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-
Normalizers and Coherent Configurations

Let G and H be permutation groups on a set .

@ The normalizer of H in G is defined by
00 Norm(G,H) = {g € G|g"'Hg = H}.

@ The orbit of H containing a point i € Q is defined by
i = {i"lh € H}.

o H acts naturally in Q2 by (i,j)" = (i, j") for i,j € Q.
o Let Ry, Ry, - and Ry be the orbits of H on Q2.

@ The coherent configuration C formed by H is a graph on Q with
colored edge sets Ry, R1,--- and Ry.

Let A= Aut(C) the automorphism group of the configuration.
O FactO Norm(G,H) C A
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Definition of Coherent Configuration

Let subsets Ry, Ry, -+, Ry C Q2.

Definition. C = (2, {Rk}k=01,-,4) is a coherent configuration if it
satisfies the following:

Q@ RRURIU---URy=Q%and RiNR; =0 if i # J;
@ for some r < d
RoURLU---UR, = {(x,x)[x € Q};

© for every k there exists k* such that

Riw = "R = {(v, ¥)I(x,¥) € R}

Q there exist constant numbers p; ; , such that for any (x,z) € Ry
pijk =#{y € Ql(x,y) € Ri and (v, 2) € Rj}.
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An Example of Coherent Configuration and its
Automorphism

Q=1{1,2,3,4,5,6},
H =sub< Sym(6)|(1,5,4)(2,6,3),(1,6,3,2,5,4) >

H has 4 orbits Ry, Ri, R» and Rz C Q2.
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An Example of Coherent Configuration and its
Automorphism

Q=1{1,2,3,4,5,6},
H =sub< Sym(6)|(1,5,4)(2,6,3),(1,6,3,2,5,4) >

H has 4 orbits Ry, Ri, R» and Rz C Q2.

(3,5,4,6) € A
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An algorithm applicable to transitive groups

Sometimes it takes a long time for the computation of normalizers.
0 Assumptiond ( N =Norm(G, H), H C G)

30 = i" = iN, a common orbit for some i € Q
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An algorithm applicable to transitive groups

Sometimes it takes a long time for the computation of normalizers.
0 Assumptiond ( N =Norm(G, H), H C G)
30 =i = iV, a common orbit for some i € Q = N =< H, N; >

Especially, if H is transitive, Q is the common orbit.

0 Exampled Q = {1,2,--- ,64}

H =PermutationGroup< 64 | ( 1,45,62,26,2,42,52,25,16,36,56,28,15,39,
58,27)( 3,44,55,19,13,34,51,18,14, 37,61,17, 4,47,57,20)(5,35,49,32,11,
41,53,29,12,46,59,30, 6,40,63,31) ( 7,38,60,21, 8,33,54,22,10,43,50,23,
9,48,64,24), (1,63,11,51, 2,58,12,54)( 3,56,15,62, 4,49,16,59)( 5,50,9,
60,6,55,10,61) ( 7,57,13,53,8,64,14,52)(17,40,27,39)(18,47,22,35)(19,38,
29,41)(20,45) (21,44,31,43)(23,42,25,37)(24,33)(26,46)(28,48,32,36)
(30,34) >;

@ H is transitive — N =< H, Ny >
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An algorithm applicable to transitive groups

O Example continued
Moreover repeatedly,

o {2"|h € Hi} is the only one orbit of H; of size 15
( @ common orbit of H; and Nj)
= Ny =< Hq, N172 > and so N =< H, N172 >

o {3he Hi 2} is the only one orbit of Hy > of size 14
= N =< H, N172,3 >C< H,Norm(Aut(C”’), H172,3) >,
where C" is the coherent configuration formed by H; 2 3.
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An algorithm applicable to transitive groups

O Example continued
Moreover repeatedly,

o {2"|h € Hi} is the only one orbit of H; of size 15
( @ common orbit of H; and Nj)
= Ny =< Hq, N172 > and so N =< H, N172 >

o {3he Hi 2} is the only one orbit of Hy > of size 14
= N =< H, N172,3 >C< H,Norm(Aut(C”’), H172’3) >,
where C" is the coherent configuration formed by H; 2 3.

o Index(Aut(C"), Hip3) ~ 5-10%
(Index(Aut(C), H) ~ 3 -10* )
o N =Norm(Aut(C"), H123) and Index(N", Hi 5 3) = 1152.
o #[u: uin Transversal(N"', Hy 2 3)|H" eq H] = 2 = Index(N, H) = 2
Total computing time 7.89 seconds
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An algorithm applicable to transitive groups

O Example continued
Moreover repeatedly,
o {2"|h € Hi} is the only one orbit of H; of size 15

