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Abstract

In this paper, properties of reflexible Cayley maps for abelian groups are in-
vestigated, and as a result, it is shown that a regular Cayley map of valency
greater than 2 for a cyclic group is reflexible if and only if it is anti-balanced.
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1 Introduction

Let G be a finite group and let X be a symmetric and unit-free generating set of G,
by which we mean that X contains the inverse of each of its elements, but does not
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contain the identity element of G. The Cayley graph C(G, X) for the pair (G, X) has
vertex set G, with any two vertices g,h € G joined by an edge whenever g~'h € X,
or, equivalently, h~'g € X. It follows that the Cayley graphs considered in this article
are finite, connected, undirected, and simple (with no loops or multiple edges).

We will be interested in particular embeddings of Cayley graphs on surfaces. In
general, it is well known that to cellularly embed a connected simple graph on a compact
orientable surface, one just needs to specify, at every vertex, a cyclic ordering of edges
emanating from the vertex. The resulting embedding is often simply called a map.
A graph automorphism that also preserves 2-cells (faces) of the embedding and the
orientation of the surface is a map automorphism. If the group of orientation-preserving
automorphisms of an embedding acts transitively on incident vertex-edge pairs, then
this action must be regular and, accordingly, the embedding (map) is called regular
(or sometimes rotary). In addition, the map is said to be reflexible if it admits an
automorphism that reverses the orientation of the surface.

In the case of a Cayley graph C(G, X), all edges incident to a vertex g € G have
the form {g, gx} where x € X. Hence to describe an embedding of a Cayley graph in
an orientable surface, it is sufficient to specify a cyclic order of the generators at each
vertex. If this cyclic order is the same at each vertex, given by a cyclic permutation p of
the set X, then the embedding is called a Cayley map, and is denoted by CM (G, X, p).
Since left multiplication by any fixed element of G induces an orientation-preserving
automorphism of CM (G, X, p), Cayley maps are automatically vertex-transitive, with
the group G acting regularly on vertices. Such a map may, of course, admit additional
automorphisms.

The study of maps that are both Cayley and regular has been very fruitful from
both combinatorial as well as group-theoretic perspectives. A substantial survey paper
about Cayley maps and their role in the study of embeddings with a ‘high level of
symmetry’ can be found in [9].

Properties of the permutation p which (from the point of view of the entire map)
may be considered ‘local’, can often induce important ‘global’ properties of the Cayley
map. For example, regularity of a Cayley map is equivalent to p satisfying a certain
system of identities [4], subsequently re-stated in terms of so-called skew morphisms
[5] (which we will introduce later). Such characterizations simplify greatly under addi-
tional and quite natural assumptions on p. As an important example of such a situation,
we have the family of Cayley maps CM (G, X, p) that are balanced [10], meaning that
p satisfies p(z7') = (p(x))~! for all z € X. By the main result of [10], a regular Cayley
map CM(G, X, p) is balanced if and only if some automorphism of G coincides with p
when restricted to the set X, which is equivalent to the condition that G is a normal



subgroup of the map automorphism group of the Cayley map. A result of a similar
type was proved in [11] for Cayley maps satisfying p(z~') = (p~*(z)) ! for all z € X,
and these maps are called anti-balanced.

Historically, the first important class of regular Cayley maps was obtained in the
course of construction and classification of regular embeddings of complete graphs;
see [1] and references therein. By later findings [6] we know that, in fact, all regular
embeddings of complete graphs are balanced Cayley maps (for additive groups of finite
fields). Investigation of balanced Cayley maps for abelian groups was later taken quite
far in [2], and led to a complete characterization of their existence (in terms of ‘balanced
automorphisms’) in [7]. Further extensions of the theory to not necessarily balanced
Cayley maps on abelian groups can be found in [8]. Based on the evidence from these
three papers, we would like to emphasise that, even for cyclic groups, questions about
existence of regular Cayley maps with specified properties are far from trivial.

In this paper we investigate in detail properties of reflexible Cayley maps for abelian
groups. As the main (and rather surprising) result, we prove that a regular Cayley map
of valency at least three on a cyclic group is reflexible if and only if it is anti-balanced.

2 Preliminaries

Let G be a finite group. Consider a permutation ¢ of G of order d (in the full symmetric
group Sym(G)) and a function 7 from G to the cyclic group Zg. The function ¢ is
said to be a skew-morphism of G, with associated power function m, if  fixes the unit
element of G and

olab) = p(a)e™ @ (b) for all a,be G.

