Example 7.2.2:
Instructions

First enter the augmented matrix, here
into m1. |_-1 -1 2 1]
Note: To remove a variable used for a = Delllar ml Done
matrix or other calculation use 1 -1 1 -3
Q Delvar (variable name). "l 1 -1 23
2 1 S 2]
ml
MAI ___ EADEGACT __FUNC
Then use the command [MATH] menu (2nd] | [rh37lund el fareathee e S -:1-zF-:En'u:~I_\
5) select 4: Matrix and 3. ref for row |_2 1z =g
echelon form, m rafimld

[1 1.3 -1-3 Z25<3]
o1 -1 10
1 8]

| FE FE+
FIFFImi0fClean Ur

-1 10

or 4. rref for reduced echelon form.

7.3 Systems which contain unknown coefficients

Example 7.3.1:
For what values of k& does the following system of linear equations have no solution, a unique
solution, or infinitely many solutions?

X]— X2 +X3 =2
3X1+XZ—)C3 =2
2X1+XZ—)C3 =k

Instructions N Screen Shots
First enter the augmented matrix, here
into m, then continue as follows:

1 -1 1 2
LA [3 1 -1z
21 -1 k]
ri
R2 -3R1—=R2 T |1 8abr a| Cale| kbt [Fr 3rm|cdan Ue
mRowAdd(-3, M, 1, 2) M 2 1 -1 &
multiply R1 by -3, add the product to R2 | = wRowAdds -3, m, 1,21+ m
and store it in row 2. 1 -1 1 Z]
@ 4 -4 -4
21 -1 k|

mREowAdd: -3, m, 1,22+m
HMAlW EAD AUTO FUHLC ]




mRowAdd(-2, M, 1, 3) M

multiply R1 by -2, add the product to R3
and store it in R3.

Fi~] Fer [F3~] Fur] FE FE~
Tools|A13ehra|Calc|Other |FrAmI0{Clean e

|.2 1 -1k
® mREowAdd; -2, m, 1, 33 * M
1 1 2

o 4 -4—4

o3 -3 k-4l

mEowAdd? -2, m, 1,32+m
_R2 |Too1:ims-zt-ruin:m-:iutr.-zrirramlu Clean uja&
mRow(1/4, M, 2) M 3 k-4
B pRowilod, M, 2) * M
multiply R2 by _ 11z
o1 -1 -1
o3 -3 k— 4]
oWl 4, m, 214m
HMAIN RAD AUTO FINC CFET]
R1+R2—R1 Tosts|irdebralCate|obher[Frarn|cic o e

rowAdd(M, 2, 1) M

add R1 to R2 and store it in R1.

|.EI 3 -2 k-—d]
B ronAddim, 2, 103+ m

1 oo 1
g1 -1 -1
g 3 -3 k-4

rowAddim, 2, 12+m

R3-3R2—R3

mRowAdd(-3, M, 2, 3) M
multiply R2 by —3, add the product to
R3, store it in R3.

|Tn:u:l15iFﬂEtbr'uil:u'lciﬂthtr'iﬂ'ﬂmll] C1¢an IJPi

3 k-4
B pRouAdd] - 3 [ 2 31EFm
1 EI 0] 1

g1 -1 -1

g8 0 k-1]

mEowAdd: -3, m, 2, 32+m

MBI EAD BUTD

FUNC [ I—

Of course we can get the last stage directly using rref(m). However, note that the full working

will be required for the examination.

We see that the coefficients of the variables have all become zero on the bottom row, R3, so we

can not have a unique solution.

Thus if k—1=01i.e k=1 then there will be an infinite number of solutions.
If #1 then we get an inconsistent set of equations since R3 is false and there are no solutions.

There is never a unique solution.
When k=1
and x;=1

so for any real number parameter ¢
(x5, X2, x3) = (1, 1~

)Cg—)C3=—1 SOX2=X3—1

1, f) astraight line.



