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A-stable numerical methods

“Stiff” differentialequationsarisein mary modelling
situations'

For exampletime dependenpartial differential
equationsapproximatedy the Methodof Lines,and
problemsn chemicalkineticswith widely varying
reactionrates.

Stiff problemsarecharacterisely the existenceof
rapidly decayingransients.

We canisolatesuchtransientdy consideringhe
one-dimensiondinearproblem

yIx) = ay(x);
whereq is acomplex numbermwith negative real part.
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We wantto usenumericalmethoddor which stable
behaiour is guaranteed.

Suchmethodsaresaidto be“A-stable”.

A famoussxampleof amethoawhichis not A-stableis
the (forward) Eulermethoc

Yn=Yn 1+ hf (Xn 1;¥n 1)
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We wantto usenumericalmethoddor which stable
behaiour is guaranteed.

Suchmethodsaresaidto be“A-stable”.

A famoussxampleof amethoawhichis not A-stableis
the (forward) Eulermethoc

Yn=Yn 1+ hf (Xn 1;¥n 1)

An equallyfamoussxampleof a methodwhichis
A-stableis the backward Eulermethod

Yn = Yn 1t hf (Xn;Yn)
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Padéapproximationsto the exponentialfunction

A rationalfunctionR givenby

_P@
"= 3w

IS anorderp approximatiorto the exponentialfunctionif

R(z) exp(z) = CzP*! + O(zP*%)
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Padéapproximationsto the exponentialfunction

A rationalfunctionR givenby

R(Z) = @

Q(2)

IS anorderp approximatiorto the exponentialfunctionif

R(z) exp(z) = CzP*! + O(zP*%)

If P hasdegreen andQ hasdegreed andp = n + dthen
R Is a Padéapproximation.
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A Runge-Kuttamethodwith stability functiongivenby
R(z)= 1+ zb'"(1 zA) 11

IS A-stableif |R(z)] 1wheneerzisinthe(closed)
left half-plane.
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A Runge-Kuttamethodwith stability functiongivenby
R(z)= 1+ zb'"(1 zA) 11

IS A-stableif |R(z)] 1wheneerzisinthe(closed)
left half-plane.

In this case

P(z) = det(l + z(1b" A));
Q(2) det(l zA):
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GeneralizedPade approximations

Let ( w;z) beapolynomialin two variables.
Letdy, dy, :::, d, bethez degreesof thecoefcients of
wm,ow" 1wt andw? terms.

IS ageneralizedPadeapproximatiorto exp if

(exp (2);2) = CZ"** + O(z7*?)

P
wherethe order'isp= . ,(di+ 1) 2

We will emphasis¢éhe quadratic'casen = 2 asan
Importantexampleandwrite

(w;2z) = P(2)w?+ Q(z)w + R(2)
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We will write thedegreesasdy = k,d; = |,d, = m.

A generalinearmethod
A U
B V
hasstability matrix

M=V+zB(l zA) 'U

This methodis A-stableif M Is power boundedor z In
theleft half-plane
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Runge-Kutta methodspossessingrade stability functions

The 2 stageGaussRunge-Kuttamethodhastableau
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Runge-Kutta methodspossessingrade stability functions

The 2 stageGaussRunge-Kuttamethodhastableau

1 P31 1 1 P3
2 ) 4 4 6
1. %1, P g
2 6 4 6 4
1 1
. . 2 2
It hasstability function
2
1+ Z 4 Z-
R(2) = —2—2
1 Z 4 Z°
2 12
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Runge-Kutta methodspossessingrade stability functions

The 2 stageGaussRunge-Kuttamethodhastableau

1 P31 1 1 P3
2 ) 4 4 6
1. %1, P g
2 6 4 6 4
1 1
. . 2 2
It hasstability function
2
1+ Z 4 Z-
R(2) = —2—2
1 Z 4 Z°
2 12

JR(2)] i1s boundedby 1 for z in theleft half plane
becausehereareno polesthereandjR(iy)] = 1.
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For this method,R(z) is the(2; 2) memberof the Padé
table.
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For this method,R(z) is the(2; 2) memberof the Padé
table.

