DEPARTMENT OF MATHEMATICS
Maths 333 Solutions to Assignment 1 Due: August 6, 2010

. Here we consider a continuous version of Holder’s and Minkowskii’s inequalities.

(a) Using the generalised geometric mean inequality

3 1 1
Oé5<—+— (1/75207 1<p7Q<OO» _+_:17
p q p g

prove Holder’s inequality for Cla, b], i.e

[ swsnas ([ 1swpa) ([Caora)’

(b) Using (a), prove that

1l = / sOPd)’,  feClab

satisfies the triangle inequality.
Hint: Consider the corresponding proof for ¢,(N) given in class.
Solution:

(a) If f or g is zero, there is nothing to prove. Suppose first that || f||, = ||g|l, = 1, then integrating
[f(t)g(t)] < SIf(t W+ Gla(®)]? gives

b b b
/a F()g(t)] dt < }9/ \f(t)\pdtJré/a PO dt = 1.

Finally, for f and g nonzero, substitute f/| f|l, and g/||g||; (which have unit p and ¢ norms) into
the above inequality, and multiply both sides by || f||,|lg|l4-

(b) If || f + gll, = 0, the triangle inequality holds, so suppose wlog (without loss of generality) that
If +gllp # 0. Then [f(£) + g(£)| < |f ()] + [g(t)] gives

(If + gll)? /|f Tyt |pdt</ FOIF® + ol |p1dt+/ 90 17(6) + g(o)P" de.

Hence, by Hoélder’s inequality, and p = (p — 1)g,

2
q

b 1
(15 + gl < (150 + lall) ([ 150+ 90127 a)" = (171 + gl 1F + glh)¥-

But p — 2 =1, and so dividing by (||f + ¢||, ) gives the triangle inequality.

Maths 333 Solutions to Assignment 1 Page 1 of 5



2. Here we consider ¢, = £,(N), 1 < p < 0.
(a) Show that £, C {,, 1 <p <r < oo.
(b) Find a sequence which is in £, but not £,, 1 < p <r < co.
(c) If x € £, for some 1 < p < oo, then is x € .7 If x € (o, then is z € £, for some 1 < p < c0?
(d) For which values of p is ¢, an inner product space?
Solution:

(a) Suppose that z € £,, i.e., > 7 |z,|P < co. Since |z,[P — 0,3 N with |z,|? <1, Vn > N. But
|z, [P < 1 implies |z,| < 1 and hence |z,|" < |z, P, so that

0o N [e's) N [e's]
Z |@n|" = Z | |" + Z |2, ]" < Z |zn|" + Z |z, <00 = xz€l,.
n=1 n=1 n=N+1 n=1 n=N-+1

Remark. By considering the sequence n — |x,|?/||z||, < 1, one can show ||z, < ||z]|,.

(b) Recall that > - converges for o > 1 and diverges for @ = 1 (the harmonic series). Hence
x = (nl—l/p),ib‘ozl belongs to £, r > p, but not ¢,,.

(c) If = € {,, then by the estimate of (a), ||z]s < max{|z1],...,|xn]|, 1}, so z € l. Any nonzero
constant sequence, e.g., z = (1,1,...) is in o, but not in any £,, 1 < p < occ.

(d) For x =e; = (1,0,0,...), y = e = (0,1,0,...) the parallelogram law fails for p # 2
lz + yll2 + [lz = yll2 = 227 + 2277 2 2(1 + 1) = 2(||=|)7 + |lyll3),

and so £,, p # 2 is not an inner product space. For p = 2 the parallelogram law holds

lz 13+ llz = yll5 = >l + gl + Y 20 — gul?

= (nl® + 2T+ Tatn + [val*) + D (|20l” = 20Ty, — Tt + |yl

n

=23 e+ 23 lyal? = 2()ll3 + Iy112),

and so /5 is an inner product space. To justify the above, either first consider partial sums, or use
Holder’s inequality to conclude that all the above sequences are absolutely convergent.

3. Here we show that Cla, b] with the uniform norm is complete. Let (f,,) be Cauchy in (Cla, b], |||l )-
(a) Show that the complex sequences (f,,(z)) are uniformly Cauchy in z, i.e., Ve > 0, 3N such that
|fn(2) = fn(2)] <, Vn,m > N and Vz € [a,b].

(b) Let f(x) be the limit of the above sequence. Show that f,, — f in the uniform norm as n — oc.

(c) Verify that convergence in the uniform norm is the same as uniform convergence, and so that f
as the uniform limit of continuous functions is continuous, and hence (Cfa,b], || - ||c) is complete.
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(d) Is (Cla,b], || - ||oo) & Hilbert space?
Hint: |f(x)] < || flloo, Vf € Cla,b], Vz € [a,].
Solution:

(a) Since |fn(z) — f(2)] < || fo — finlloo, Y& € [a,b] and (f,,) is Cauchy, we have Ve > 0, IN such
that
|fu(@) = fon (@) < || fro = finlloo < &, Vn,m > N and Vz € [a,b].