Here ¢’ stands for the composition ¢ o - - - o ¢ consisting of j terms. Skew-morphisms
and power functions were introduced in [5], where it was also proved that a Cayley
map CM (G, X, p) is regular if and only if there exists a skew-morphism ¢ of G such
that p(z) = p(z) for each z € X.

From now on, all Cayley graphs will be assumed to have valency greater than 2,
since Cayley graphs of valency 2 are just simple cycles, and the corresponding Cayley
maps are of genus 0 and reflexible. For a given finite group G with a symmetric, unit-
free generating set X, and for a regular Cayley map M = CM (G, X, p), we will always
use @ and 7 to denote respectively the skew-morphism of M with the property that the
restriction of ¢ to X is p, and the associated power function. We will use d to denote
the valency of M, and identify the integers 0,1,...,d — 1 with their residue classes
modulo d when the context permits. In particular, it follows from [5] that we may view
the power function 7 as a function from G to Zy. Also, if p = (zg,x1,...,2Z4-1), then



we will let ¢(k) € Zg be the subscript of :)sk , so that l’k = () for any k € Zq. Then
for all k € Z; we have 15 = <p(1G) o(rpryt) = (o) ’T(:”k)( ) = ") (2 Te(k))s
which implies ™) (z.)) = 21, = Teprn); and thus 7(zx) = c(k + 1) — (k) for all
ke Zy.

By an arc of a Cayley graph C(G, X) we will mean any pair of the form (g, gx)
for g € G and x € X, which represents just an ‘edge with a direction’. The following
observation will be useful later on.

Lemma 2.1 Let M = CM(G, X, p), with p = (zg,x1,...,Zq-1), be a d-valent reflez-
ible Cayley map for the finite group G, and let 1 be an orientation-reversing auto-
morphism of M. If ¢ takes the arc (g, gz;) to the arc (h, hx;), then ¢ takes gx;xy to
hx;Te(jy4ei)—k for all k € Zg.

Proof:  This is easily seen from the following diagram, using the fact that the rotation

p = (zo,x1,...,x4-1) of edge-labels is the same at each vertex:
gr;Ty hxjxc(j)—l—c(i)—k
(G
gx; <> hl’]
g h

Note that the (k—c(i))th power of the rotation at vertex gz; takes g = gx;zc) to
gx;x), while the (c(i)—k)th power of the rotation at vertex hx; takes h = ha;x.(;) to
R ;T e(j)4ei)—k, Which must therefore be the image of gz;z; under 1. [ |

It follows from [5] that all values of a power function 7 are non-zero. Although
the power function need not be a group homomorphism, we will still use the notation
ker 7, but here for the set of all g € G such that 7(g) = 1. Note that by another result
from [5], ker 7 is always a subgroup of G.

Power functions also lead to an important generalization of the concepts of balanced
and anti-balanced Cayley maps. We say [2] that a Cayley map CM (G, X,p) is t-
balanced if the associated power function 7 satisfies m(z) = ¢ for all z € X. Balanced
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and anti-balanced Cayley maps turn out to be special cases of this definition for t = 1
and t = —1, respectively.

We continue with the following observation, which can be obtained from the proof
of [3, Theorem 5.4]:

Proposition 2.2 Let M = CM(A, X, p) be a reqular Cayley map for the finite abelian
group A, with associated skew-morphism . If the power function m takes { distinct
values on the generating set X, then ¢ divides | X|, and for any x € X the { elements
x,0(x), *(x), ..., 0" Y x) belong to mutually distinct cosets of ker 7, while ©*(x) and
O () belong to the same coset of ker w for alli; in particular, if p = (xo, 1, ..., Tq_1)
then the values m(xo), w(x1), ..., m(xq_1) repeat with period L.

Note that in the special case where ¢ = 1 (so that 7 is constant on X), either M is
balanced, or M is t-balanced for some ¢ # 1 (with m(z) =t for all z € X).

In the next Section, we will investigate the properties of certain orientation-reversing
automorphisms (reflections) of a reflexible Cayley map M = CM (A, X, p) for a finite
abelian group A, and then in the subsequent Section, we will prove that if A is cyclic
then £ =1 and 7(z) = d — 1 for all x € X, so that M is anti-balanced.