In generalthe stability functionfor thes stage
Gauss-Lgendremethodis the(s;s) diagonalPade
aproximation.

Eachof thesemethodgs A-stable.
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TheRunge-Kuttamethod

115 1

3 132 112

S
hasstability function 4 4

P(z 1+ £

Qz) 1 Z+z

3 6

Again|R(z)] is boundeday 1 for z in theleft half plane
because¢hereareno polesthereandbecause

iQ(iy)j* jP(iy)i*= zy* O

Orderandstability—p. 11/40




B A-stable numerical methods B Padeapproximationsto exp B GeneralizedPadéapproximations
B Runge-Kutta methodswith Padé stability B Generallinear methodswith generalizedPadé stability

W Multideri vative—multistepmethods B A-stability of diagonaland rst two sub-diagonals B Order stars
B Order arrows M A new proof of the Ehle "conjecture’ B A dynamical system B The B-C conjecture’
B \Wanner commentary B Commentary on the commentary B Known and strongly-believed resultsg

This stability functionis the (2; 1) memberof the Padé
table.
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This stability functionis the (2; 1) memberof the Padé
table.

In generalthes stageRadaullA methodis A-stable(and
becausdr(1l ) = 0O, is alsoL-stable)andits stability
functionisthe(s;s 1) memberof thePadétable.
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This stability functionis the (2; 1) memberof the Padé
table.

In generalthes stageRadaullA methodis A-stable(and
becausdr(1l ) = 0O, is alsoL-stable)andits stability
functionisthe(s;s 1) memberof thePadétable.

Methodsarealsoknown correspondingo the(s;s 2)
memberf the Padétable. ThesearealsolL-stable.
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Generallinear methodswith generalizedPadé stability

Considerthefollowing generalinearmethod

2 2 2 1 0 3
4 V4 p_
3 4 11 I
§ 6?'"7 1?'37 - z
+
1 0
7 7
343 131p7 E 0 1
08 49 7
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2 2 2 1 0 3
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3 4 11 I
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343 131p7 h 0 1
08 49 7

Thecharacteristipolynomialof the stability matrix is

(7 6z+ 2z9w* 8w+ 1
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Generallinear methodswith generalizedPadé stability

Considerthefollowing generalinearmethod

2 2 2 1 0 3
4 V4 D_
3 4 11 I
§ 6?'"7 1?')7 - z
+
1 0
7 7
343 131p7 h 0 1
08 49 7

Thecharacteristipolynomialof the stability matrix is
(7 6z+ 2z9w* 8w+ 1

To testthe orderof this method,substitutenv = exp(z)
andcalculatethe Taylor expansion.
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We have
(7 6z + 2z°) exp(22) 8exp(z)+ 1
= (7 6z+ 222)(1+ 2z + 27+ 573+ 2%+ )
8(1+ z+ 3z°+ 23+ 5;7° s )+ 1
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We have
(7 6z + 2z°) exp(22) 8exp(z)+ 1
= (7 6z+ 222)(1+ 2z + 27+ 573+ 2%+ )
8(1+ z+ 3z°+ 23+ 5;7° % )+ 1
154 4
3

An alternatve veri cation of orderis to solve for w and
checkthatoneof the solutionsis agoodapproximation

to exp(z).
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We have
(7 6z + 2z°) exp(22) 8exp(z)+ 1
= (7 6z+ 222)(1+ 2z + 27+ 573+ 2%+ )
8(1+ z+ 3z°+ 23+ 5;7° % )+ 1
154 4
3

An alternatve veri cation of orderis to solve for w and
checkthatoneof the solutionsis agoodapproximation

to exp(z). We ha/e

_ 4+ 0+6z 272
W = 7 6z+272

_ 152, 1,3 1.4
= 1+ z+ zzltléz 2" +
= exp(z) 32
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To testthe possibleA-stabllity of this methodusethe
Schurcriterion
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To testthe possibleA-stabllity of this methodusethe

Schurcriterion: apolynomialcow? + c;w + ¢, hasboth
Its rootsin theopenunit disciff

(@) jeoj*  jej® > 0,
(b) (jcoj® JjeaJ®)® JooCi CTj* > 0.
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To testthe possibleA-stabllity of this methodusethe

Schurcriterion: apolynomialcow? + c;w + ¢, hasboth
Its rootsin theopenunit disciff

(@) jeoj®  jed®> 0,

(b) (jcj® Jjed%)* jCoCr CTij* > O.

