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IntrodutionA �nite group G of self-homeomorphisms of a losed surfae X -orientable or not - of topologial genus g ≥ 2 has at most 84(g-1)elements while if suh surfae has k 6= 0 boundary omponents then ithas at most 12(p − 1) elements for so alled algebrai genusp = εg + k − 1 being bigger than 1 (where ε = 2 or 1 aording to thesurfae being orientable or not).If suh ation allow some essential invariant subsets (essential ≡ theirsizes smaller than |G |) then these bounds an be essential ly improvedand the aim of this paper is to present known results onerning thissubjet.Presented results an be proven by Nielsen-Riemann approah whihallow to to see suh groups as groups of automorphisms of suh surfaeswith some onformal strutures imposed on them and use algebraimethods due to he Riemann uniformization theorem and well developedtheory of of disrete groups of isometries of the hyperboli plane.
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Nielsen
Given a �nite group of self homeomorphisms of a ompat topologialsurfae X there exists a struture of a Riemann surfae on X so that G isa group of onformal automorphisms of X .
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RiemannX̃p ↓X = Xg X̃ simply onneted surfae Riemann
⇓ Riemann mapping theoremX̃ = C ∪ {∞} X = C X = C
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Γ and ∆ are Fuhsian groups - disrete and oompat subgroups of thegroup of orientation preserving isometries of the hyperboli plane H.



Summing upGiven a ompat Riemann surfae X there exists a fuhsian surfae group
Γ so that X ∼= H/ΓHaving a Riemann surfae represented as above a �nite group G is agroup of its onformal automorphisms if and only if G ∼= ∆/Γ for someother Fuhsian group ∆.
| Γ | ∼= π1(X ) = 〈α1, β1, . . . , αg , βg | ⊓ [αi , βi ]〉
|∆| ∼= 〈α1, β1, . . . , αh, βh, δ1, . . . , δr | δmii ,⊓δi ⊓ [αi , βi ]〉There are known neessary and su�ient onditions for abstrat groupswith the above presentations to be realized as Fuhsian groups (reall:disrete and oompat groups of orientation preserving isometries ofhyperboli plane H).



Bordered and non-orienatble surfaesA similar approah for bordered and non-orienatble surfaes is alsopossible. This time however
• the analyti struture is replaed by a dianalyti whih roughlyspeaking di�er from it by the fat that omplex onjugation z 7→ z̄ isinvolved for transition maps between harts and
• the folding map a+ bi 7→ a+ |b|i is allowed for loal form of mapsbetween (borderd) surfaes
• the role of Fuhsian groups play more general non-eulideanrystallographi groups whih are disrete and oompat groups ofisometries hyperboli plane H inluding orientation reversing ones.



On the orders of �nite groups of self homeomorphisms
[Shwartz℄ A group of self homeomorphisms of a losed orientable or nottopologial surfae of topologial genus g ≥ 2 has at most 84(g − 1)elements.[C.L.May℄ A group of self homeomorphisms of a bordered topologialsurfae of algebrai genus p ≥ 2 has at most 12(p − 1) elements, wherep = εg + k − 1.



Fixed points on losed surfaes
[Wimann-Harvey℄ The order of a single self homeomorphism of a ompatorientable surfae of genus g ≥ 2 is not bigger than 4g + 2, this bound isattained for arbitrary g ans if this is so, then it has one �xed point.[Szemberg 1991℄ If a single self homeomorphism has at least 2 �xedpoints then the Wimann bound an be strengthened to 4g and again thisbound is attained for all g ≥ 2.



Fixed points on losed surfaes
[Farkas, Kra℄ A single self homeomorphism of a ompat losedorientable topologial surfae of genus g ≥ 2, having q ≥ 3 �xed pointshas order not exeedingM = M(g , q) = 2g/(q − 2) + 1and this bound is attained for arbitrary integers g ≥ 2 and q ≥ 3 forwhih M = M(g , q) is an integer i.e, there exists a losed orientabletopologial surfae of genus g and its self homeomorphism having q �xedpoints and order M .