3 Reflexible Cayley maps for abelian groups

In this Section we make the following critical observation:

Proposition 3.1 Let M = CM(A, X,p) be a reqular Cayley map for the abelian
group A, and suppose M is reflexible. Let 1) : A — A be any orientation-reversing
automorphism of the map M that fizes the identity vertex 14, and takes x to x=' for
some x € X. Then 1 induces a group automorphism of the vertex-reqular subgroup A

of Aut(M).

Proof: First let p = (2o, x1,...,24-1), and without loss of generality, let z = x.
Also let u = ¢(0), so that x, = 25! = 27!, and then from the choice of 1 it follows
that (zx) = xu_ for all k € Z,;. Moreover, inspection of the rotations at vertices zg
and z, (using Lemma 2.1) shows that v takes xox) to x,2, k, and then inspection of
the rotations at those two vertices shows that

V(o Ty) = V(ToTkT o)+ (u—c(k)) = TuTu—kTe(u—k)—(u—c(k)) = TuTu—kLe(u—k)—u-te(k)-
But zoz,r, = zozrr, " = T; (since A is abelian), so this implies that

Ly—k = ¢(Ik) - ¢(I0$kxu) - quu—kzc(u—k)—u+c(k)>
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and hence xg = 2" = Te@u—k)—u+c(k), Which gives c(u — k) = u — ¢(k), for all k € Zq.
In particular, w(xgl) = Y(Tek) = Tu—c(h) = Te(u—k) = x;ik = (zp) ! for all k € Zy.
But further, by Lemma 2.1 with ¢ = h = 14 we find that

¢(SL’ZSL’]€) = Tyu—iTe(u—i)+c(i)—k = Tu—ilu—c(i)+c(i)—k — Lu—iLu—k = w(x2)¢(xk)

for all i, k € Zg, and it follows by induction (and Lemma 2.1) that ¥ (axy) = ¥ (a)y(xy)
for all a € A and all k € Z,4, and hence that 1) induces an automorphism of A. [ |

Note that in the above proof, x = xy can be chosen as any of the elements of the
generating set X. In particular, if z is an involution, then ¢(0) = 0, and the ‘axis’ of
the reflection v contains the arc (14, ). Hence if A is an elementary abelian 2-group
of order 2¢, then the Cayley map M has many such reflections. On the other hand, if
A is cyclic, then the number of possible reflections (that take an element = € X to its
inverse) is limited, as we will see at the beginning of the next Section.

It is also easy to prove the following:

Theorem 3.2 If M = CM(A, X,p) is an anti-balanced reqular Cayley map for the
finite abelian group A, then M is reflexible.

Proof: If p = (zg,x1,...,24-1) then since M is anti-balanced, we may suppose that
T; = x;_ll_i for all i € Z4. It follows that the automorphism of A taking x to z~! for
all z € A gives an automorphism of the underlying graph of M compatible with p,
and hence an orientation-reversing automorphism of M. [ |

4 Reflexible Cayley maps for cyclic groups

We begin by establishing a property of every regular Cayley map for a finite cyclic
group A, that needs only the fact that Aut(A) is abelian. (Recall that if A is cyclic
of order n, generated by a element w, then every automorphism of A is given by the
assignment w +— w® for some unit @ € Z,,, and any two such automorphisms commute.)

Proposition 4.1 Let M = CM(A, X,p = (z9,x1,...,Zq-1)) be a reflexible d-valent
reqular Cayley map for a cyclic group A. Also let 1 be an orientation-reversing auto-
morphism of M that fizes the identity vertex 14, and takes x; to x,_; for all i € Zg,
where x, = x5 (as in the proof of Proposition 8.1). Then if T is any orientation-
reversing automorphism of M that takes some x5 to its inverse x;' = Te(s), then
2(s+c(s)) = 2u mod d, so either s+c(s) =u mod d, or d is even and s+ c(s) = u+ %

mod d; in particular, either T = 1), or d is even and T takes x; to Td oy foralli € Zy.
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Proof:  First since 7 is an orientation-reversing automorphism fixing 1,4 and taking
T £0 Ze(s), We see that 7(x;) = eyes)—i for all i € Zy. Next, since Aut(A) is abelian, 1
and 7 commute, S0 Ty (sye(s)—k) = V(T(Tr)) = T(V(2k)) = Tsto(s)—(u—r) for all k € Zq,
and it follows that 2(s 4 ¢(s)) = 2u mod d. The rest follows easily. |

Corollary 4.2 Let M = CM(A, X,p) be a reflexible d-valent reqular Cayley map for
the cyclic group A. Then either M is anti-balanced, or d is even and M is (£—1)-
balanced, or d is even and the power function of the skew-morphism ¢ of A associated
with M takes just two values —1 and g—l on the generating set X, and these alternate
for m(x;) as i runs through Zg in the natural order 0,1,2,...,d—1. In particular, every
reflexible reqular Cayley map of odd valency for a cyclic group A is anti-balanced.