In the presentasefor z = Iy with y real,we have
(@) 48+ 8y + 4y*,

(b) 192* + 64y° + 16y°.
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Multideri vative—multistep (Obreshkov) methods

If, in additionto a formulafor y°givenby a differential

equationaformulais alsoavailablefor y®®andpossibly
higherdervatives,thenObreshlkv methoddbecome

available.
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Multideri vative—multistep (Obreshkov) methods

If, in additionto a formulafor y°givenby a differential

equationaformulais alsoavailablefor y®®andpossibly
higherdervatives,thenObreshlkv methoddbecome
available.

For example,

y(xn) Shydxn) 2h%y%0x,) + Sy(xn 1)  Fy(Xn 2)

Thestability functionfor this methodis just the auxillary
polynomialfor the differenceequation

Hencewe have a secondmethoadwith thesame
A-stablility asfor the previousgeneralinearmethod.
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A-stability of diagonaland rst two sub-diagonals

It is easyto shaw that,for the(s;s d) Pade
approximationwith d = 0; 1; 2,

iQ(iy)i* jP(iy)j°= Cy*; where C O
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iQ(iy)i* jP(iy)j°= Cy*; where C O

To completethe proofthatthesemethodsareall

A-stable ,we needto show thatif z hasneg

thenQ(z) 6 O.

ative real part,
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A-stability of diagonaland rst two sub-diagonals

It is easyto shaw that,for the(s;s d) Pade
approximationwith d = 0; 1; 2,

iQ(iy)i* jP(iy)j°= Cy*; where C O

To completethe proofthatthesemethodsareall
A-stable ,we needto show thatif z hasnegative realpairt,

thenQ(z) 6 O.

Write Qq, Q1, :::, Qs 1, Qs = Q for thedenominator®f
thesequencef (0;0), (1;1),:::;,(s 1,8 1),
(s;s d) Padéapproximations.
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Fromknown relationsbetweeradjacenimemberof the
Padétable,it canbeshavnthatfork = 2;:::;s 1,

Qk(z) = Qk 1(2) T 4(2k 1:)L(2k 3)22Qk 2
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Fromknown relationsbetweeradjacenimemberof the
Padétable,it canbeshavnthatfork = 2;:::;s 1,

Qk(z) = Qk 1(2) T 4(2k 1%(2k 3)22Qk 2
andthat

Qs(z) = (1 2)Qs 1+ Z°Qs 2;
wheretheconstants and will dependnthevalueof
d ands.
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Fromknown relationsbetweeradjacenmembersf the
Padétable,it canbeshavnthatfork = 2;:::;s 1,

Qk(z) = Qk 1(2) T 4(2k 1%(2k 3)22Qk 2
andthat

Qs(z) = (1 2)Qs 1+ Z°Qs 2;
wheretheconstants and will dependnthevalueof
d ands.
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Fromknown relationsbetweeradjacenmembersf the
Padétable,it canbeshavnthatfork = 2;:::;s 1,

Qk(z) = Qk 1(2) T 4(2k 1%(2k 3)22Qk 2
andthat

Qs(z) = (1 z)Qs 1+ 2°Qs 2;

wheretheconstants and will dependnthevalueof
d ands.

However, = Q0ifd= 0and > Oford= 1andd= 2
In all cases, > O.
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Considerthesequencef complex numbers, , for

1 = 2 Z;

1 2 1. | ... .
kK = 1+ g 32 v K=2:s L

s = (1 Z) + 22511:
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Considerthesequencef complex numbers, , for
k=1,2;:.:;s,de nedby

1 = 2 Z;

1 2 1. | ... .
kK = 1+ g 32 v K=2:s L

S (1 Z) + 22 S 11:

Thismeandhat ;=z= 1+ 2=z hasnhegative realpart.
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Considerthesequencef complex numbers, , for

1 = 2 Z;

_ 1 2 1. | ... .
kK = 1+ g 32 v K=2:s L

S (1 Z) + 22 S 11:

Thismeandhat ;=z= 1+ 2=z hasnhegative realpart.