Fixed points on bordered surfaes
[Corrales, Gamboa, Gromadzki 1999℄ A periodi self-homeomorphism of aompat bordered topologial surfae of algebrai genus p ≥ 2, havingq ≥ 2 �xed points has order not greater than N = p/(q − 1) + 1.[Corrales, Gamboa, Gromadzki 1999℄ If the above bound N is attained,then the orresponding surfae X is orientable, the self homeomorphismpreserves the orientation of X , the number k of onneted omponents of
∂X is a divisor of N , and q ≡ k (mod 2) if N is even.



Oikawa and Arakawa resultsA G -invariant subset A of a Riemann ompat topologial surfae ofardinality < |G | is said to be essential and if A has not essentialinvariant subsets then it is said to be irreduible.[K. Oikawa 1956℄ A �nite group of self-homeomorphisms of a losedorientable surfae of genus g ≥ 2 and with an essential irreduibleinvariant subset of order k has at most 12(g − 1) + k elements.[T. Arakawa 2000℄ A �nite group of self-homeomorphisms of a losedorientable surfae of genus g ≥ 2 and with two essential irreduibleinvariant subsets of ardinalities k , l has at most 8(g − 1) + k + 4lelements.[T. Arakawa 2000℄ A �nite group of self-homeomorphisms of a losedorientable surfae of genus g ≥ 2 and with three essential irreduibleinvariant subsets of orders k , l ,m has at most 2(g − 1) + k + l +melements.



On Oikawa and Arakawa results[E. Bujalane, G. Gromadzki 2011℄ A �nite group ofself-homeomorphisms of a losed orientable surfae of genus g ≥ 2 andwith two essential irreduible invariant subsets of ardinalities k , l haseither less than 2(g − 1) + k + l elements or preiselyMM − 1(2(g − 1) + k + l)elements for some M ≥ 2. Furthermore given M ≥ 2 there are in�nitelymany values of g for whih this bound is attained[Corollary℄ A �nite group of self-homeomorphisms of a losed orientablesurfae of genus g ≥ 2 and with two essential irreduible invariantsubsets of ardinalities k , l has at most 4(g − 1) + 2k + 2l and thisbound is attained for in�nitely many values of g .[Corollary℄ The bound of Arakawa 8(g − 1) + k + 4l is never attained.



More than 3 invariant subsets
[E. Bujalane, G. Gromadzki 2011℄ Let G be a �nite group ofself-homeomorphisms of a losed orientable surfae of genus g ≥ 2having n invariant irreduible subsets of ardinalities q1 ≤ . . . ≤ qn, s ≥ 4of them being essential. Then eah qi divides |G | and

|G | ≤
2s − 2 (g − 1) + q1 + . . .+ qss − 2 .Conversely, for eah s these bounds are attained for in�nitely manyvalues of g .



Nonorientable losed surfaes
[E. Bujalane, G. Gromadzki 2011℄ A �nite group ofself-homeomorphisms of a non-orientable losed surfae of genus g ≥ 3with n invariant irreduible subsets of ardinalities q1 ≤ . . . ≤ qn �rsts ≥ 3 of whih are the essential has at most2s − 2(g − 2+ q1 + . . .+ qs)elements and this bound is attained for in�nitely many g .Preise bounds for s = 1, 2 are also known.



Bordered orientable ompat surfaes
[E. Bujalane, G. Gromadzki 2011℄ A �nite group ofself-homeomorphisms (inluding orientation reversing ones) of a borderedorientable surfae of algebrai genus p ≥ 2 with s invariant subsets ofinterior points of ardinalities q1, . . . , qs has at most1s − 1(p − 1) + 1s − 1 (q1 + . . .+ qs)elements.



Bordered nonorientable ompat surfaes[E. Bujalane, G. Gromadzki 2011℄ A �nite group ofself-homeomorphisms of a bordered non-orientable surfae of algebraigenus genus p ≥ 2 with s ≥ 2 invariant subsets of interior points ofardinalities q1, . . . , qs has at most1s − 1(p − 1) + 1s − 1 (q1 + . . .+ qs)elements while if it has also having t invariant subsets of the set ofboundary omponents of ardinalities p1, . . . , pt , where now t, s ≥ 1 ar sothat t + s ≥ 3 has at most2s + t − 2 (g − 2) + 2s + t − 2 (p1 + . . .+ ps + q1 + . . . qt)elements
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Announement
Workshop on low dimensional onformal strutures and their groups(Gda«sk, 27-29 June 2012)http://mat.ug.edu.pl/onformal/