8. Matrices

8.1 Matrix arithmetic

Instruction
The order of the matrix is
determined by the number of rows
and columns it contains.
Example. Determine a 2 x 3
matrix and represent it as A.

nd) [f]13(]-20]5 5 2(L] 4[]
=7 [2nd) [1] A

Screen Shot

Fir| F&+r JFix| Fir | FE F&+
Tools|ATIcbralCalc|0ther |Frami0jClean Ue

.[3 -2 3 ]+a
) -7

" RAD AUTO

[3 -2 5]
2 4 -7

FUMC

Column vector
(e.g 2 x 1 matrix)

Fi=| F2= [Fz=] F4= | FE FE~
Tools|Aldebra|Calc|Other |FramiO|Clean Ue

H

FERD AUTO FLUHC 1/ 40

Row vector
(e.g 1 x 3 matrix)

Fir] Fi= [F3=| Fi=] FE Far
Tonls|A13bra)Calc|0ther [Frami0)Clgan Ur

[1 3 5]

Square matrix
(e.g 3 x 3 matrix)

Addition of Matrices

Matrices are added by adding
elements in corresponding
positions. % Matrices can only be
added if they are of the same order.
To perform matrix arithmetic simply
define the matrices.

Fe=r |Fz=| Fy~] FE FE~
Tools|Aldebra|Calc|Other |FramiO|Clean Ue

['2 3 ] ['2 3 ]
n + 5
] -1 2 -1
.[3 '1]_”__‘ [3 '1]
-4 2 -4 z
FAD AUTO FUMC AT I

Then find the sum or the difference.

Fi~] F2x JF=] Fir | FE F&+
Too1s|AT13cbr afCalc|Okher [FrImi0jClcan U

B :1J”I B 1
'[3-4 21]”3 [3:4 21]
"ath “ ﬂ

MAIN FARD AUTO FLUMC FFLT |
I -




8.2 Multiplying matrices

Screen Shot
Fi~ Fe= |FzZ=| F4- FE FE~
|T-:u:-15|ﬁchr-u|Eu1c|l]th-zr|Pr3mlI]|l:1-zun u:~| |
[2 -1 4] [2 -1 4]
n + 5
-1 1 3 -1 1 3
-2 01 [ -2 1
=

Instructions
Multiplication of a Matrix by a Matrix

-2+ b ] -2

|1511':|n1sr-z2§r-: A e T B |
-2 01 -2 01

u [D - 2] * b |:E| '2]
3 2 3 2

— [8 12]

11 3

MAIN KAD AUTO FLUMC B/ 41

We need the multiplication Sign (*) il’l |Tsi1vslﬁ153h'r'u EFug'I‘élutF::r PrFili'nlllll:hFuEn'Un- |
AB and BA: A*B and B*A g 12
"ah [11 3 ]

-5 3 -5

[2 -2 'El

4 -1 18

FAD ALTO FLUHC 8./40 |
I -

8.3 Identity Matrix

B Instructions N Screen Shot B

Identity matrix i A T T T T
This is defined as that matrix / for which . s . s
Al =14 = A 2, 3]s % 2]
[1 a] [1 91
n i
g1 g, 1.
. [z 31
2t -4, 2.
AN FAD AFFROH FUMC /20
_viﬂ Alacbra|nale ot her [PramIololean Up
[-4 277 [-4. 2.
[1 a] [1. aq
n i
B o1 o, 1.
. [2. 31
atd -4, 2.
. [2. 31
1 4. 2.

On the TI-89 this is obtained by :

[MATH] {see 5} 4: Matrix 6: identity ( 1% Humber 3
. . Z2ifAngle "
then type n) for an nxn identity. T:ilizt s

fLomplesx "
giStatistics »
FiProbability ¥
BlTest "

MAIN KAD ALTO FUNC [T




Fir] Fir [Fo~| F4~] FE

FE+
P|Clean Ur

FLUMC [FLT
Fi=| F2= [Fz=] F4= | FE FE~
Tools|Aldebra|Calc|Other |FramiO|Clean Ue

B jdentitul2) [1 El

Example:

® jidentitgl3)