(b) In the above estimate, we may take the limit as m — oo, to obtain

|fu(x) — f(x)] = |fu(z) = lim f(2)] = lim |fu(x) — fu(2)| <&, Vn > N and Vz € [a,b)].
Thus || fn — flleoc <€, Vn > N, ie., f, — f in the uniform norm.
(c) This follows, since by (b)

[fulz) = f(2)] < sup [fo(x) = f(z)| = fa = fI <&, Vn>NandVz € [a,b],

z€[a,b]

and conversely take the supremum over z € [a, b] of the estimate for uniform convergence.

(d) (Cla,bl,|| - ||s) is not a Hilbert space since it fails the parallelogram law, e.g., take f, g nonzero
with disjoint supports, then

1f + gllz + 11 = gll% = 2011 flloo + llgllee)® # 2001 1% + lgll%)-

. Here we show that C[—1, 1] with the L, norm, 1 < p < oo is not complete.

Let f, : [~1,1] — R be the sequence of continuous functions given by
falr)=<X1—nz, 0<ux <71L
0, <<l

(a) Show that (f,) is Cauchy in the L, norm.
(b) Show that if f, has an L,-limit f, then f =1 on [-1,0] and f =0on [¢,1], V0 <e < 1.
(c) Show that C[—1,1] with the L,—norm is not a Banach space.

Remark: The completion of C[a, b] in the L,—norm is studied Maths 730. It is called the Lebesgue
space, and is denoted by L,|a, b].

Solution:

(a) For n > m, f, — fu is zero outside [0, L], so that

1o = fully = (/ £alt) —fm(t)!pdt>p < (/ 1dt> _ (%) L0 meoo

and so {f,} is Cauchy (in L,).
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(b) Suppose that f € C[—1,1] is the L,~limit of {f,}. Then

0< /_1|1—f(t)|pdt—/_1|fn(t) — [ dt < /_1 ) = F@O)PdE = ([ o — fllp),

and
o< [0 fopd= [ 1n© - fOPd< (- P, 02

Since (|| fn, — fllp)? — 0 as n — oo, the Sandwich theorem applied to the above inequalities gives

/O\l—f(t)\pdt_o, /1|0—f(t)|pdt_0 — f—Tlon[10], f=0on 1.

(Since the Riemann integral of a nonnegative continuous function is zero if and only if it is the zero
function). Thus the limit f (should it exist) is 1 on [—1,0] and 0 on (0, 1].

(¢) Such a function f cannot be continuous (consider the right and left hand limits at 0), and so
C]—1,1] is not complete in the L, norm (1 < p < c0), i.e., is not a Banach space.

. Let B,(a) be the closed ball

A

B,(a) :={x € X : d(z,a) <r}, r > 0.

(a) Show that B,(a) is a closed set

(b) Show that every open set can be written as a union of closed balls.

(¢) Find the interior, boundary and exterior of the closed ball B, (a).

(d) Show that the boundary of the open ball B,.(a) may or may not be the sphere

Sr(a) ={r e X :d(z,a) =r1}.

(e) Prove or disprove. The closure of the open ball B, (a) equals B,(a).
Solution:
(a) Let ¢ € X\ B,(a), so that d(a,c) > r. With 6 := d(a,c) —r > 0, we have

Bs(c) ={x € X :d(z,c) < 6} ={x :d(a,c) —d(z,c) >r} C{z:d(a,z) >r} =X\ Br(a),
since d(a,x) > d(a,c) — d(z,c) by the triangle inequality. Hence X \ Er(a) is open, and so Br(a)
is closed.

(b) The open ball B,(a) can be written as a union of closed balls

B,(a) = | Bs(a),

o<r

since
z € Bua),z#a = 0, :=d(z,a) <r = z € By, (a) C Us,Bs(a),

© € UseyBs(a) = x € Bs(a),36 <r = d(z,a) <6 <r = z € B,(a).
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Since every open set can be written as a union of open balls, each of which is a union of closed
balls, every open set is a union of closed balls.

Alternatively, if U is open, then centred at each point a € U there is an open ball (and hence a
closed ball of smaller radius, say half) which is contained in U; take the union of these closed balls.

(¢) Let V = B.(a) and = € X. Similarly, to (a)
dx,a) <r = Bs(z)CV, §:=r—d(z,a),

d(z,a) >r = Bs(zx)c X\V, §:=d(z,a) —r,

If d(z,a) = r, then = € Bs(x) NV, whilst Bs(z) N (X \ V) may or may not be empty for all § > 0.
Let
D:={zre X :d(x,a)=r Bs(x)N (X \V) # ¢,V > 0}.

Then
int(V) = B.(a) U (Sy(a)\ D), 0V =D, ext(V)=X)\B.(a),

(d) The boundary of the open (or closed ball) may equal S,(a), e.g., in R™ and C", or not, e.g.,
X = (—00,0] U {1} (with the Euclidean metric)

B1(0) = (—1,0], By(0)=[-1,00Uu{1}, S,(0)={-1,1},

int(B,(0)) = (—1,0], 9B1(0) = {~1}, ext(Bi(0)) = (—o0,—1)U{1}.

int(B(0)) = (=1,00U {1}, 9B1(0) = {—1}, ext(B;(0)) = (—o0, —1).

(e) Since the closure of set is the set union its boundary, the example in (d) shows that the open
ball B,(a) may or may not equal the closed ball B,(a).
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