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A-stablenumerical methods

“Stif f ” differentialequationsarisein many modelling
situations'

For exampletimedependentpartialdifferential
equations,approximatedby theMethodof Lines,and
problemsin chemicalkineticswith widely varying
reactionrates.

Stiff problemsarecharacterisedby theexistenceof
rapidlydecayingtransients.

Wecanisolatesuchtransientsby consideringthe
one-dimensionallinearproblem

y0(x) = qy(x);
whereq is a complex numberwith negative realpart.
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A-stablenumerical methods Padéapproximations to exp GeneralizedPadéapproximations
Runge-Kutta methodswith Padéstability General linear methodswith generalizedPadéstability

Multideri vative–multistepmethods A-stability of diagonaland �rst two sub-diagonals Order stars
Order arr ows A newproof of the Ehle `conjecture' A dynamical system The `B-C conjecture'

Wanner commentary Commentary on the commentary Known and strongly-believedresults

Wewantto usenumericalmethodsfor whichstable
behaviour is guaranteed.

Suchmethodsaresaidto be“A-stable”.

A famousexampleof amethodwhich is not A-stableis
the(forward)Eulermethod

yn = yn� 1 + hf (xn� 1; yn� 1)

An equallyfamousexampleof amethodwhich is
A-stableis thebackwardEulermethod

yn = yn� 1 + hf (xn; yn)
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Padéapproximations to the exponentialfunction

A rationalfunctionR givenby

R(z) =
P(z)
Q(z)

is anorderp approximationto theexponentialfunctionif

R(z) � exp(z) = Czp+1 + O(zp+2 )

If P hasdegreen andQ hasdegreed andp = n + d then
R is aPadéapproximation.
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A Runge-Kuttamethodwith stability functiongivenby

R(z) = 1 + zbT(I � zA)� 11

is A-stableif jR(z)j � 1 wheneverz is in the(closed)
left half-plane.

In this case

P(z) = det(I + z(1bT � A));
Q(z) = det(I � zA):
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GeneralizedPadéapproximations

Let �( w; z) beapolynomialin two variables.

Let d0, d1, : : :, dn bethez degreesof thecoef�cients of
wn, wn� 1, : : :, w1 andw0 terms.

� is ageneralizedPadéapproximationto exp if

�(exp (z); z) = Czp+1 + O(zp+2 )

wherethe`order' is p =
P n

i=0 (di + 1) � 2.

Wewill emphasisethe`quadratic'casen = 2 asan
importantexampleandwrite

�( w; z) = P(z)w2 + Q(z)w + R(z)
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Runge-Kutta methodspossessingPadéstability functions

The2 stageGaussRunge-Kuttamethodhastableau

1
2 �

p
3

6
1
4

1
4 �

p
3

6
1
2 +

p
3

6
1
4 +

p
3

6
1
4

1
2

1
2

It hasstability function

R(z) =
1 + z

2 + z2

12

1 � z
2 + z2

12

jR(z)j is boundedby 1 for z in theleft half plane
becausetherearenopolesthereandjR(iy )j = 1.
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4hasstability function

R(z) =
P(z)
Q(z)

=
1 + z

3

1 � 2z
3 + z2

6

Again jR(z)j is boundedby 1 for z in theleft half plane
becausetherearenopolesthereandbecause

jQ(iy )j2 � jP(iy )j2 = 1
36y

4 � 0:
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General linear methodswith generalizedPadéstability

Considerthefollowing generallinearmethod
2

6
6
6
4

2
7 � 2

7 1 0
3
7

4
7 1

p
7

7
6�

p
7

7
1+

p
7

7 1 0
343� 131

p
7

98 �
p

7
49 0 1

7

3

7
7
7
5

Thecharacteristicpolynomialof thestabilitymatrix is

(7 � 6z + 2z2)w2 � 8w + 1:

To testtheorderof thismethod,substitutew = exp(z)
andcalculatetheTaylorexpansion.
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Wehave
(7 � 6z + 2z2) exp(2z) � 8exp(z) + 1

= (7 � 6z + 2z2)(1 + 2z + 2z2 + 4
3z3 + 2

3z4 + � � � )
� 8(1+ z + 1

2z2 + 1
6z3 + 1

24z
4 + � � � ) + 1

= 1
3z4 + � � �

An alternativeveri�cation of orderis to solve for w and
checkthatoneof thesolutionsis agoodapproximation
to exp(z).We have

w = 4+
p

9+6z� 2z2

7� 6z+2z2

= 1 + z + 1
2z2 + 1

6z3 � 1
72z

4 + � � �
= exp(z) � 1

18z
4 � � � �
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To testthepossibleA-stability of thismethodusethe
Schurcriterion

: apolynomialc0w2 + c1w + c2 hasboth
its rootsin theopenunit disciff

(a) jc0j2 � jc2j2 > 0,

(b) (jc0j2 � jc2j2)2 � jc0c1 � c2c1j2 > 0.

