

We consider G 12, and the corresponding mainline group, as extensions of My ;1
by b(0? —6). To adapt the argument of case (a) we require both extensions to split. For
both groups we observe that b(#* — 6) has order 3. This is equivalent to the statement
that (62 — 9)1’2“’“ = 0, and since §° = #*, this is easily checked for the mainline group.
Indeed, (62 — )P0+ =05 — 97 1 9% — 91 402 — 9 = 0.

Repeating this calculation in Gg, j12 is a little more complicated. We need to
evaluate (2 — 0)”" 01 or rather (§% — 6)" - (02 — ) - (9% — ), where the operation -
is addition twisted by v. Writing z for 62 — 0 we find 2 - 2% - 2 = 2" + 2b + z + y,
where y = %7(mb2 ANab+a¥ Nz + 2P Ax) = 2y(zb A )PP+ Now 2% + 2 + 2 = 0;
and v = ¥, so y = s (6% — 6* A 6% — 0)>-+1 But 9(0" A 67) = 0 if i = j mod 3, so
y=—2c0® N0+ 0" NG+ = —Sc(0y — 07 + 1)° = —2¢65, and hence vanishes,
as required, in G ;2.

We now have to solve the equation

(04,1, 6% — 0)(om,u,0) = (O, u,0) (04, 1 + w, 0% — 0+ o) (1, 93””,25),

where w € p/~1/p/! and ¢ € p//p?T? are given.
We find a solution with m = 1 and # = 0 = 0 by solving the simultaneous equations

u = (14 w)oy(u) (x3)
uw(®—0) = > -0+ ¢+t (13)

Since j = 1 mod 3, the cases that are not covered by the image of f (see Lemma
7.10) are avoided, and (*3) can be solved, with u € U;_5. (Note that (x3) only
determines u modulo U;_;.) It remains to choose ¢ so that (3) is satisfied. Note
that ¢ is subject to the condition that #'**** = 0. Lemma 7.10(b) implies that
t — Y maps pf into 3p’ for all 4, so this condition is satisfied if 3¢ € pi*2. Since
(u—1)(0*—0) € pP~2/p?™2 and ¢ € p? /p’™2, it follows that ¢ can be chosen so that
(13) is satisfied, and 3t € p/™2.
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This defines the desired isomorphism between G 5 j12 and G jio.

(c) We may assume that ¢ = 2, and show that G, j+1 is isomorphic to Gsg j4+1, but
G3. j+2 1s not isomorphic to G jto.

First we show that G35 j+1 is isomorphic to Gs ;1. Both are non-split extensions
of K3, 41 by a 3-cycle. Now K3, ;11 = C x T3/T;,3 and we denote it by Mj ;.

The method of proof is as follows. The groups that we need to prove isomorphic
are both of the form Gs. i1, where in one case vy maps onto p/™'/p/*2 and in the
other case is zero. Both have index 3 in a group that is a split extension of its Fitting
subgroup by D. In the first the Fitting subgroup is twisted by v, and in the second it
is abelian. However, the Fitting subgroups consist of the same set of elements in both
cases, with the same action of the Galois group. It is the group multiplication that
is different. We also take the split extensions to have the same underlying set, and
express (3 ;41 in each case as a non-split extension of the same maximal subgroup
M;; by the same element, namely b(1 — 6)2. We prove that the cube of this element is
the same element ¢ of Mj ; in each case. We then solve the appropriate analogues of ()
and (t), and observe that the automorphism of Mj; ; we have constructed centralises ¢,
and, in the notation of Lemma 7.9, h*hPh = 1. This will complete the proof.