( @ common orbit of H; and Nj)
= Ny =< Hq, N172 > and so N =< H, N172 >
o {3he Hi 2} is the only one orbit of Hy > of size 14
= N =< H, N172,3 >C< H,Norm(Aut(C”’), H172,3) >,
where C" is the coherent configuration formed by H; 2 3.
o Index(Aut(C"), Hip3) ~ 5-10%
(Index(Aut(C), H) ~ 3 -10* )
o N =Norm(Aut(C"), H123) and Index(N", Hi 5 3) = 1152.
@ #[u: uin Transversal(N"', Hy 2 3)|H" eq H] = 2 = Index(N, H) = 2
Total computing time 7.89 seconds
SymmetricNormalizer(H) >60 seconds
0 Remarkd This is replaced by Norm(N"’, H). -~ (N" 2 H)
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Subdirect Product

Case : H and N =Norm(G, H) have no common orbits.
( An easy example )

e H has two orbit O and O'.

e N =Norm(G, H) interchanges O and O'.

= Orbitlmage(H, O) =Orbitlmage(H,0’') = K, so H C K x K
N

Y

Y b\
o) o’
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Subdirect Product

Subdirect Product

Case : H and N =Norm(G, H) have no common orbits.

( An easy example )
@ H has two orbit O and O'.
e N =Norm(G, H) interchanges O and O'.

= Orbitlmage(H, O) =Orbitlmage(H,0’) = K, so H C K x K?
N

Y M
0 o’

1 2 3 4 5 6 2 4 1 8§ 6 3
KO'

2/ 4/ 1/ 5/ 6/ 3/

8/ 12

/ / / !/ / /
g:<1 2 3 4 50 >:(1/,2’,4’,5’,6’,3’)
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Methods and Examples

Q consists of 4 isomorphic orbits O1,--- Oy of H
e Orbitmage(H, O1) =PrimitiveGroup(16,20) = K

@ There are 31 isomorphism classes of groups satisfying this condition.

O Method WO
Following the above argument, we may assume
e H CDirectProduct([K, K, K, K])

e SymmetricNormalizer(H) CWreathProduct(M, Sym(4)) = W,
where M =SymmetricNormalizer(K)

= SymmetricNormalizer(H) =Normalizer(W, H)
0 Method DO
For each 7 of 4! = 24 elements of W permuting Oy, - - - , Oq,
e Jdo eDirectProduct([M, M, M, M]) = D such that H™ = H ?
= SymmetricNormalizer(H) =<Normalizer(D, H), 70, - - >

MIYAMOTO (Univ. Yamanashi) 9/12



By Magma calculator ( Time is in seconds )
No Ind #[Oi] ‘ SymmetricNorm(H) ‘ Norm(W,H) ‘ Norm(D,H)- -

1 24 1 0.01 000 000 0.01 o001 o001 027 0.26
2 6 2 0.01 0.01 0.01 0.01 0.02 0.02 0.30 0.28
3 6 2 0.01 000 000 0.01 001 0.02 0.28 0.27
4 6 2 0.01 0.00 0.00 0.01 0.01 0.01 0.23 0.24
5 2 3 0.02 0.02 0.00 0.01 0.01 0.02 0.35 0.28
6 2 3 084 777 004 725 016 0.03 0.27 0.23
7 4 2 0.056 3228 0.04 0.05 1471 0.02 0.26 0.25
8 8 1 0.01 0.02 0.00 0.01 0.01 0.02 0.24 0.23
9 2 3 0.02 0.01 0.01 0.01 0.02 0.02 0.33 0.30
10 4 2 0.06 024 018 0.04 002 013 0.27 0.26
11 8 1 0.01 026 0.00 0.01 0.01 0.01 0.25 0.24
12 4 2 0.01 000 000 0.01 001 0.02 0.26 0.22
13 6 2 0.01 0.02 0.01 0.01 0.01 0.02 0.30 0.34
14 6 2 6.38 003 >60 7.18 3.64 1153 0.21 0.24
15 6 2 1.v9 2178 10.17v 178 233 0.02 0.24 0.21
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No Ind #[0;] | SymmetricNorm(H) | Norm(W,H) | Norm(D,H)- - -
16 6 2 0.09 045 001 >60 0.02 0.02 0.35 0.31

