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Abstract. We prove surjectivity of certain word maps on finite non-abelian simple
groups. More precisely, we prove the following: if N is a product of two prime powers,
then the word map (x, y) 7→ xNyN is surjective on every finite non-abelian simple group;
if N is an odd integer, then the word map (x, y, z) 7→ xNyNzN is surjective on every finite
quasisimple group. These generalize classical theorems of Burnside and Feit-Thompson.
We also prove asymptotic results about the surjectivity of the word map (x, y) 7→ xNyN

that depend on the number of prime factors of the integer N .
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1. Introduction

The theory of word maps on finite non-abelian simple groups – that is, maps of the
form (x1, . . . , xk) 7→ w(x1, . . . , xk) for some word w in the free group Fk of rank k –
has attracted much attention. It was shown in [37, 1.6] that for a given nontrivial word
w, every element of every sufficiently large finite simple group G can be expressed as a
product of C(w) values of w in G, where C(w) depends only on w; this has been improved
to C(w) = 3 in [55] and to C(w) = 2 in [30, 31, 55]. Improving C(w) to 1 is not possible
in general, as is shown by power words xn1 , which cannot be surjective on any finite group
of order non-coprime to n.

Certain word maps are surjective on all groups – namely, those in cosets of the form
xe11 . . . xekk F

′
k where the ei are integers with gcd(e1, . . . , ek) = 1 (see [54, 3.1.1]). The

word maps for a small number of other words have been shown to be surjective on all
finite simple groups. These include the commutator word [x1, x2], whose surjectivity was
conjectured by Ore in 1951 and proved in 2010 (see [34] and the references therein).

The main result of this paper is the following.

Theorem 1. Let p, q be primes, let a, b be non-negative integers, and let N = paqb. The
word map (x, y) 7→ xNyN is surjective on all finite (non-abelian) simple groups.

This result generalizes various theorems.

First, it implies the classical Burnside paqb-theorem [3], stating that groups of this order
are soluble. Indeed, if G is a non-soluble group of order N = paqb, then G has a non-
abelian composition factor S whose order divides N . Thus S is a (non-abelian) finite
simple group satisfying the identity xN = 1, so the word map xNyN on S has the trivial
image {1}, contradicting Theorem 1.

Theorem 1 also implies the surjectivity of x2y2 and more generally of the words xp
a
yp

a

(for a prime p), as established in [20, 35]. In [20, Corollary 1.5] it is shown that x6
a
y6

a
is

surjective on all (non-abelian) finite simple groups, again a particular case of Theorem 1.

This theorem is best possible in the sense that it cannot be extended to the case where
N is a product of three or more prime powers, since such a number can be the exponent
of a simple group. Indeed, the smallest example is that of A5.

If N1, N2 are positive integers such that N1N2 is divisible by at most two primes, then
xN1yN2 is surjective on all (non-abelian) finite simple groups, since (xN2)N1(yN1)N2 =
xN1N2yN1N2 is surjective by Theorem 1. We also indicate the following consequence (in
fact an equivalent reformulation) of Theorem 1:

Corollary 2. Let π be a set of two primes. If G is a finite non-abelian simple group, then
every element of G is a product of two π′-elements.
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To see this, let π := {p, q}. Let N = paqb where pa is the exponent of a Sylow p-
subgroup of G and similarly for qb. Since every Nth power in G is a π′-element the result
follows by Theorem 1.

But some more general questions, including the following, have a negative answer. If N
is not divisible by the exponent of a finite simple group G, is xNyN surjective on G? If N
is odd, is xNyN surjective on all finite non-abelian simple groups? If N = paqb for some
primes p, q, is xNyN surjective on all finite quasisimple groups, or does it hit at least all
non-central elements of every quasisimple group? See Remark 8.9.

However, we prove the following result which generalizes the celebrated Feit-Thompson
theorem [13]:

Theorem 3. Let N be an odd positive integer. The word map (x, y, z) 7→ xNyNzN is
surjective on all finite quasisimple groups. In fact, every element of every finite quasisimple
group is a product of three 2-elements.

As mentioned above, this result is best possible in the sense that it does not hold for
xNyN ; it also implies the surjectivity of xN1yN2zN3 for odd numbers N1, N2, N3.

A key ingredient of our proof of Theorem 3 is the construction of certain 2-elements in
simple groups G of Lie type in odd characteristic that are regular if G is classical (see §7.2)
and almost regular if G is exceptional (see §7.4). This construction may be useful in other
situations; in particular, it played a key role in the recent proof [33] of [25, Conjecture 6.2].
There are other results of the same flavor as the second statement of Theorem 3, such as
[24, Theorem 3.8] where p-elements are considered instead of 2-elements. There is also
considerable literature on the case of involutions, see e.g. [46] and the references therein.
These imply results like Theorem 3 with longer products xN1 x

N
2 . . . xNt , where N is not

divisible by the exponent of the simple group in question, see for example [24, Corollary
3.9]. However, the width of power maps can grow unbounded on finite simple groups; more
precisely, given any integer t ≥ 1, there exist a finite simple group G and an integer N
not divisible by the exponent of G such that the map (x1, . . . , xt) 7→ xN1 x

N
2 . . . xNt is not

surjective on G, see e.g. [24, Example 3.2].

Recall that the main results of [30, 31] assert that, given two non-trivial words w1 and
w2, the product w1w2 is surjective on all finite non-abelian simple groups of sufficiently
large order (depending on w1 and w2). In particular, once we fix a positive integer N , the
word xNyN is surjective on all sufficiently large simple groups. Theorem 1 (and 3) shows
that, for all N of the prescribed form, the word map xNyN (respectively xNyNzN ) is in
fact surjective on all simple groups (respectively quasisimple groups).

As mentioned above, one cannot generalize Theorem 1 for products of more than two
prime powers. However, we prove results of that flavor by imposing asymptotic conditions
on the simple groups. If an integer N has the prime factorization N =

∏r
i=1 p

αi

i (with
p1 < . . . < pr and αi > 0), then ω(N) := r and Ω(N) :=

∑r
i=1 αi.

Theorem 4. Given a positive integer k, there is an explicit positive integer f(k) such that
for all positive integers N with ω(N) ≤ k, the word map (x, y) 7→ xNyN is surjective on
all finite simple groups S, where S is either an alternating group An with n ≥ f(k), or a
simple Lie-type group of rank ≥ f(k) but not of type A or 2A.

An explicit upper bound for f(k) in Theorem 4 can be read off from its proof.

For simple classical groups of type A we obtain a somewhat weaker result.

Theorem 5. Given a positive integer k, there is an explicit positive integer g(k) such that
the following statements hold.

(i) For all positive integers N with Ω(N) ≤ k, the word map (x, y) 7→ xNyN is
surjective on all finite simple groups S = PSLn(q), PSUn(q) with n ≥ g(k).
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(ii) For all positive integers N with ω(N) ≤ k, the word map (x, y) 7→ xNyN is
surjective on all finite simple groups S = PSLn(q), PSUn(q), where n ≥ g(k), and
q is any prime power such that either q ≥ g(k), or (q − 1)|n for S = PSLn(q), or
(q + 1)|n for S = PSUn(q).

Example 8.11 shows that there is no analogue of Theorems 1, 4, or 5 for quasisimple
groups. However, we prove the following asymptotic analogue of Theorem 3 for every N
with ω(N) ≤ k (cf. [32, Theorems 2.1, 3.1] for other results in this direction).

Theorem 6. Given a positive integer k, there is an explicit positive integer h(k) such that
for any positive integer N with ω(N) ≤ k, the word map (x, y, z) 7→ xNyNzN is surjective
on all finite quasisimple classical groups of rank at least h(k). Furthermore, there is some
integer h′(k) such that if ω(N) ≤ k and n ≥ h′(k) then the word map (x, y, z) 7→ xNyNzN

is surjective on the double cover 2An.

We note that none of Theorems 4–6 holds for finite simple Lie-type groups of bounded
rank (over fields of sufficiently large size), cf. Example 8.10. It remains an open question
whether Theorem 4 holds for finite simple classical groups of type A of unbounded rank
over fields of bounded size.

We use the notation of [26] for finite groups of Lie type. For ǫ = ±, the group SLǫn(q)
is SLn(q) when ǫ = + and SUn(q) when ǫ = −, and similarly for GLǫn(q), PSL

ǫ
n(q). Also,

Eǫ6(q) is E6(q) if ǫ = + and 2E6(q) if ǫ = −. We use the convention that if ǫ = ± then
expressions such as q − ǫ mean q − ǫ1.

2. Preliminaries

The following result plays a key role in our proofs.

Theorem 2.1. [24, Theorem 1.1] Let G be a simple simply connected algebraic group
in characteristic p > 0 and let F : G → G be a Frobenius endomorphism such that
G := GF is quasisimple. There exist (not necessarily distinct) primes r, s1, s2, all different
from p, and regular semisimple x, y ∈ G such that |x| = r, y is an {s1, s2}-element, and
xG · yG ⊇ Gr Z(G). In fact s1 = s2 unless G is of type B2n or C2n.

Throughout the paper, by a finite simple group of Lie type in characteristic p we mean
a simple non-abelian group S = G/Z(G) for some G = GF as in Theorem 2.1. In this
notation, let q = pf denote the common absolute value of the eigenvalues of F acting on
the character group of an F -stable maximal torus (so that f is a half-integer if G is a
Suzuki-Ree group). For each group G and S = G/Z(G), we refer to the set {r, s1, s2}
specified in the proof of [24, Theorem 1.1] as R(G) and R(S).
Corollary 2.2. In the notation of Theorem 2.1, let S = G/Z(G) be simple non-abelian.

(i) Theorem 1 holds for S, unless possibly N = patb with t ∈ {r, s1, s2}.
(ii) Suppose N = patb for some prime t and |X | < |G|/2, where X is the set of all

elements of G of order divisible by p or by t. The word map (x, y) 7→ xNyN is
surjective on G.

Proof. (i) By [11, Corollary, p. 3661], every non-central element of G is a product of two
p-elements. Hence Theorem 1 holds for S if p ∤ N . On the other hand, if N = patb with
t /∈ {r, s1, s2}, then the elements x and y in Theorem 2.1 are Nth powers, so Theorem 1
again holds for S.