[ T I
o = oo
=

—_

identitygC3
RAD AUTD FUHE FFET |

8.4 The Transpose of a Matrix

Instructions Screen Shot

T = - - =
On the TI-89 the transpose A" of a © A1 aebra|Cal s Dther [Pron1oclean Up
matrix A is obtained by : [2, 3; —4,T2] a _[2 3] .. [2 3
ENTER] a [2nd] [MATH] 4: Matrix » 1: * [ENTER -4 2 2z
n T -
a [3 2 ]
T 2 3
(7] -4 2]
FMAIM FEAD AUTO FUMEC /20
- =Rl gebra|calc [other Praniofc1e5n e
-1z 3 1z 37
.[4 -3z ]+ b [4 32
5 5 -2 5 5 -zl
‘14 5]
it [2 3 5
2 -2
FAIN FAD AUTO FLUMC /20

1 Few Few T_ Fuw 3 i
- E Algebra|Calc|0ther|PrgniIl|Clean Up

[ 5 -z2] [ 5 -zI
-1 4 57
"' 2 35
3 2 -z
T -1z 3
[bT] [4 -z 2
=] 5 -2
MATN FAD AITO FORL =750
. 1 Fer Fzr Fur FE Far
Example- - E AlgebralCalc|0ther |[PramI0|Clean Up
[ -1 2] [ -1 2]
[ +a
3 4 3 4
T -1 3]
| |
= [2 4
3 -2 3 -z
[ +h
[ <]

1.3
[3.-251.3]1+h

FMAIN KAD AUTD FUMC 230
—




Here are the results.

- = a1 gebr-a|c T [other Pranto|clesn e
[t 3177 1 3
3 1
.bT ['2 3]
-1 13
"ol [8 s]
a0 o &)
EAD AUTO FUMC B/Z0
Example 8.4.1:
Consider the following matrices.
N I L R P
-1 0 o -3 -
-2 0 3
I 3 1 U 1o 1 1 2 3 2
D10_6E2_342 o
17 0 1 _1023 1 -3 20
2 2 1 0 1 4 3
If possible, compute each of the following.
a) A-+B b) 3A-4B c) AB
d A+C e) D.E f) E.D
g) EC h) DE+F’

Fir Fzr |FZ=| Flr FE Fa~ Fir Fer |FZ=| Fl- FE& Far Fi- Fer |Fz-| Fi- FE Fa~
ToolijA13cbrajCalc|0kher |FrIrlD|Clean Uk Tools|AT3ebrajCalc|ither|Fr3mi0|Clean e Tool5|A13¢br a|Calc|ithr|FramiDjCl¢an U
i ERROR y
1l 37 . .
s+ h Dircnsion mismakech
-1 -3
33 2] 9 -5
®mia-4-b [ ®"ahb
-3 12 -3 -1
KAD AUTO FUNC Ffucll] AN FAD AUTO FUKC 130 MAIN FAD AUTO FLKLC /20
Fir Fz+r |FZr]| Flr FE Far Fir Fzr |FZr]| Flr FE Far Fir Fer |FZ~| Fur FE& Fa-
Tools|A13cbralCalc|Okher |Fr3mID|Clean Ur Tools|A13ckrafCalc|Okher |Fr3mIOD|Clean Ur Tools|AT13¢bra|Calc|Othgr|FFImIO{CTean Ue
8 8 14 18 7
. 5 -1 <12 -1F 2 3 8
e
- [ . -
o+ g -7 2 18 e-d 37 18 -18
Errori Dimension mismatch Foo4 1o 9 | 21 9 &
| |MAIN EAD ALTD FLMLC 1,30 HAIN EAD ALTD FUMLC 130 MAIN RAD AUTO FUNC 150
Fi~ Fé~ |FZ~| Fl- FE Fa- Fir FZr [FZ=| Fur FE
Tools|AldcbralCalc|Other |Frami0)Clwan Ue ToolijA13cbralCalc)Othsr |Fr3rl0 l:'lt-:ll'l Ur
[14 -3 31 22 7
-7 12 -1 -15
ndoe+ L
= -2 9 &
moc Ertor: Dimension |12 -2 38 208
oha | [ £ =0 T
AN RAD AUTO FUME 1720 Hald KAD AUTO FUNC 1/30




8.5 The inverse of a matrix

Example 8.5.1:
Instruction
To find the inverse of a matrix enter the
required matrix. The augmenting is
done with the following commands:

[MATH] {see 5} 4: Matrix 7: augment(
then [MATH] {see 5} 4: Matrix 6:
identity(

then type 3)) and store the result in A
using A.