In thepresentcase,for z = iy with y real,we have

(a) 48+ 8y2 + 4y4,

(b) 192y4 + 64y6 + 16y8.
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Multideri vative–multistep(Obreshkov) methods

If, in additionto a formulafor y0givenby adifferential
equation,a formulais alsoavailablefor y00andpossibly
higherderivatives,thenObreshkov methodsbecome
available.

For example,

y(xn) � 6
7hy0(xn) � 2

7h2y00(xn) + 8
7y(xn� 1) � 1

7y(xn� 2)

Thestability functionfor thismethodis just theauxillary
polynomialfor thedifferenceequation

�
1 � 6

7z + 2
7z2

�
un � 8

7un� 1 + 1
7un� 2 = 0

Hencewehave asecondmethodwith thesame
A-stability asfor thepreviousgenerallinearmethod.
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A-stability of diagonaland �rst two sub-diagonals

It is easyto show that,for the(s;s � d) Padé
approximation,with d = 0; 1; 2,

jQ(iy )j2 � jP(iy )j2 = Cy2s; where C � 0:

To completetheproof thatthesemethodsareall
A-stable,weneedto show thatif z hasnegative realpart,
thenQ(z) 6= 0.

Write Q0, Q1, : : :, Qs� 1, Qs = Q for thedenominatorsof
thesequenceof (0; 0), (1; 1), : : :, (s � 1; s � 1),
(s;s � d) Padéapproximations.
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A-stablenumerical methods Padéapproximations to exp GeneralizedPadéapproximations
Runge-Kutta methodswith Padéstability General linear methodswith generalizedPadéstability

Multideri vative–multistepmethods A-stability of diagonaland �rst two sub-diagonals Order stars
Order arr ows A newproof of the Ehle `conjecture' A dynamical system The `B-C conjecture'

Wanner commentary Commentary on the commentary Known and strongly-believedresults

Fromknown relationsbetweenadjacentmembersof the
Padétable,it canbeshown thatfor k = 2; : : : ; s � 1,

Qk(z) = Qk� 1(z) + 1
4(2k� 1)(2k� 3)z

2Qk� 2;

andthat
Qs(z) = (1 � � z)Qs� 1 + � z2Qs� 2;

wheretheconstants� and� will dependon thevalueof
d ands.

However, � = 0 if d = 0 and� > 0 for d = 1 andd = 2.

In all cases,� > 0.
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Considerthesequenceof complex numbers,� k, for
k = 1; 2; : : : ; s, de�ned by

� 1 = 2 � z;
� k = 1 + 1

4(2k� 1)(2k� 3)z
2� � 1

k� 1; k = 2; : : : ; s� 1;

� s = (1 � � z) + � z2� � 1
s� 1:

Thismeansthat� 1=z = � 1 + 2=z hasnegative realpart.

Weproveby inductionthat� k=z alsohasnegative real
partfor k = 2; 3; : : : ; s.
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Weseethisby notingthat

� k

z
=

1
z

+ 1
4(2k� 1)(2k� 3)

�
� k � 1

z

� � 1
; 2 � k < s;

� s

z
=

1
z

� � + �
�

� s� 1

z

� � 1
:

ThefactthatQs(z) cannotvanishnow followsby
observingthat

Qs(z) = � 1� 2� 3 � � � � s:

Hence,Q = Qs doesnothaveazeroin theleft half
plane.
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Order stars

Thesetof pointsin thecomplex planesuchthat

j exp(� z)R(z)j > 1;

is known asthe`orderstar' of themethodandtheset

j exp(� z)R(z)j < 1

is the`dualstar'.
Wewill illustratethis for the(2; 1) Padéapproximation

R(z) =
1 + 1

3z

1 � 2
3z + 1

6z2
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1. A methodis A-stableiff S hasnopolesin the
negativehalf-planeandS [ I = ; .

2. Theexists� 0 > 0 suchthat,for all � � � 0, functions
� 1(� ) and� 2(� ) exist suchthattheintersectionof S
with thecircle jzj = � is theset
f � exp(i� ) : � 1 < � < � 2g andwhere
lim� !1 � 1(� ) = � =2 andlim� !1 � 2(� ) = 3� =2.

3. For amethodof orderp, thearcs
f r exp(i (j + 1

2)� =(p + 1) : 0 � rg, where
j = 0; 1; : : : ; 2p + 1, aretangentialto theboundary
of S at0.
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4. Eachbounded�nger of S, with multiplicity m,
containsat leastm poles,countedwith their
multiplicities.