(ii) Let g ∈ G. By assumption, |G r X| > |G|/2, so g(G r X ) ∩ (G r X ) 6= ∅. Hence
g = xy−1 for some x, y ∈ G r X . Note that every element of G r X is an Nth power,
whence the claim follows.
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Recall that if a ≥ 2 and n ≥ 3 are integers and (a, n) 6= (2, 6), then an − 1 has a

primitive prime divisor, i.e. a prime divisor that does not divide
∏n−1
i=1 (a

i− 1), cf. [67]. In
what follows, we fix one such prime divisor for given (a, n) and denote it by ℓ(a, n). Next
we record the primes r, s1, s2 mentioned in Theorem 2.1 in Table 1 (for larger groups G).
The third column of Table 1 contains one entry precisely when s1 = s2.

G r s1, s2 (n, q) 6=
SLn(q),
n ≥ 4

ℓ(p, nf) ℓ(p, (n− 1)f) (6, 2), (7, 2), (4, 4)

SUn(q),
n ≥ 5 odd

ℓ(p, 2nf)
ℓ(p, (n− 1)f), n ≡ 1 mod 4
ℓ(p, (n− 1)f/2), n ≡ 3 mod 4

(7, 4)

SUn(q),
n ≥ 4 even

ℓ(p, (2n− 2)f)
ℓ(p, nf), n ≡ 0 mod 4
ℓ(p, nf/2), n ≡ 2 mod 4

(4, 2), (6, 4)

Sp2n(q),
Spin2n+1(q),
n ≥ 3 odd

ℓ(p, 2nf) ℓ(p, nf) (3, 4)

Sp2n(q),
Spin2n+1(q),
n ≥ 6 even

ℓ(p, 2nf) ℓ(p, nf), ℓ(p, nf/2) (6, 2), (12, 2)

Sp24(2) 241 13, 7
Sp12(2) 13 3, 7

Spin+2n(q),
n ≥ 4

ℓ(p, (2n− 2)f)
ℓ(p, nf), n odd
ℓ(p, (n− 1)f), n even

(4, 2)

Spin−2n(q),
n ≥ 4

ℓ(p, 2nf) ℓ(p, (2n− 2)f) (4, 2)

2B2(q
2) ℓ(2, 8f) ℓ(2, 8f) q2 > 8

2G2(q
2) ℓ(3, 12f) ℓ(3, 12f) q2 > 27

2F4(q
2) ℓ(2, 24f) ℓ(2, 12f) q2 > 8

G2(q) ℓ(p, 3f) ℓ(p, 3f) q 6= 2, 4
3D4(q) ℓ(p, 12f) ℓ(p, 12f)
F4(q) ℓ(p, 12f) ℓ(p, 8f)
E6(q)sc ℓ(p, 9f) ℓ(p, 8f)
2E6(q)sc ℓ(p, 18f) ℓ(p, 8f)
E7(q)sc ℓ(p, 18f) ℓ(p, 7f)
E8(q) ℓ(p, 24f) ℓ(p, 20f)

Table 1. Special primes for simple groups of Lie type

Lemma 2.3. Let G be a finite group, fix g1, g2 ∈ G, and let g ∈ G.
(i) Then g ∈ gG1 · gG2 if and only if

∑

χ∈Irr(G)

χ(g1)χ(g2)χ(g)

χ(1)
6= 0.

In particular, g ∈ gG1 · gG2 if
∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G), χ(1)>1

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

<

∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G), χ(1)=1

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

.



6 GURALNICK, LIEBECK, O’BRIEN, SHALEV, AND TIEP

(ii) For D ∈ N,
∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G), χ(1)≥D

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

≤ 1

D
(|CG(g1)| · |CG(g2)| · |CG(g)|)1/2 .

Proof. The first statement is a well known result of Frobenius. For (ii), note that

|χ(g)| ≤ |CG(g)|1/2 for χ ∈ Irr(G) by the second orthogonality relation for complex
characters. By the Cauchy-Schwarz inequality,

∑

χ∈Irr(G)

|χ(g1)χ(g2)| ≤





∑

χ∈Irr(G)

|χ(g1)|2 ·
∑

χ∈Irr(G)

|χ(g2)|2




1/2

= (|CG(g1)| · |CG(g2)|)1/2.

Lemma 2.4. Theorem 1 holds for all alternating groups An, 5 ≤ n ≤ 18, and for all 26
sporadic finite simple groups.

Proof. For each of these groups G and for every two primes p, q dividing |G|, we verify
that each g ∈ G can be written as a product of two {p, q}′-elements. We do this by applying
Lemma 2.3 to the character table of the relevant group. Some of these character tables
are available in the Character Table Library of GAP [14]; the remainder were constructed
directly using the Magma [4] implementation of the algorithm of Unger [65].

Proposition 2.5. Theorem 1 holds for S = An if n ≥ 19.

Proof. Since n ≥ 19, there are at least 6 consecutive integers in the interval [⌊3n/4⌋, n].
In particular, we can find an odd integer m such that ⌊3n/4⌋ ≤ m < m+ 4 ≤ n. Suppose
now that N = paqb. Among m, m+2, and m+4, at most one integer is divisible by p, and
similarly for q. Hence there is some ℓ ∈ {m,m+2,m+4} that is coprime to N . According
to [2, Corollary 2.1], each g ∈ An is a product of two ℓ-cycles. Since every ℓ-cycle is an
Nth power in S, we are done.

Proposition 2.6. Given a positive integer k, there is some explicit f(k) such that for all
n ≥ f(k) and for all positive integers N with ω(N) ≤ k, the word map (x, y) 7→ xNyN is
surjective on S = An.

Proof. Choosing f(k) large enough, we see by an explicit form of the prime number
theorem, see e.g. [53], that for every n ≥ f(k), the interval [3n/4, n] contains at least k+1
distinct primes p1, . . . , pk+1. Given a positive integer N with at most k distinct prime
factors, at least one of the pi’s, call it ℓ, does not divide N , whence all ℓ-cycles are Nth
powers. Hence the claim follows from [2, Corollary 2.1].

Lemma 2.7. If g is a real element of a finite group G, then g is a product of two 2-elements
of G.

Proof. By assumption, g−1 = xgx−1 for some x ∈ G. Replace x by x|x|2′ to obtain a
2-element. Now

xgxg = x2 · x−1gx · g = x2 · g−1 · g = x2,

so xg is a 2-element as well. Since g = x−1 · xg, the claim follows.

In particular, the following is an immediate consequence of Lemma 2.7:

Corollary 2.8. If G is a finite real group and N is an odd integer, then the word map
(x, y) 7→ xNyN is surjective on G.

Corollary 2.9. Let q be an odd prime power. Theorem 1 holds for the following simple
groups:



SURJECTIVE WORD MAPS AND BURNSIDE’S paqb THEOREM 7

(i) PSp2n(q) and Ω2n+1(q), where n ≥ 3 and q ≡ 1(mod4);
(ii) PΩ+

4n(q), where n ≥ 3 and q ≡ 1(mod4);
(iii) PΩ−

4n(q), where n ≥ 2;
(iv) PΩ+

8 (q), Ω9(q), and
3D4(q).

If N is an arbitrary odd integer, then the word map (x, y) 7→ xNyN is surjective on each of
these groups. The same conclusion holds for G = Spin−4n(q) with n ≥ 2, and G = Ω+

4n(q)
with n ≥ 2 and q ≡ 1 mod 4, and G = Ω+

8 (q).

Proof. By [64, Theorem 1.2], all of these groups G are real, whence the statement follows
from Corollary 2.8 when N is odd. If G is simple and N is even, then the statement
follows from Corollary 2.2(i).

Corollary 2.9 implies that Theorem 1 holds for many simple symplectic or orthogonal
groups over Fq when q ≡ 1(mod4). To handle the groups over Fq with q 6≡ 1(mod4), we
use the following result:

Proposition 2.10. Let S be a non-abelian simple group of Lie type in characteristic p.
Suppose N = patb with t ∈ R(S), where R(S) is defined after Theorem 2.1. The word
map (x, y) 7→ xNyN is surjective on G, where S = G/Z(G) and G is one of the following
groups:

(i) Sp2n(q), where 2|q ≥ 8 and 2 ∤ n ≥ 3;
(ii) Sp2n(q), where 2 ∤ q ≥ 11 and 2 ∤ n ≥ 3;
(iii) Ω2n+1(q), where 2 ∤ q ≥ 7, 2 ∤ n ≥ 3, and (n, q) 6= (3, 7);
(iv) Ω±

2n(q), where n ≥ 4, q ≥ 5, and n 6= 5, 7 when q = 5.

Proof. By Corollary 2.2(ii), it suffices to show that |X | < |G|/2 for X = Xp ∪ Xt, where
Xs is the set of all elements of G that have order divisible by s for s ∈ {p, t}. We use [19,
Theorem 2.3] which states that |Xp|/|G| < c(q), where

c(q) :=







2/(q − 1) + 1/(q − 1)2, G = Sp2n(q), 2|q
3/(q − 1) + 1/(q − 1)2, G = Sp2n(q), 2 ∤ q
2/(q − 1) + 2/(q − 1)2, G = Ω2n+1(q) or Ω

±
2n(q).

(Note that this result applies to G since Z(G) is a p′-group.) To estimate |Xt|, observe
that every nontrivial t-element x of G is regular semisimple, with CG(x) being a conjugate
T g of a fixed maximal torus T of G. Hence if y ∈ Xt has t-part equal to x then y ∈ T g. It
follows that

|Xt|/|G| < |T |/|NG(T )|.
For cases (i)–(iii), NG(T )/T contains a cyclic group of odd order n. Moreover, since the
central involution of the Weyl group of G inverts T , cf. [64, Proposition 3.1], |NG(T )/T |
is even. It follows that 2n divides |NG(T )/T |. If in addition G 6= Ω7(7), then

|X |
|G| ≤

|Xt|
|G| +

|Xp|
|G| <

1

2n
+ c(q) < 0.49.

In case (iv), we may by Corollary 2.9 assume that n ≥ 5. Note that T is constructed
using two kinds of cyclic maximal tori. The first is

T1 = SO+
2 (q

m) ∩G ≤ SO+
2m(q)

with m odd, where

NΩ+

2m(q)(T1)/T1
∼= Cm.

The second is

T2 = SO−
2 (q

m) ∩G ≤ SO−
2m(q),
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where

NΩ−

2m(q)(T2)/T2 ←֓ Cm.

Furthermore, m ∈ {n− 1, n}. Hence, if q ≥ 7, or q = 5 and n ≥ 9, then

|X |
|G| ≤

|Xt|
|G| +

|Xp|
|G| <

1

n− 1
+

1

q − 1
+

2

(q − 1)2
≤ 1/2,

as desired. If q = 5 and n = 6, 8 then we are done by Corollary 2.9.