The first step is to prove that if r := b(1 — )? in either group then r® = 3. Thus
we need to calculate 73 modulo p?™3; but, for later use, we calculate r* modulo p/*4.
If v = 0 it is easy to see that > = 3. If v # 0, then, since b* = 1, it follows that
= (1—0)2".(1—0)?.(1—0)2% so we must evaluate the expression

(1—20"+6°)- (1 —20"+6%) - (1 —20 +6°)
in p3/pi*4. Since (1 — 207 + 6°) + (1 — 26* + 6%) + (1 — 20 + 6?) = 3 this evaluates to
34+ 37((1=0)"" A (1= 0)") + 37((1 =)™ A(1=0)°) + $7((1 = )" A (1= 0)°) =

3+ 3((Y(L =0 A (L= 0"+ (1 =0 A(1=0)")" + (1= 0" A(1-0)") =
3+ 5(00 — o7+ (((1 = 0)* A (1-0)%)),

where b acts as 04. Now v = cid, where ¢ € p/~5, so we calculate 9((1 —6*)2 A (1 —0)?)
modulo p:

D(1—=0"2AQ1=0)7) = 1=60)P1—-07")°—(1—-6">1—06)?
= (=61 —0)*((1+6")67° —67°(1+06)"),

and this evaluates to —(1 — 6)® modulo p?. Thus, if ¢ = ¢y(1 — )7~ for some unit cy,
then
P =3— (04— 07+ 1)(3co(1 = 0)7"3) =3 + ¢o(1 — 6)7+3 mod pi*4,

and 7% = 3 mod p’*3, as required.
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We now turn to the analogues of (x) and (). Again we will solve them with m = 1,
and z = o = 0, by solving the simultaneous equations

u = (14w (4)
(W—1)(1-0? = o+t (4)

Equation (*4) is to be solved in U /U;, with w € p/~! \ p?, which is possible since
j —1 = 1mod 3; and (14) is to be solved in p?/p?*2, with ¢ € p/™!/p/*2 which is
possible as before.

Now u € U;_3; so u centralises r®

, as required, and we deduce that G, ;41 =
G3.0,541-

To complete case (c), we show that G, 12 is not isomorphic to G +2. We need
to consider the equation

u = 0% (1 + w)oy(u) (x5)

inU /U;, 1. Herew € p/~1 /pi*t1. We may again assume that z = 0. A careful calculation
shows that this equation has a solution; but as we are proving non-isomorphism this is
more than we need. However, we need more information about w. Since 1 + w is the
unit by which one multiplies an element of p3/p™ on conjugating by (1 — #)? in the
twisted group, w(l —6)* = v((1 — 0)3 A (1 — 6)?). One checks that 9(1 A (1 — 6)?) =
—(1=60)* mod p®, so if v = ¢o(1 —0)7759 then y(1 A (1—0)?)) = —co(1 —0)7~! mod p’.
Also

WA =0P A1 =0)") = A(1-0)A(1-0))
= 1-0)(1A1-0))
= (1-0)(1+6°)(—co(1 =0y
co(1 — 6)77% mod p?*2.

Thus w = ¢o(1 — ) mod p/. Now u = 1 + up(1l — )73 for some unit vy, and
since j = 2mod 3 it follows from (*5) that u — o4(u) = up(l — 6! mod p’. So
uy = co mod p.

Following the notation of Lemma 7.9, we have ¢ = 3 and ¢/ = 3 + ¢o(1 — )73 in
(p®\ p7)/p? ™% but

CA = 0n(Qu = Cu = C(1+ up(1 = ) ) = 34 Beg(1 — O ™ = 3 = co(1 — )+,

This clashes with the above expression for (/. Thus the groups are not isomorphic:

no suitable h can be found, since Lemma 7.10 shows that 1 + o4 + 07 does not cover
pj+3/pj+4‘ °

We now know that a branch in 7(G;.1) with non-trivial skeleton has a root of class
h where 3|h. It remains to determine the shape of each skeleton.
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7.4.3 Determining the shape of S;;1 10

By Theorem 7.6 it suffices now to determine the precise shape of S;y1 5,10 for h > 9.
By Theorem 7.5, if j > 7 and ¢ = j — 3, a skeleton group G 1,,m, not on the mainline,
is defined by a homomorphism

Y= (_1>uo)‘g%9>

where A3 = 1 + (w — 1)3; and if j is odd we may take both uy and wuy in {0,1};
and if j is even we may take uy = 0 and uy € {0,1,2}. Recall that we assume that
vipt Apt — ptt where i = j — 3.