17 6 2 2480 >60 >60 >60 >60 1278 0.27 0.22
18 24 1 29644 >60 91.972 >60 >60 2934 027 0.26
19 24 1 416 269 002 028 006 110 029 0.24
20 2 3 0.13 047 3891 13.27r 0.04 0.15 038 0.36
21 8 1 >60 >60 >60 >60 >60 >60 027 024
22 8 1 0.02 001 001 001 001 0.03 038 0.33
23 4 2 0.02 0.02 002 002 003 0.03 053 046
24 4 2 0.01 001 001 002 002 002 036 032
25 4 2 0.02 0.02 001 001 001 003 03 0.30
26 4 2 0.04 005 015 003 005 0.04 059 050
27 4 2 6.35 054 357 0.02 3692 391 037 0.38
28 8 1 0.03 0.05 680 007 003 1455 036 0.34
29 4 2 0.03 0.04 003 004 004 004 055 045
30 8 1 1.40 1212 0.05 0.63 1037 0.08 0.35 031
31 24 1 0.00 0.03 004 000 001 0.01 004 0.03

Total time > 136.0 258.9 332.0 | 270.8 248.6 134.0 | 9.8 8.9
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Methods and Examples

No Ind #[0;] | SymmetricNorm(H) |

16 6 2 0.09 0.45

17 6 2 24.80 129468
18 24 1 29.644 10795
19 24 1 4.16 2.69
20 2 3 0.13 0.47
21 8 1 > 60 18592
22 8 1 0.02 0.01
23 4 2 0.02 0.02
24 4 2 0.01 0.01
25 4 2 0.02 0.02
26 4 2 0.04 0.05
2r 4 2 6.35 0.54
28 8 1 0.03 0.05
29 4 2 0.03 0.04
30 8 1 1.40 12.12
31 24 1 0.00 0.03

Total time > 136.0 258.9
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0.01
> 60
91.972
0.02
38.91
> 60
0.01
0.02
0.01
0.01
0.15
3.57
6.80
0.03
0.05
0.04
332.0

> 60
> 60
> 60
0.28
13.27
> 60
0.01
0.02
0.02
0.01
0.03
0.02
0.07
0.04
0.63
0.00
270.8

Norm(W,H)

0.02
160635
6125
0.06
0.04

> 60
0.01
0.03
0.02
0.01
0.05
36.92
0.03
0.04
10.37
0.01
248.6

0.02
12.78
29.34

1.10

0.15

> 60

0.03

0.03

0.02

0.03

0.04

3.91
14.55

0.04

0.08

0.01
134.0

| Norm(D,H)
0.35 0.
0.27 0.
0.27 0.2
0.29 0.
0.38 0.
0.27 0.
0.38 0.
0.53 0.
036 0.:
0.35 0.3
0.59 0.
0.37 0.
036 0.:
0.55 0.4
0.35 0.3
0.04 0.
9.8 8

11/ 12



Methods and Examples

The group H in the Example for Transitive Group is from No 21.

H =PermutationGroup< 64 | ( 1,45,62,26,2,42,52,25,16,36,56,28,15,39,
58,27)( 3,44,55,19,13,34,51,18,14, 37,61,17, 4,47,57,20)(5,35,49,32,11,
41,53,29,12,46,59,30, 6,40,63,31) ( 7,38,60,21, 8,33,54,22,10,43,50,23,
0,48,64,24), (1,63,11,51, 2,58,12,54)( 3,56,15,62, 4,49,16,59)( 5,50,9,
60,6,55,10,61) ( 7,57,13,53,8,64,14,52)(17,40,27,39)(18,47,22,35)(19,38,
20,41)(20,45) (21,44,31,43)(23,42,25,37)(24,33)(26,46)(28,48,32,36)
(30,34) >;

Ind [#0;: Ny]  SymNorm Norm(W,-) Norm(D,:)---
Hy 2 [1,15,16,16%2] > 60 > 60 0.07
Hy. 8 [1%2,14,16,16%2] > 60 0.40 0.05
Hipo3 1152 [1x4,12,16,16%2] > 60 0.06 0.16

MIYAMOTO (Univ. Yamanashi) 12 / 12



Methods and Examples

The group H in the Example for Transitive Group is from No 21.

H =PermutationGroup< 64 | ( 1,45,62,26,2,42,52,25,16,36,56,28,15,39,
58,27)( 3,44,55,19,13,34,51,18,14, 37,61,17, 4,47,57,20)(5,35,49,32,11,
41,53,29,12,46,59,30, 6,40,63,31) ( 7,38,60,21, 8,33,54,22,10,43,50,23,
0,48,64,24), (1,63,11,51, 2,58,12,54)( 3,56,15,62, 4,49,16,59)( 5,50,9,
60,6,55,10,61) ( 7,57,13,53,8,64,14,52)(17,40,27,39)(18,47,22,35)(19,38,
20,41)(20,45) (21,44,31,43)(23,42,25,37)(24,33)(26,46)(28,48,32,36)
(30,34) >;
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