Proof:  Let p, u and 9 be as given in Proposition 4.1, and let 7 be the associated
power function of ¢. Then we know that for any s € Zg, either ¢(s) = u — s or
¢ 4+ u — s (where d has to be even in the latter case). If ¢(s) = u — s for all s then
m(xg) = c(k+1) —c(k) = (u—(k+1)) — (u—k) = —1 for all k € Zy4, and so M
is anti-balanced. If not, then d is even, and 7(zy) = c¢(k+1) — ¢(k) can differ from
(u—(k+1)) — (u—k) = =1 by 4. If m(xy) = $—1 for all k € Zy (which would
occur for example when c(s) = u — s for all even s and c¢(s) = % + u — s for all
odd s), then M is (£—1)-balanced. Otherwise 7 takes both values —1 and £—1 on
X, and by Proposition 2.2, the values 7(xg), 7(x1), ..., 7(x4_1) repeat with period 2.

Geometrically, when 7 takes values —1 and g—l on X, there are two reflections of
interest, viz. ¢: x; — x,_; and 7: x; — 4y i and these have orthogonal axes.

We will show that every reflexible regular Cayley map M = CM(C,,X,p) of
valency greater than 2 for a cyclic group C,, (of order n) admits only one such reflection,
and is therefore anti-balanced. In doing this, we will use p = (x¢,z1,...,24-1) and
other notation as given in the previous Section. Also we will suppose that d is even,
and define two sets U and V as follows:

U={azr€X |k+c(k)=umodd} and V ={z, € X |k+c(k)=2%+umodd}.

We are assuming that U is non-empty, and by Proposition 4.1, we know that X is
a disjoint union of U and V. Moreover, for each i € Zg, either x; and z; ' = T.(;) both
lie in U, or both lie in V. On the other hand, since d is even, and C,, contains at most
one element of order 2, we may suppose that ;' # x; (and so (i) # i) for all i € Zg.



Also if U = X then M is anti-balanced, so we will assume that V' is non-empty.
Then by Corollary 4.2, we know that either M is (4—1)-balanced (with 7(z;) = 4—1
for all i € Zy), or the values 7(zo), 7(21), ..., m(z4-1) alternate between —1 and 4 —1.
We are going to rule out each of these two possibilities.

Corresponding to U is a reflection ¢ taking z; to x,_; for all 1 € Zy, with the
property that ¢¥(zy) = Ty = ey = z;" whenever ¥, € U. By Proposition 3.1,
this reflection ¢ induces an automorphism of C,, = (w), and so there exists some unit
a € Z, such that ¢ (w') = w'® for all i € Z,. In particular, ¢ = ¢ (7;) = 7' whenever
xr € U. Also U cannot generate C,,, for otherwise v would invert every element of X,
and then we would find that x,_j = ¥ (zg) = :c,;l = T for all 7, € X, giving U = X.

Similarly, corresponding to V' is a reflection 7 taking x; to T, ; for all © € Zg,

and there is a unit 3 € Z,, such that v (w®) = w® for all i € Z,, Wlth zy = 7(xy) = 27"
whenever x € V', and it follows that V' cannot generate C,.

On the other hand, X = U UV generates C,, so at least one of (U) and (V') has
odd index in C),, and without loss of generality we may suppose this is true for (V).
In particular, if z is any element of C,, for which z* € (V), then also x € (V).

We are now ready to consider the two cases we wish to eliminate:

Case (1) w(z;) =4%—1foralli€ Zy

Here we know that z; € U (and ¢(i) = u — i) whenever i is even, while z; € V' (and
c(j) = g + u — j) whenever j is odd, in order for 7 to have constant value g—l on the
generating set X. In particular, the skew morphism ¢ associated with M interchanges
elements of U with elements of V.