We now decide when groups defined by different values of these parameters are
isomorphic under exceptional isomorphisms.

Theorem 7.12 Let v and v be surjections from T; NT; to Trv;. If n < 9 then
Gitiq,jen = Gig1454n if and only they are orbit isomorphic, or they are both iso-
morphic to a mainline group.

PROOF: (a) Consider first the case ¢ = O mod 3 and n = 1, as in (a) of Theorem
7.11. We have seen that the two groups obtained by taking ug = 0 and uy = 1 are
not isomorphic to the mainline group of the same order. It remains to prove that, if
7 is odd, then these two groups are not isomorphic to each other via an exceptional
isomorphism. We saw in Theorem 7.11(a) that the critical parameter for G , ;11 was
w € p~1/p/. We now have two such parameters, say w; and wy = —w;. These
determine v and 4/. Then Equation (x1) is replaced by

(1 + op(wy))u = o4(u)(1 — wy).

or equivalently o4(u) — u = o, (wy) + wy. Since, as we saw, this has no solution when
the right hand side is a non-zero element of p?~!/p’, it remains to prove that the right
hand side cannot lie in p/. We may take wy = (6 — 1)~ + p/. But 0,,(0 — 1)1 =
m?~1(6 — 1)~! mod p’, and m’~! cannot be congruent to —1 modulo 3 if j is odd.

(b) Now consider the case i = 1 mod 3. We must now take n = 3, and prove that, if j is
odd, then the two parameters w; and —w; (taking ug € {0,1}) in (p?~1\p’)/p’*? do not
define isomorphic groups. But this is clearly the case, since an exceptional isomorphism
between two groups Gji1,m (for & = 1,2) must induce orbit isomorphisms between
the groups Giy14,,m—2. For, if Gii14, m is isomorphic to Gii1,, then since Gy is
an extension of T;,1 by D it follows that, by applying an orbit automorphism, we may
assume that v; and 72 induce the same homomorphisms from ;41 ATj11 to T/ Titm.
Then v9 = 71 + v + 73, where 3 maps T;.1 A T;11 into T;y,,. It follows that ~3 maps
T; NT; into T;4,,_o; so 7, and 5 induce the same homomorphisms from 71 A T;,1 to
Titj/Titm—2, as required.

(c¢) Now consider the case i = 2 mod 3. We must now take n = 2, and prove that, if j is
odd, then the two parameters v and 4/ taking values £(1—6%)U=5/3 respectively do not
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define isomorphic groups. Following the argument of case (c) of Theorem 7.11, one sees
that a necessary condition for the groups to be isomorphic is that ,,(3+ (1 —60)773) =
3 — (1 —6)"3 mod p’** for some m. This is equivalent to m’/*3 = —1 mod 3, which is
impossible if j is odd. °

Now consider the case where n > 10. It remains to decide when two different values
of us, as above, can give rise to isomorphic groups.

(i) Suppose that ¢ = 0 mod 3, so we may assume that ¢ = 0. Taking n = 10, there
are either two or three groups of the form G 5 110, for fixed j = 7 mod 3, according
to whether j is respectively odd or even, that are not orbit isomorphic, but where the
corresponding quotients G, j+9 are orbit isomorphic, and we need to prove that the
groups G1. j+10 are not isomorphic. Since 9(8 A 0*) = J(O A O7T) = I AOT) = 0 it
follows that b0, as an element of G, j110, has order 3 in all cases, so we may again
use Lemma 7.9 with ( = ¢’ = 1. The role of M in that lemma is now played by
R 519, where § is the restriction of v to p A p. The automorphism group of this
group is described in Theorem 5.12. The role of ' in that theorem is played by =
here. So the automorphism group of R ;19 is a subgroup of (Cg X U [U;19) X Tp - j+o.
The automorphism induced by b0 will then be of the form (o4, 1 + wy, 0 - ¢), where
wo, po € pP~1/p? T for one value of ~y, and similarly with wy and ¢y replaced by w; and
¢ for another value of . Since these two values of «y differ by a factor of A3 (or A\3), it
follows that wy and w; differ modulo p’. It now follows, as in case (a) of Theorem 7.5,
that we must consider the equation

