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Summary. Time-delayed feedback control was introduced by Pyragas in 1992 as a
general method for stabilizing an unstable periodic orbit of a given continuous-time
dynamical system. The analysis of Pyragas control focused on its application to the
normal form of a subcritical Hopf bifurcation, and it was initially concerned with
stabilization near the Hopf bifurcation. A recent study considered this normal form
delay differential equation model more globally in terms of its bifurcation structure
for any values of system and control parameters. This revealed families of delay-
induced Hopf bifurcations and secondary stability regions of periodic orbits.

In this contribution we show that these results for the normal form are relevant
in an application context. To this end, we present a case study of the well-known
Lorenz system subject to Pyragas control to stabilize one of its two (symmetrically
related) saddle periodic orbits. We find that, for a suitably chosen value of the 2π-
periodic feedback phase, the controlled Hopf normal form describes qualitatively
the bifurcation set and relevant stability regions that exist in the controlled Lorenz
system down to the homoclinic bifurcation where the target saddle periodic orbit
is born. In particular, there are secondary stability regions of periodic orbits in the
Lorenz system. Finally, the normal form also describes correctly the effect of a delay
mismatch.

1 Introduction

The control of unstable dynamics has been an area of significant research in recent
years [1, 15, 26, 37]. The control or stabilization of unstable periodic orbits, which
occur naturally in many nonlinear dynamical systems, has been a particular fo-
cus [3, 19, 25, 31, 43], and a number of control schemes have been designed for this
purpose. These include notably the method by Ott, Grebogi and Yorke [25] and
time-delayed feedback control introduced by Pyragas [31–34] — the subject of this
investigation. The Pyragas control scheme adds a continuous time-delayed feedback
term to the system to be stabilized to drive the dynamics to the target unstable
periodic orbit. More formally, consider a system of autonomous ordinary differential
equations (ODEs)
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ẏ(t) = g(y(t), µ), (1)

where y ∈ Rn, g : Rn × Rm 7→ Rn is a smooth function and µ ∈ Rm is a vector of
scalar parameters. Suppose (1) has an unstable periodic orbit Γ with the (parameter
dependent) period T (µ). Adding Pyragas control to (1) gives

ẏ(t) = g(y(t), µ) +K[y(t− τ)− y(t)],

τ = T (µ).
(2)

A control force is generated from the difference between the two signals y(t) and
y(t − τ), where τ is set to the period T (µ) of the target periodic orbit Γ; the
actual feedback is determined by the n × n feedback gain matrix K. If the control
is successful the feedback signal becomes smaller as Γ is approached and, at Γ, it
becomes zero. Hence, the Pyragas control scheme is non-invasive.

Pyragas control has been implemented successfully in a number of applications,
including laser [2,38], electronic [16,35] and engineering [14,39] systems. The control
scheme has also been modified to include spatial feedback [22,23] and to control syn-
chronization in coupled systems [41]. Recently, Postlethwaite et al. [27] and Schnei-
der and Bosewitz [40] have extended the standard Pyragas scheme to systems with
symmetries, which allows for the selection and stabilization of periodic solutions
via their spatio-temporal pattern; this extension is particularly useful for stabilizing
periodic orbits of networks. For a comprehensive review of Pyragas control and its
various applications and extensions see [42] and the references therein.

It is important to realise that system (2) with Pyragas control is a delay differ-
ential equation (DDE) with a single fixed delay τ , rather than an ODE. For a DDE
such as (2), a continuous function φ(t) on the interval [−τ, 0] must be specified as
an initial condition [18], meaning that its phase space is the infinite dimensional
space C([−τ, 0];Rn) of continuous functions from [−τ, 0] into Rn. For DDEs with a
finite number of fixed delays any equilibrium has at most a finite number of unstable
eigenvalues; similarly, any periodic solution has at most a finite number of Floquet
multipliers outside of the unit circle in the complex plane [9,18]. Therefore, standard
bifurcation theory (as known for ODEs) applies to DDEs such as (2); in particular,
one finds the usual codimension-one bifurcations: saddle-node, Hopf, saddle-node of
limit cycle (SNLC), period-doubling and torus (Neimark-Sacker) bifurcations. On
the other hand, it is quite difficult to study a DDE analytically, and a number of
numerical tools have been specifically designed for their bifurcation analysis [36].
Throughout this work, we use the package DDE-Biftool [10, 44], which is imple-
mented in Matlab and allows for the numerical continuation of equilibria, periodic
orbits and their bifurcations of codimension one.

Most of the analysis of Pyragas control has concentrated on its application to
the subcritical Hopf normal form

ż = (λ+ i)z(t) + (1 + iγ)|z(t)|2z(t) + b0e
iβ [z(t− τ)− z(t)], (3)

introduced by Fiedler et al. [12]. Here z = x + iy ∈ C and λ, γ ∈ R. The complex
number b0e

iβ is the feedback gain, with feedback strength b0 ∈ R and 2π-periodic
phase β. System (3) has a Hopf bifurcation at λ = 0, denoted HP, where an unstable
periodic orbit ΓP bifurcates from the origin (which is always an equilibrium). The
periodic orbit ΓP exists for λ < 0; it has amplitude

√
−λ and period

T (λ) =
2π

1− γλ , (4)
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which is used in (3) by setting τ = T (λ). The analysis in [12] provided a counterex-
ample to the so-called odd-number limitation, which states that the Pyragas scheme
cannot stabilize periodic orbits with an odd number of Floquet multipliers. Subse-
quently, system (3) has become the standard example for the analysis of Pyragas
control [4, 11, 20, 30, 40]. Initially, the analysis was concerned with the stabilization
of the target periodic orbit ΓP near the Hopf bifurcation. Fiedler et al. [12] found
that for small values of feedback gain b0 the target periodic orbit ΓP is stabilized in
a transcritical bifurcation with a stable delay-induced periodic orbit. Just et al. [20]
found that immediately above the threshold level of feedback strength

bc0 =
−1

2π(cosβ + γ sinβ)
, (5)

the periodic orbit ΓP bifurcates stably from HP; the local bifurcation diagram near
the point bc0 on HP was presented in [4].

