DEPARTMENT OF MATHEMATICS
Maths 333 Assignment 1 Due: August 6, 2010

. Here we consider a continuous version of Holder’s and Minkowskii’s inequalities.

(a) Using the generalised geometric mean inequality
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prove Holder’s inequality for Cla, b], i.e.,
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(b) Using (a), prove that
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satisfies the triangle inequality.

Hint: Consider the corresponding proof for ¢,(N) given in class.

. Here we consider ¢, = £,(N), 1 < p < o0.

(a) Show that ¢, C {,, 1 <p <r < oo.

(b) Find a sequence which is in £, but not £,, 1 < p <r < oco.

(c) If x € £, for some 1 < p < oo, then is x € .7 If x € {, then is z € £, for some 1 < p < c0?
(

d) For which values of p is ¢, an inner product space?

. Here we show that Cla, b] with the uniform norm is complete. Let (f,,) be Cauchy in (Cla, b], || ||c0)-
(a) Show that the complex sequences (f,,(x)) are uniformly Cauchy in z, i.e., Ve > 0, IN such that

|fo(x) = fr(2)| <e, Vn,m > N and Vz € [a,b].

(b) Let f(x) be the limit of the above sequence. Show that f,, — f in the uniform norm as n — oc.

(c) Verify that convergence in the uniform norm is the same as uniform convergence, and so that f
as the uniform limit of continuous functions is continuous, and hence (Cfa,b], || - ||s) is complete.

(d) Is (Cla,b], || - |lo) & Hilbert space?
Hint: |f(x)| < ||flleos Vf € Cla,b], Vx € [a,b].
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4. Here we show that C[—1, 1] with the L,—norm, 1 < p < oo is not complete.

Let f, : [~1,1] — R be the sequence of continuous functions given by
1, -1 <z <0
falz) =<1 —nzx, 0<I<%;
0, <<l

(a) Show that (f,,) is Cauchy in the L, norm.
(b) Show that if f, has an L,~limit f, then f =1 on [-1,0] and f =0on [¢,1], V0 <e < 1.
(c) Show that C[—1, 1] with the L,—norm is not a Banach space.

Remark: The completion of Cla,b] in the L, norm is studied Maths 730. It is called the Lebesgue
space, and is denoted by L,[a, b].

5. Let B,(a) be the closed ball

A

B.(a):={x € X : d(x,a) <r}, r > 0.

a) Show that B,(a) is a closed set

(
(b) Show that every open set can be written as a union of closed balls.
(¢) Find the interior, boundary and exterior of the closed ball B, (a).

(

d) Show that the boundary of the open ball B,.(a) may or may not be the sphere

Sr(a) ={r e X :d(z,a) =1}.

(e) Prove or disprove. The closure of the open ball B,(a) equals B, (a).
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