<O-4a 1+ Wo, 0 - gbO)(O-m)ua 0) = (Oma u, O)(U47 1+ W1, 0 - gbl)(la 03$7t)

in (Ce XU /Uj9) X O/p"H9 for (m,u,0,z,t), the other parameters being given, where
the operation ‘> on O/p™719 is obtained by twisting with 7. As before, by considering
the analogue of Equation (x1) that arises from the displayed equation, one sees that
two groups G ,;+10, for different values of v, that are not orbit isomorphic are not
isomorphic.

(ii) Suppose that ¢ = 1 mod 3, so we may assume that ¢ = 1. Taking n = 11, we need
to prove that if Gy, j+9 and G ,, j+9 are orbit isomorphic then Gy 5, j111 and Ga, j+11
are isomorphic. An additional complication arises here, since b(6* — ) no longer has
order 3. As observed above, in G, j+11, one finds that (b(6? — 0))® = 3¢;,6°, where
Y = ¢ for k = 1,2. Here ¢, € pP2, and ¢; — cp € p/T7, so (b(0* — 6))? is the same
element in the two groups; so we may apply Lemma 7.9 with ¢ = ¢/ € p/™/pitiL,
Postponing further consideration of ¢ and (’, we need to solve essentially the same
equations as before (with ¢ = 1). In particular, we need a conjugating automorphism
(0m,u,0). Repeating the earlier argument, we find a solution with m = 1, u € Uy,
and o = 0. One then checks, from Theorem 5.12, that (1, u,0) is an automorphism of
Rs ~ j+11 that centralises (. Thus the equations required to construct the isomorphism
may be constructed as before.

Taking ¢ = 1 and n = 12, we observe, as before, that if G, ;110 and Ga, j+10 are
not orbit isomorphic, then Gy, j112 and Ga, j+12 are not isomorphic.
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(iii) Suppose that i = 2 mod 3, so we may assume that i = 2. Taking n = 10, we need
to prove that if G's -, j19 and G3 ., j+9 are orbit isomorphic then G's 5, j+10 and Gs ., 110
are isomorphic. This can be carried out as with case (ii), as the cubes ¢ and (' are
equal.

Finally, we need to prove that if Gs,, j19 and G, j1+9 are orbit isomorphic, but
G3., j+10 and G, jy10 are not, then G 5, j+11 and Gy, j+11 are not isomorphic. Now
the cubes ¢ and ¢’ are not equal, and the argument is similar to case (c) of Theorem
7.12 with n = 2.

7.5 Identifying the skeleton groups in 7 (G;41)

In this section we describe the skeleton groups in 7 (Git1). These are Gj_g ., with
j=imod3and v € {cd | ¢ = lorc=1+3(#* —1)}. They are constructed as
subgroups of small index in Hj_3. . Explicit descriptions for H;_ 3., are given in
Section 6.5 for v = ¢ with ¢ =1 or ¢ = 1+ 3(6*> — 1). The others are obtained using
the following lemma.

Lemma 7.13 Gii1_ym = (a,bt; ") < Hi .

PROOF: Multiplication by —1 € U3y induces an isomorphism between H; . , and
H; _ . This acts by inversion on 7T} , ,, and maps Git1m t0 Git1,—vym- °

We now equate skeleton groups in 7 (G,_3) with subgroups of low index in skele-
ton groups in 7 (H;_3). This implicitly defines presentations for these groups. Let
H; 5., = (a,b,t) be a skeleton group for H;_5 of depth n := m — j in the skeleton
with root of class j. Let v = ¢ with c=1or c =1+ 3(6% —1).

(a) The two subgroups (a,bt™!) of index 3 in H;_3.,, are skeleton groups for Gj.
They have depth n in the skeleton with root of class j. They are isomorphic if
and only if y =4 and 6 | j.