In [29] we presented a detailed global bifurcation analysis of (3) throughout
the parameter space, that is, well beyond a neighbourhood of the subcritical Hopf
bifurcation. It revealed an overall structure with infinitely many delay-induced Hopf
bifurcations and further bifurcations, including saddle-node of limit cycle and torus
bifurcations. The overall domain of stability of the target periodic orbit was identified
in parameter space, and we also found regions of stability of secondary periodic
orbits. In other words, one must carefully choose parameter values to ensure that
the control scheme is successful.

The question arises whether these global findings for the normal form system
(3) have predictive power for any other system with a subcritical Hopf bifurcation.
Indeed, normal form theory states that this will be the case, and Pyragas control will
be successful, in the direct vicinity of the Hopf bifurcation. However, it is unclear
a priori whether and how the overall bifurcation structure discussed in [29], away
from the initial Hopf bifurcation, manifests itself in another context.

To address this question, we perform here a bifurcation analysis of the Lorenz
system subject to Pyragas control to stabilize one of its saddle-periodic orbits.
Postlethwaite and Silber [28] considered this system near its subcritical Hopf bi-
furcation and found that the mechanism of stabilization is the same as that for (3).
Furthermore, Brown [5] showed that, close to the Hopf bifurcation, applying feed-
back directly to the Lorenz system is equivalent to applying feedback to the system
after it has been reduced to the Hopf normal form. In other words, the dynamics
locally near the Hopf bifurcation are the same for both ways of applying delayed
feedback control.

These results form the starting point of our investigation into the global bifur-
cation structure of the Lorenz system with Pyragas control. We present one- and
two-parameter bifurcation diagrams of the controlled Lorenz DDE and compare
them directly with those of (3). We identify the overall domain of stability of the
target periodic orbit in the controlled Lorenz system; it agrees well with that for
the normal form when the feedback phase is chosen appropriately. Moreover, we
find several domains of stability of further delay-induced periodic orbits; these exist
between the subcritical Hopf bifurcation and the homoclinic bifurcation where the
periodic orbit is created. Lastly, we also consider the effects of a delay mismatch in
the Lorenz system subject to Pyragas control, where the delay τ is not exactly the
period of the target periodic orbit. As for the controlled Hopf normal form, at least
a linear approximation of the target period is required for Pyragas control to be
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successful. Overall, we conclude that the global bifurcation structure of the normal
form (3) must be considered as relevant in an application context.

This contribution is organized as follows. Section 2 describes how Pyragas control
is implemented in the Lorenz system. Section 3 presents the bifurcation analysis of
the Lorenz system and compares it with that of the Hopf normal form. In Sec. 3.1
we recall from [29] the bifurcation set of (3) in the (λ, b0)-plane. The bifurcation set
of the controlled Lorenz system in the corresponding (ρ, b0)-plane is presented in
Sec. 3.2 for the standard values of the parameters; we illustrate the local nature of
the control in Sec. 3.3 and investigate the influence of the feedback phase in Sec. 3.4.
The effect of a delay mismatch is discussed briefly in Sec. 4. Some conclusions can
be found in Sec. 5.

2 The controlled Lorenz system

The Lorenz equations were derived by Lorenz [21] as a simplified model of thermal
convection in the atmosphere; they take the form

ẋ(t) = σ(y(t)− x(t)),

ẏ(t) = ρx(t)− y(t)− x(t)z(t),

ż(t) = −αz(t) + x(t)y(t).

(6)

Note that we use α, rather than the standard β, in the third equation of (6) to avoid
confusion with the feedback phase β of (3). System (6) is perhaps the most famous
example of a chaotic system. In particular, the well-known butterfly-shaped Lorenz
attractor can be found for the classical parameter values σ = 10, α = 8

3
and ρ = 28.

System (6) is most often studied for the parameter regime σ = 10, α = 8
3

and
ρ > 0, that is, ρ is taken as the primary bifurcation parameter; this choice is also
adopted here. The origin is always an equilibrium; it is stable for ρ < 1 and it loses
stability in a supercritical pitchfork bifurcation at ρ = 1. For ρ > 1, there exist the
two further equilibria

p± =
(
±
√
α(ρ− 1),±

√
α(ρ− 1), ρ− 1

)
, (7)

which are each other’s counterparts under the symmetry (x, y, z) → (−x,−y, z) of
the Lorenz system. The equilibria p± lose stability in a subcritical Hopf bifurcation
at

ρH =
σ(σ + α+ 3)

(σ − α− 1)
≈ 24.7368, (8)

for σ = 10 and α = 8
3
. For ρ > ρH , the equilibria p± are saddle points. From

the Hopf bifurcation at ρH emanate two saddle periodic orbits Γ±, which exist for
ρhom < ρ < ρH ; at ρhom ≈ 13.926 the two periodic orbits disappear (for decreasing ρ)
in a homoclinic bifurcation of the origin. This homoclinic bifurcation is also referred
to as a homoclinic explosion point [45], and it is the source of the complicated
dynamics exhibited in the Lorenz system. This type of dynamics is initially not
attracting but of saddle type until, at ρ = ρhet ≈ 24.0579, there is a heteroclinic
connection between the origin and Γ±. This heteroclinic bifurcation creates the
chaotic attractor; for more information on this transition see, for example, [7, 8, 45]
and references therein.
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We apply Pyragas control to the Lorenz system in the manner first suggested by
Postlethwaite and Silber [28] to stabilize the periodic orbit ΓP = Γ+ that bifurcates
from the positive secondary equilibrium p+ at the Hopf bifurcation given by (8) and
also denoted HP. After a coordinate transformation that moves p+ to the origin, the
Lorenz system takes the form

u̇(t) = σ(v(t)− u(t)),

v̇(t) = u(t)− v(t)− (ρ− 1)w(t)− (ρ− 1)u(t)w(t),

ẇ(t) = α(u(t) + v(t)− w(t) + u(t)v(t)).

