DEPARTMENT OF MATHEMATICS

MATHS 714 Number Theory: Lecture 21: Diophantine Approximation 15/09/08

Recall the continued fraction algorithm for o € R.
(1) Let ap = |, fo = a —ag, i = 0.
(2) While 8; # 0 do aiy1 = |1/5i], Biv1 = 1/8i — aita
Note that a = [ag; ay, ..., am + On)-
Recall that [ag; ay, ..., an] = b /K.
Theorem 21.1. a € Q if and only if the continued fraction of « is finite.

For the rest of the lecture we assume a ¢ Q.
The goal of this lecture is to show that h,,/k,, is a very close approximation to « and hence
that lim,, o M /km = a.

Lemma 21.2. With notation as above

Theorem 21.3. (1)
o — oy ke = — .
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Lemma 21.4. k,, > 1 for m > 0 and k,, 1 > k,, for m > 1.

Corollary 21.5. |a — hy/km| < 1/(Emkm1)-

Corollary 21.6. lim,, oo by /km = .
Example 21.7. Recall the convergents of V2 are h,, /k,, in the below table.

m 0 1 2 3 4

- 1 32 7/5 17/12 41/29
V2 = hun /K| | 0.41... [ 0.085... [0.0142... | 0.0024... | 0.00042...
1/(kmkms1) |05 0.1 0.0166... | 0.0028... | 0.00049 . ..

Example 21.8. The continued fraction expansion of 7 is
T=1[3;7,151,292,1,...].

The convergents are 3,22/7,333/106,355/113, .. ..
The approximation 22/7 is good precisely because ko = 106 is so large: |m — hy/ks| <
1/(kiks) < 1/(7-106) = 1/742.

Theorem 21.9. Let a ¢ Q. Let a,b € Z be such that |a—a/b| < 1/(2b%), then a/b = h,, [k,
for some m > 0.

Application: Wiener attack on small private exponent RSA.
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