(b) The two subgroups {(a,b[t,a]*') of index 9 in H, 3., are skeleton groups for
GG5. They have depth n — 4 in the skeleton with root of class j + 3. They are
isomorphic if and only if v = ¢ and 6 | j.

(¢) The two subgroups (a, bt, a,a]*') of index 27 in H;_3, ,, are skeleton groups for
G5. They have depth n — 5 in the skeleton with root of class j 4+ 3. They are
isomorphic if and only if v = ¢ and 6 | 7 — 3.

8 Twigs for T(R) and T (G;)

Recall that all coclass trees in G(3,2) except T(R) and T (G;) for i € {1,2,3} can be
constructed from a finite subtree using the periodicity exhibited in Theorem 2.1. In
this section we provide evidence that these exceptions can also be constructed from a
finite subtree using Theorem 2.1 and a second periodic pattern that we now describe.
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8.1 A second periodic pattern

Let G € {R, G1,Ga, G3} and choose k¢ so that the skeleton S;(G) of the branch B;(G)
for j > 7 has no branching at depth k¢ or larger. Let ¢(G) be the absolute bound to
the depth of twigs in 7 (G) identified in Theorem 3.4.

Let fo = f(kg+6+1t(G)), where f is the defect function of Theorem 2.1. If j > fg,
then the isomorphism 7; of Theorem 2.1 maps the skeleton groups in B, k,+6(G) to
the skeleton groups in Bji¢k.+6(G), and it induces a graph isomorphism between the
twigs of these skeleton groups.

Here we investigate the twigs for the skeleton groups of depth at least kg. The
explicit descriptions of the skeleton groups in 7(R) and 7 (G;) allow us to compute
the twigs of these groups using the p-group generation algorithm [19]. Let W;,.(G,~)
denote the twig of the skeleton group G, ,,, of depth n = m — j in S;(G) defined by the
homomorphism . Our computations support the following.

Conjecture 8.1 Let j > 7 and G € {R,G1,Gy, Gs}.

(a) W;n(G,7) = Witente(G,37) for each homomorphism v and integer n satisfying
ke <n < depth(S;(G)).

(b) There exists an integer ug such that W;,(G,v) = W;n46(G,~) for each homo-
morphism v and integer n satisfying kg < n < ug — 6.

Part (a) and Theorem 2.1 imply that, for j > fq, every twig of a skeleton group in
B;+6(G) can be read off from a twig in B;(G): for the skeleton groups of depth at most
ke +6 we use Theorem 2.1, and for all others we use (a). This reduces the construction
of T(G) to a finite subgraph consisting of all branches B;(G) for j < fs + 6.

Part (b) implies that the twigs of skeleton groups having depth in {kg, ..., ke +5}
describe those of the skeleton groups having depth in {kg,...,uc — 1}. Hence we can
describe compactly the twigs of the skeleton groups of depth at least kg.

Table 3 summarises our choice for kg; informed by our computations, we conjecture
values for ug and the depth of B;(G). Recall that S;(R) is non-trivial for every j > 7
and S;(G;) is non-trivial for every j > 7 divisible by 3.

G | ke | ug | depth(B;(G)) | case
R 1252 i+3]3];

1252 j+1]3¢;5
G 10 5 i +4]3(j
Go |10 |6 il31
Gy | 10 |5 —6 23]

Table 3: Summary data for conjecture on G(3,2)

While the depth of S;(G3) is j — 3, our descriptions of the skeleton groups allow us
to investigate these only to depth j — 6, so ug, is conjectured for this shorter skeleton.
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8.2 Twigs for T(R)

Conjecture 8.2

(a) There are 45 isomorphism types of twigs for the skeleton groups of depth at least
13 in a branch of T(R).

(b) Let j > 13, let 12 < n < depth(S;(R)), and let v,...,m7 define the 17 iso-
morphism types of groups in S;(R) of depth n that are summarised in Table 1.
Let ¥y = {1,2,3,4,5,6,7,8,9}, ¥ = {10,14,15}, 33 = {11,12,13,16}, and
Yy ={17}. Then Win(R,ve) = W;n(R,vy) if e and f are in the same set Xy

(c) Table 4 describes the twigs of the skeleton groups of depth n > 12 in B;(R); it
lists two invariants (a,b) for each twig — its depth a and number of vertices b.
The top part of a table describes these twigs for n € {12,...,j — 3}; we write
n =10+ 6x withl € {12,...,17} and x > 0. The bottom part of a table describes
the twigs for n € {ug,...,depth(S;(R))}.

