DEPARTMENT OF MATHEMATICS
Maths 333 Tutorial 11 Due: 15 October 2010

. Suppose I C R is a interval and F': [ x R" — R" is a continuous function. Fix M > 0. Suppose
that for all ¢ € I the function z +— F(t,z) is a C'-function and all partial derivatives are bounded
by M. Let to € I and yo € R™. Prove that there exists a unique C'-function y: I — R™ such that

y'(t) = F(t,y(t)) foralltel,
y(to) = yo.

. Let I C R an interval and k € N. Let F: I x R® — R" be a C*-function and suppose it satisfies
the global Lipschitz condition

3s%ieyoen [ F(ty) = F(t, 2| < Ly — Il
Let to € I and yo € R™. Prove that there exists a unique C**!-function y: I — R" such that
y'(t) = F(t,y(t)) foralltel,
[ y(to) = Yo.

. (a) Prove that there exists a unique continuously differentiable function f: [0,1] — R such that
f(0)=1and f'(z)=1f(1—=z) for all z € [0, 1].

(b) Prove that there exists a unique infinite differentiable function f: [0, 1] — R such that f(0) =
and f'(z) =3 f(1 —z) for all z € [0,1].

. In this question consider the complete metric space C[0,2] of all continuous functions from [0, 2]
into R and metric d(f,g) = m[ax] |f(x) — g(x)|.
z€(0,2

(a) Let f € C]0,2] and z,x1,29,... € [0,2]. Suppose that lim x, = z. For all n € N define
gn: [0,1] = R by T
gn(t) = f(tzn) (t €[0,1]).
Moreover, define g: [0,1] — R by g(t) = f(tz). Prove that lim g, = g uniformly on [0, 1].
(Hint. Use that f is uniformly continuous.) T
(b) Let f € C|0,2]. Define F: [0,2] — R by

:/0 ftx)dt (ze]0,2)).

Prove that F' € C[0,2].
(Hint. Use part (a).)
(c) Prove that there exists precisely one f € C[0,2] such that

f(z) _376 / f(tz)d

for all z € [0, 2].
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