We prove by inductionthat =z alsohasnegative real
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We seethis by notingthat

K _ 1 1 kK 1 .1 .
S T ST ax nek 3 Tz 2 k<s;
_S — 1- + s 1 1
Z Z £
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We seethis by notingthat
K _ 1 1 : :
T ST Ak Dk 9 7 2 k<s;
_S — 1- + s 1 1
Z Z £

ThefactthatQs(z) cannotvanishnow follows by
observinghat

QS(Z) - 123 5-
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We seethis by notingthat
K _ 1 1 : :
T ST Ak Dk 9 7 2 k<s;
_S — 1- + s 1 1
Z Z £

ThefactthatQs(z) cannotvanishnow follows by
observinghat

QS(Z) - 123 5-

Hence,Q = Qs doesnothave azeroin theleft half
plane.
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Thesetof pointsin thecomplex planesuchthat

jexp( z)R(z)] > 1,
IS known asthe orderstar' of the methodandthe set
jexp( z)R(z)j < 1

IS the dualstar'.
We will illustratethis for the (2; 1) Padeapproximation

1
1+ 32
2 1,2
1 3z+ =Z

R(z) =
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B Order stars

Theinterior of theshadedareals the orderstar' andthe
unshadedegionis the dualorderstar'.
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Theorderstarfor aparticularrationalapproximatiorto
the exponentialfunctiondisconectsnto  ngers'
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Theorderstarfor a particularrationalapproximatiorto
theexponentialfunctiondisconectsnto  ngers' andthe
dualorderstarinto dual ngers'.
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"heorderstarfor aparticularrationalapproximatiorto
theexponentialfunctiondisconectsnto  ngers' andthe
dualorderstarinto dual ngers'.

Thestatementsn the next two slidessummarizehe key
propertiesof orderstars.
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Theorderstarfor aparticularrationalapproximatiorto

theexponentialfunctiondisconectsnto  ngers' andthe
dualorderstarinto dual ngers'.

Thestatementsn the next two slidessummarizehe key
propertiesof orderstars.

NotethatS denotesheorderstarfor aspeci c method'
andl denotegheimaginaryaxis.
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1. A methodis A-stableiff S hasno polesin the
negative half-planeandS| | = ;.
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1. A methodis A-stableiff S hasno polesin the
negative half-planeandS| | = ;.

2. Theexists o> 0suchthat,for all o, functions
1( ) and 5( ) exist suchthattheintersectiorof S
with thecirclejzj = Istheset

f exp(l ): 1< < »ogandwhere
lim 11 1( ): =2 andlim 11 2( ): 3 =2.
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1. A methodis A-stableiff S hasno polesin the
negative half-planeandS| | = ;

2. Theexists o> 0suchthat,for all o, functions
1( ) and 5( ) exist suchthattheintersectiorof S
with thecirclejzj = Istheset

f exp(l ): 1< < »ogandwhere
lim 11 1( ): =2 andlim 11 2( ): 3 =2.

3. For amethodof orderp, thearcs
frexp(( + 2) =p+ 1):0 rg,where

] = 0;1;:::;2p+ 1, aretangentiako theboundary
of S at0.
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4. Eachboundednger of S, with multiplicity m,
containsat leastm poles,countedwith their
multiplicities.
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4. Eachboundednger of S, with multiplicity m,
containsat leastm poles,countedwith their
multiplicities.

5. Eachboundeddual nger of S, with multiplicity m,
containsatleastm zeros,countedwith their
multiplicities.
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Order arrows

As analternatve to thefamoustheoryof Hairer, Ngrsett
andWannery | will introducea slightly differenttool for
studyingstability guestions.
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As analternatve to thefamoustheoryof Hairer, Ngrsett
andWannery | will introducea slightly differenttool for
studyingstability guestions.