We verified this conjecture for 13 < j < 26.

We exhibit 3 of the 45 twigs in Figure 4. These are drawn compactly: if a subtree
occurs b times in the tree, then the subtree is drawn only once and its root has b
attached to it. Observe A has invariants (3,20169), both B and C' have invariants
(3,7317); so our invariants do not distinguish all twigs. We conjecture that all twigs
with invariants (3,20169) in B,(R) are isomorphic to Tree A; all twigs with invariants
(3,7317) in B;(R) where 3 | j are isomorphic to Tree Bj; all twigs with invariants
(3,7317) in B;j(R) where 3 1 j are isomorphic to Tree C.

8.3 Twigs for T(G;)

Figure 3 shows that there are either 3 or 4 pairwise non-isomorphic skeleton groups at
depth n > 10.

Conjecture 8.3 The number of isomorphism types of twigs for skeleton groups of
depth at least 10 in a branch of T(G;) is 11,13, and 11 for i € {1,2,3} respectively.
The tungs are identified uniquely by their invariants. Tables 5—7 describe the invariants
of the twigs of the skeleton groups of depth n > 10 in B;(G;).

We verified the description for Gy for j € {12,15,18,21,24}, for Gy for j €
{15, 18,21, 24,27}, and for G for j € {18,21,24, 27, 30}.
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n > Y >3 Y4 n > Y X3 b
12+ 62 | (3,20169) (3,20169) (3,6993) (3,3647) 12+ 62 | (3,20169) (3,20169) (3,6993) (3,3636)
13+ 62 | (3,20169) (3,20169) (3,7317) (3,3659) 13+ 62 | (3,20169) (3,20169) (3,7317) (3,3690)
14+ 62 | (3,20169) (3,20169) (3,7209) (3,3767) 14+ 62 | (3,20169) (3,20169) (3,7209) (3,3744)
15+ 62 | (3,20169) (3,20169) (3,6993) (3,3497) 15+ 62 | (3,20169) (3,20169) (3,6993) (3,3522)
16 + 62 | (3,20169) (3,20169) (3,7317) (3,3827) 16 + 62 | (3,20169) (3,20169) (3,7317) (3,3798)
17+ 62 | (3,20169) (3,20169) (3,7209) (3,3605) 17+ 62 | (3,20169) (3,20169) (3,7209) (3,3630)
J—2 | (3,20331) (3,20331) (3,7200) (3,3767) || j—2 | (3,20331) (3,20331) (3,7209) (3,3633)
J—1 | (2775 (2775)  (2277)  (2,144) J—1 | (2775 (2775)  (2.277)  (2.151)
j=2mod6 j=5mod6
n b Yo X3 Xy n b3 Y9 X3 Xy
12+ 6z | (3,20169) (3,20160) (3,20169) (3,10434) | 12+ 6z | (3,20169) (3,20169) (3,20160) (3,10483)
13+ 62 | (3,20169) (3,20169) (3,7317)  (3,3696) || 13+ 6z | (3,20169) (3,20169) (3,7317)  (3,3659)
14+ 62 | (3,20169) (3,20169) (3,7317)  (3,3792) || 14+ 62 | (3,20169) (3,20169) (3,7317)  (3,3811)
15+ 62 | (3,20169) (3,20169) (3,20169) (3,10140) || 15 + 6z | (3,20169) (3,20169) (3,20169) (3,10085)
16 + 62 | (3,20169) (3,20169) (3,7317)  (3,3792) || 16 + 62 | (3,20169) (3,20169) (3,7317)  (3,3811)
17+ 62 | (3,20169) (3,20160) (3,7317)  (3,3696) || 17+ 62 | (3,20169) (3,20169) (3,7317)  (3,3659)
j—2 | (3,10845) (3,19845) (3,7317) (3,3696) | j—2 | (3,19845) (3,10845) (3,7317) (3,3811)
j—1 | (3,10701) (3,19701) (3,7065) ~ (3,3666) | j—1 | (3,10701) (3,19701) (3,7065) (3,3533)
(2,757)  (3,20440) (3,20440)  (3,10303) (2,757)  (3,20440)  (3,20440)  (3,10603)
j_3mod6 j_OmodG
n X Yo >3 >y n X b)) X3 >y
12+ 62 | (3,20169) (3,20169) (3,6993) (3,3647)|[12 + 6z | (3,20160) (3,20169) (3,6993) (3,3636)
13+ 62 | (3,20169) (3,20169) (3,7209)  (3,3605)||13 + 62 | (3,20160) (3,20169) (3,7209) (3,3630)
14+ 6z | (3,20169) (3,20160) (3,7317) (3,3827)||14 + 62 | (3,20169) (3,20169) (3,7317) (3,3798)
15+ 6z | (3,20169) (3,20169) (3,6993) (3,3497)||15+ 62 | (3,20169) (3,20169) (3,6993) (3,3522)
16 + 62 | (3,20169) (3,20169) (3,7209) (3,3767)||16 + 62 | (3,20160) (3,20169) (3,7209) (3,3744)
17+ 62 | (3,20169) (3,20169) (3,7317) (3,3659) |17 + 62 | (3,20160) (3,20169) (3,7317) (3,3690)
7—2 | (3,19845) (3,19845) (3,7317) (3,3827)]| j—2 | (3,19845) (3,19845) (3,7317) (3,3690)
j—1 | (2775) (2775) (2,331)  (2174) || j—1 | (2775)  (2,775)  (2,331)  (2,181)
j=4mod6 j=1mod6