Lemma 2.11. Let G be a finite group and let g ∈ G. If O is a Gal(Q/Q)-orbit on

{χ ∈ Irr(G) | χ(g) 6= 0},
then

∑

χ∈O
|χ(g)|2 ≥ |O|.

In particular,

|{χ ∈ Irr(G) | χ(g) 6= 0}| ≤ |CG(g)|.

Proof. Note that
∏

χ∈O χ(g) is a nonzero algebraic integer fixed by Gal(Q/Q), whence
it is a nonzero integer. The Cauchy-Schwarz inequality implies that

∑

χ∈O
|χ(g)|2 ≥ |O| · |

∏

χ∈O
χ(g)|2/|O| ≥ |O|.

Let O1, . . . ,Ot denote all of the distinct Gal(Q/Q)-orbits on {χ ∈ Irr(G) | χ(g) 6= 0}. The
first statement implies that

|CG(g)| =
∑

χ∈Irr(G), χ(g) 6=0

|χ(g)|2 =
t
∑

i=1

∑

χ∈Oi

|χ(g)|2 ≥
t
∑

i=1

|Oi|.

3. Centralizers of unbreakable elements

3.1. Symplectic and orthogonal groups.

Definition 3.1. Let Cl(V ) = Sp(V ) or Ω(V ) be a finite symplectic or orthogonal group.
An element x of Cl(V ) is breakable if there is a proper, nonzero, non-degenerate subspace
U of V such that x = x1x2 ∈ Cl(U)×Cl(U⊥) (with x1 ∈ Cl(U), x2 ∈ Cl(U⊥)), and either

(i) Cl(U) and Cl(U⊥) are both perfect, or

(ii) Cl(U⊥) is perfect and x1 = ±1U .
Otherwise, x is unbreakable.

Lemma 3.2. Let G = Sp2n(q) = Sp(V ) with n ≥ 2, and assume that n ≥ 4 if q = 3 and
that n ≥ 7 if q = 2. If x ∈ G is unbreakable, then |CG(x)| ≤ N where N is as in Table 2.

Proof. Assume first that x is unipotent and q is odd. By [39, 3.12], V ↓ x is an orthogonal
sum of non-degenerate subspaces of the formW (m) and V (2m), where x acts onW (m) as
J2
m, the sum of two Jordan blocks of size m, and on V (2m) as J2m. Note that in general

there may be more than one G-conjugacy class of elements with a given Jordan structure.
However, if m is even then W (m) ∼= V (m)2 as x-modules. For q > 3 the symplectic group
Sp(V (m)) is perfect for every m ≥ 2, so the unbreakability of x implies that V ↓ x is either
W (n) with n odd, or V (2n). The corresponding orders of CG(x) are given by [39, 7.1],
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n q N
odd q > 3, q odd q2n−1(q2 − 1)

q > 3, q even 2q2n(q + 1)
q = 3 24 · 32n−2

even q > 3, q odd 2qn

q > 3, q even q2n(q2 − 1)
q = 3 48 · 32n+1

any q = 2 9 · 22n+9

Table 2. Upper bounds for symplectic groups

and the largest are those in Table 2 for q > 3 odd. If q = 3 then Sp2(3) is not perfect, so
there are more unbreakable possibilities for x:

V ↓ x |CG(x)|
V (2n) 2 · 3n
V (2n− 2) + V (2) 4 · 3n+2

W (n) (n odd) 24 · 32n−2

W (n− 1) + V (2) (n even) 48 · 32n+1

Again, the values of |CG(x)| are given by [39, 7.1], and the largest are those in Table 2.

Next assume x is unipotent and q is even. Again, V ↓ x is an orthogonal sum of non-
degenerate subspaces of the form W (m) and V (2m) (see [39, Chapter 6]). If q ≥ 4, the
unbreakability of x implies that V ↓ x is either W (n) or V (2n). The corresponding orders
of CG(x) are given by [39, 7.3], and the largest are those in Table 2 for q > 2 even. If q = 2
then neither Sp2(2) nor Sp4(2) is perfect, so for n ≥ 7, the possible V ↓ x for unbreakable x
are of the form X+Y , where X =W (n−k) or V (2n−2k) and Y =W (k), V (2k) or V (2)k

for some k ≤ 2. By [39, 7.3], the largest centralizer order occurs for W (n − 2) +W (2),
and is at most 9 · 22n+9, as in Table 2.

Now suppose x is not unipotent and write x = su with semisimple part s and unipotent
part u. If s ∈ Z(G) then the argument for the unipotent case above applies, so assume
s 6∈ Z(G). Then

CG(s) = Sp2r(q)× Sp2t(q)×
∏

GLǫiai(q
bi),

where 2r, 2t are the dimensions of the 1- and −1- eigenspaces of s (with t = 0 for q even),
and r + t+ 2

∑

aibi = n.

If q > 3 then the unbreakability of x implies that r = t = 0 and a1b1 = n; write
a = a1, b = b1. Moreover, in CG(s) = GLǫa(q

b), u must be a single Jordan block Ja. So

from [39, 7.1], |CG(x)| = |CCG(s)(u)| = (qb − ǫ)qb(a−1) ≤ qn + 1, giving the result in this
case.

Now consider q = 3. As x is unbreakable, either 2r or 2t is equal to 2n − 2, or
a1b1 ∈ {n − 1, n}. In the former case, u = u1u2 ∈ CG(s) = Sp2n−2(3) × H with H =
Sp2(3) or GU1(3), and unbreakability forces V2n−2 ↓ u1 to be W (n − 1) (n even) or
V (2n − 2). Now [39, 7.1] shows that |CG(x)| is less than the bound in Table 2. In the
latter case u = u1u2 ∈ CG(s) = GLǫa(q

b) ×H with either ab = n, H = 1, or ab = n − 1,
H ∈ {Sp2(3),GU1(3)}. If ab = n, unbreakability forces u1 to be Ja or (Ja−1, J1); likewise
if ab = n− 1, then u1 = Ja. In either case |CG(x)| is less than the bound in Table 2.

Finally, suppose q = 2. Here unbreakability forces either r ≥ n− 2 or a1b1 ≥ n− 2. If
r ≥ n − 2 then u = u1u2 ∈ CG(s) = Sp2r(2) ×H with H ≤ Sp2n−2r(2), and V2r ↓ u1 is
V (2r), W (r), or V (2n−4)+V (2) (r = n−1) or W (n−2)+V (2) (r = n−1). The largest
possible value of |CG(x)| is less than the value 9 ·22n+9 in Table 2. If a1b1 = n−k ≥ n−2



10 GURALNICK, LIEBECK, O’BRIEN, SHALEV, AND TIEP

then, writing a = a1, b = b1, we see that u = u1u2 ∈ Sp2k(2) × GLǫa(q
b). The largest

value of |CG(x)| occurs when a = n, b = 1, ǫ = −1 and u = u2 = (Jn−2, J
2
1 ); here

CG(x) = CGUn(2)(u) again has order less than the bound in Table 2.

Lemma 3.3. Let G = Ω(V ) = Ωǫ2n(q) (n ≥ 4) or G = Ω(V ) = Ω2n+1(q) (n ≥ 3, q odd),
and assume further that dimV ≥ 13 if q ≤ 3. If x ∈ G is unbreakable, then |CG(x)| ≤M ,
where M is as in Table 3.

q M
q > 3 q2n−2(q + 1)2

q = 2 3 · 22n+6

q = 3 26 · 32n+4 (dimV = 2n)
24 · 32n+3 (dimV = 2n+ 1)

Table 3. Upper bounds for orthogonal groups

Proof. First consider the case where q ≥ 4 is even, so G = Ωǫ2n(q).

Assume x is unipotent. By [39, Chapter 6], V ↓ x is an orthogonal sum of non-
degenerate subspaces of the form V (2k) (a single Jordan block J2k ∈ GOǫ

2k(q) r Ωǫ2k(q))

and W (k) (two singular Jordan blocks J2
k ∈ Ω+

2k(q)). Since x is unbreakable, V ↓ x is
W (n) or V (2n − 2k) + V (2k) for some k. The order of CG(x) is given by [39, 7.1], and
the largest value occurs for W (n). It is q2n−3|Sp2(q)| for n even, and q2n−2|SO±

2 (q)| for n
odd; the former is less than the bound in Table 3 for q > 3.

If x = su is non-unipotent with semisimple part s and unipotent part u, then CG(s) =
Ωδ2k(q) ×

∏

GLǫiai(q
bi) with 2k = dimCV (s) and k +

∑

aibi = n. As each GLǫiai(q
bi) ≤

Ω2aibi(q), the unbreakability of x implies that either k ≥ n − 1 or a1b1 ≥ n − 1. In the
former case u = u1u2 ∈ CG(s) = Ωδ2n−2(q) × GLν1(q), and as in the previous paragraph

|CΩδ
2n−2

(q)(u1)| is at most q2n−5|Sp2(q)|, which gives the conclusion. In the latter case

u = u1u2 ∈ CG(s) = Ωδ2k(q)×GLνa(q
b) with k ≤ 1 and ab = n−k, and unbreakability forces

u2 ∈ GLνa(q
b) to be either Ja, or (Ja−1, J1) with a = n, b = 1. Then CG(x) = CCG(s)(u)

has smaller order than the bound in Table 3.

Now consider the case where q ≥ 5 is odd.

For x unipotent, V ↓ x is an orthogonal sum of non-degenerate spaces W (2k) (namely,
J2
2k ∈ Ω+

4k(q)) and V (2k+1) (namely, J2k+1 ∈ Ω2k+1(q)). The unbreakability of x implies
that V ↓ x =W (n) or V (2n+ 1), giving the conclusion by [39, 7.1].

For x = su non-unipotent, write

CG(s) = (Ωa(q)× Ωb(q)×
∏

GLǫiai(q
bi)) ∩G,

where a = dimCV (s), b = dimCV (−s) and a+b+
∑

2aibi = dimV . As GLǫr(q) ≤ SO2r(q)
and s has determinant one, b is even. If a 6= 0 then Va ↓ u is either W (2k) or V (2k + 1)
and x is breakable. Hence a = 0. Moreover, −1 ∈ Ω+

4k(q) (see [26, 2.5.13]), so if u0 is a

unipotent element of type W (2k), then −u0 ∈ Ω+
4k(q). Hence by unbreakability, if b 6= 0

then either b = dimV and Vb ↓ u =W (n), or Vb ↓ u is a sum of an even number of spaces
V (2ki + 1). The former case satisfies the conclusion as above, so assume the latter holds.
If there are more than two of the spaces V (2ki + 1), then there exist i, j such that the
discriminant of V (2ki + 1) + V (2kj + 1) is a square; if u1 is the projection of u to this
space then −u1 = −(J2k1+1, J2kj+1) ∈ Ω2ki+2kj+2(q), contradicting unbreakability. Hence
either b = 0 or Vb ↓ u is a sum of two spaces V (2ki + 1). Likewise, the projection of u to
a factor GLǫiai(q

bi)) has at most two Jordan blocks; here, the only extra point to note is
that if bi = 1 and there are three blocks J1, Jk, Jl with the projection of s to the J1 block
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giving an element of Ω2(q), then the projection of s to the other blocks gives elements of
Ω2k(q),Ω2l(q), and x is breakable.

