SHARP ERROR ESTIMATES FOR INTERPOLATORY
APPROXIMATION ON CONVEX POLYTOPES

ALLAL GUESSAB* AND GERHARD SCHMEISSER'

Abstract. Let 3 be a convex polytope in the d-dimensional Euclidean space. We consider an
interpolation of a function f at the vertices of 8 and compare it with the interpolation of f and its
derivative at a fixed point y € PB. The two methods may be seen as multivariate analogues of an
interpolation by secants and tangents, respectively. For twice continuously differentiable functions,
we establish sharp error estimates with respect to a generalized LP norm for 1 < p < oo. The case
p = 1 is of special interest since it provides analogues of the midpoint rule and the trapezoidal rule
for approximate integration over the polytope ‘B. In the case where B is a simplex and p > 1, this
investigation covers recent results by S. Waldron [8] and by M. Stampfle [6].
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1. Introduction and Notation. Denote by P; the class of all polynomials in
d real variables of degree at most 1, also called the class of affine functions on R<.

Let ¢ € R? be a convex polytope of positive measure with vertices vy, ..., v,, and let
By, ..., B, be an associated system of continuous functions on B3 with the following
properties:

Non-negativity. For ¢ = 1,...,n, we have
(1.1) B;(z) >0 (x €P).

Linear precision. For every A € Py, we have

n

(1.2) Ax) = Y Mvi)Bi(x).

=1

Warren [10] showed that By, ..., B, can be chosen as rational functions, which are
uniquely determined if one requires that each B; have minimal degree. Furthermore,
for an arbitrary convex polytope, he presented an algorithm for constructing these
functions By, ..., B, in a finite number of steps.

Since vertices of a convex polytope are extremal points, it is easily deduced from
the “linear precision” that

(1.3) Bi(v;) = 6i; (6,5 €{1,...,n}),

where we use Kronecker’s delta. As a consequence of (1.2) and (1.3), the functions
By, ..., B, are linearly independent and span an n-dimensional linear space R,, which
contains P; as a subspace.

By C(B), C*(B), and C?(PB), we denote the spaces of functions which are de-
fined on P and are continuous, continuously differentiable, and twice continuously
differentiable, respectively.
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Next, let £ be a positive linear functional on C'(3). The positivity means that

L(f) > 0 for every nontrivial non-negative function f € C(B).
Examples of such functionals are weighted integrals

(1.4) () = /m w@)f)de  (f € COP)),

where w is integrable and positive on B except for a set of measure zero.
For f € C(B), we introduce

(1.5) Iflly == (LAFENT (1< p<oo)
and
(1.6) 1flloo == sup |f(2)],

zEP

which define norms on C(). When L is given by (1.4) and w = 1, then | - ||, is
the familiar LP norm. For general £, we may think of 8 as being equipped with a
mass distribution such that £(1) is the total mass of 3. The possibility of having an
arbitrary L is of interest mainly in our applications of the case p = 1 (see Section 4).
For this reason, we do not use a weighted supremum norm.

By || - ||, without any subscript, and by (-,-), we want to denote the Euclidean
norm and the standard inner product in R¢.

In this paper, we shall study the linear interpolation operator AV, defined by

n

(1.7) AV[f] =Y fwi)B;  (f € C(R)),

i=1

which interpolates f at the vertices of 3, and shall compare it with

(1.8) Aylf] = f) + D) —y)  (feCHP)),

where y € PB. Clearly, A,[f] interpolates f at y and the same holds for the first
derivative.

As regards our notation, we want to follow the convention that a superscript
in roman type indicates an abbreviation for a word while a subscript in italic type
is a mathematical quantity. In particular, the superscript v shall always refer to
interpolation at the wvertices. Similarly, we shall use the superscripts sb for smallest
ball and cm for center of mass.

2. Auxiliary Results. For convenient reference, we first state some properties
of the operators A, and AY as lemmas.

LEMMA 2.1. Fory € B, the operator Ay has the following properties.
(i) It maps C*(B) into P;.

