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Automorphisms of quasisimple groups

G is quasisimple if G = [G ,G ] and G/Z (G ) is nonabelian simple.

Lemma 43
Let G = Z .S be quasisimple, with Z central and S nonabelian
simple. Then Aut(G ) embeds in Aut(S).

Proof.
Let α ∈ Aut(G ).
If α induces 1 on S = G/Z , then ∀g ∈ G , ∃ zg ∈ Z s.t. gα = gzg .
Hence ∀g , h ∈ G , [g , h]α = [g , h], and α is trivial on G = [G ,G ].

Thus Aut(G ) acts faithfully on G/Z = S .

SLd(q) is (generally) quasisimple: Aut(SLd(q)) embeds in
Aut(PSLd(q)).



A crash course on finite fields

Theorem 44 (Fundamental Theorem of Finite Fields)

For each prime p and each e ≥ 1 there is exactly one field of order
q = pe , up to isomorphism, and these are the only finite fields.

The multiplicative gp F∗q of Fq is cyclic of order q − 1. A generator
λ of F∗q is a primitive element of Fq.

Aut(Fq) ∼= Ce , with generator the Frobenius automorphism
φ : x 7→ xp.



Diagonal automorphisms of PSLd(q)

Defn: g ∈ GLd(q). cg induces a diagonal outer aut of (P)SLd(q).

PGLd(q) = GLd(q)/(F∗qId).

Lemma 45
Let δ = diag(λ, 1, . . . , 1) ∈ GLd(q). Then 〈SLd(q), δ〉 = GLd(q)
and |cδ| = (q − 1, d) = |PGLd(q) : PSLd(q)|.

Proof.
det(δ) = λ and GLd(q)/SLd(q) ∼= 〈λ〉, so 〈SLd(q), δ〉 = GLd(q).

| det(F∗qId)| = |(F∗q)d | = (q − 1)/(q − 1, d).

PSLd(q) = SLd(q)/(F∗qId ∩ SLd(q)) ∼= (SLd(q)F∗q)/F∗q.

Hence |cδ| = |GLd(q) : SLd(q)F∗q| = q−1
detF∗

q
= (q − 1, d).



Semilinear maps
Defn: V ,W - vec spaces over Fq. θ ∈ Aut(Fq).
A θ-semilinear map is f : V →W s.t. ∀ v ,w ∈ V , λ ∈ Fq

(v + w)f = vf + wf and (λv)f = λθ(vf ).
f is non-singular if vf = 0 ⇒ v = 0.
f is semilinear if is θ-semilinear for some θ.

Lemma 46
The set of all non-singular semilinear maps f : V → V forms a gp,
denoted ΓL(V ) or ΓLd(q).

Defn: PΓLd(q) := ΓLd(q)/F∗q.

Lemma 47
The map ΓLd(q)→ Aut(Fq), sending each θ-semilinear map to θ,
is a homomorphism with kernel GLd(q). Hence

ΓLd(q) ∼= GLd(q) : 〈φ〉, and φ : (gij) 7→ (gφij ).

Sketch proof Homom claims: exercise.
(a1, . . . , ad)φ = (aφ1 , . . . , a

φ
d).

Can check: (a1, . . . , ad)φ−1gφ = (a1, . . . , ad)(gφij ). �



Aut(PSLd(q)).

The inverse-transpose map ι : x 7→ x−T ∈ Aut(GLd(q)). Defining
(gθ)ι = g ιθ extends ι to Aut(ΓLd(q)).

Lemma 48
ι is an automorphism of SLd(q) of order two, and is induced by an
element of ΓLd(q) iff d = 2.

Proof.
If g ∈ SLd(q) then det(g−1) = det(gT) = 1, and g ι

2
= g .

“If” claim of the second sentence:(
0 1
−1 0

)(
a b
c d

)(
0 −1
1 0

)
=

(
d −c
−b a

)
Theorem 49
If d ≥ 3 then Aut(PSLd(q)) = PΓLd(q) : 〈ι〉 = PSLd(q).〈δ, φ, ι〉.
Aut(PSL2(q)) = PΓL2(q).

Hence Aut(A6) ∼= Aut(PSL2(9)) ∼= PSL2(9).〈δ, φ〉 ∼= PSL2(9).22.



Reducible and imprimitive subgroups of GLd(q)

v1, . . . , vd – standard basis for Fd
q .

Theorem 50
G ≤ GLd(q) reducible, stabilising W ≤ V , dimension k. Then up
GLd(q)-conjugacy, W = 〈v1, . . . , vk〉 and G ≤ Pk ={(

A 0
X B

)
: A ∈ GLk(q),B ∈ GLd−k(q),X arbitrary

}
.

Up to conjugacy in ΓLd(q) : 〈ι〉, k ≤ d/2.