It follows from all these observations together with [39, 7.1] that the largest value of
|CG(x)| occurs when either b = dimV and V ↓ u = V (n)2 (n odd), or CG(s) = GUn(q)∩G
and u = (J2

n/2) ∈ GUn(q) (n even). In either case |CG(x)| ≤ q2n−2(q + 1)2, as in Table 3.

Next suppose q = 3. Following the proof of the q = 3 case of [34, 5.15], for dimV = 2n
the largest possibility for |CG(x)| is as in Table 3, and arises when x is unipotent and
V ↓ x = W (2) +W (n − 2); note that the larger bound given in [34, 5.15] occurs when
x = −u with V ↓ u = V (1)4 +W (n− 2), but this element x is breakable according to our
definition (which is different from the definition in [34]). For dimV = 2n + 1 the largest
value of |CG(x)| is as in [34, 5.15.].

Finally, if q = 2 the proof of [34, 5.15] gives the bound in Table 3.

Lemma 3.4. The following statements hold.

(i) Let q = 2 or 3, and let G = Sp(V ) or Ω(V ) with the assumptions on dimV as in
Lemmas 3.2 and 3.3. Let V̄ = V ⊗Fq F̄q and let α ∈ F̄q satisfy either αq−1 = 1 or

αq+1 = 1. If x ∈ G is unbreakable, then dimKerV̄ (x− αI) ≤ 4.
(ii) Let q = 5 and let G = Ω(V ) = Ω±

2n(5) with n ≥ 5. Let V̄ = V ⊗Fq F̄q and let α ∈ F̄q
satisfy αq−1 = 1 or αq+1 = 1. If x ∈ G is unbreakable, then dimKerV̄ (x−αI) ≤ 2.

Proof. (i) For α = ±1 the lemma implies that the number of unipotent Jordan blocks
of ±x is at most 4, which follows from the proofs of Lemmas 3.2 and 3.3. In the other
case, α has order q + 1. A Jordan block of x on V̄ with eigenvalue α and dimension k
corresponds to a non-degenerate subspace W of V of dimension 2k such that xW lies in
Sp(W ) or SO(W ). Hence the unbreakability of x implies that there can be no more than
four such blocks.

(ii) If x = ±u with u unipotent, then the proof of Lemma 3.3 (for the case where
q ≥ 5 is odd) shows that V ↓ u is W (n) or V (2k1 + 1) + V (2k2 + 1) for some k1, k2,
giving the result in this case. Now suppose x = su with semisimple part s 6= ±1, and let
CG(s) = Ωa(5) × Ωb(5) ×

∏

GLǫiai(5
bi) as in Lemma 3.3. That proof shows that a = 0,

b is even, Vb ↓ u is the sum of zero or two odd-dimensional spaces V (2ki + 1), and the
projection of u to each factor GLǫiai(5

bi) has at most 2 Jordan blocks. The conclusion of
(ii) follows.

3.2. Linear and unitary groups.

Definition 3.5. (i) An element of the general linear group GLn(2) is breakable if it lies in
a natural subgroup of the form GLa(2)×GLb(2) where a+ b = n, 1 ≤ a ≤ b and a, b 6= 2.

(ii) An element of the unitary group GUn(2) is breakable if it lies in a natural subgroup
of the form GUa(2)×GUb(2) where a+ b = n, 1 ≤ a ≤ b and a, b 6= 2, 3.

(iii) An element of the general linear or unitary group GLǫn(3) is breakable if it lies in a
natural subgroup of the form GLǫa(3)×GLǫb(3) where a+ b = n, 1 ≤ a ≤ b and a, b 6= 2.

(iv) If q ≥ 4, then an element of GLǫn(q) is breakable if it lies in a natural subgroup of
the form GLǫa(q)×GLǫb(q) where a+ b = n and 1 ≤ a ≤ b.

If q ≥ 4 and x ∈ G = GLǫn(q) is unbreakable, then

|CG(x)| ≤
{

qn − 1, ǫ = +,
qn−1(q + 1), ǫ = −, (3.1)

(cf. [34, Lemma 6.7] for the case ǫ = −).
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Lemma 3.6. If n ≥ 7 and x ∈ G = GLn(2) is unbreakable, then either

(i) |CG(x)| ≤ 2n+2, or

(ii) |CG(x)| = 9 · 2n, 2|n, and x ∈ GLn/2(4).

Proof. Suppose first that x is unipotent. As it is unbreakable, x has Jordan form Jn, or
Jn−2 + J2. The order of CG(x) is given by [39, 7.1], and the maximum possible order is
2n+2, which occurs in the last case.

Now assume that x = su where s 6= 1 is the semisimple part and u the unipotent part
of x. Then

CG(s) =
∏

i

GLai(2
bi),

where
∑

aibi = n. Moreover, since x ∈ CG(s) is unbreakable, we may assume a1b1 ∈
{n, n − 2}, and write a = a1, b = b1. If ab = n then b ≥ 2. A Jordan block Jc of u as an
element of GLa(2

b) lies in a natural subgroup GLcb(2), so the unbreakability of x forces
the Jordan form of u in GLa(2

b) to be Ja or Ja−1 + J1 (with b = 2 in the latter case).

By [39, 7.1], |CG(x)| = |CGLa(2b)(u)| is 2b(a−1)(2b − 1) < 2n in the former case, and it is

2ab ·|GL1(2
b)|2 = 9·2n in the latter case, in which case also 2|n and x ∈ CG(s) = GLn/2(4).

If ab = n− 2, then CG(s) ≤ GLa(2
b)×GL2(2) and the Jordan form of u in the first factor

must be Ja, whence

|CG(x)| ≤ 2b(a−1)|GL1(2
b)||GL2(2)| = (2n−2 − 2n−2−b) · 6 < 2n+2,

giving the result in this case.

Lemma 3.7. If x ∈ G = GUn(2) is unbreakable, then |CG(x)| ≤ 2n+4 · 32 if n ≥ 10 and
|CG(x)| ≤ 248 if n = 9.

Proof. (i) Consider the case n ≥ 10. Suppose first that x is unipotent. As it is unbreak-
able, x has Jordan form Jn, Jn−2 + J2 or Jn−3 + J3. The order of CG(x) is given by [39,
7.1], and the maximum possible order is 2n+4 · 32, which occurs in the last case.

Suppose that x = su where s 6= 1 is the semisimple part and u the unipotent part of x.
If s ∈ Z(G) then the argument of the previous paragraph applies. If s 6∈ Z(G), then

CG(s) =
∏

GUai(2
bi)×

∏

GLci(2
2di) ≤

∏

GUaibi(2)×
∏

GU2cidi(2),

where
∑

aibi+2
∑

cidi = n, and all bi are odd. Moreover, since x ∈ CG(s) is unbreakable,
either a1b1 or 2c1d1 lies in the set {n, n− 2, n− 3}.

Suppose a1b1 ∈ {n, n − 2, n − 3}, and write a = a1, b = b1. If ab = n then b > 1 since
s 6∈ Z(G), so b ≥ 3 (as b is odd). A Jordan block Jc of u as an element of GUa(2

b) lies
in a natural subgroup GUcb(2), so the unbreakability of x forces the Jordan form of u in
GUa(2

b) to be Ja or Ja−1 + J1 (with b = 3 in the latter case). By [39, 7.1], the largest
possible value of |CG(x)| = |CGUa(2b)(u)| occurs in the latter case, and is 2ab · |GU1(2

b)|2 =
2n · 92, proving the result in this case. If ab = n− 2, then CG(s) = GUa(2

b)×GU2(2) and
the Jordan form of u in the first factor must be Ja, whence

|CG(x)| ≤ 2b(a−1)|GU1(2
b)||GU2(2)| = (2n−2 + 2n−2−b) · 18 < 2n · 32,

giving the result in this case. Similarly, if ab = n− 3 then

|CG(x)| ≤ |CGUa(2b)(Ja)||GU3(2)| = 2b(a−1)(2b + 1) · 2334
= (2n−3 + 2n−3−b) · 2334 < 2n+4 · 32.

Now suppose 2c1d1 ∈ {n, n − 2, n − 3}, and write c = c1, d = d1. If d = 1 then the
projection of s in GLc(2

2d) is a central element of order 3 which is central in a natural
subgroup GU2c(2), so CG(s) has a factor GU2c(2) rather than GLc(2

2). Hence d > 1. As
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above, the unbreakability of x forces u to have Jordan form Jc as an element of GLc(2
2d).

Hence
|CG(x)| ≤ |CGLc(22d)(Jc)| · |GUn−2cd(2)|,

which is a maximum when cd = n− 3, in which case |CG(x)| ≤ 22d(c−1)(22d− 1) · |GU3(2)|
which is less than 2n · 34. This completes the proof.

(ii) Suppose now that n = 9. Assume first that x = su where s ∈ Z(G) and u is
unipotent. As x is unbreakable, u has Jordan form J9, J7 + J2, J6 + J3 or J3

3 . The largest
centralizer is that of J3

3 , which has order 218|GU3(2)|, less than 248.

Now suppose x = su with semisimple part s 6∈ Z(G). Then CG(s) is as described above.
Assuming that |CG(x)| ≥ 248, the only possibility is that CG(s) = GU7(2) × GU2(2)
(note that GU8(2) × GU1(2) is not possible as this would imply that x is breakable). If
|CG(x)| = |CCG(s)(u)| ≥ 248, then u projects to the identity in GU7(2); but then x is
breakable, a contradiction.

Lemma 3.8. If n ≥ 7 and x ∈ G = GLǫn(3) is unbreakable, then |CG(x)| ≤ 3n+2 · 24.

Proof. For x unipotent the largest centralizer occurs when x = (Jn−2, J2) and has order
3n+2 · 24 by [39, 7.1].