(ii) It reproduces functions from P;.

(iii) It approximates convex functions from below.

Proof. The properties (i) and (ii) are obvious. Property (iii) is a well known fact
about differentiable, convex functions; see [5, p. 98, Theorem A]. O

LEMMA 2.2. The operator AV has the following properties.

(i) It maps C(B) into R,.

(ii) It reproduces functions from R,,.
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(iii) It approzimates convex functions from above.
(iv) If f,g € C(P) and f(v;) < g(v;) fori=1,...,n, then AV[f] < AV[g].

Proof. Since {By,...,B,} is a basis of R,,, the properties (i) and (ii) are obvious
consequences of the definition of AY.
Next, it follows from (1.2) that

T = ZviBi(x) (x € P),
i=1

which is a representation of z as a convex combination of the vertices of 8. Hence,
for a convex function f,

fla) = f(Z w&(x)) <Y f@)B) = Alfl@)  (@ep),

and so statement (iii) is verified.
Finally, recalling (1.1), we see that, under the hypothesis of statement (iv),

n

AY[f] = fwi)B; <Y g(vi)Bi = A[g].

i=1 i=1

This completes the proof. O

It will turn out that the constants in our error estimates are determined by the
interpolation error of the quadratic function || - [|2. We therefore introduce the (non-
negative) functions

(2.1 ey = |- = Ay [Il- 7],

where y € 3, and
n
(2.2) e = AP =07 = D B — - 11
i=1
Representations, interrelations, and estimates for these functions are stated in the

following lemma.

LEMMA 2.3. The functions e, and €' are non-negative and vanish at the inter-
polation points of A, and AV, respectively. They satisfy the equations

(2.3) ey = I —yll?,

(2.4) e =Y |- —uil*B,
i=1

(2.5) e’ ey = ey(vi)B;.
=1

Furthermore, denoting by

(2.6) B = {z cR?: ||z — 2| <P}
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the smallest ball that contains P, we have

(2.7) (@) < (r*°)? — [l —2™|? < (r°")?
for all x € 5B.

For notational simplicity, we write
(2.8) A=A, and ePi=e, if y=2a".

Proof. From the definition of the functions e, and eV, it is clear that they vanish
at the interpolation points of A, and AV, respectively. Since ||-||? is a convex function,
the statements (iii) of Lemmas 2.1 and 2.2 show that e, and eV are non-negative.

Next, from the definition of e,, we deduce that

ey(z) = zl* = (Iyl* + 20y, 2 = 9)) = ll=l* + llyl* - 2{y, 2) = ll= —yl]*,

which is (2.3).
Since e + e, belongs to R, statement (ii) of Lemma 2.2 shows that, for any
x € P, we have

n
(2.9) e’ (@) +eylx) = D (e¥ (i) +ey(v) Bilx) = Y ey(vi)Bi(x),
i=1 i=1
which is (2.5).
Substituting y = x in (2.9) and using (2.3), we obtain (2.4).
For a proof of (2.7), we first note that 2> € B, as a consequence of the convexity
of P. Since

(210) th = (T‘Sb)2 _ ” . —ZL‘Sb||2
is non-negative on B, while eV vanishes at all the vertices of 3, we clearly have
RP(v;) — eV (v;) > 0 (t=1,...,n).

Therefore statement (iv) of Lemma 2.2 implies that AY[h%® — '] > 0. Furthermore,
using (2.3), (2.5), and the notation (2.8), we find that
(211) hsb eV = (st)2 o 6Sb eV = (T’Sb)2 - Zesb(vi)Bi7

i=1
which obviously belongs to R,,. Hence statement (ii) of Lemma 2.2 allows us to con-
clude that

(212) th _ ev _ Av [th _ ev] Z 07

which gives (2.7) immediately. O

REMARK 2.4. Inequality (2.7) is of interest for the following reason. As we shall
see, the best constants in our error estimates for AV[f] are determined by norms of e".
If eV is complicated, then we may use the simpler function (2.10) instead and obtain
a constant which is possibly somewhat worse, but which may still be good enough for
practical applications. In the case where B is a simplex, it can even be shown that

sup e¥(z) = sup th(x) = (er)Q;
zeP zeP

see [6, Lemma 4.2].