Theorem 51
G ≤ GLd(q), irreducible. If V = V1 ⊕ · · · ⊕ Vk , and G permutes
the Vi then up to GLd(q)-conjugacy G ≤ GL(〈v1, . . . , vd/k〉) o Sk .
Say G is imprimitive.

Example 52

GL1(q) o Sd is all matrices with one non-zero entry in each row and
column. Preserves 〈v1〉 ⊕ · · · ⊕ 〈vd〉.



Subfield and semilinear subgroups of GLd(q)
Let q0 properly divide q. Then there is a natural embedding
GLd(q0)→ GLd(q).

Defn: G ≤ GLd(q) is a subfield group if ∃g ∈ GLd(q) s.t.
G g ≤ 〈GLd(q0),F∗q〉 for some q0.

If |Fq : Fq0 | not prime, then ∃ q1 s.t.
GLd(q0) < GLd(q1) < GLd(q), so G not maximal. Otherwise,
〈GLd(q0),F∗q〉 is generally maximal.

Fqs is a vector space over Fq. Hence Vs := Fd/s
qs
∼= Fd

q . This
induces embeddings F∗qs → GLd(q), and
ΓLd/s(qs)→ NGLd (q)(F

∗
qs ) ≤ GLd(q).

Abuse of notation! Here ΓLd/s(qs) is semilinear maps f on Fd/s
qs

s.t. (λv)f = λ(vf ) ∀λ ∈ Fq.
For example, ΓL6/3(43) 6∼= ΓL4/2(82).

Defn: H ≤ GLd(q) is semilinear if ∃ divisor s of d , and an Fq-vec
space isom Vs → V , s.t. all elements of H act semilinearly on Vs .
s prime ⇒ ΓLd/s(qs) is generally maximal.



Aschbacher’s Theorem for GLd(q)

Let G ≤ GLd(q). Then G is in one of the following classes:

C1 Reducible groups.

C2 Imprimitive groups.

C3 Semilinear groups.

C4 Tensor product groups.

C5 Subfield groups.

C6 Normalisers of extraspecial r -groups.

C7 Tensor-induced groups

C8 Classical groups.

S G/Z (G ) almost simple; G 6∈ C1 ∪ C3 ∪ C5 ∪ C8.

Aschbacher’s Thm B∆: H – intersection of a maximal subgp of
GLd(q) with SLd(q), H ∈ C1 ∪ · · · ∪ C8. Then all
ΓLd(q) : 〈ι〉-conjugates of H are conjugate in GLd(q); except Pk

and Pd−k .



Intro to classical groups: forms

V = Fd
q , σ ∈ Aut(Fq).

Defn: A σ-sesquilinear form is a map β : V × V → Fq s.t.
∀u, v ,w ∈ V , λ, µ ∈ Fq:

I β(u + v ,w) = β(u,w) + β(v ,w).

I β(u, v + w) = β(u, v) + β(u,w).

I β(λu, µv) = λµσβ(u, v).

β is bilinear if σ = 1, and symmetric if β(u, v) = β(v , u).

Example 53

u · v =
∑d

i=1 uivi is a symmetric bilinear form.

Defn: A quadratic form is a map Q : V → Fq s.t. ∀u, v ∈ V ,
λ ∈ Fq:

I Q(λv) = λ2Q(v).

I β(u, v) := Q(u + v)− Q(u)− Q(v) is a symmetric bilinear
form, the polar form of Q.



Classifying forms
Defn: A σ-sesquilinear form β is quasi-symmetric if ∃ λ ∈ F∗q and

θ ∈ Aut(Fq) s.t. ∀u, v ∈ V , β(v , u) = λβ(u, v)θ.

Theorem 54 (Birkhoff-von Neumann)

β – non-zero quasi-symmetric σ-sesquilinear form. Then σ = θ,
and up to similarity, one of the following holds:

1. σ = 1, λ = −1 and β(v , v) = 0. Symplectic.
β(u, v) = −β(v , u).

2. |σ| = 2 and λ = 1. Unitary. β(u, v) = β(v , u)σ

3. σ = 1 and λ = 1. Orthogonal. β(u, v) = β(v , u).

Defn: β is non-degenerate if β(u, v) = 0 ∀ u ∈ V ⇒ v = 0.
Q is non-degenerate if polar form is non-degenerate.

Defn: A classical form is a non-degenerate unitary, symplectic or
quadratic form, or the zero form.

Unitary forms require F = Fq2 . Set u = 2 if form is unitary, u = 1
o/wise.



Subspaces of classical geometries (V , κ)
Defn: Let f = β or f be the polar form of Q. W ≤ (V , κ) is

I non-degenerate if f |W is non-degenerate.

I totally isotropic if f |W is identically zero.

I totally singular (t.s.) if κ |W is identically zero.

Defn: Invertible linear map g : (V , βV )→ (W , βW ) is an isometry
if ∀u, v ∈ V , βV (u, v) = βW (ug , vg).
Isom(κ) := {all isometries V → V }.