(9)

When the Pyragas control term is added to (9) the system becomesu̇(t)
v̇(t)
ẇ(t)

 = J(ρ)

u(t)
v(t)
w(t)

+

 0
−(ρ− 1)u(t)w(t)

αu(t)v(t)

+Π

u(t− τ)− u(t)
v(t− τ)− v(t)
w(t− τ)− w(t)

 , (10)

where

J(ρ) =

−σ σ 0
1 −1 −(ρ− 1)
α α −α

 (11)

and the feedback gain matrix Π is yet undetermined.
Close to the Hopf bifurcation point HP, the target unstable periodic orbit Γ+ lies

on the two-dimensional centre manifold with an extra stable direction. One approach
to applying Pyragas feedback would be to reduce the uncontrolled three-dimensional
Lorenz system (9) to a two-dimensional system that governs the dynamics on the
centre manifold. A normal form transformation (up to the cubic term) would then
remove all nonlinear terms except the one that is proportional to |z|2z, which is the
cubic term of the Hopf normal form. Thereby, the reduced system would be in Hopf
normal form as in equation (3). Pyragas feedback control could then be applied to
this system in exactly the same way as for the normal form case. However, it is
unpractical from an application point of view to perform this reduction to normal
form for every system to which one would like to apply Pyragas control – especially
in an experimental setting, where the governing equations may even be unknown.

Here we consider the alternative approach of applying the Pyragas scheme, where
feedback control is added to the original system but only applied in the respective
unstable directions. This is achieved by defining the feedback gain matrix Π in (10)
as

Π = EGE−1, (12)

where

G =

0 0 0
0 b0 cos η −b0 sin η
0 b0 sin η b0 cos η,

 (13)

and E is the matrix of eigenvectors that puts J(ρH) in Jordan normal form, that is,

E−1J(ρH)E =

µSH 0 0
0 0 −ωH
0 ωH 0

 . (14)

The matrix G corresponds to the feedback gain of the Hopf normal form (applied to
the last two coordinates), where b0 ∈ R is the control amplitude with the convention
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that b0 ≥ 0. The parameter η is the 2π-periodic feedback phase. Note that, for ease
of comparison later, we use the symbol η instead of the standard β as in the Hopf
normal form case. Namely, due to the coordinate transformation (12), choosing a
value of η in (13) is not the same as choosing the same value of β in (3). This is
of course also true for the parameter b0; however, since b0 undergoes only a linear
scaling, we use the same symbol for simplicity. Finally, conjugation with the matrix
E ensures that the feedback is applied only in the centre eigenspace; a more detailed
explanation for this choice of feedback gain can be found in [28].

A key ingredient of Pyragas control is a priori knowledge of a functional form of
the period of the target periodic orbit in the underlying ODE, which needs to be set
as the delay τ of the feedback term. As is the case for most nonlinear systems and in
contrast to the normal form, for the Lorenz system (6) there is no analytic expression
for the period of the target period orbit Γ+. Therefore, we proceed as in [28] by taking
advantage of the fact that Γ+ and its period can be continued numerically. More
specifically, for fixed σ = 10 and α = 8

3
we continue Γ+ in the parameter ρ in the

interval ρhom < ρ < ρH where Γ+ exists; this single computation for the ODE (6)
can be performed, for example, with the package AUTO [6]. The resulting data set
forms the basis for defining T (ρ) for over the extended range ρhom < ρ. Very close to
the homoclinic bifurcation at ρhom ≈ 13.926, where numerical continuation becomes
difficult, we use the approximation T (ρhom) = −0.974 log(ρ−ρhom) to represent the
period of Γ+ going to infinity at the homoclinic bifurcation. Moreover, for ρH < ρ
we extrapolate the data set with the function

T (ρ) =
TH

1 + 0.0528(ρ− ρH)
, (15)

where TH ≈ 0.6528 is the period of Γ+ at the Hopf bifurcation at ρH ≈ 24.7368.
Taking a spline through the overall data set ensures that the thus defined function
T (ρ) is continuous and has a continuous first derivative for all ρhom < ρ, and we set
τ = T (ρ) in (10).

3 Global bifurcation analysis

We now compare the bifurcation set and stability regions of equilibria and periodic
solutions of the controlled Lorenz system (10) in the (ρ, b0)-plane with those of the
controlled Hopf normal form (3) in the (λ, b0)-plane.

3.1 Bifurcation set of the controlled Hopf normal form

Figure 1 illustrates how the initially unstable periodic orbit of the controlled Hopf
normal form (3) is stabilized in a transcritical bifurcation when the feedback strength
b0 is chosen below bc0; here we consider the standard choice of γ = −10 and β = π

4

for the other parameters. Panel (a) shows the one-parameter bifurcation diagram
in λ. The origin, that is, the equilibrium solution, appears along the bottom axis;
it is initially stable before becoming unstable at the Hopf bifurcation point HP.
The unstable periodic orbit ΓP bifurcates from the point HP. The addition of feed-
back induces a further Hopf bifurcation HL, from which a stable periodic orbit ΓL
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Fig. 1. Stabilization of the target periodic orbit ΓP of (3) for b0 = 0.022. Panel (a)
shows the one-parameter bifurcation diagram in λ with the Hopf bifurcation points
HP (black dot) and HL (black dot); the bifurcating periodic orbits ΓP (green) and
ΓL (red) exchange stability at the transcritical bifurcation TC (black square); solid
(dashed) curves represent stable (unstable) periodic orbits. Panels (b) and (c) show
ΓP and ΓL, respectively, in projection onto the (x, y)-plane, in color when stable,
grey when unstable, and black at TC. Here γ = −10 and β = π

4
.

bifurcates. The periodic orbits ΓP and ΓL exchange stability at the transcritical bi-
furcation TC. Thus, the target periodic orbit ΓP is stabilized for λ-values below TC.
This exchange of stability is illustrated further in Fig. 1(b) and (c) with a selection
of periodic orbits from the famiies ΓP and ΓL. The respective periodic orbit is un-
stable when shown in grey and stable when shown in colour; the origin from which
they bifurcate is marked with a black dot. The thicker black periodic orbit is the
one at the transcritical bifurcation TC, which is common to both families. Note that
all periodic orbits of the contolled Hopf normal form (3) are exact circles.