ERROR ESTIMATES FOR APPROXIMATION ON CONVEX POLYTOPES 5

3. Approximation of Functions. We are mainly interested in approximation
of functions from C2(P). However, in the case where P is a simplex, Stampfle [6,
Theorem 4.1, statements (i)—(iv)] also presented results for functions belonging to
lower regularity classes. These statements extend to AV by exactly the same arguments
as in [6]. We only mention a result for a Lipschitz class which is more general than
the one considered in [6].

For @ € (0,1] and L > 0, we write f € Lip;(a,*P) and say that f satisfies a
Lipschitz condition of order o with Lipschitz constant L on B if f € C() and

|f(z) = f(y)] < Lz —yl|*  (z,y €P).

THEOREM 3.1. Let f € Lip;(«,'B). Then

(3.1) f(@) = A[f2)| < L(e()*?  (weP)

and, for each p € [1, 0],

(3.2) LF = A7, < LIy, -

Proof. From (1.2) and the definition of AV, it is clear that

n

f(x) = A [fl@) = Y (f(2) = f(v)) Bi(x),

=1

and so, by the triangle inequality and the Lipschitz condition,
(3.3) (@) = AY[fl@)| < LY ||z = vil|*Bi(x) .
i=1

Next, using Holder’s inequality with p := 2/« and ¢ := 2/(2 — «), which is an
admissible pair of exponents, and recalling (1.2) and (2.4), we find that

n n
D llz =il *Bi(z) = Y |l — vil|*Bi(x) "/ - Bi(x)"/
i=1 i=1

n 1/p n 1/q
(Z Iz - vz«napBi(a:)) - (Z Bi<x>>

n a/2
(Z o= ”i"ng-(x)) = (e¥(2))™.
i=1

Combining this with (3.3), we obtain (3.1). Clearly, (3.2) is an immediate consequence
of (3.1). O

For twice differentiable functions f : 8 — R, we denote by

H[f](x) = (ajng (x)>i,j_1,‘..,d

IN
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the Hessian matrix of f at x and introduce

(3.4) | D?f| = sup sup |y H[f](x)y
zeP yER?
lvii=1

)

agreeing that the elements of R? are column vectors so that y', which denotes the
transpose of y, becomes a row vector. Clearly, |D2f| =0 for f € P; and |D2f| =
2|e| for f = e] - |2

Subsequently, we shall often refer to the space

(3.5) Fy = {f::)\+c\|-||2:)\€731,ceR}.
The following theorem for A, is not more than an easy exercise in calculus. We

formulate it as a theorem only in order to compare it with the corresponding result
for AV.

THEOREM 3.2. Let f € C*(B). Then,

(36) @) = M@ < 5 le— ol [D*f] (@yep)

Furthermore, for each p € [1,00],

(3.7 Hf—Ay[f]Hp < Cyp |D2f|7
where

1
(3.8) Cy,p = B leyllp -

Both inequalities are sharp. Equality is attained for every f € Fs.

Proof. By the Taylor formula of order two, we have

7(@) = AyIfl@) = 3 (@~ ) HIAy + 0 — ) (&~ )

for some 6 € (0,1). Now the definition of |D?f|, given in (3.4), shows that (3.6)
holds. Inequality (3.7) is an immediate consequence of (3.6). Finally, the case of
equality is easily verified. O

THEOREM 3.3. Let f € C?('B). Then,

1

(3.9) (@) = A[f](@)] < 5e'(a) [D?f] (z € B).

Furthermore, for each p € [1, 0],

(3.10) 1F =AU, < e [D?F],
where

1
(3.11) ¢p =35 ey

Both inequalities are sharp. Equality is attained for every f € Fs.
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Proof. Inequality (3.6) may be rewritten as

(312) — 3z~ ol |D*f| < f&) - A < 5 el |D2F] (my € B).