Suppose x = su is non-unipotent. If s ∈ Z(G) the bound of the previous paragraph
applies, so assume s 6∈ Z(G). The possibilities for CG(s) are:

ǫ = + : CG(s) =
∏

GLai(3
bi)

ǫ = − : CG(s) =
∏

GUai(3
bi)×∏GLci(3

2di)

where
∑

aibi = n for ǫ = +, and
∑

aibi + 2
∑

cidi = n and all bi are odd for ǫ = −. As
in the previous proof, the unbreakability assumption implies that a1b1 ∈ {n − 2, n} for
ǫ = +, and either a1b1 or 2c1d1 is in {n−2, n} for ǫ = −. Now we argue as in the previous
lemma that none of the possibilities for u ∈ CG(s) give a larger centralizer order than
3n+2 · 24.

4. Theorem 1 for linear and unitary groups

4.1. General inductive argument. Recall R(S) from §2, and the notion of unbreaka-
bility from Definition 3.5.

Definition 4.1. Given a prime power q = pf , ǫ = ±, and an integer N = patb with
t ∤ (q − ǫ) a prime. We say that G = GLǫn(q) satisfies

(i) the condition P(N) if every g ∈ G can be written as g = xNyN for some x, y ∈ G
with xN ∈ SLǫn(q); and

(ii) the condition Pu(N) if every unbreakable g ∈ G can be written as g = xNyN for
some x, y ∈ G with xN ∈ SLǫn(q).

First we prove an extension of Theorem 2.1 for GLǫn(q):

Proposition 4.2. Let G = GLǫn(q) with n ≥ 4, q = pf , and let t ∤ p(q− ǫ) be a prime not
contained in R(SLǫn(q)). Then P(N) holds for G and for all N = patb.

Proof. (i) First we consider the generic case: R(SLǫn(q)) = {r, s1 = s2} and r and
s = s1 = s2 are listed in Table 1. In particular, r = ℓ(q, n) and s1 = ℓ(q, n − 1) when
ǫ = +. When ǫ = −, interchanging r and s if necessary, we may assume that r divides
qn− ǫn but not

∏n−1
i=1 (q

i− ǫi) (so r is a primitive prime divisor of (ǫq)n−1), and similarly,
s divides qn−1 − ǫn−1 but not

∏

1≤i≤n, i 6=n−1(q
i − ǫi).

Since N is coprime to q− ǫ, every central element of G can be written as an Nth power.
So it suffices to prove P(N) for every non-central g ∈ G. Fix a regular semisimple g1 ∈ G
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of order r, in particular det(g1) = 1, and a regular semisimple h ∈ GLǫn−1(q) of order s.
We can choose d ∈ GLǫ1(q) such that det(g2) = det(g) for g2 := diag(h, d). Since both g1
and g2 have order coprime to N , it suffices to show that g ∈ gG1 · gG2 . To this end we apply
Lemma 2.3(i).

Consider a character χ ∈ Irr(G) with χ(g1)χ(g2) 6= 0. It follows that χ(1) is neither
of r-defect 0 nor of s-defect 0. On the other hand, the order of the centralizer of every
non-central semisimple element of GLǫn(q) is either coprime to r or coprime to s. Hence
the Lusztig classification of irreducible characters of G [9] implies that χ belongs to the
rational series E(G, (z)) labeled by a central semisimple z ∈ G∗ ∼= G. It follows that
χ = λψ, where λ(1) = 1 and ψ is a unipotent character of G. Moreover, as shown in the
proof of [47, Theorems 2.1–2.2], ψ is either 1G or St, the Steinberg character of G. Since
det(g1) = 1 and det(g2) = det(g) by our choice, λ(g1) = 1 and λ(g2)λ(g) = 1 for all linear
λ ∈ Irr(G). Finally, since g /∈ Z(G) and |St(gi)| = 1,

∑

χ∈Irr(G)

χ(g1)χ(g2)χ(g)

χ(1)
= (q − ǫ)

(

1 +
St(g)

St(1)

)

> 0,

so we are done.

(ii) The same arguments apply to the non-generic cases

(n, q, ǫ) = (4, 4,+), (6, 4,−), (7, 4,−),
if we choose R(SLǫn(q)) to be {17, 7}, {41, 7}, or {113, 7}, respectively. In the remaining
cases

(n, q, ǫ) = (6, 2,+), (7, 2,+), (4, 2,−),
the statement follows from [24, Lemma 2.12] if we choose R(SLǫn(q)) to be {31}, {127},
or {5}, respectively (note that GU4(2) ∼= C3 × SU4(2)).

Our proof of Theorem 1 for linear and unitary groups relies on the following inductive
argument:

Proposition 4.3. Fix a prime power q = pf , an integer n ≥ 4, and ǫ = ±. Suppose that
there is an integer n0 ≥ 3 such that the following statements hold:

(i) Let 1 ≤ k ≤ n0 with k 6= 2 if q = 2, 3, and k 6= 3 if (q, ǫ) = (2,−). Then Pu(N)
holds for GLǫk(q) for every N = patb with t prime and t ∤ p(q − ǫ).

(ii) For each k with n0 < k ≤ n, Pu(N) holds for GLǫk(q) and for every N = patb with
t ∈ R(SLǫk(q)).

If N = satb for some primes s, t, then the word map (u, v) 7→ uNvN is surjective on
PSLǫn(q).

Proof. By Corollary 2.2, we need to consider only the case N = patb with t ∈ R(SLǫn(q));
in particular, t ∤ (q−ǫ). It suffices to show P(N) holds forG := GLǫn(q) and this choice ofN .
Indeed, in this case every g ∈ SLǫn(q) can be written as xNyN with det(xN ) = det(yN ) = 1.
Since gcd(N, q − ǫ) = 1, it follows that x, y ∈ SLǫn(q).

By (ii), Pu(N) holds for G. Consider a breakable g ∈ G and write it as diag(g1, . . . , gm)
lying in the natural subgroup

GLǫk1(q)× . . .×GLǫkm(q).

Here, 1 ≤ ki < n, and if ki ≤ n0 then k = ki fulfills the conditions imposed on k in (i).
Furthermore, each gi is unbreakable. Hence, according to (i), Pu(N) holds for GLǫki(q) if
ki ≤ n0. If ki > n0, then by (ii) and Proposition 4.2, Pu(N) holds for GLǫki(q) as well.

Thus we can write gi = xNi y
N
i with xi, yi ∈ GLǫki(q) and det(xNi ) = 1. Letting

x := diag(x1, . . . , xm), y := diag(y1, . . . , ym)
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we deduce that g = xNyN and det(xN ) = 1. Thus P(N) holds for G, as desired.

4.2. Induction base.

Lemma 4.4. Let q = pf ≥ 2, ǫ = ±, and N = ratb for some primes r, t. Suppose that
S = PSLǫk(q) is simple and k = 2 or 3. Then the map (u, v) 7→ uNvN is surjective on S.

Proof. By Corollary 2.2(i), we need to consider only the caseN = patb with t ∈ R(S). Let
S = PSL3(q). By [20, Theorem 7.3], Sr{1} ⊆ CC where C = xS or yS , |x| = (q2+q+1)/d
and |y| = (q2 − 1)/d, with d = gcd(3, q − 1). In particular, |x| and |y| are coprime. Hence
at least one of x, y has order coprime to N , so it is an N -power in S, whence we are done.
The case of PSU3(q) can be treated similarly using [20, Theorem 7.1]. If S = PSL2(q) with
q ≥ 7 odd, then by [20, Theorem 7.1], S r {1} ⊆ CC with C = xS or yS , |x| = (q + 1)/2
and |y| = (q − 1)/2, so we can argue similarly. Finally, assume that S = SL2(q) with
q ≥ 4 even. If t ∤ (q − 1), then S r {1} ⊆ CC with C = xS and |x| = q − 1 by [20,
Theorem 7.1], so we are done. Assume t|(q− 1). Using the character table, we check that
S r {1} ⊆ yS · (y2)S if |y| = q + 1, so we are done again.

Lemma 4.5. Let q = pf ≥ 4, ǫ = ±, and N = patb for a prime t ∤ p(q − ǫ). Then Pu(N)
holds for G = GLǫk(q) with 1 ≤ k ≤ 3.

Proof. Clearly the statement holds for k = 1. Suppose k > 1 and let g ∈ G be
unbreakable. Let ρ ∈ F×

q and let ε ∈ C× have order q − 1 ≥ 3. To establish Pu(N) for g,

we exhibit some N ′-elements g1, g2 of G such that g ∈ gG1 · gG2 and at least one of g1, g2
has determinant 1.

(i) Consider the case G = GL2(q). Since g is unbreakable, it belongs to class B1 or A2,
in the notation of [60]. In the first case, g lies in a torus of order q2 − 1, and we define
g1 = diag(ρ, ρ−1), and g2 = diag(1, ρi) if det(g) = ρi 6= 1, or g2 = g1 if det(g) = 1. Using
[60, Table II], it is easy to check that

∑

χ∈Irr(G)

χ(g1)χ(g2)χ(g)

χ(1)
= (q − 1)

(

1 +
1

q

)

> 0.

Since g1 and g2 are N ′-elements, we are done. Suppose now that g ∈ A2, i.e. g = zu with
z ∈ Z(G) and u a regular unipotent element. Since z is the Nth power of some central
element of G, it suffices to show that u ∈ gG1 · gG2 where we again choose g2 = g1. Using
[60, Table II],

∑

χ∈Irr(G)

χ(g1)χ(g2)χ(g)

χ(1)
= (q − 1)



1− 1

2(q + 1)

∑

0≤m 6=n≤q−2

(εm−n + εn−m)2



 =
4(q − 1)

q + 1
,

so we are done again.

The same arguments apply in the case G = GU2(q), where we choose g2 = g21 if g = zu
and u is a regular unipotent element.

(ii) Consider the case G = GL3(q), Since g is unbreakable, g belongs to class C1 (so g lies
in a maximal torus of order q3− 1) or A3 (i.e. g is a scalar multiple of a regular unipotent
element), in the notation of [60]. First suppose that t 6= ℓ(q, 3). By Lemma 4.7 (below)
we can find a regular semisimple g1 ∈ GL3(q) of order ℓ(q, 3)m such that det(g1) = det(g)
and all prime divisors of m divide q − 1. Note that g1 belongs to class C1. Also, define
g2 = diag(1, ρ, ρ−1) ∈ SL3(q) belonging to class A6. Using [60, §3], it is easy to check that

∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G)

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

> (q − 1)

(

1− 2

q(q + 1)
− 1

q3

)

> 0.