Table 4: Conjectured twigs for branch B; in 7 (R) where j > 13
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n E=1,2.3 n kF=1,3 k=24
10 + 62 | (2,2187) 10+ 6z | (2,1119)  (2,2187)
114 62 | (2,1215) 11462 | (2,636)  (2,1215)
12 4 62 | (3,19683) 12462 | (3,9948)  (3,19683)
13 + 62 | (2,2187) 13+ 62 | (2,1122)  (2,2187)
14+ 62 | (2,1215) 1446z | (2,627)  (2,1215)
15+ 62 | (3,19683) 15+ 62 | (3,9897)  (3,19683)

[ [ (422681) | [ 7 | (411437) (4,22681) |

j=0mod 6 7 =3 mod6

Table 5: Conjectured twigs for branch B; in T (G;) for j > 12
n k=1,2,3 depth | k=13 k=24
10 + 62 | (4,1863) 10 + 6z | (4,957)  (4,1863)
11+ 62 | (4,2673) 11+ 62 | (4,1350) (4,2673)
12 4 62 | (4,1215) 12462 | (4,645)  (4,1215)
13+ 62 | (4,1863) 13+ 62 | (4,942)  (4,1863)
144 62 | (4,2673) 14462 | (4,1380)  (4,2673)
15 + 62 | (4,1215) 15+ 6z | (4,618)  (4,1215)
7—6 | (6,5265) 7—6 | (62700) (6,5265)
i—5 | (1.28) j—5 | (1,19)  (1,28)
j=0mod 6 j =3 mod 6
Table 6: Conjectured twigs for branch B; in T (G2) for j > 15
n k=1,3 k=24 n k=1,2,3
10+6z | (3,97)  (3,171) 10 + 62 | (3,171)
11+6z | (3,60)  (3,111) 11+ 6z | (3,111)
12+ 62 | (6,629)  (6,1257) 12 + 62 | (6,1257)
13462 | (3,90)  (3,171) 13+ 62 | (3,171)
14+6z | (3,75)  (3,111) 14+ 6z | (3,111)
15462 | (6,681)  (6,1257) 15+ 62 | (6,1257)
j—6 [(8912) (8,1717) | [ j—-6 | (81717) |
7 =0mod 6 7 =3mod6

Table 7: Conjectured twigs for branch B; in 7(G3) for j > 18
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Figure 4: Trees A, B, and C'

9 A general conjecture

Let G be an infinite pro-p-group of coclass r and dimension d. We now conjecture how
a sequence of branches of unbounded depth in 7(G) can be constructed from a finite
subgraph, and demonstrate how this conjecture allows us to construct 7 (G) by a finite
calculation.