Next, from statement (iv) of Lemma 2.2, it follows that inequalities between contin-
uous functions on P are preserved when the operator AV is applied on both sides.
Moreover, statement (i) of Lemma 2.1 together with statement (ii) of Lemma 2.2
show that

AY[A[f]] = Aylf]

Hence (3.12) implies that

A9l @) 102 < AV~ Ay lA) < S AT —olP) ) |-

Now, taking y = x and noting that A, [f](z) = f(z) and, by (2.4),

Al —2]*] (z) = Z”Ui —z|*Bi(z) = e"(),

we obtain

5 @) | D] < NI - f@) < gt |03,

which is equivalent to (3.9). Inequality (3.10) is an immediate consequence of (3.9).
The statement on the occurrence of equality is easily verified by a calculation. O

REMARK 3.4. Since AV is a positive operator which reproduces affine functions,
inequality (3.9) can also be deduced from [9, Theorem 1.4] in conjunction with the
above Lemma 2.3.

The operator A, has just one interpolation point, which is of multiplicity two.
Such an interpolation can be described by d 4 1 scalar equations. The interpolation
of the operator AV, which has n simple interpolation points, can be described by n
scalar equations. Since n > d 4 1, we may expect that the operator AV is at least as
precise as A,. In the following proposition, we compare the constants (3.8) and (3.11)
when p = co.

PROPOSITION 3.5. Forp = oo, the constants (3.8) and (3.11) satisfy the relations

(3.13) o <o (WEDP)
and

) (,rsb)2
3.14 fe, o =
(314 S =

the infimum being attained for y = 2%, where r° and 2% specify the smallest ball
B which contains P, as introduced in (2.6).
If all the vertices of P lie on the boundary of B>, then

(3.15) & = (TS;)z .
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Proof. Tt follows from (2.5) that

1<i<n

(3.16) e¥(z) < Zey(vi)Bi(x) < max ey (v;) (x €P),

which implies (3.13).
Since a convex function, defined on a convex set, attains its supremum at an
extreme point (see for example [4, p. 91]), we have

1 ) = = 2000 -
(3.17) max ey (vi) 2161‘%6@/(%) Cy,

This shows that c, ., attains its smallest value at a point where

— N = —u:l?
¢(y) = max ey(vi) = max fly —vil

attains its minimum. Clearly, this is the center of the smallest ball B that contains
P, and so

min ¢(y) = o(z*) = (r**)?.

Thus (3.14) is verified.
If all the vertices of 9 lie on the boundary of B, then |z%" — v;|| = rb for
1 =1,...,n. Therefore, by (2.4),

eV(xsb) _ Z”msb _'UiHQBi(CUSb) _ (st)2 ZBi($Sb) — (st)27
i=1 ]

which shows that ¢, > (r*?)2/2. Combining this inequality with (3.13) and (3.14),
we obtain (3.15). O

In the univariate case, where 9 is an interval [a, b], it is known and also seen from
(3.15) that, for y = (b + a)/2, we have

v (b_a)Q.

Coo = Cy,c0 = 8

Moreover, the mean value

DN | =

(Ay[f1+ AY[S)) <y: a—2|—b>

gives an approximation whose constant in the error bound is (b — a)?/16. A general-
ization is given in the following proposition.

PROPOSITION 3.6. Let f € C2(B). Then, for everyy € P and a € [0,1], we have

(3.15) If = atyf] = (1= ). < elav) | D3],
where
(3.19) cla,y) == 1 sup (aey(z) + (1 — a)e¥(z)) .

2 zeP
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Furthermore,

_ 1 ,sb
(3:20) 0<lgf<1;g§30(a y) < = = g,

where m° and x*° are the radius and the center of the smallest ball B°° that contains
B. Equality occurs in (3.20) if all the vertices of P lie on the boundary of BP. In this
case, inequality (3.18) is sharp when o = 1/2 and y = z°°, and equality is attained
for every function f € Fs.