Thebasicideais to use,ratherthanthe ngers anddual
ngers asin orderstartheory thelinesof steepesascent
anddescenfrom theorigin.

Sincethesdinescorrespondo valuesfor which

R(z) exp( z) isrealandpositve,we arein reality
looking atthe setof pointsin thecomplex planewhere
thisis thecase.

Orderandstability— p. 26/40



B A-stable numerical methods B Padeapproximationsto exp B GeneralizedPadéapproximations
B Runge-Kutta methodswith Padé stability B Generallinear methodswith generalizedPadé stability

W Multideri vative—multistepmethods B A-stability of diagonaland rst two sub-diagonals B Order stars
Bl Order arrows M A new proof of the Ehle "conjecture’ B A dynamical system B The B-C conjecture'
B \Wanner commentary B Commentary on the commentary B Known and strongly-believed resultsg

For the specialmethodwe have beenconsideringwe
recallits orderstar
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A new proof of the Ehle "conjecture'

Therearep+ 1 down-arrovsandp+ 1 up-arraws
emanatingalternatelyfrom theorigin.
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A new proof of the Ehle "conjecture'

Therearep+ 1 down-arrovsandp+ 1 up-arraws
emanatingalternatelyfrom theorigin.

Theup-arravsterminateatpolesorat 1 andthe
down-arravs terminateat zerosor at+ 1 .

Let & denotethe numberof up-arravs terminatingat

polesandr denotethe numberof up-arravs terminating
atzeros.

Up arranvs anddown arrons cannever cross.Therefore
B+ & p=n+d
andit followsthatn = r andd = &
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For anA-stablemethod,anup-arrav cannotcrossthe
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For anA-stablemethod,anup-arrav cannotcrossthe
Imaginaryaxisor betangentiako it.

If a Padéemethodis A-stable,theanglesubtendinghe
up-arravs which endat polesis boundedoy

2 (& 1) _
p+1
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For anA-stablemethod,anup-arrav cannotcrossthe
Imaginaryaxisor betangentiako it.

If a Padéemethodis A-stable,theanglesubtendinghe
up-arravs which endat polesis boundedoy

2 (& 1) _
p+1

Henced n 2
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For example,considerthe (4; 1) Padéapproximation
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For example,considerthe (4; 1) Padéapproximation

Notethatthepolesaremarked andthesinglezerois
marked .
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For example,considerthe (4; 1) Padéapproximation

Notethatthepolesaremarked andthesinglezerois

marked .
A methoadwith this stability functioncannotbe A-stable

becausdwo of theup-arravs which terminateat poles

S u bte n (b.n an - I e . Orderandstability — p. 30/40




A dynamical systemassociatedvith Padéapproximations

Let P(z)=Q(z) denotea Padéapproximatiornwith
degreed(d; n).
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Let P(z)=Q(z) denotea Padéapproximatiornwith
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Considerthedynamicalsystemde ned by

dZ_ n+d : *
o = 2" P@)Q) )
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A dynamical systemassociatedvith Padéapproximations

Let P(z)=Q(z) denotea Padéapproximatiornwith
degreed(d; n).

Considerthedynamicalsystemde ned by

dZ_ n+d : *
o = 2" P@)Q) )

Theorderarrows aretrajectoriedor this system.

Similarly, theboundarie®f the orderstar ngers are
trajectoriedor the system

iz" 9P (2)Q(2):
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M A-stable numerical methods W Padéapproximationsto exp W GeneralizedPadéapproximationg
B Runge-Kutta methodswith Padé stability B Generallinear methodswith generalizedPadé stability

W Multideri vative—multistepmethods B A-stability of diagonaland rst two sub-diagonals B Order stars
B Order arrows M A new proof of the Ehle "conjecture’ B A dynamical system B The B-C conjecture'
B \Wanner commentary B Commentary on the commentary B Known and strongly-believed resultsg

For theapproximation

1
1+ 3Z

2 1.2
32t §Z

exp(z)

thevector eld associateavith (*) is shovn onthenext
slide.
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The Butcher-Chipman conjecture'

After considerableumericalexplorationFredChipman
andl concludedhatit seemdikely thatthe Ehleresult

might beableto be extendedo generalizedPadé
approximations.
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The Butcher-Chipman conjecture'

After considerableumericalexplorationFredChipman
andl concludedhatit seemdikely thatthe Ehleresult
might beableto be extendedo generalizedPadé
approximations.