5. Eachboundeddual�nger of S, with multiplicity m,
containsat leastm zeros,countedwith their
multiplicities.
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Order arr ows

As analternative to thefamoustheoryof Hairer, Nørsett
andWanner, I will introduceaslightly differenttool for
studyingstabilityquestions.

Thebasicideais to use,ratherthanthe�ngers anddual
�ngers asin orderstartheory, thelinesof steepestascent
anddescentfrom theorigin.

Sincetheselinescorrespondto valuesfor which
R(z) exp(� z) is realandpositive,we arein reality
lookingat thesetof pointsin thecomplex planewhere
this is thecase.
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A newproof of the Ehle `conjecture'

Therearep + 1 down-arrowsandp + 1 up-arrows
emanating,alternately, from theorigin.

Theup-arrows terminateatpolesor at �1 andthe
down-arrows terminateat zerosor at+ 1 .

Let ed denotethenumberof up-arrows terminatingat
polesanden denotethenumberof up-arrows terminating
at zeros.

Up arrowsanddown arrowscannevercross.Therefore

en + ed � p = n + d

andit follows thatn = en andd = ed.
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For anA-stablemethod,anup-arrow cannotcrossthe
imaginaryaxisor betangentialto it.

If aPadémethodis A-stable,theanglesubtendingthe
up-arrowswhichendatpolesis boundedby

2� ( ed � 1)
p + 1

< � :

Henced � n � 2.
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marked� .
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A dynamical systemassociatedwith Padéapproximations

Let P(z)=Q(z) denoteaPadéapproximationwith
degrees(d;n).

Considerthedynamicalsystemde�ned by
dz
dt

= �zn+ dP(z)Q(z): (*)

Theorderarrowsaretrajectoriesfor this system.

Similarly, theboundariesof theorderstar�ngers are
trajectoriesfor thesystem

dz
dt

= i �zn+ dP(z)Q(z):
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For theapproximation

exp(z) �
1 + 1

3z

1 � 2
3z + 1

6z2

thevector�eld associatedwith (*) is shown on thenext
slide.
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The `Butcher-Chipman conjecture'

After considerablenumericalexplorationFredChipman
andI concludedthatit seemslikely thattheEhleresult
might beableto beextendedto generalizedPadé
approximations.

Ourconjectureis that

2d0 � p � 2

is necessaryfor A-stability.
In thequadraticcase,thismeansthat

d0 � d1 + d2 + 3

Theorderstartheoryis complicatedby theneedto work
onRiemannsurfaces.
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Wanner commentary Commentary on the commentary Known and strongly-believedresults

It seemsnaturalto aim to prove thatbounded�ngers still
containpoles.

Thiswouldmake theproof follow justasfor theclassical
case.
However, someof the�ngers thatcontainpolesmay
haveworkedtheirwayup from a lowersheetof the
Riemannsurface.
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Commentary on the conjectureby Gerhard Wanner

GerhardWanner, in a review of thehistoryof orderstars
(to celebratethe25th anniversaryof orderstars),
reportedsomeinterestingandextensive calculationshe
hadperformedon theButcher-Chipmanconjecture.

Althoughhis resultsstronglysupporttheconjecture,they
suggestthatthemethodof proofmotivatedby theorder
starproofof theEhleconjecture,will notwork, evenfor
thequadraticcase.
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In particularhepresentedorderstarsfor the(k; 0; 2)
caseswherek = 21; 22; 23; 24.

Theseorderstars,whichwepresenton thenext slide,
show thatsomeof thebounded�ngers mergein with
someunbounded�ngers andthereforearenotevidence
thatwecanalwaysgetsuf�cient poleslinkedto the
origin by �ngers on theprincipalsheet.
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Commentary on the commentary

If weuseorderarrows,wecanstill beoptimistic.

Herearetwo of theunpromisingcases.

(23; 0; 2) (24; 0; 2)

UndoubtedlytheB-C conjectureappliesto thesecases.
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Summary of known and strongly-believed results

I will concludeby sayingwhatI know atpresentabout
theBC conjectureandhow I believe I canobtaina
comprehensive result.

Formulaefor thecoef�cients of thegeneralizedPadé
approximations.
Thequadraticcases

(i) 2d0 � p � 3 mod4
and

(ii) 2d0 � p � 0 mod4 with 2d0 � p > 0.
Extensionto thenon-quadraticcaseof (i).
Preservationof many propertiesunderhomotopy.
In particulartheconnectionbetweentheorigin andpoles
by up-arrows.
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