Figure 2 shows the bifurcation set in the two-parameter (λ, b0)-plane of (3), which
will serve as a benchmark for comparison with the corresponding bifurcation set of
the controlled Lorenz system. Figure 2(a) shows an overview of the (λ, b0)-plane; its
lower boundary is b0 = 0 and its left-hand boundary is at λ = 1

γ
= −0.1, where

the delay τ in (4) goes to infinity and becomes undefined. The Hopf bifurcation
HP is the vertical curve at λ = 0. It is intersected at the point bc0 by the Hopf
bifurcation curve HL, which actually forms a loop that intersects the curve HP again
at the double-Hopf bifurcation point HH0; here the origin has two pairs of purely
imaginary eigenvalues [17]. Both ends of HL extend to the special point b∗0 on the left
boundary of the (λ, b0)-plane. In addition to HL there exist further delay-induced
Hopf bifurcation curves, which can be split into two distinct families, Hk

J and Hk
R.

All of these curves of Hopf bifurcation emerge from the point b∗0. Each curve in the
family Hk

J has a J-shape with a vertical asymptote for a specific value of b0, while
curves in Hk

R extend to infinity in both λ and b0.
As is indicated by blue shading in Fig. 2, to the left of HP the origin (the

equilibrium) is stable in the region below the envelope formed by the curves HL and
Hk

J ; to the right of HP it is stable in the region bounded by HL. Note that, since
only some of the curves Hk

J are shown, this stability region is approximated near the
left-hand boundary of the (λ, b0)-plane by the line b0 = 0.35.

Above the point HH0 the target periodic orbit ΓP bifurcates unstably from HP,
because it has an additional complex conjugate pair of unstable Floquet multipliers.
Between the points bc0 and HH0, on the other hand, ΓP bifurcates stably from HP for
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Fig. 2. Bifurcation set in the (λ, b0)-plane of (3) for λ > 1/γ, with curves of Hopf
bifurcation HP (green), HL, Hk

J and Hk
R (red), transcritical bifurcation TC (purple),

torus bifurcation T0
P (grey) and T1

J (black), and SNLC bifurcation SkJ (blue); also
shown are points of double Hopf bifurcation HHk (dark green dots) and HHk

D (vi-
olet dots), of degenerate Hopf bifurcation DHL and DHk (asterisks), and of 1 : 1
resonance R1 (green dot); notice also the point bc0 (black dot) on the curve HP.
The stability region of the origin is indicated by blue shading, and regions where
periodic orbits are stable are shaded grey. Panel (a) provides an overview of the
(λ, b0)-plane, and panels (b) and (c) are enlargements near the stability regions of
ΓP and Γ1

J , respectively. Here γ = −10 and β = π
4

.

decreasing λ. As we have already seen in Fig. 1, the stability region of ΓP in Fig. 1
is bounded, for b0 below bc0, by a transcritical bifurcation. In fact, the transcritical
bifurcation curve TC emerges from the point bc0 and ends at the left-hand boundary
of the (λ, b0)-plane at b0 = 0. The left-hand boundary of the stability region is formed
by a torus bifurcation curve T0

P, which starts at HH0 and ends on the transcritical
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bifurcation curve TC at the 1 : 1 resonance point R1; this right-most part of the
curve TC forms the lower boundary of the domain of stability of the target periodic
orbit ΓP . In other words, exactly in this region, which is shaded grey in Fig. 2 and
enlarged in panel (b), the Pyragas control scheme achieves the stabilization of ΓP .
In the region between the curves TC, HL and T0

P both the equilibrium and ΓP are
stable.

Each curve in the family Hk
R intersect HP at further double-Hopf bifurcation

point, above each of which ΓP bifurcates with yet another complex conjugate pair of
unstable Floquet multipliers. The curves in the family Hk

J also intersect in double-
Hopf bifurcation points; the lowest of these give rise to curve TkJ of torus bifurcation
that extend to the left boundary at b0 = 0; see Fig. 2(a) and (b). Moreover, near the
minimum of each curve in Hk

J there is a degenerate Hopf bifurcation, from which a
curve SkJ of SNLC bifurcation emanates that also connects to the left boundary at
b0 = 0. Between these two codimension-two points on the curve Hk

J a stable delay-
induced periodic orbit ΓkJ bifurcates. Its region of stability is bounded on the left by
TkJ and below by SkJ . Figure 2(c) shows an enlargement of the stability region of Γ1

J

(shaded grey); notice that there is a small region of bistability between the curves
H1

J, T1
J and S1

J where both the equilibrium and Γ1
J are stable.

Overall, Figure 2 shows a complicated bifurcation set in the (λ, b0)-plane of (3)
for the standard choice of fixed β = π

4
and γ = −10. It is organized by infinitely many

curves of delay-induced Hopf bifurcations that extend to the left-hand boundary
at 1/γ where the period T (λ) goes to infinity. Double-Hopf and degenerate Hopf
bifurcation points give rise to curves of torus and SNLC bifurcations that also extend
to the left-hand boundary of the (λ, b0)-plane. This allows us to characterize the
stability region of the target peridic orbit ΓP , as well as stability regions of delay
induced periodic orbits ΓkJ ; more details, including a study of the influence of β and
γ on the bifurcation set, can be found in [29].