[0 1 -1
B oygmentla, identital 30 +

191 1 0@
21 8 01
]

21 -1 @

MAIN KEAD AUTO FUMC

Fir] FZr |F3=]| Fir ] FE FE+
Tool1s|AT3¢bra|Calcj0ther |FrAmi0|Clsan Up

We would then add -2 lots of row 1 to
row 2 (R2+ (-2)xR1) and store the result
in A using

[MATH] {see 5} 4: Matrix J: Row ops
4: mRowAdd(

mRowAdd(-2, A, 1,2) [STO» A

Fi-| Fz- |Fa=[ Fu= | FE F&-
Tools|A13ekra|Cale|Okher |Praml0{CTean Ue
|. @1 -1 o o 1]

B pRowAddl -2, a3,1,2)+a
[1 01 1 0 a7

o1 -2 -2 1
o1 -1 8 @

=

mRowAdd -2, 8,1, 22*a
MAIN RAD AUTD FUMC [T

Continue as above, remembering to edit
the last command each time to save time.

I’riv] Fer |Fzv| Fi= | FE I FG~ I

Tools|A13bralCalc|other|Framinfcican ur
g1 -1 g o 1]

EmRowAddl -1, a,2,3)+a

1 01 1 @ &
g1 -2 -2 1 @
8]

o1 2 -1 1]

mRowAddY -1, 3,2, 323a

|.EI o1 2 -1 1]
EmRowAddl2 , 52, 3,2)0+ a
1 a1 1 g @
a1 o2 -1 2
e 1 2 -1 1]
mRoWAdA (2, 5,3, 203*a

Fir] FZr |F3=]| Fir ] FE FE+
Tool1s|AT3¢bra|Calcj0ther |FrAmi0|Clsan Up

Here is the inverse of the matrix.

Fir] FZr |F3=]| Fir ] FE FE+
Tool1s|AT3¢bra|Calcj0ther |FrAmi0|Clsan Up

|.EI g1 2 -1 1]
B mRowAddl -1, 3,3, 1)+ a
[1 oo -1 1 -1

1 e 2 -1 2
ooe o1 2 -1 1

mRowAddY -1,5,3, 1233
HMAlM EAD AUTO FUMC 9,/z0




The TI-89 will give us the inverse of
matrix A directly as follows, if it exists.
AN
NB remember to use the (-) not the
minus sign!

Fir] FZr |F3=]| Fir ] FE FE+
Tool1s|AT3¢bra|Calcj0ther |FrAmi0|Clsan Up

8.6 Inverses and systems of Equations
Instructions
Not all square matrices have an inverse
(such matrices are called singular). If we
try to obtain the inverse of a matrix which
is not invertible on the TI-89, an error
results.

Fir] FZr |F3=]| Fir ] FE FE+
Tools|AT13cbrajCalc|Other |Frami0fClean Ur

Screen Shot

1 |
-1 3 6
a 4 3

LIE]
L =" -1

Error: Singular matrix
HAIN FAD ALUTO FUNC EREL

Solving systems of equations using
inverses. We can solve an equation of the
form AX =B

b}; multiplying both sides on the left by
PE

A'Ax=4"B
IX=A"'B
X=A4"'B

So the solution comes from calculating
A7'B. Actually this is not an efficient
way to solve equations, but it is an
alternative, provided the inverse exists.

Fir] FZr |F3=]| Fir ] FE FE+
Tool1s|AT3¢bra|Calcj0ther |FrAmi0|Clsan Up

1 001
21 0
o1 -1

FUMC

MAIN EAD AUTO 1/z0

Using the TI-89 here we first enter the
matrix A and the vector B.

Fir Fer FZr| Fyr FE FBr
Too1s|AT13cbralCalc|Othsr|FrAmid|Clcan Uk
.z [2 1 @

@ 1 -1

11
mh 3
_1_

Mol ______ FRARDAUTD _ FUMC  gf30 00 |

Then simply calculate A™'B.