16 GURALNICK, LIEBECK, O’BRIEN, SHALEV, AND TIEP

Since g1 and g2 are N ′-elements, we are done. Suppose now that t = ℓ(q, 3). We choose h
to be a regular semisimple element of order q+1 in SL2(q) and define g1 := diag(h, det(g))
so that it belongs to class B1. Using g2 as in (i), we observe that

∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G)

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

> (q − 1)

(

1− 1

q3
− 3(q − 2)

2(q2 + q + 1)

)

> 0,

so we are done again.

The same arguments apply in the case G = GU3(q).

4.3. Weil characters of GLn(q) and GUn(q). In this subsection we collect some infor-
mation about Weil characters of GLn(q) and GUn(q) with n ≥ 3, cf. [62, §§3, 4], [63, §4],
that play an essential role in our analysis.

First we consider the linear case: G = GLn(q) = GL(V ) with V = Fnq . Fix a primitive

(q − 1)th root of unity δ ∈ F×
q and a primitive (q − 1)th root of unity δ̃ ∈ C×. Also, for

x ∈ G and α ∈ F
×
q , let e(x, α) denote the dimension of the α-eigenspace of x on V ⊗Fq Fq.

Then SL(V ) = SLn(q) has q − 1 complex Weil representations, which are the nontrivial
irreducible constituents of the permutation representation of SL(V ) on V r {0}. The
characters of these representations are τi, where 0 ≤ i ≤ q − 2 and

τi(g) =
1

q − 1

q−2
∑

k=0

δ̃ikqe(g,δ
k) − 2δ0,i. (4.1)

Similarly, G = GLn(q) has (q − 1)2 complex Weil representations, which are the q − 1
nontrivial irreducible constituents of the permutation representation of GL(V ) on V r{0},
tensored with one of the q− 1 representations of degree 1 of GLn(q). If we fix a character
λ = λ1 of order q − 1 of G, then the characters of these representations are τi,j , where
0 ≤ i, j ≤ q − 2 and

τi,j(g) =

(

1

q − 1

q−2
∑

k=0

δ̃ikqe(g,δ
k) − 2δ0,i

)

· λj(g). (4.2)

Note that τi,j restricts to τi over SLn(q).

Now consider the unitary case: G = GUn(q) = GU(V ) with V = Fnq2 . Fix a primitive

(q + 1)th root of unity ξ ∈ F×
q2

and a primitive (q + 1)th root of unity ξ̃ ∈ C×. Again, for

x ∈ G and α ∈ F
×
q , let e(x, α) denote the dimension of the α-eigenspace of x on V ⊗F

q2
Fq.

Then SU(V ) = SUn(q) has q + 1 complex Weil characters ζi, where 0 ≤ i ≤ q and

ζi(g) =
(−1)n
q + 1

q
∑

k=0

ξ̃ik(−q)e(g,ξk). (4.3)

Next, G = GUn(q) has (q + 1)2 complex Weil characters ζi,j , where 0 ≤ i, j ≤ q and

ζi,j(g) =
(−1)n
q + 1

q
∑

k=0

ξ̃ik(−q)e(g,ξk) · λj(g), (4.4)

where λ = λ1 is a fixed linear character of order q + 1 of G. Note that ζi,j restricts to ζi
over SUn(q).

Lemma 4.6. Let G = GLǫn(q) with n ≥ 3 and ǫ = ±. Suppose that y ∈ G satisfies the

condition
∑q−2

l=0 e(y, δ
l) ≤ 1 if ǫ = + and

∑q
l=0 e(y, ξ

l) ≤ 1 if ǫ = −. If χ ∈ Irr(G) is an
irreducible Weil character, then |χ(y)| ≤ 1.
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Proof. Consider the case ǫ = +. By assumption, e(y, δl) is at most 1 for 0 ≤ l ≤ q − 2,
and in fact it can equal 1 for at most one value l0. In particular,

−1 =
1

q − 1
(q − 1)− 2 ≤ τ0,0(y) ≤

1

q − 1
(q + q − 2)− 2 = 0.

Assume now that i > 0. If such l0 exists, then

τi,0(y) =
1

q − 1

(

δ̃il0(q − 1) +

q−2
∑

l=0

δ̃il

)

= δ̃il0 .

If no such l0 exists, then

τi,0(y) =
1

q − 1

q−2
∑

l=0

δ̃il = 0.

As |τi,j(y)| = |τi,0(y)|, the claim follows. Similar arguments apply to the case ǫ = −. �

4.4. Induction step: Generic case. We need the following simple observation:

Lemma 4.7. Let G = GLǫn(q) with n ≥ 3 and let T be a cyclic torus of order qn − ǫn
of G. Suppose there is a prime s that divides qn − ǫn but not

∏n−1
i=1 (q

i − ǫi). For every
g ∈ G, there exists a regular semisimple h ∈ T of order sm for some m ∈ N such that
det(h) = det(g) and all prime divisors of m divide q − ǫ.

Proof. Let ∆ ∼= Cq−ǫ denote the image of G under the determinant map det. Note that
det maps T onto ∆. The condition on s implies that every x ∈ T of order divisible by s
is regular semisimple and s ∤ (q − ǫ). It follows that det maps T1 ≥ Os(T ) into 1 and T2
onto ∆, where T = T1 × T2, |T1| is coprime to q − ǫ, and all prime divisors of |T2| divide
q − ǫ. Hence we can choose x ∈ Os(T ) of order s and y ∈ T2 such that det(y) = det(g)
and set h := xy. �

Proposition 4.8. Suppose G = GLn(q) with n ≥ 4, q = pf ≥ 4, and t ∈ R(SLn(q)).
Then Pu(N) holds for G and for every N = patb.

Proof. Consider an unbreakable g ∈ G and a regular semisimple g1 ∈ SLn(q) of order
s ∈ R(G)r {t}. Denote

Irr(G/[G,G]) = {λi = (λ1)
i | 0 ≤ i ≤ q − 2}.

(i) First we consider the case n ≥ 6. Choose

D =
(qn − 1)(qn−1 − q2)

(q − 1)(q2 − 1)
.

By [62, Theorem 3.1], every irreducible character of SLn(q) of degree less than D is either
the principal character, or an irreducible Weil character τi as given in (4.1). It follows that
the characters in Irr(G) of degree less than D are exactly the q−1 linear characters λi and
(q − 1)2 irreducible Weil characters τi,j , 0 ≤ i, j ≤ q − 2 as given in (4.2). Using Lemma
4.7, we can choose a regular semisimple g2 ∈ G of order sm where all prime divisors of m
divide q − 1 and det(g2) = det(g). In particular,

|CG(gi)| ≤ qn − 1,

and
q−2
∑

i=0

λi(g1)λi(g2)λi(g) = q − 1. (4.5)
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By (3.1) and Lemma 2.3,
∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G), χ(1)≥D

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

≤ (qn − 1)3/2

D
≤ (q − 1)

(

1− 1

q2 + q + 1

)

. (4.6)

The choice of gi and the unbreakability of g ensure that each y ∈ {g, g1, g2} satisfies the
assumption of Lemma 4.6 and so

|τi,j(y)| ≤ 1. (4.7)

It follows that if n ≥ 5 then
∣

∣

∣

∣

∣

∣

∑

0≤i,j≤q−2

τi,j(g1)τi,j(g2)τ i,j(g)

τi,j(1)

∣

∣

∣

∣

∣

∣

≤ (q − 1)3

qn − q <
q − 1

q(q2 + q + 1)
. (4.8)

Together with (4.6), this implies that
∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G), χ(1)>1

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

≤ (q − 1)

(

1− 1

q2 + q + 1
+

1

q(q2 + q + 1)

)

< q − 1.

Hence g ∈ gG1 · gG2 by (4.5) and Lemma 2.3(i). Since both g1 and g2 have order coprime to
N , we are done.

(ii) Next we consider the case n = 5. Setting s′ := ℓ(q, 3) and using Lemma 4.7, we can
choose a regular semisimple h ∈ GL3(q) of order s

′m, where all prime divisors of m divide
q − 1 and det(h) = det(g). Also, let h′ ∈ GL2(q) be conjugate (over Fq) to diag(β, β−1),

where β ∈ F
×
q has order q+1. Setting g2 = diag(h, h′), the orders of g1 and g2 are coprime

to N , det(g2) = det(g), and e(g2, δ
l) = 0 for 0 ≤ l ≤ q − 2. In particular, (4.7) and (4.8)

hold. Next, we choose D = q4(q5 − 1)/(q − 1), yielding
∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G), χ(1)≥D

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

≤ (q5 − 1)3/2

D
≤ q − 1

q3/2
≤ q − 1

8
. (4.9)

Now, using [41], we check that if ψ ∈ Irr(SL5(q)) has positive s-defect and positive
s′-defect and ψ(1) < D, then either ψ is the principal character or a Weil character, or
s = ℓ(q, 4) and ψ is the unique character of degree q2(q5 − 1)/(q − 1). In either case, ψ
extends to G. In fact, in the latter case, an extension ϕ of ψ to G is the unipotent character
labeled by the partition (3, 2) (see [7, §13.8]). On the other hand, τ0,0 (as defined in (4.2))
is the unipotent character of G labeled by the partition (4, 1). It follows by [22, Lemma
5.1] that

ϕ = (1G + τ0,0 + ϕ)− (1G + τ0,0) = ρ2 − ρ1,
where ρi is the permutation character of the action of G on the set of i-dimensional
subspaces of the natural module F5

q for i = 1, 2. Therefore,

ϕ(g1) = ρ2(g1)− ρ1(g1) = 0− 1 = −1, ϕ(g2) = ρ2(g2)− ρ1(g2) = 1− 0 = 1.

Also, the extensions of ψ to G are ϕλi, 0 ≤ i ≤ q − 2, and |ϕ(g)| ≤ (q5 − 1)1/2 by (3.1).
Certainly, χ(g1)χ(g2) = 0 unless χ has positive s-defect and positive s′-defect. Hence,
combining with (4.8), we deduce that

∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G), 1<χ(1)<D

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

≤ q − 1

q(q2 + q + 1)
+ (q − 1)

(q5 − 1)1/2

ψ(1)
≤ q − 1

32
.
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Together with (4.9), this implies that
∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G), χ(1)>1

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

≤ (q − 1)

(

1

8
+

1

32

)

< q − 1,

so we are done as before.

