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Introduction

Infinite, locally finite, primitive planar graphs – a characterization:

Theorem [Watkins and Graver 2004] An infinite, locally finite, planar
graph Γ has a primitive automorphism group if and only if, for some
integer m ≥ 2, every vertex of Γ is incident with exactly m maximal
2-connected subgraphs Λ and with no separating edge, and either all the
Λ’s are K4 or all are circuits of length p for some fixed odd prime p.

The difficult task was to prove that no other 1-ended infinite locally finite
planar graphs with primitive automorphism group exist. The argument in
[Watkins and Graver, 2004] is particularly long, with a variety of cases
where nontrivial systems of imprimitivity were constructed by brute force.

We will outline a concise proof of the imprimitivity in the 1-ended case.

Want: Let Γ be an infinite, locally finite, 1-ended planar graph, and let
Aut(Γ) be transitive on the vertex set of Γ. Then Aut(Γ) is imprimitive.
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Jozef Širáň with Mark E. Watkins () Imprimitivity of locally finite 1-ended planar graphs 2 / 4



Introduction

Infinite, locally finite, primitive planar graphs – a characterization:

Theorem [Watkins and Graver 2004] An infinite, locally finite, planar
graph Γ has a primitive automorphism group if and only if, for some
integer m ≥ 2, every vertex of Γ is incident with exactly m maximal
2-connected subgraphs Λ and with no separating edge, and either all the
Λ’s are K4 or all are circuits of length p for some fixed odd prime p.

The difficult task was to prove that no other 1-ended infinite locally finite
planar graphs with primitive automorphism group exist. The argument in
[Watkins and Graver, 2004] is particularly long, with a variety of cases
where nontrivial systems of imprimitivity were constructed by brute force.

We will outline a concise proof of the imprimitivity in the 1-ended case.

Want: Let Γ be an infinite, locally finite, 1-ended planar graph, and let
Aut(Γ) be transitive on the vertex set of Γ. Then Aut(Γ) is imprimitive.
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Ingredients

1. If Γ is a infinite, locally finite, 1-ended, vertex-transitive, planar graph,
then Aut(Γ) is isomorphic to a co-compact planar discontinuous group.

Reason: Planarity, local finiteness and 1-endedness imply 3-connectivity by
[BoImWa 1995]. From [RiTh2002] we have existence of a (topologically as
well as combinatorially) unique map M on the plane P with underlying
graph Γ such that every point of P is contained in a flag of M . Results
of [JoSi 1978] imply that the action of Aut(M) ∼= Aut(Γ) extends to an
action of an isomorphic group G on all points of P. Thus, G ∼= Aut(Γ) is
a planar discontinuous group, co-compact as P/G is a compact space. 2

2. Any co-compact planar discontinuous group G is residually finite.

Reason: By [ZiVoCo 1980], any co-compact planar discontinuous group
contains a surface group (fundamental group of some compact orientable
surface) as a subgroup of finite index. Since surface groups are known to
be residually finite and residual finiteness is a property that is hereditary
upward to supergroups of finite index, G is also residually finite. 2
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A short proof of the result

Theorem. Any infinite, locally finite, 1-ended planar graph Γ is imprimitive.

Proof. Recalling the earlier notation, we saw that Aut(Γ) ' G is a
co-compact planar discontinuous group. By its residual finiteness, G
contains a normal subgroup N of finite index such that N ∩Gv = {ι}
and [G : N ] > |Gv|. This implies that Gv < NGv < G; in particular,
G ∼= Aut(Γ) is imprimitive on vertices of Γ. 2

Normality of N in G gives our main result an extra flavor. Namely, the
quotient M/N is a finite map on a compact surface, possibly with
boundary if N contains orientation-reversing elements. Blocks of
imprimitivity are then pre-images of individual vertices in the natural
covering M →M/N . Our construction also shows that such blocks
of imprimitivity can be chosen in infinitely many ways.

Yours imprimitively...
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Jozef Širáň with Mark E. Watkins () Imprimitivity of locally finite 1-ended planar graphs 4 / 4



A short proof of the result

Theorem. Any infinite, locally finite, 1-ended planar graph Γ is imprimitive.

Proof. Recalling the earlier notation, we saw that Aut(Γ) ' G is a
co-compact planar discontinuous group. By its residual finiteness, G
contains a normal subgroup N of finite index such that N ∩Gv = {ι}
and [G : N ] > |Gv|.

This implies that Gv < NGv < G; in particular,
G ∼= Aut(Γ) is imprimitive on vertices of Γ. 2

Normality of N in G gives our main result an extra flavor. Namely, the
quotient M/N is a finite map on a compact surface, possibly with
boundary if N contains orientation-reversing elements. Blocks of
imprimitivity are then pre-images of individual vertices in the natural
covering M →M/N . Our construction also shows that such blocks
of imprimitivity can be chosen in infinitely many ways.

Yours imprimitively...
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