If w is odd, then one of Tuz1 and Tugtyy = Tup lies in U, but then since %5+ + % =
u, also the other one lies in U which is 1mp0881b1e Hence u is even.

Similarly, as X contains no involutions, we find that z« = x,_x cannot lie in U, so
zy liesin V and ¢(%) = § +u— %

Next, since M is (4 —1)-balanced, we know that (¢ — 1) = 1 mod d, and then

since d is even, it follows that 4 must be even, so d = 0 mod 4. Now consider c(% +5).

Either c(4+%) = u—(4+%) = 9—— mod d, or c(4+%) =44 u—(4+%) = 4+ % mod d,

=2
depending on whether x4 o hes in U or V. The latter is impossible since c(i ) # 1 for

4
u — U

all i € Zg, so c(4+%) =% — % mod d, and in particular, Td o Must lie in U As zu

lies in V, it follows that d is odd so d =4 mod 8. In particular, —(— -1)=¢< mod d.
Accordingly, because 7T(£L’) =% —1forall z € X, we find that

0 (z2;) = @ “V(z;) = ()i (z;) for all 7,75 € X,

and hence by induction that cpil is a group automorphism of C),.
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But % is odd, so cpil (like ¢) interchanges elements of U with elements of V', and
hence U and V must generate the same proper cyclic subgroup of C,,; that, however,
is impossible since X = U UV generates C,,. Hence this case can be eliminated.

Case (2) The values 7(2o), 7(21),...,m(z4_1) alternate between —1 and %—

Here, since we have assumed that xg lies in U, we may suppose without loss of
generality that z; € U (and ¢(i) = u — i) whenever ¢ = 0 or 1 mod 4, while z; € V
(and c(j) = £ 4+ u — j) whenever j = 2 or 3 mod 4. In particular, d is divisible by 4.
Moreover, x, = Z¢@) and x,_1 = Z1) both lie in U (since zy and z; lie in U), so we
find that u — 1 = 0 mod 4, and u = 1 mod 4.

Now consider z; for any ¢« = 1 mod 4, so that z;_; and x; lie in U while x;_o, 2,11
and x;, 9 all lie in V. Then 7(x;_1) = ¢(i) — c(i—1) = (u—i) — (u—(i—1)) = —1 mod d,
and similarly 7(z;11) = c(i+2) — c(i+1) = ($4u—(i+2)) — (+u—(i+1)) = —1 mod d,
SO

%2 = 80(%—1)80_1(%+1) = @(fci—lxiﬂ) = @(%Hxi—l) = 80(%‘+1)<P_1($z‘—1) = Ti42Ti—2.

Thus 2? = z4497;_2 € (V), and as (V) has odd index in C,,, it follows that x; € (V).
On the other hand, z,—; = %) and x,_j11 = Tc;—1) both lie in U (since z;_1 and x;
lie in U), so u —i = 0mod 4 and u — i+ 1 = 1 mod 4, so by the above argument
(V) contains y_i41 = Teti—1) = x7 . Thus (V) contains both z;_; and z; whenever
i = 1 mod 4, so (V) contains all elements of U, which is another contradiction, and
eliminates this case.

Hence we have proved the following:

Theorem 4.3 If M = CM(C,, X,p) is a reflexible reqular Cayley map of valency
greater than 2 for the cyclic group C,,, then M is anti-balanced.

Putting this together with Theorem 3.2, we have the following:
Theorem 4.4 A regular Cayley map of valency greater than 2 for a finite cyclic group
is reflexible if and only if it is anti-balanced.
5 Concluding remarks

An obvious question is how far these results extend to other groups, or at least to other
abelian groups. The answer appears to be “a very limited extent”. There exist reflex-
ible balanced regular Cayley maps for non-cyclic abelian groups, including elementary
abelian p-groups and other abelian groups of non-prime-power order (such as 18, 20,
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24, 28, 36, 40, 44, 45, 48 and 50), and also there exist reflexible regular Cayley maps
for non-cyclic abelian groups that are t-balanced for some ¢t # +1, and others that
are not t-balanced for any t (such as unbalanced but reflexible regular Cayley maps
for abelian groups of order 32 and 64). On the other hand, there exist anti-balanced
regular Cayley maps for non-abelian groups that are chiral (irreflexible), such as non-
abelian groups of order 36, 40, 42, 60, 64, 72, 80 and 96. Hence it is difficult to see
how the above theorems can be taken further.
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