Theorem 55 (Witt’s Theorem)

(V1, κ1), (V2, κ2) – isometric classical geometries, with Wi ≤ Vi .
Let g : (W1, κ1)→ (W2, κ2) be an isometry.
Then g extends to an isometry from V1 to V2.

Corollary 56

All maxl t.s. subspaces of (V , κ) have the same dim.

This dim is the Witt index of κ. Two possibilities if κ = Q and d
even; one o/wise.



Classical groups: definitions and simplicity

Theorem 57
κ1, κ2 – classical forms of same type, with same Witt index, and
not quadratic in odd dim. Then ∃ g ∈ GLd(qu) s.t.
Isom(κ1)g = Isom(κ2).

Defn: κ – classical form on Fd
qu , G = Isom(κ) is:

κ unitary: GUd(q). κ symplectic: Spd(q).
κ quadratic: GOε

d(q). d odd ⇒ ε = ◦ and q odd;
d even: Witt index d/2 ⇒ ε = +, Witt index d/2− 1 ⇒ ε = −.

Theorem 58
If g ∈ Spd(q) then det(g) = 1 and d is even.

G ∩ SLd(qu) is the special isometry group: SUd(q), SOε
d(q).

for d ≥ 7: Ωε
d(q) := SOε

d(q)′.
Make projective version of each group by factoring by scalars.

Theorem 59
The groups PSUd(q) (d ≥ 3), PSpd(q) (d ≥ 4 even), PΩε

d(q)
(d ≥ 7) are simple except PSU3(2), PSp4(2).



Subgroups of the other classical groups

Aschbacher’s theorem describes all subgroups of GLd(q).

So describes all subgroups of each classical group.

With a non-zero form, we can refine the statement.

Some classes may not exist for some types of classical form.

Some classes may split into more than one type.

To properly describe the maximal subgroups of the classical groups
we need to understand these possibilities.

We’ll look at some examples in the symplectic group.

Fix a standard symplectic form by fixing a basis of V = F2m
q = Fd

q :
e1, . . . , em, fm, . . . , f1 s.t. β(ei , ej) = 0 = β(fi , fj). β(ei , fj) = δij .



Reducible subgroups of symplectic groups

Lemma 60
G ≤ Spd(q) – reducible, stabilising 0 <W < V . If G |W is
irreducible then W is totally isotropic or non-degenerate.

Proof.
Suppose not. Let U := {u ∈W : β(w , u) = 0 ∀w ∈W }.
0 < U <W . ∀ u ∈ U, w ∈W , g ∈ G , β(ug ,wg) = β(u, v) = 0.
Hence Ug = U, and G |W is reducible.

Theorem 61
G ≤ Spd(q) – reducible, stabilising t.i. W , dim k. Up to
Sp-conjugacy G ≤
 A 0 0
∗ B 0
∗ ∗ J−1A−TJ

 : A ∈ GLk(q),B ∈ Spd−2k(q)

 .

Theorem 62
G ≤ Spd(q) – reducible, stabilising non-degenerate W , dim k. Up
to Sp-conjugacy, G ≤ Spk(q)× Spd−k(q).



Imprimitive subgroups of symplectic groups

An imprimitive group stabilises a decomposition
V = V1 ⊕ · · · ⊕ Vk , and (in general) acts transitively on it.
Can show only two possibilities:

I Each Vi is totally singular.

I Each Vi is nondegenerate.

Theorem 63
G ≤ Spd(q) imprimitive, with Vi totally singular.Then k = 2 and
G ≤ GLd/2(q).2.

Theorem 64
G ≤ Spd(q) imprimitive. Then d/k even, and G ≤ Spd/k(q) o Sk .



Exercises on Lecture 3

1. Show that ΓL(V ) is a group and that the map ΓLd(q)→ Aut(Fq)
is a homomorphism.

2. Show that if p 6= 2 and q = pe then a quadratic form on Fd
q is

completely determined by its polar form.

3. Prove that PSLd(q) is simple if (d , q) 6= (2, 2), (2, 3). You will
need: Iwasawa’s Lemma G – finite perfect, acting faithfully and
primitively on Ω, s.t. Gα has a normal abelian subgroup A s.t.
〈g−1Ag : g ∈ G 〉 = G . Then G is simple. �

3.1 Let Ω = {1-dim subspaces of Fd
q}. Show that SLd(q) acts on

Ω, and that PSLd(q) acts faithfully and primitively on Ω.
3.2 Show that (SLd(q))〈v1〉 has a normal abelian subgroup A.
3.3 Show that every element of A is a transvection: a matrix m

s.t. m − Id has rank 1, and (m − Id)2 = 0.
3.4 Show that every transvection is contained in a conjugate of A,

and that SLd(q) is generated by transvections.
3.5 Show that if (d , q) 6= (2, 3) then SLd(q) is perfect. [Hint:

show every transvection is a commutator].