(iii) Here we consider the case n = 4. Since g is unbreakable, g belongs to class A5,
C2, or E1, in the notation of [60]. In the two latter cases, note that the G-conjugacy class
of such an element g is completely determined by |g| and the eigenvalues of g acting on

F
4
q . On the other hand, G contains a natural subgroup H ∼= GL2(q

2), and H contains an
element h with the same spectrum and order as g. Hence we may assume g = h ∈ H.
As N = patb and t ∤ (q2 − 1), we can now apply Lemma 4.5 (if h is unbreakable) to get
g = xNyN for some x ∈ SL2(q

2) < SL4(q) and y ∈ H. Such a decomposition certainly
exists if h is breakable in H (i.e. h ∈ GL1(q

2)×GL1(q
2)).

It remains therefore to consider the case g ∈ A5, i.e. g = zu, where z ∈ Z(G) and u is a
regular unipotent element. By [7, Corollary 8.3.6], |χ(g)| ≤ 1 for all χ ∈ Irr(G). Choosing
D = (q − 1)(q3 − 1) and g2 of order sm as in (i), by the Cauchy-Schwarz inequality,

∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G), χ(1)≥D

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

≤ (q4 − 1)

(q − 1)(q3 − 1)
< 1.35.

Using [60], we check that all irreducible characters of G of degree less than D are linear
or Weil characters. Hence (4.7) implies that

∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G), 1<χ(1)<D

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

≤ (q − 1)3

q4 − q < 0.11.

It follows that
∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G), χ(1)>1

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

< 1.35 + 0.11 = 1.46 < q − 1,

so we are done.

Proposition 4.9. Suppose G = GUn(q) with n ≥ 4, q = pf ≥ 4, and t ∈ R(SUn(q)).
Then Pu(N) holds for G and for every N = patb.

Proof. Consider an unbreakable g ∈ G and a regular semisimple g1 ∈ SUn(q) of order
s ∈ R(G)r {t}. Denote

Irr(G/[G,G]) = {λi = (λ1)
i | 0 ≤ i ≤ q}.

(i) First we consider the case n ≥ 6. If n ≥ 7, then using Lemma 4.7, we can choose
a regular semisimple g2 ∈ G of order sm where all prime divisors of m divide q + 1 and
det(g2) = det(g). If n = 6, then we set s′ := ℓ(q, 6) ≥ 7 and use Lemma 4.7 to get a
regular semisimple h ∈ GU3(q) of order s

′m, where det(h) = det(g) and all prime divisors
of m divide q + 1. We also set h′ := (hs′)

−1 and g2 = diag(h, h′). Then g2 ∈ G is regular
semisimple, and det(g2) = det(g). In either case

|CG(gi)| ≤ (qn−1 + 1)(q + 1).

Choose

D =

{

(qn − (−1)n)(qn−1 − q2)/(q + 1)(q2 − 1), n ≥ 7,
(q + 1)(q3 + 1)(q5 + 1)/2, n = 6.
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If n ≥ 7, then by [62, Theorem 4.1], every irreducible character of SUn(q) of degree less
than D is either the principal character, or an irreducible Weil character ζi as defined in
(4.3). Hence, the characters in Irr(G) of degree less than D are exactly the q + 1 linear
characters λi, and (q + 1)2 irreducible Weil characters ζi,j with 0 ≤ i, j ≤ q as defined
in (4.4). Suppose n = 6 and ψ ∈ Irr(SU6(q)) has positive s-defect 0 and positive s′-
defect. Using [41], we check that either ψ is the principal character of a Weil character, or
ψ(1) ≥ D. Again, if χ ∈ Irr(G), χ(1) < D, and χ(g1)χ(g2) 6= 0, then χ is either a linear
character, or a Weil character.

The choice of g1 and g2 ensures that

q
∑

i=0

λi(g1)λi(g2)λi(g) = q + 1. (4.10)

By (3.1) and Lemma 2.3,
∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G), χ(1)≥D

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

<
((q + 1)(qn−1 + 1))3/2

D
<

2(q + 1)

3
. (4.11)

The choice of gi and the unbreakability of g ensure that each y ∈ {g, g1, g2} satisfies the
assumption of Lemma 4.6, and so

|ζi,j(y)| ≤ 1. (4.12)

It follows that if n ≥ 5 then
∣

∣

∣

∣

∣

∣

∑

0≤i,j≤q

ζi,j(g1)ζi,j(g2)ζi,j(g)

ζi,j(1)

∣

∣

∣

∣

∣

∣

≤ (q + 1)3

qn − q ≤
(q + 1)2

q(q − 1)2
. (4.13)

Together with (4.11), this implies that
∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G), χ(1)>1

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

≤ (q + 1)

(

2

3
+

1

7

)

< q + 1.

Hence g ∈ gG1 · gG2 by (4.10) and Lemma 2.3(i). Since both g1 and g2 have order coprime
to N , we are done.

(ii) Next we consider the case n = 5. Setting s′ := ℓ(q, 6) and using Lemma 4.7 we can
choose a regular semisimple h ∈ GU3(q) of order s

′m, where all prime divisors of m divide
q + 1 and det(h) = det(g). Also, let h′ ∈ GU2(q) be conjugate (over Fq) to diag(α, α−1),
where α ∈ F×

q has order q−1. Setting g2 = diag(h, h′), the orders of g1 and g2 are coprime

to N , det(g2) = det(g), and e(g2, ξ
l) = 0 for 0 ≤ l ≤ q. In particular, (4.12) and (4.13)

hold. Next, we choose D = q4(q5 + 1)/(q + 1), yielding
∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G), χ(1)≥D

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

≤ (q + 1)(q4 + 1)(q4(q + 1))1/2

D
<
q + 1

5
. (4.14)

Now, using [41], we check that if ψ ∈ Irr(SU5(q)) has positive s-defect and positive
s′-defect and ψ(1) < D, then either ψ is the principal character or a Weil character, or
s = ℓ(q, 4) and ψ is the unique character of degree q2(q5 + 1)/(q + 1). In either case, ψ
extends to G. In fact, in the latter case, an extension ϕ of ψ to G is the unipotent character
labeled by the partition (3, 2) (see [7, §13.8]). Letting σ be the unipotent character of G
labeled by the partition (3, 1, 1), of degree q3(q2 + 1)(q2 − q + 1), we check that

ρ = 1G + ϕ+ σ
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is the (rank 3) permutation character of the action ofG on the set of isotropic 1-dimensional
subspaces of the natural module F5

q2 , cf. [56, Table 2]. Note that σ has s-defect 0 and

s′-defect 0. It follows that σ(g1) = σ(g2) = 0, so

ϕ(g1) = ρ(g1)− 1 = 0− 1 = −1, ϕ(g2) = ρ(g2)− 1 = 2− 1 = 1.

Also, the extensions of ψ to G are ϕλi, 0 ≤ i ≤ q, and |ϕ(g)| ≤ (q4(q + 1))1/2 by (3.1).
Certainly, χ(g1)χ(g2) = 0 unless χ has positive s-defect and positive s′-defect. Hence,
combining with (4.13), we deduce that

∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G), 1<χ(1)<D

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

≤ (q + 1)2

q(q − 1)2
+ (q + 1)

(q4(q + 1))1/2

ψ(1)
<
q + 1

7
.

Together with (4.14), this implies that
∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G), χ(1)>1

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

≤ (q + 1)

(

1

5
+

1

7

)

< q + 1,

so we are done as before.

(iii) Here we consider the case n = 4. Since g is unbreakable, g belongs to class A5,
C2, or E1, in the notation of [51]. In the two latter cases, note that the G-conjugacy class
of such an element g is completely determined by |g| and the eigenvalues of g acting on

F
4
q . On the other hand, G contains a natural subgroup H ∼= GL2(q

2), and H contains an
element h with the same spectrum and order as g. Hence we may assume g = h ∈ H.
As N = patb and t ∤ (q2 − 1), we can now apply Lemma 4.5 (if h is unbreakable) to get
g = xNyN for some x ∈ SL2(q

2) < SL4(q) and y ∈ H. Such a decomposition certainly
exists if h is breakable in H (i.e. h ∈ GL1(q

2)×GL1(q
2)).

It remains therefore to consider the case g ∈ A5, i.e. g = zu, where z ∈ Z(G) and u is a
regular unipotent element. By [7, Corollary 8.3.6], |χ(g)| ≤ 1 for all χ ∈ Irr(G). Choosing
D = (q + 1)(q3 + 1) and g2 of order sm as in (i) (when n ≥ 7), by the Cauchy-Schwarz
inequality,

∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G), χ(1)≥D

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

≤ (q3 + 1)(q + 1)

(q + 1)(q3 + 1)
= 1 ≤ q + 1

5
.

Using [51], we check that all irreducible characters of G of degree less than D are linear
or Weil characters. Hence (4.12) implies that

∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G), 1<χ(1)<D

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

≤ (q + 1)2

q(q − 1)2
<
q + 1

7
.

It follows that
∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G), χ(1)>1

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

< (q + 1)

(

1

5
+

1

7

)

< q + 1,

so we are done.

Corollary 4.10. Theorem 1 holds for G = PSLǫn(q) with q = pf ≥ 4, ǫ = ±, and n ≥ 2.

Proof. The case n = 2, 3 follows from Lemma 4.4. If n ≥ 4, then we choose n0 = 3 and
apply Proposition 4.3. Note that condition (i) of that proposition is satisfied by Lemma
4.5, and (ii) holds by Propositions 4.8 and 4.9. Hence we are done by Proposition 4.3.
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4.5. Induction step: Small fields.

Proposition 4.11. Suppose G = GLn(2) with n ≥ 8 and t ∈ R(G). Then Pu(N) holds
for G and for every N = 2atb.

Proof. Consider an unbreakable g ∈ G and choose

D = (2n − 1)(2n−1 − 4)/3.

By [62, Theorem 3.1], Irr(G) contains exactly two characters of degree less thanD: namely,
1G and τ = τ0. In fact τ(1) = 2n − 2 and ρ = τ + 1G is the permutation character of the
action of G on the set of nonzero vectors of the natural module V = Fn2 . Choose regular
semisimple elements g1 = g2 of order s ∈ R(G) r {t}; in particular, |CG(gi)| ≤ 2n − 1.
Note that ρ(gi) ∈ {0, 1}, so |τ(gi)| ≤ 1. Also, |CG(g)| ≤ 9 · 2n by Lemma 3.6. It follows
that

|τ(g1)τ(g2)τ(g)|
τ(1)

≤ 3 · 2n/2
2n − 2

< 0.189.

If n ≥ 9, then by Lemma 2.3(ii)
∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G), χ(1)≥D

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

≤ (2n − 1) · 3 · 2n/2
D

=
9 · 2n/2
2n−1 − 4

< 0.809.