Fir] FZr |F3=]| Fir ] FE FE+
Tools|AT13cbrajCalc|Other |Frami0fClean Ur

. g 3
| -1
o

ms 1l -3
| -2

FUHL L]




Application of systems of linear equations

Example 8.6.1:

A baby food is to be manufactured from the ingredients carrot, cereal, and chicken. The amounts
of three vitamins, measured in mg per ounce are as shown below:

Vitamin A Thiamine Riboflavin
Carrot 1 0.02 0.01
Cereal 0 0.10 0.05
Chicken 0 0.02 0.05

Calculate in what proportion these ingredients should be mixed in order to produce a mixture
with the three vitamins in the ratio 5:4:3.

Solution:
Matrices TI-89
In matrix form we have: On the TI-89 this can be approached directly,
[ 1 0 0 \/xy (5) |by multiplying by A" Note the K is put inside
= B.
ngf 00(')15 z(();) Lz J i k@ 3 L A o
k>0, and solving by row reduction to echelon
form we use: 1 a @
[ 1 0 0 S5Sk\ |=a [.Euz S N c
0.02 0.1 0.02 4k =81 -85 .89,
001 005 005 3k MAIN EAD AUTO FUMC
Note we can actually work without the £s. Tl o o e labee e it us] |
R2x100; R3x100 "5 82 .1 .oz
(1 0 0 5k .01 .85 L @5)
Lz 10 2 400k) 2k
.l 4k
I 5 5 300k 3kl
R2_2R1’ R3_R1 HIH READ AUTO FUHC 220
(1 0 0 5k
Lo 10 2 390kJ
0 5 5 295
R3 <—>R2, R3—2R2, R2/5 [TE%;s]ﬁ13F-zzl:-'r'uicrula;iufr?;rirrrﬂi'ﬂu].chrusn'UP].
(1 0 0 5k "k [4- k
3kl
Lo 1 1 5% J e
0 0 -8 -200% my 1l 4, -k
R3/-8; R2-R3 | 25, - k]
( 1 0 0 Sk \ READ AUTO FUHC 220
LO Lo 34kJ Th ired ratio is 5:34:25
t :34:25.
0 0 1 95k e required ratio is
(xy [5)
SO LyJ = kL34J and the
Z 25
required ratio is 5:34:25.




8.7 Determinants

Instructions Screen Shots

The determinant of a 2x2 matrix is M Ll [P [P 0 |c L e Up

obtained on the TI-89 by :

[MATH] 4: Matrix > 2: det ([a,b; ¢, d] | [«[* ¥] 23]
ENTER . det[[z 3]] b
ﬁ ( [ L h RDH ) FUMC 220

. 1 Fov Fow | Fav FE TE™
For example. vﬂ AlgebralCalc|other|Pramiofclean Up
2 d) 2 3l
L}
c d c o

-det[[: 3]] ad-bc
el 23] :
det¢[-3,.-2;4.51>

Ml ERD AUTO FUMC /0

The determinant of a 3x3 matrix is L] LS N L NS0 LI (S

obtained on the TI-89 by :
[3929_1 5 15 69 33 27_47 O] a

(2nd] [MATH] 4: Matrix » 2: det (a )] [3 2 1} [3 = 1
1l & I |+a 1 & 3
ENTER 2 -4 2 4 0
B datia) &
t (a) FAD AUTO FUHC Z/30

Determinant can be used at the start of a problem on simultaneous equations to check for
consistency.

Example 8.7.1:

Solve the following sets of simultaneous equations.

J— 1 Fi= Fiw= Fy= FE FEv
a) xty =4 c 2 |n1oebraloale | other |Franiofclean Ue

2x+2y=6

Bzplue(x+y=4 and 2 x+2-g=6,{x gl

false
L lve{xty=4 and 2x+2u=6,{x.u¥>
HATN FAD AOTD FUNC 150

17 _FeT Fz F4 FE Fbr
- f—|Zoon|Trace [Regraph|Math|Oraw |«

u3=

Qd= \\

ua=

g?= \
a7=

4g= 4

MAIN FAD AUTO FUNC
—




I’fi T Faw T szT e T FE T 54
- E Algebra|Calc|Other |PrgnlIdClean Upﬁ

No Solution.