3.2 Bifurcation set of the controlled Lorenz system

Postlethwaite and Silber [28] studied the controlled Lorenz system (10) near its
subcritical Hopf bifurcation HP. They showed that the mechnism of stabilization of
the target periodic orbit ΓP is locally as that of the controlled Hopf normal form
(3). More specifically, there also exists a critical level bc0 of feedback amplitude b0,
immediately above which ΓP bifurcates stably from HP. Subsequently, Brown [5]
performed a centre manifold reduction of (10) and derived the analytical expression

bc0 =
−ω0

2π(cos(η) + (−10.82 sin(η)))
, (16)

where ω0 is the linear frequency. Moreover, close to HP, considering the controlled
Lorenz system in the form (10) is equivalent to first computing the Hopf normal form
of the Lorenz system on the centre manifold and then applying Pyragas feedback
control. In particular, the local bifurcation structure in the (ρ, b0)-plane (10) near
the point bc0 on HP is as found in (3); that is, it involves the delay-induced Hopf
bifurcation HL and the transcritical curve TC. These results from [5, 28] are for
σ = 10, α = 8

3
with the standard choice of η = π

4
.

For the same choice of parameters, Fig. 3 shows the one-parameter bifurcation
diagram of (10) in ρ for b0 = 0.19, which is below bc0 ≈ 0.2206. The target periodic
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Fig. 3. Stabilization of the target periodic orbit ΓP of (10) for b0 = 0.19. Panel (a)
shows the one-parameter bifurcation diagram in ρ with the periodic orbits ΓP (green)
and ΓL (red) that bifurcate from HP and HL (black dots) and exchange stability at
TC (black square); solid (dashed) curves represent stable (unstable) periodic orbits.
Panels (b) and (c) show ΓP and ΓL, respectively, in projection onto the (x, y)-plane,
in color when stable, grey when unstable, and black at TC. Here σ = 10, α = 8

3
and

η = π
4

.

orbit ΓP bifurcates unstably from HP, while the delay-induced periodic orbit ΓL
bifurcates stably from HL. Their amplitudes grow (as ρ is decreased) until ΓP and
ΓL meet at the transcritical bifurcation TC, where they exchange stability. Hence,
ΓP is stabilized successfully for ρ-values below TC. A selection of periodic orbits
from the families ΓP and ΓL along the respective branches is shown in projection
onto the (u, v)-plane in Fig. 3(b) and (c), respectively.

Direct comparison of Fig. 3 with Fig. 1 clearly illustrates that the mechnism of
stabilization of the target periodic orbit ΓP is indeed qualitatively exactly as pre-
dicted by the controlled Hopf normal. The difference is that the periodic orbits ΓP
and ΓL of (10) are not circular; notice, in particular, that the outer-most periodic or-
bits for ρ = 16.0 in Fig. 3(b) and (c) are already starting to deform characteristically
as they approach the homoclinic bifurcation at ρ = ρhom.

We now present in Fig. 4 the bifurcation set and stability regions of the controlled
Lorenz system (10) over a wide range of parameters in the (ρ, b0)-plane for the
standard values of the other parameters. This figure is designed to allow for a direct,
panel-by-panel comparison with the bifurcation set in the (λ, b0)-plane of (3) in
Fig. 2. The (ρ, b0)-plane in Fig. 4 is bounded below by b0 = 0. Its left-hand boundary
is ρhom ≈ 13.926, where ΓP undergoes a homoclinic bifurcation and disppears and,
hence, τ = T (ρ) goes to infinity as ρhom is approached from above; note that this is
very similar to what happens at the left-hand boundary at λ = 1

γ
in the (λ, b0)-plane

of (3) in Fig. 2.
As theory predicts [5, 28], in a strip around the vertical Hopf bifurcation curve

HP the bifurction set and stability regions in the (ρ, b0)-plane in Fig. 4(a) agree with
those in the (λ, b0)-plane of in Fig. 2(a). In particular, HP is intersected twice by
a curve HL of delay-induced Hopf bifurcation, at the point bc0 and at the double-
Hopf point HH0. Along the interval between these points the target periodic orbit
ΓP bifurcates stably for decreasing values of ρ. The upper stability boundary of its
stability region is the torus bifurcation curve T0

P emanating from HH0, and the lower
stability boundary is the curve TC emanating from the point bc0; see also Fig. 4(b).
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Fig. 4. Bifurcation set of (10) in the (ρ, b0)-plane for ρ > ρhom, where η = π
4

.

Shown are curves of Hopf bifurcation HP (green), HL, H1
J and Hk

R (red), transcritical
bifurcation TC (purple), torus bifurcation T0

P (grey) and T1
J (black), and SNLC

bifurcation SkJ (blue); also shown are points of double Hopf bifurcation HHk (dark
green dots) and HH1

D (violet dot), of degenerate Hopf bifurcation DHL and DH1

(asterisks), and of 1 : 1 resonance R1 (green dot); notice also the point bc0 (black
dot) on the curve HP. The stability region of the origin is shaded blue, and regions
where periodic orbits are stable are shaded grey. Panel (a) provides an overview of
the (λ, b0)-plane, and panels (b) and (c) are enlargements near the stability regions
of ΓP and Γ1

J , respectively. Here σ = 10 and α = 8
3
.

