DEPARTMENT OF MATHEMATICS
MATHS 333 Assignment 3 Due: Friday 1% of October 2010

Please deposit your solutions in the appropriate box in the basement of the Maths/Physics building
by 4 p.m. on the due date. Late assignments or assignments placed into incorrect boxes will
not be marked. Use a Mathematics Department cover sheet available from outside the Resource
Centre.

PLEASE SHOW ALL WORKING. I.e. explain carefully what you are doing.

. Define f: R" — R by

f(@) = |=|.
Determine all o € R™ such that f is differentiable at xq. What is then the differential?
Answer.

If 2o = 0 then M = % for all t € R\ {0}. So the first partial derivative of f does not
exists. Hence f is not differentiable.

If 2o # 0 define f1: R® — R by fi(z) = ||z]|* and f2: (0,00) — R by fao(t) = Vt. Then f|ga\ 0y =
fo o fi. Both f; is differentiable at zy and f, is differentiable at fi(x¢). By the chain rule one
deduces that f is differentiable at xy and

1 (x0, h)

(100)) ) = (A0 © F20)) 0 = s (Fia0)) ) = g -2, = Sy

V fi(zo)

for all h € R".

. Let U C R" open, p € U and f: U — R a function. Prove that f is differentiable at z, if and
only if there exists a function g: U — R" such that g is continuous at zy and

f(z) = f(xo) = (¥ — x0, 9(2))

for all z € U. As usual, (, ) denotes the inner product on R™.
Answer.

‘=", Suppose f is differentiable at zy. Define p: U — R by
p(@) = f(z) = f(x0) = (F'(w0)) (& = 20).

Then lim,_.,, pr& 0. Define g: U — R™ by

—zoll

ﬂ r—x itxr#zx
gy = ¢ VDT o) e A
(Vf)(xo) if ¢ = x.

Then f(x) — f(zo) = (x — xo, g(x)) for all z € U. Moreover,

|p(@)]

EEE

MATHS 333 Assignment 3 Page 1 of 4



for all x € U\ {xo}. So lim,_,, g(x) = (Vf)(zo) = g(xp) by the squeeze theorem. Hence g is
continuous.

‘=". Define L: R — R by L(h) = (h, g(x¢)). Then L is linear. Let § > 0 be such that Bs(xy) C U.
Then for all h € Bs(0) one has

|[f (@0 + h) = f(wo) = L(h)| = [(h, g(xo + h) — g(x0))| < 1]l [lg(x0 + h) — g(zo)||

So Hth—en) =L < || (204 h)—g(xo) | for all h € By(0)\{0}. Since limy,_o [lg(o+) — g(o)]| =

0 it follows from the squeeze theorem that limj,_q £ (x‘)*h)’”iﬁx‘))’L(h)‘ = 0. Hence f is differentiable

at zg.

. Define f: R? — R by
By
f($’ y) _ 4 +y2 if ("L‘ay) 7& (070)
0 if (z,y) = (0,0)

(a) Prove that f is continuous at (0,0).
(b) Determine whether the partial derivatives exist at (0,0).
(c¢) Determine whether f is differentiable at (0, 0).

Answer.

(a) Let € > 0. Choose § = 2¢. Then for all (x,y) € R? with 0 < ||(x,y)|| < ¢ it follows that

1 §
Pyl = a2yl < ol - 5"+ 7)< ST+ y?) = e (@ 4 y?).
So |f(x,y) - f(070)| <Ee.
(b) (D1£)(0,0) = yn%w = lim § =1im0 = 0. Similarly (Dy£)(0,0) = 0.

t—0

(¢) The function f is differentiable at 0 if and only if

o FO+R) = £(0) = (Dif)(0)hs — (Daf)(0)h

= 0.
h—0 7]

So it is differentiable at 0 if and only if

h3 hy
(ht + h3)\/hi + h3

Now choose (hy, hy) = (t,t?) and take the limit ¢ | 0. Since

lim
h—0

t5
(tt +tH) V2 +

the function f is not differentiable at 0.