Before stating the conjecture formally, we first consider the significance of the work
of [11]. For given k > 0, Theorem 2.1 implies that for £ > f(k), where f is the defect
function, the graphs Byyiqx, for ¢ = 0,1, ... are all isomorphic.

Every skeleton group in 7(G) is defined via the minimal split supergroup H of G
and a homomorphism v : T'AT — T defining a skeleton group in 7 (H). Consider the
set 'y, of the skeleton groups of depth & in the branch By of 7(G) up to isomorphism
and assume that ¢ is large enough with respect to k. The construction in [11, Theorem
9] ensures that, if 7 defines a skeleton group in I'yy, then p'y defines a skeleton group
in I'y4q%. Further, this correspondence induces a bijection between I'y;, and I'yy;q for
each i > 0. If P € I'y444, then P is its image under this bijection in Ly

Following Theorem 2.1, we arrange the infinitely many branches of 7(G) into d
sequences. The theorem completely describes a sequence of branches of bounded depth.
We now state the conjecture for a sequence of branches of unbounded depth, and
illustrate it in Figure 5.
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Conjecture W

Let G be an infinite pro-p-group of finite coclass v and dimension d. Let By, +iq for
i=0,1,... be a sequence of branches in T (G) of unbounded depth. There exist integers
k> d and { = ly+ ed for some e > 0 and a map v : I'y, — Lyr_q that satisfy the
following: if P is inToyiqn, and Q is in T ;-1yak—a and v(P) = Q, then the descendant
trees of P and () are isomorphic.

Figure 5: An illustration of Conjecture W

The data of Section 8 supports the conjecture. For each sequence of branches of
unbounded depth in 7T (R), we can choose k = 18 and ¢ = 19,20,21,22,23,18 for
by =17,...,12 respectively. For those in T (G;), we can choose k = 16; for £, = 0 mod 6
we can take | = 18,24, 24 respectively; for /; = 3 mod 6 we can take | = 21,27,27
respectively.

If the conjecture is true, then we can construct the infinite sequence By, for
1=20,1,... by a finite calculation.

To do so, we must first choose an explicit value of k. Theorem 2.1 implies, that for
¢ > f(k), the graphs By ;4 are all isomorphic, and hence may be constructed. The
graph isomorphism maps a skeleton group P of depth k to a skeleton group P of the
same depth.

The conjecture posits a map vy := v from Iy, into I'y;_4 such that the graph of
descendants of P € I'y 4, is isomorphic to the graph of descendants of v (P) € Ly k—a-
Thus the subgraph of By, containing both the groups of depth at most £ and those
descendants of skeleton groups of depth £ may be constructed, together with a map,
Votd, from I'py g into I'yy g g that corresponds to v, under the isomorphism between
By and By

Now the subgraph of By, o4 containing both the groups of depth at most k£ and those
descendants of skeleton groups of depth k£ can be constructed from the corresponding
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subgraph of B4 and the map v,,4. The corresponding subgraphs of B, ;4 for all ¢+ > 0
can be constructed recursively in the same way.

Finally, the complete graphs By ;s may be constructed by a finite calculation, again
using Theorem 2.1. All that needs to be added are the descendants of the groups of
depth k that are not skeleton groups. Since the twigs have depth at most ¢(G), the
subgraphs Bjqk++(c) are isomorphic for I +id > f(k +t(G)).

The central difficulty in proving Conjecture W is finding a description for the map
ve. The investigations of G(3,2) and G(5, 1) suggest that v, can be defined as taking
the d-step ancestor of a given group. However [6, Remark 4] suggests that this is not
true for G(p,1) for p > 7.
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