Notice that ΓP is unstable when it bifurcates from HP above the point HH0; as we
found for the controlled Hopf normal form, ΓP has an increasing number of complex-
conjugate pairs of unstable Floquet multipliers for b0 above the points HHk, which
are points of intersection of HP with curves Hk

R.
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There is actually considerable qualitative agreement between Fig. 4 and Fig. 2
beyond a small vertical strip around HP. The Hopf bifurcation curves HL and Hk

R

and the curve H1
J in the (ρ, b0)-plane of (10) are qualitatively as those in the (λ, b0)-

plane of (3), but with the difference that they have different end points (limiting
values of b0) on the left-hand boundary of the (ρ, b0)-plane where ρ = ρhom. Note, in
particular, that HL forms a loop that intersects HP twice. However, we only found
the curve H1

J and no further curves of the family Hk
J . The stability region of p+ in

Fig. 4 is therefore bounded by only HL and H1
J; otherwise it is qualitatively as that

in Fig. 2. Colloquially speaking, the structure of Hopf bifurcation curves in Fig. 4(a)
is a ‘chopped-off’ version of that in Fig. 2(a), with parts of curves to the left of
λ ≈ −0.065 missing. It seems reasonable to conjecture that this truncation effect is
due to the presence of the homoclinic bifurcation at ρhom, where all periodic orbits
of (10) disappear.

As is the case for the controlled Hopf normal form, the curve H1
J is associated

with a region of stability of the delay-induced periodic orbit Γ1
J ; see Fig. 4(c). More

specifically, on H1
J there is also a point of double Hopf bifurcation HH1

D with an
emerging curve T1

J of torus bifurcation, as well as a point of degenerate Hopf bi-
furcation DH1 with an emerging curve S1

J of SNLC bifurcation. Together with the
segment of H1

J between the points HH1
D and DH1, the curves T1

J and S1
J form the

boundary of the stability region of the bifurcating periodic orbit Γ1
J ; note also that

T1
J and S1

J end at practically the same point on the left boundary of the (ρ, b0)-
plane. Comparison of Fig. 4(c) with Fig. 2(c) shows that the stability region of Γ1

J is
topologically the same for both controlled systems, meaning that it is bounded by
the same configuration of bifurcation curves. Since we did not find further curves ΓkJ
for k ≥ 2 of (10), we also did not find stability regions of associated delay-induced
periodic orbits.

There is a notable difference between Fig. 4 and Fig. 2 when it comes to the
stability region of the target periodic orbit ΓP . As already discussed, the regions
and its boundary curves T0

P and TC agree near HP; however, the curve T0
P does not

end at a 1:1 resonance point on the curve TC, but rather on a 1:2 resonance point
R2 on a curve PD0

P of period doubling bifurcation. The curve PD0
P was found in

the local bifurcation analysis of (10) performed in [28]. This curve starts and ends
at ρ = ρhom and forms the left-hand boundary of the stability region of ΓP in the
(ρ, b0)-plane, connecting to the point where b0 = 0; see Fig. 4(b). Also shown are
curves PD1

P and PD2
P of further period-doubling bifurcations, which also start on

the left-hand boundary of the (ρ, b0)-plane, extend to the right and end at (ρhom, 0).
The associated sequence of period-doublings of ΓP is illustrated in Fig. 5. Panel

(a) shows the one-parameter bifurcation diagram in ρ with ΓP and the period-
doubled orbits that bifurcate at PD0

P to PD2
P. Panels (b) and (c) show the saddle

periodic orbit ΓP and the stable first period-doubled orbit Γ2
P , which coexist right

after the first period-doubling PD0
P (as ρ is decreased). We found evidence of further

period-doubling bifurcations, suggesting that there may be a small chaotic attractor
that contains the saddle periodic orbits ΓkP . This attractor is localised near p+, is
induced by the delay and should not be confused with the Lorenz attractor (which
surrounds both p+ and p−); see also Sec. 3.3.

In spite of the differences discussed above, we can conclude from this comparison
that the controlled Hopf normal form (3) has considerable predictive power well
beyond the immediate vicinity of the Hopf bifurcation curve HP where normal form
theory applies. Indeed, the agreement between the bifurcation sets of (10) in the
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Fig. 5. Illustration of period-doubling of ΓP for b0 = 1.5. Panel (a) is the one-
parameter bifurcation diagram in ρ, representing ΓP and the period-doubled periodic
orbits ΓkP by their periods. Panels (b) and (c) for ρ = 22 show ΓP (green) and Γ2

P

(black), respectively, in projection onto (u, v)-plane; also shown is p+, which is a
saddle point. Here σ = 10, α = 8

3
and η = π

4
.

(ρ, b0)-plane and of (3) in the (λ, b0)-plane is quite remarkable for the standard
parameter choice of β = η = π

4
; the influence of the feedback phase η on this

agreement will be investigated in Sec. 3.4.

3.3 Local nature of the control

As was explained in Sec. 2, Pyragas control is applied to the equilibrium p+, which
has been shifted to the origin in (10). In other words, the control acts only locally
near p+. Figure 6 shows with two phase portraits that the effect of Pyragas control
of ΓP coexists with a chaotic attractor of (10). Panel (a) is for a parameter point
from the region of stability of ΓP in the (λ, b0)-plane. The point p+ is a saddle, as
is the delay-induced periodic orbit ΓL, whose stable manifold (not shown) bounds
the points that converge to the stable orbit ΓP . Figure 6(b) is for a parameter point
from the region of stability of p+ to the right of HP. Now p+ is an attractor, and
the stable manifold (not shown) of the saddle periodic orbit ΓL bounds the points
that converge to p+; see also the inset in panel (b).