Proof. The estimates (3.6) and (3.9) may be rewritten as
1
Jey VD] < f@0) = Alf1(@) < Geyla) | D]
and
1 2 1 v 2
Lo [D2] € f@) - MA)@) < Sevla) [ D3],

Multiplying the first inequalities by « and the second by 1 —«, and adding the results,
we obtain

[F@) — ahy [f]() — (1~ A [f](@)] < 5 (aey () + (1 —a)e* (@) | D]

This implies (3.18).
Next, using (2.5) and the notation (2.8), we find that

, 1 1 ~
(3,7) = 3 p (@) (@) = 3 sup Do — il Bila).

If v; is a vertex on the boundary of BsP then, by (1.1), (1.3), (2.11), and (2.12),
Sl — il Bulwy) = e vl = () > Z 2 — v,]B,(2)
i=1 i
for all € *B. This shows that
sup »_ [[a** = vi|*Bi(x) = (r)?
zEP i—1

and completes the proof of (3.20).
Using (3.19), we deduce that

1—
a supe’(z) = 1—a)cl, > fo fae [0, 1]
2 xeq} 2

cla,y) =
and, in conjunction with (3.14),

«
c(ayy) 2 5 supey(r) = acyo0 2
2 JEG‘B 4
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Under the hypothesis that all the vertices of 9 lie on the boundary of B*P, we know
from Proposition 3.5 that

sb)2
o )
2
Hence
(’I"Sb ) 2

cla,y) > (a€0,1],y e P),

4
which shows that equality occurs in (3.20).
Finally, we have to verify the statement on the occurrence of equality for functions
f from the class Fy. For this, it is clearly enough to consider the function f := || - ||?
only.
Using the notation (2.8), we may rewrite (2.1) and (2.2) as

f(@) = AP[f](2) = eP(2)

Therefore,

Fl@) — 3 AP — 5 AT = 5 (@) - (@)
and consequently,

7300 - | = g sl - el

If all the vertices of B lie on the boundary of B, then

igg |6Sb(x) - 6V(I)| > |€Sb(;c5b) — ev(be)| _ ev(sz) _ (st)27

where the last equation follows from (2.4) and (1.2), and so

Lo _ Lav (r*")?
- 30 -gam| = 5
On the other hand, (3.18) and (3.20) show that
Loasbre _ Lav (r*")?
s 50 -5a| <5

oo

Hence equality occurs for f = || - ||2. O

4. Approximation of Linear Functionals. In the case p = 1, Theorems 3.1-
3.3 provide an approximation of L(f), defined in (1.4), by the values of f (and possibly
of Df) at the interpolation points of A, and AV, respectively. Indeed, if A is any of
the two operators A, and AV, and I(f) := L(A[f]), then, using that £ is linear and
positive, we have

L) = I(F)| = |£(f = AlFD| < £(1f = AlA) = ||f = AlF)], -
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Let us now turn to details. Denoting by id the identity mapping on P and
observing that £(id) is a mapping from 9 into R, we shall consider the operators

@y L= L) = ) | )+ 25w (5 <)
and
(1.2 1) = LI = YD LB, .

In the case p = 1, the constants (3.8) and (3.11) can be expressed as

(4.3) Cy1 = %E(ey) and c = % (I (ey) — L(ey)) .

Note that the last equation, which is deduced with the help of (2.5), is independent
of y. Now Theorems 3.2 and 3.3 imply the following corollaries.
COROLLARY 4.1. Let f € C*(B). Then, for any y € B, we have
L(

2p) - 1,001 < 29 o2y,

Equality is attained for every f € Fs.
COROLLARY 4.2. Let f € C?(*B). Then, for any y € B, we have
v IV(ey) — L(e
£eh - i) < Tl L6 papy.
Equality is attained for every f € Fs.

REMARK 4.3. The conclusions of Corollaries 4.1 and 4.2 can be refined when, in
addition, f is known to be a convex function. In fact, in this case, we also have

1,(f) < L(f) < I'(f)

as a consequence of the statements (iii) of Lemmas 2.1 and 2.2.