1
—— 40
2#

lim
t10
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4. Let f: R? — R be a C'-function. Let a,b € R with a < b. Define F': R — R by

b
F(z) =/ f(x,y) dy.
Fix 2o € R. Define g: R? — R by

9(z,y) = (Dif)(2,y) = (Df) (20, ).

Let € > 0.

(a) Show that there exists a § > 0 such that for all z € (zg — §,29 + ) and y € [a,b] one has
l9(z,y)| <e.
(Hint. For each y € [a,b] the function g is continuous at (xg,y). Then use that [a,b] is
compact.)

(b) Let 6 > 0 be as in Part (a). Show that

f(fl',y) - f(fL'o,y)

r — 2o

- (D)) <

for all z € R and y € [a, b] with 0 < |z — 2| < 4.
(Hint. Apply the mean value theorem to the function ¢ — f(¢,y).)

(c) Let § > 0 be as in Part (a). Show that

'M _ /ab(le)(:cO,y) dy' < (b—a)e

T — 2o

for all z € R with 0 < |z — x| < 6.
(d) Show that F is differentiable.

Answer.

(a) For all y € [a,b] the function g is continuous at (zg,y) and g(zo,y) = 0. Hence there exists a
4y > Osuch that [g(2',y") —g(z0,y)| < € forall (2',') € Bas,(x0,y). In particular, |g(2’,y')| < ¢

for all (2/,y') € (xo — 0y, x0 + y) X (y — &y, y + d,). Now ((y — 0y, y + 5y)> s is an open
yE|a,
cover of [a,b]. By compactness, there are N € N and y1,...,yy € [a,b] such that

N

[a, b] C U(yn - 5yn7yn + 5yn>

n=1

Let § = min{d,,,...,d0,,}. Then § > 0. Finally, let x € (zg — 9,20+ ¢) and y € [a,b]. Then
there exists an n € {1,..., N} such that y € (y, — 0y, yn + 6,,). Then |z — x| < < 6,,. So
l9(z,y)| <e.

(b) Define h: R — R by h(t) = f(t,y). The mean value theorem for h gives that there exists a
¢ between xy and x such that %ﬁéwa) = h'(c). Then |c — zg| < |z — 29| < 6. Note that
R (c) = (D1f)(c,y). Then the statement follows immediately from Part (a).
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Ao Al b<D1f><xo,y>dy\ -

/b f(x,y) = f(wo,y)

— (D1f) (0, y) dy‘

T — Xg T — o
b X — X
< [ HER=LE) o) dy

b
< / edy = (b—a)e.
(d) This follows from Part (c).

. Let U C R" open, 29 € U, k € Nand f: U — R a C*-function. Let p be the k-th Taylor polynomial
for f about zy. Let ¢: R® — R be a polynomial of degree k. Suppose that

o U@ =0l
a0 ||z — o]

Prove that p = q.

(Hint. Wlog 2o = 0. Write p — ¢ = foﬂ:o Pm With p,, a polynomial which is homogeneous of

degree m. For all y € R™ \ {0} consider lim; .o [—a)ty)| )

l[tyl[*
Answer.
We know from Taylor’s theorem that lim, ., W = 0. But

p(z) —q(2)| _ [f(x) —q(x)]  |f(2) = p(2)]

l = woll® =l — wo* = ol[*

for all z € U \ {x¢}. Hence by the squeeze theorem one deduces that

fim PE) @] _
== [z — o]

Wlog assume for the rest that xg = 0. Write p — q = ZZZO pm With p,, a polynomial which is
homogeneous of degree m. Suppose p — ¢ # 0. Then there exists an m € {0,...,k} such that

Pm # 0. Let
mo = min{m € {0,...,k} : p,, # 0}.

Then there exists a y € R™ \ {0} such that p,,,(y) # 0. Then

k
—q)(t ™
0 — lim |2 q)iy)\ —lim 3 I\kp (z)
=0 |ty t=0 21 Nyl

m=mg
k

SO SV Uil 0N

=0 [ly|lF - feFmme [Py (1)]

m=mg-+1

Since the limit exists one first has that k& = mg and secondly that p,,,(y) = 0. The latter is a
contradiction. So p — ¢ =0 and ¢ = p.
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