The noteworthy feature of the two phase portraits of Figure 6 is the fact that
all points outside the stable manifold of ΓL, which is a topological cylinder near ΓL,
converge to a chaotic attractor that switches irregularly between rotations around
p− and rotations around ΓL; hence, this attractor has the same qualitative feature
as the Lorenz attractor, and it can be regarded as its continuation or remainder in
the controlled Lorenz system (10). The existence of this chaotic attractor is clear
evidence that the addition of feedback only effects the dynamics of (10) close to p+.
In particular, the equilibrium p− is still a saddle in the presence of feedback, because
the control is not symmetric. Clearly, the controlled Hopf normal form (3) cannot
be expected to describe this type of dynamics far from p+. In fact, Figure 6 shows
that, when it is of codimension one, the stable manifold of ΓL can be interpreted as
the boundary of validity of the Hopf normal form.
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Fig. 6. Phase portraits of (10) in projection onto the (u,w)-plane for b0 = 0.3 and
ρ = 24.5 (a) and ρ = 31 (b). Shown are the equilibrium p+ (black dot), the periodic
orbits ΓP (green) and ΓL (red) and a trajectory (blue) on a chaotic attractor. Here
σ = 10, α = 8

3
and η = π

4
.

3.4 Influence of the 2π-periodic feedback phase η

So far we have kept the 2π-periodic phase η in (10) fixed at η = π
4

, as is the
convention [12, 20, 28] that is also used for fixing the feedback phase β in (3) to
β = π

4
. However, it is important to realise that, while η enters the feedback matrix

G in a canonical way, then G undergoes the coordinate transformation (12) to enter
(10) as the feedback gain matrix Π. Therefore, the actual phase of the feedback
will not be η in general, and would need to be determined via a centre manifold
and normal form reduction near the subcritical Hopf bifurcation HP. Since we are
interested in the overall dynamics, also away from HP, we now consider η as an
extra parameter. The idea is to check whether there is a value of η for which the
associated bifurcation set of (10) in (ρ, b0)-plane shows an even better qualitative
agreement with the bifurcation set for β = π

4
of (3) in the (λ, b0)-plane. For this

purpose, we focus on the properties of the region of stability of the target periodic
orbit ΓP , for which we found a considerable difference between the two systems. A
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.

study of how the global bifurcation set of the controlled normal form (3) changes
with β can be found in [29].

Figure 7 shows how the region of stability of ΓP (shaded) changes in the (ρ, b0)-
plane as the feedback phase η is increased. The starting point is panel (a), which
shows the domain of stability for η = π

4
from Fig. 4(b) where the stability region

is bounded by the relavant parts of the curves HP, TC, T0
P and PD0

P. When η is
increased, the curve PD0

P moves left in the (ρ, b0)-plane, while the point R2, where
T0

P and PD0
P meet, moves along PD0

P towards the left-hand boundary of the (ρ, b0)-
plane; see Fig. 7(b) for η = 2.50. For about η = 2.71, as in Fig. 7(c), the point
R2 has just reached the left-hand boundary at ρ = ρhom and b0 = 0; hence, the
curve T0

P now extends all the way to this end point. As η is increased further, T0
P

connects to the transcritical bifurcation curve TC at the 1 : 1 resonance point R1,
which moves to the right; hence, the stability region of ΓP is no longer bounded
by a curve of period-doubling bifurcation. This situation is depicted in Fig. 7(d)
for η = 2.80, which we identified as the value where the stability region of ΓP of
(10) agrees almost perfectly with that of the controlled Hopf normal form for β = π

4
;

compare with Fig. 4(b). Notice, in particular, that the two stability regions and their
boundary curves are topologically equivalent. We remark that, when η is increased
even further, the stability region of ΓP of (10) disappears at η = π, where the points
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(asterisks), and of 1 : 1 resonance R1 (green dot); notice also the point bc0 (black
dot) on the curve HP. The stability region of the origin is shaded blue, and regions
where periodic orbits are stable are shaded grey. Panel (a) provides an overview of
the (λ, b0)-plane, and panels (b) and (c) are enlargements near the stability regions
of ΓP and Γ1

J , respectively. Here σ = 10 and α = 8
3
.

bc0, HH0 and R1 all meet on HP; this is the same mechanism that was identified
in [29] for the controlled Hopf normal form, also for β = π.

We now consider the bifurcation set of (10) throughout the (ρ, b0)-plane for the
selected value η = 2.80. It is shown in Fig. 8 and should be compared with Fig. 2.
Apart from the much better agreement between the respective regions of stability



Delayed feedback control applied to the Lorenz system 17

of ΓP , enlarged in panel (b), the new feature with respect to Fig. 4 for η = π
4

is the

existence of the second curve H2
J of the family Hk

J . However, this curve is extremely
close to the left-hand boundary where ρ = ρhom, and we did not find a region of
stability of the associated periodic orbit Γ2

J . Note that the stability region of Γ1
J

near the minimum of the curve H1
J remains qualitatively unchanged, except for the

small difference that the curves T1
J and SkJ now end at slightly different points on

the left-hand boundary; compare Figs. 8(c) and 4(c). Overall, we conclude that the
controlled Hopf normal form (3) provides an excellent and global description of the
controlled Lorenz system (10) over a very wide region of the (ρ, b0)-plane when its
feedback phase η is chosen as discussed.

4 Delay mismatch in the controlled Lorenz system

When Pyragas control is implemented in practice, the functional form of the
parameter-dependent period is often not known and needs to be approximated;
see, for example, [2, 16, 38]. In [30] we studied the effect of the resulting delay mis-
match on the overall stablity region of the target periodic orbit ΓP of the controlled
Hopf normal form (3). More specifically, we considered a constant and a linear ap-
proximation to the target period T (λ) near the subcritical Hopf bifurcation HP;
the corresponding control scheme is considered successful in this context when the
following three criteria are satisfied:

(i) there exists a periodic orbit Γ̂P with amplitude and period close to ΓP when it
is stable;

(ii) any residual control force is sufficiently small;
(iii) in some suitably large vertical strip around the Hopf bifurcation HP, the sta-

bility region of Γ̂P in the (λ, b0)-plane is sufficiently close to that of ΓP .