mzpluelx+y=4 and 2 x+2-g=6,{x yi)
falze

maet|[} 1)) 0

det¢[1,1;2,21)
Rl HITO

AN FUHC 230

b) 2x-y =3 = iR gebraleal o nther Prontoltetn Ue
4x-2y =6

Beolue(Z x—u=3 and 4 x—-2 y=6,{x up

><:=L2+3 and ga=@2

L 2%x—g=3 and 4%¥x—2%u=6,{x.w¥>
0

AN FAD AUTO FUMC 1.3

1 M _Fer Fz F4 FEr Far 7
- f—|Zoon|Trace [Regraph|Math|Oraw |«

=
§§f jfj *

HMAIN FhD RUTD FUHC

Infinitely many solutions. A gebra[os e ot her [Praniofoiesn U

Bepluel2 w—u=3 and 4-x-2-u=6, Ix up

W= E12+3 and u=r1
z -1
" =t e
= [[4 2]]
det([2, 154, 21>
MAIN RAD AUTO FUMC Z/20
c) 4x-3y=12 = iR gebraleal o nther Prontoltetn Ue

mzplueld x -3 u=12 and x-2-d= -2, {x §
x=6 and y=4

Fz F4 For
Zoom|Trace[Rearaph|ath|Draw |«
SFLOTE [
rypotEo12
| 3z
\/92:){_42-2
y3= =]
2q= /
go=
g%f Interseckion %
=i HEE B,
uctd,
MAIM RRD AUTO FUMC
Unique solution: x =6 and y = 4 PR debraltote 0t her Pran1olc1eon Up

mzplue(d x—-3-y=12 and x-2-g=-2,{x p
=6 and u=4

. deL[[‘: Z]] -5

] FAD AUTO FUHC 230
—

N 1 Ty N e S iaa




9. Vectors

9.1 Eigenvalues and Eigenvectors

Example 9.1.1:
Find the eigenvalues and eigenvectors for the following matrices:
L2 1 2 32
2 -3 2 1 C—02_1 pe|l 302
=2 2 0 _203 -3 20
- 0 1 4 3
Solution:
Instructions Screen Shot
Use the define option to enter the matrices as SEEE TS L) M I
a, b, ¢, and d, respectively. To find the
eigenvalues of the matrix A, use Math49a) | |aziquica 1. 1.7

ENTER or type eigvl(a) and ENTER. To find | |= eiglicia) )
the eigenvectors of the matrix a use Math 4 A ['EE:EZ :?2;2:
a) ENTER or type eigve(a). The figure - - -
shows the eigenvalues and eigenvectors of the
matrix A.

- KAD AUTO DE /30

Note: The first column of the result of eigenvector is an eigenvector
corresponding to the eigenvalue which is listed in eigv1(a), similarly for the
second. Note that TI 89 is normalizing the vectors, that is the eigenvectors are
unit vectors. For easier notations, it is convenient to rewrite the eigenvectors
with integer entries. One possible method is to replace the smallest number in
the columns by 1 and divide the other entries in that column by the smallest
value you just replaced. Use the command eigve(a)][j,k] to refer to the j-k entry
of the matrix eigve(a). It is clear that the entries in the first column are equal.

1
|
The second one may not be clear so we replace -.316228 by 1. Note then that -
.96683/-.316228 is 3.062. Thus it is highly recommended that you compute

Thus for an eigenvector corresponding to the eigenvalue -1, we may take

3
eigve(a)[2,1]/ eigve(a)[2,2]. We find that this is 3. Thus we may take [ | l as the

second eigenvector.



B Instructions N Screen Shot B

If we are evaluating eigvl(b), we will get the ThaTs|15abr a|tate|Othar|Framin|ciddn e
message Non-real result. This means that the
characteristic equation of the matrix B has

®=igllchk)

complex roots. Note that by using the Errort Mom—real result
command cSolve(det( b — x*identity(2))=0,x) | [= cSolue(detib - x- identituik
; ®x=1+4i or x=1-14
ENTER, we get the complc?x eigenvalues, +_. Y T —
namely, x=1+i or x=I1-i asshown. HHAIN RADAUTD  OE EFET]