The “cubature rule” IV(f) may be seen as a multivariate analogue of the trape-
zoidal rule. As (4.1) shows, the “cubature rule” I,(f) simplifies and does not depend
on Df if y is chosen as

In this case, I, (f) is a multivariate analogue of the midpoint rule.

The point 2°™ will be called the center of mass of 3 with respect to the functional
L. Note that z™ always belongs to . Indeed, if ™ were outside B, then there
would exist a separating hyperplane

Az) == a+(bx) =0,

where a € R and b € RY, such that A\(z) > 0 for z € P and A(z°™) < 0. Since £ is
positive, we would have £(A) > 0. On the other hand, the linearity of £ implies that

L(A) =al(1)+ (b, L(id)) = aL(1) + (b, L(1)z™) = L(1)A(z™) < 0,
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which is a contradiction.
For notational simplicity, we now write

(4.4) A=Ay, I =1, Mi=ey, M=y if y = 2"
Since
ey(®) = llz P =l — 2|+ [ 4 2o — 2 2 — ),

we find, using the definition of ™, that
cy1 = Lley) = L)+ L(1)[z"™ —y]|*.

This shows that the constant in the error estimate of Corollary 4.1 becomes smallest
if and only if y = z°™.

REMARK 4.4. It may be interesting to compare the operators I°™ and IV. Re-
calling that ¢} in (4.3) does not depend on y, we may take y = ™. Then Corollaries
4.1 and 4.2 show that the quotient

(4.5) K = fv((e;nnll))

indicates which one of the two operators I°™ and IV has the smaller constant in
its error estimate. We see that ¢f™ < ¢ if and only if x € (0,1/2). Since, for
convex functions, IV approximates £ from above, we always have x € (0,1). In all the
standard examples considered by us, we found that « € (0,1/2). However, x € [1/2,1)
will occur when L is of the form (1.4) and the weight function w is large near the
vertices.

5. Examples. We illustrate our results by considering three special classes of
convex polytopes for which interpolation and approximation problems have been stud-
ied in the literature.

5.1. Intervals (the univariate case). Let d := 1, P := [a,b], and L(f) :=
f; f(z)dz. Then 2°® = 2™ = L(a +b),

w555 (43 (=25,

b—ux T—a
a b—af(a)+b—a

and

AY[f](z)

f(0).

Moreover, |D?f| = sup,<,<;|f”(z)|. For the constants (3.8) with y = = and
(3.11), we find that

cm 1 (b_a)Qp-‘rl
= [

1/p
1<
P 92p (2p + 1)} (I<p<oo)

and

[Bo+1p+1)(b—a)*]""  (1<p< o),

S
N =
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where

1
B(s,t) = / 21 —2)de
0
is the beta function. Furthermore,

)2
ol =co = L @)
8

It can be shown that ¢p™ < ¢y for 1 < p < oo. In particular, cj/c{™ = 2, which
expresses the well known fact that the constant in the error term of the trapezoidal
rule is twice as large as that of the midpoint rule.

5.2. Multidimensional simplices. Let & C R¢ be a non-degenerate simplex
with vertices vy, . .., vq. The uniquely determined rational basis functions By, ..., By
of minimal degree are the classical barycentric coordinates, which may be constructed
as follows. Let A;(z) = 0 be the equation of a hyperplane that contains all the vertices
of & other than v;. Then

_ A=) .
Bi(x) = (o) (i=0,...,d)
For L(f) := [& f(x)dz, we obtain

\6|/ d+1z

where we write |S| for the d-dimensional volume of &. This gives a representation of
€™ in terms of the vertices, which, via (4.4) and (3.17), leads us to

2

d
CIm 1
Coo 2(d +1)2 0<i2a Zo )

Since the basis functions B; belong to Py, the function e¥, defined in (2.2), is now
of the form e¥ = X — || - ||2, where A € P;. Therefore e¢"(x) = 0 is the equation of
the uniquely defined sphere that contains all the vertices of & (see e.g., Stampfle [6,
Proposition 3.1]). Thus eV can be represented as

e’ (z) = 7 — ||z — 7]

for some 7 > 0 and 7 € R%.