The main result of [30] is that the approximation of T (λ) by its constant value
TC(λ) = 2π at HP does not result in a successful stabilization of the target periodic
orbit according to the above criteria. However, for the linear approximation τ =
TL(λ) = 2π(1+γλ) all three stability criteria are satisfied and successful stabilization
is achieved.

We now briefly consider the effect of delay mismatch in the controlled Lorenz
system (10), where we again use η = 2.80. When the constant approximation of
the period TC = T (ρH) = 0.6528 is used for the delay τ of the Pyragas feedback
then, as for the controlled Hopf normal form, stabilization is not successful. A linear
approximation of T (ρ) is given by

TL(ρ) = −0.0345(ρ− ρH) + T (ρH) = −0.0345ρ+ 1.5062 (17)

(again for σ = 10 and α = 8
3
), where the slope −0.0345 of T (ρ) at ρH is determined

from the continuation data.
Figure 9 provides evidence that the controlled Lorenz system (10) with τ = TL(ρ)

does achieve successful stabilization of the periodic solution bifurcating from HP;
specifically, criteria (i)–(iii) are satisfied, where (iii) is now considered in the (ρ, b0)-

plane and with respect to the target period T (ρ). We denote by Γ̂P the stabilized
periodic orbit of (10) with τ = TL(ρ) as given by (17); it needs to be compared with
the target periodic orbit ΓP of (10) with the exact period T (ρ).
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Fig. 9. System (10) with linear approximation of T (ρ). Panels (a) and (b) show
one-parameter bifurcation diagrams in ρ for b0 = 1.4 with the branch of periodic
orbits Γ̂P (green); also shown is the branch ΓP (black) for the exact-period case; solid
(dashed) curves indicate stable (unstable) periodic orbits. Panel (c) shows the u, v

and w components of the solution profile of the stable periodic orbit Γ̂P (green) for
ρ = 24 and b0 = 1.4, together with the corresponding residual feedback components
Ku[u(t − τ) − u(t)],Kv[v(t − τ) − v(t)] and Kw[w(t − τ) − w(t)]. Panel (d) shows

the region of stability of Γ̂P (shaded) in the (ρ, b0)-plane, which is bounded by the
curves HP (green), H1
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P (grey). Here σ = 10, α = 8

3
and η = 2.8.

Figure 9(a) and (b) are one-parameter bifurcation diagrams in ρ, shown in terms

of the norm and period, respectively. The branches of Γ̂P and ΓP both bifurcate from
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HP and agree very well in amplitude and period along the segment where they are
stable, until T0

P is reached. Hence criterion (i) is satisfied, but notice that Γ̂P and ΓP
diverge considerably for ρ . 22.5. Panel (c) illustrates that, when Γ̂P is stable, the
residual control forces Ku[u(t−τ)−u(t)],Kv[v(t−τ)−v(t)] and Kw[w(t−τ)−w(t)]
are small compared to the amplitudes of the corresponding components u, v and
w of this periodic solution. Here we define Ku as the sum of the terms in the first
column of the matrix Π from (10), that is, of the feedback gain with respect to
the variable u; the residuals Kv and Kw with respect to v and w are defined in
the same way by summing over the second and third columns of Π, respectively.
Specifically, the maximum amplitude of each residual control force is approximately
4% of the amplitude of the corresponding solution; this is evidence that criterion (ii)

is also satisfied. Finally, Figure 9 (d) shows the overall stablity region of Γ̂P in the
(ρ, b0)-plane. It is bounded by the segment of the curve HP between bc0 and HH0,
and it lies entirely to the left of HP. Its upper boundary is the torus bifurcation
curve T0

P, which connects the double-Hopf points HH0 on HP and HHc on H1
D.

The lower boundary of the stability region of Γ̂P is the curve H1
D, which intersects

HP at bc0 and has the point of self-intersection HHc. A comparison reveals that
for 18 . ρ . 26 the stability region in the (ρ, b0)-plane of Γ̂P in Fig. 9(d) is in
close quantitative agreement with that of ΓP in Fig. 8(b). The main difference is
that the lower boundary is formed by the Hopf bifurcation curve H1

D, rather than
the transcritical bifurcation curve TC. Nevertheless, we argue that criterion (iii) is
satisfied as well.

Overall, we have shown that the controlled Hopf normal form (3) also correctly
predicts the properties of the controlled Lorenz system (10) with regard to the effect
of using a constant or linear approximation of the period T (ρ) as the delay τ in the
Pyragas control term.

5 Conclusions

The work presented here shows that the controlled Hopf normal form correctly
predicts the observed dynamics of the controlled Lorenz system over a very large
area of the relevant two-parameter plane — effectively, over the entire range where
the target periodic orbit exists. Because the Pyragas control term is subject to
a coordinate transformation when it is applied to the three-dimensional Lorenz
system, its feedback phase needs to be adjusted to achieve the best overall agreement.
Specifically, we confirmed the predicted existence of a further stable delay-induced
periodic orbit in the controlled Lorenz system and showed that the effect of a delay
mismatch is qualitatively the same for the two controlled systems. These results can
be interpreted as a considerable extension of those of Brown [5], who showed that
the controlled Hopf normal form accurately describes the dynamics in the vicinity
of the subcritical Hopf bifurcation.

More generally, users of Pyragas control should be aware of the overall bifur-
cation set of the controlled Hopf normal form and the associated stability regions
of different solutions. Depending on the system or experiment under consideration,
there may well be some differences but, in principle, all global features of the con-
trolled Hopf normal form should be expected in any system with Pyragas control
where the target periodic orbit bifurcates from a subcritical Hopf bifurcation.
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An interesting direction for future research is the study of Pyragas control ap-
plied to systems where an unstable periodic orbit bifurcates from a different bifurca-
tion. Fiedler et al. [13] successfully stabilized rotating waves near a fold bifurcation,
and it would be interesting to study the dynamics induced by Pyragas control near
a fold bifurcation locally and globally.
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