Our conjecturds that

2do p 2

IS necessaryor A-stability.
In the quadraticcase this meanghat

do di+ dyr+ 3

Theorderstartheoryis complicatedoy the needto work
on Riemannsurfaces.

Orderandstability — p. 34/40
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It seemaaturalto aimto prove thatboundedngers still
containpoles.
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B \Wanner commentary B Commentary on the commentary

It seemaaturalto aimto prove thatboundedngers still

containpoles.
Thiswould make the proof follow justasfor theclassical

case.

Orderandstability— p. 35/40



M A-stable numerical methods W Padéapproximationsto exp W GeneralizedPadéapproximationg
B Runge-Kutta methodswith Padé stability B Generallinear methodswith generalizedPadé stability

W Multideri vative—multistepmethods B A-stability of diagonaland rst two sub-diagonals B Order stars
B Order arrows M A new proof of the Ehle "conjecture’ B A dynamical system B The 'B-C conjecture'
B \Wanner commentary B Commentary on the commentary B Known and strongly-believed resultsg

It seemaaturalto aimto prove thatboundedngers still
containpoles.

Thiswould make the proof follow justasfor theclassical
case.

However, someof the ngers thatcontainpolesmay
have workedtheirway up from alower sheebf the
Riemannsurface.
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Commentary on the conjecture by Gerhard Wanner

GerhardWannerin areview of the historyof orderstars

(to celebratdhe 25N an nversaryof orderstars),
reportedsomeinterestingandextensve calculationshe
hadperformedon the ButcherChipmanconjecture.
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Commentary on the conjecture by Gerhard Wanner

GerhardWannerin areview of the historyof orderstars

(to celebratdhe 25N an nversaryof orderstars),
reportedsomeinterestingandextensve calculationshe
hadperformedon the ButcherChipmanconjecture.

Althoughhis resultsstronglysupportthe conjecturethey
suggesthatthe methodof proof motivatedby the order
starproof of the Ehle conjecturewill notwork, evenfor
thequadraticcase.
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In particularhe presentedrderstarsfor the (k; O; 2)
casesvherek = 21; 22 23, 24.
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In particularhe presentedrderstarsfor the (k; O; 2)
casesvherek = 21; 22 23, 24.

Theseorderstars,which we presenbnthenext slide,

shov thatsomeof theboundedngers memgein with
someunboundedngers andthereforearenot evidence

thatwe canalwaysgetsufcient poleslinkedto the
origin by ngers ontheprincipalsheet.
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k=21,1=0,m=2

k=23,/=0,m=2

WA\
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Commentary on the commentary

If we useorderarrows,we canstill be optimistic.

Orderandstability— p. 39/40




Commentary on the commentary

If we useorderarrows,we canstill be optimistic.
Herearetwo of theunpromisingcases.

Orderandstability— p. 39/40




Commentary on the commentary

If we useorderarrows,we canstill be optimistic.
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Commentary on the commentary

If we useorderarrows,we canstill be optimistic.
Herearetwo of theunpromisingcases.

(23,0; 2) (24,0;2)
Undoubtedlythe B-C conjectureappliesto thesecases.
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Summary of known and strongly-believed results

| will concludeby sayingwhatl know at presentbout
the BC conjectureandhow | believe | canobtaina
comprehense result.
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Summary of known and strongly-believed results

| will concludeby sayingwhatl know at presentbout
the BC conjectureandhow | believe | canobtaina
comprehense result.

Formulaefor the coefcients of thegeneralizedPade
approximations.

Thequadraticcases
()2dy p 3 mod4
and

()2dg p Omod4with2d, p> 0.
Extensionto the non-quadraticaseof (i).
Preserationof mary propertiesunderhnomotoyy.

In particularthe connectiorbetweertheorigin andpoles
by up-arravs.
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