The case of the approximation by AV with respect to the norm || - ||« is covered
by the papers of Waldron [8, Theorem 2.1] and Stdmpfle [6, Theorem 4.1]; also see
de Boor [1]. Clearly, ¢, = 72/2 when Z € &. Otherwise, it can be shown that

ct, = 2(7* — p?), where p is the distance of Z from &. Geometrically, 2cY, may be
interpreted as the square of the radius of the smallest ball that contains & (see [6,
Lemma 4.2]).

For the standard unit simplex of dimension d > 2, a straightforward calculation
gives
?+d-1 d—1

cm and c =

< 2(d+1)2 > 2d
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and so
CYo 1
e Y . .
com d@+d—1)

For the calculation of the constants (4.3) for y = z°™, we first determine £(e“™)
with the help of a cubature rule which is exact for all polynomials of degree less or
equal to two, taken from the book of Stroud [7, p. 307, formula T, : 2-2]. It gives

cmy\ __ cm _ ( |6| cm
L(e )—/Ge (z)dz = CEDCE) Ze (vi)

1=

4[6|
o D €M),
@+2)(d+1) =,

where v;; = %(Uz + ;). Simplifying the second sum by making use of the special form
of €™, we arrive at

d
E(ecm) _ |6| Zecm

(d+2)(d+1)
Since the basis functions By, ..., By belong to P, we conclude that
L(1) |G| .
B;)) = L(1)B;j(z*™) = —% = —— =0,...,d
L(B) = LOBE™) = 70 = 124 (1=0,....0)

and therefore

d
V/ _,Ccin 6 C
e = g0 Y

[=)

Thus, by (4.3), the definition of e®™ in (4.4), and the representation in (2.3), we have

cm |6| cm ||2
DT Ay 2)(dr) ZH”Z =

and

=

8| Lo
51T an I

These values for ¢§™ and ¢} also follow from [3, Corollary 6.2, formulae (6.4) and
(6.5)]. We see that ¢f = (d+ 1)c§™ and £ = 1/(d + 2) in (4.5).

5.3. Hyperrectangles. Let
R = [a1,b1] X -+ X [ag, bg)
be a rectangle in R? with vertices
v = (Vi1y ..., Vid) (z’zl,...,Qd).

To each vertex v;, there exists exactly one vertex of maximal distance, which we call
the diametrically opposite vertex and which we denote by v; := (U;1,...,0q4). Any
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two vertices v; and v; have at least one common component unless they are a pair of
diametrically opposite vertices. Therefore

d _
Ti — s
Bi(z) = [ 22—~ i=1,...,2¢
@ =15 =12,
j=1
where x = (1, ...,24), are the rational basis functions of smallest degree. They span
a polynomial space of dimension 2%, which contains P; as a subspace.
For L(f) := [ f(x)dz, the center of mass is

1
T = §(a1 +b1,...,aq + ba).
With this, we find that
1 d
e (v;) = ZZ(ai —b)? = (™2 (i=1,...,2%.
i=1

Therefore (2.5) implies that
€Cm($)+ev(.’t) _ (,r,cm)Z
for all . Consequently,

sup e (z) = sup e'(z) = (r™")?

)

TER TER
or equivalently,
cm)2
em _ v o _ ()
Coo = Co = 9

For determining the best constants in the case p = 1, we first calculate

cem) = [ oz as = C2E .
where || = H?Zl(bi — a;), and note that
IM(e™) = (r°™)* 9]
Hence (4.3) with y = 2°™ implies that
S = “"C;H)Q || and o (TC:)Q 9]

Thus, ¢} /c§™ = 2 and k = 1/3, as in the univariate case.

In the literature, analogues of the trapezoidal rule for hyperrectangles have been
studied in the context of tensor product rules (see, e.g., [2, §8.2]).
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