If n = 8 and |CG(g)| ≤ 2n+2, then
∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G), χ(1)≥D

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

≤ (2n − 1) · 2 · 2n/2
D

=
6 · 2n/2
2n−1 − 4

< 0.775.

Thus, in each of these cases,
∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G), χ(1)>1

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

< 0.809 + 0.189 = 0.998,

whence g ∈ gG1 · gG2 by Lemma 2.3(i). Since both g1 and g2 have order coprime to N ,
we are done in these cases. In the remaining case, by Lemma 3.6, G = GL8(2) and
g ∈ H := GL4(4) = Z(H) × S with Z(H) ∼= C3 and S ∼= SL4(4). Thus we can write
g = zh with z ∈ Z(H) and h ∈ S. Applying Corollary 4.10 to SL4(4), we deduce that
h = xNyN for some x, y ∈ S. Certainly, z = zN1 for some z1 ∈ Z(H). It follows that
g = (z1x)

NyN , and we are done again.

Proposition 4.12. Suppose G = GLn(3) with n ≥ 8 and t ∈ R(SLn(3)). Then Pu(N)
holds for G and for every N = 3atb.

Proof. Consider an unbreakable g ∈ G, so |CG(g)| ≤ 3n+2 · 24 by Lemma 3.8. First, we
use Lemma 4.7 to get a regular semisimple element g1 of order sm, where s ∈ R(G)r {t},
m is a 2-power, and det(g1) = det(g). Next we fix a regular semisimple h ∈ SLn−2(3) of
order s′ = ℓ(3, n− 2) and h′ ∈ SL2(3) of order 4, and set g2 := diag(h, h′). In particular,
|CG(gi)| ≤ 3n − 1. Also, we choose

D = 33n−9.

By Lemma 2.3(ii),
∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G), χ(1)≥D

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

≤ (3n − 1) · 4 · 3(n+2)/2

33n−9
<

4

33n/2−10
≤ 4

9
.
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Now we estimate character ratios for χ ∈ Irr(G) with χ(1) < D and χ(g1)χ(g2) 6= 0. The
latter condition implies that χ has positive s-defect and positive s′-defect. Applying [5,
Theorem 3.4], χ can be only one of the following:

• two linear characters λ0,1,

• two of the four Weil characters τi,j with 0 ≤ i ≤ 1 as listed in (4.2), and, possibly,

• two characters ϕ0,1 = ϕλ0,1. Here, ϕ is the unipotent character of G labeled by the
partition (n− 2, 2), of degree (3n − 1)(3n−1 − 9)/16.

The elements g1,2 have the property that
∑

δ∈F×

3

e(gi, δ) ≤ 1. Hence, the estimate (4.7)

holds by Lemma 4.6. It follows that

∑

0≤i,j≤1

|τi,j(g1)τi,j(g2)τ i,j(g)|
τi,j(1)

≤ 2 · 4 · 3n/2+1

(3n − 3)/2
≤ 8

13
.

On the other hand, τ0,0 is the unipotent character of G labeled by the partition (n− 1, 1).
It follows by [22, Lemma 5.1] that

ϕ = (1G + τ0,0 + ϕ)− (1G + τ0,0) = ρ2 − ρ1,
where ρi is the permutation character of the action of G on the set of i-dimensional
subspaces of the natural module Fn3 for i = 1, 2. Observe that ρ2(g1) = 0 and ρ1(g1) = 0
or 1. Therefore,

|ϕ(g1)| = |ρ2(g1)− ρ1(g1)| = |ρ1(g1)| ≤ 1, ϕ(g2) = ρ2(g2)− ρ1(g2) = 1− 0 = 1.

This implies that
∣

∣

∣

∣

∣

1
∑

i=0

ϕi(g1)ϕi(g2)ϕi(g)

ϕi(1)

∣

∣

∣

∣

∣

≤ 2 · 4 · 3n/2+1

(3n − 1)(3n−1 − 9)/16
≤ 128

(3n/2−1 − 1)(3n−1 − 9)
< 0.003.

In summary,
∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G), χ(1)>1

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

<
4

9
+

8

13
+ 0.003 < 1.07.

Our choice of g1 and g2 ensures that

1
∑

i=0

λi(g1)λi(g2)λi(g) = 2.

Hence g ∈ gG1 · gG2 by Lemma 2.3(i), so we are done since |g1| and |g2| are both coprime to
N .

Proposition 4.13. Suppose G = GUn(3) with n ≥ 7 and t ∈ R(SUn(3)). Then Pu(N)
holds for G and for every N = 3atb.

Proof. Consider an unbreakable g ∈ G, so |CG(g)| ≤ 3n+2 · 24 by Lemma 3.8. First, we
use Lemma 4.7 to get a regular semisimple g1 of order sm, where s ∈ R(G)r {t}, m is a
2-power, and det(g1) = det(g). Then we choose

s′ :=







ℓ(q, 2n− 4), n ≡ 1 mod 2,
ℓ(q, n− 2), n ≡ 2 mod 4,
ℓ(q, (n− 2)/2), n ≡ 0 mod 4,

(with q = 3). Note that s′|(qn−2 − (−1)n−2) but s′ ∤
∏n
i=1,i 6=n−2(q

i − (−1)i). Next, we

fix α ∈ F
×
3 of order qn−2 − (−1)n and choose a regular semisimple h ∈ GUn−2(3) that is

conjugate over F3 to

diag
(

α, α−q, αq
2

, . . . , α(−q)n−3
)

.
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Note that det(h) ∈ F×
9 has order 4. Hence there is some β ∈ F×

9 of order q2 − 1 so that
det(h) = β2. We fix h′ = diag(β, β−q) ∈ GU2(3), and set g2 := diag(h, h′). In particular,
g2 ∈ SUn(3) is s

′-singular, gi is an N ′-element and |CG(gi)| ≤ 4(3n−1 + 1) for i = 1, 2.

Recall the Weil characters ζi,j , 0 ≤ i, j ≤ q, defined in (4.4). The elements g1,2 satisfy
the assumption of Lemma 4.6, hence the estimate (4.12) holds for y = gi. Also,

e(g, ξl) ≤ n/2 (4.15)

whenever n ≥ 7. (Indeed, otherwise U = Ker(g− ξl ·1V ) has dimension ≥ (n+1)/2 in the
natural G-module V := Fnq2 . It follows that U cannot be totally singular, so U contains

at least one anisotropic vector u. In this case, g fixes the decomposition

V = 〈u〉F
q2
⊕ (〈u〉F

q2
)⊥.

In other words, g ∈ GU1(q)×GUn−1(q), so g is breakable, a contradiction.) As n ≥ 7, we
deduce that e(g, ξl) ≤ n− 4, whence

|ζi,j(g)| ≤
(q + 1)qn−4

q + 1
= qn−4, (4.16)

so
∑

0≤i,j≤q

|ζi,j(g1)ζi,j(g2)ζi,j(g)|
ζi,j(1)

≤ 16 · 3n−4

(3n − 3)/4
< 0.8. (4.17)

Choosing

D =

{

(3n − 1)(3n−1 − 1)(3n−2 − 27)/896, n ≥ 8,
316, n = 7,

by Lemma 2.3(ii)
∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G), χ(1)≥D

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

≤ 4(3n−1 + 1) · 4 · 3(n+2)/2

D
< 0.76. (4.18)

Now we estimate character ratios for χ ∈ Irr(G) with χ(1) < D and χ(g1)χ(g2) 6= 0. The
latter condition implies that χ has positive s-defect and positive s′-defect. Applying [34,
Proposition 6.6] for n ≥ 8, χ can be only one of the following:

• 4 linear characters λi, 0 ≤ i ≤ 3;

• (at most 12 of the) 16 Weil characters ζi,j with 0 ≤ i ≤ 3, and

• 4 characters ϕi = ϕλi, 0 ≤ i ≤ 3, if s|(qn−1 + (−1)n). Here, ϕ is the unipotent
character of G labeled by the partition (n− 2, 2), of degree

ϕ(1) = (3n − (−1)n)(3n−1 + 9(−1)n)/32.
This conclusion also holds for n = 7. (Indeed, for n = 7, using [41] we can check that if
σ ∈ Irr(SU7(q)) has positive s-defect and positive s′-defect and σ(1) < D, then σ is the
restriction to SU7(q) of one of the above characters of GU7(q).)

Let ψ denote the unipotent character of G labeled by the partition (n−2, 1, 1), of degree
ψ(1) = (3n + 3(−1)n)(3n − 9(−1)n)/32.

It is well known, see e.g. [56, Table 2], that ρ := 1G + ϕ+ ψ is the permutation character
of the action of G on the set of isotropic 1-dimensional subspaces of the natural module
V . Recall we need to consider ϕ only when s|(qn−1 + (−1)n), so ψ has s-defect 0 and
s′-defect 0. In particular, ψ(g1) = ψ(g2) = 0. Therefore,

ϕ(g1) = ρ(g1)− 1 = 0− 1 = −1, ϕ(g2) = ρ(g2)− 1 = 2− 1 = 1.
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Since |ϕ(g)| ≤ 4 · 3n/2+1,
∣

∣

∣

∣

∣

q
∑

i=0

ϕi(g1)ϕi(g2)ϕi(g)

ϕi(1)

∣

∣

∣

∣

∣

≤ 4 · 4 · 3n/2+1

(3n − 1)(3n−1 − 9)/32
< 0.05.

Together with (4.15) and (4.18), this implies that
∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G), χ(1)>1

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

< 0.8 + 0.76 + 0.05 = 1.61.

Our choice of g1 and g2 ensures that
q
∑

i=0

λi(g1)λi(g2)λi(g) = 4.

Hence g ∈ gG1 · gG2 by Lemma 2.3(i), so we are done since |g1| and |g2| are both coprime to
N .

Proposition 4.14. Suppose G = GUn(2) with n ≥ 9 and t ∈ R(SUn(2)). Then Pu(N)
holds for G and for every N = 2atb.

Proof. Consider an unbreakable g ∈ G, so |CG(g)| ≤ 2n+4 · 32 when n ≥ 10 and
|CG(g)| ≤ 248 when n = 9 by Lemma 3.7.

(i) First, we use Lemma 4.7 to get a regular semisimple element g1 of order sm, where
s ∈ R(G) r {t}, m is a 3-power, and det(g1) = det(g). If n ≥ 10, we can find a regular
semisimple g2 ∈ SUn(2) of order s. In particular, gi is an N ′-element and |CG(gi)| ≤
3(2n−1 + 1) for i = 1, 2. Fix ξ ∈ F×

q2
of order q + 1. Again, note that the elements g1,2

satisfy the assumption of Lemma 4.6, hence (4.12) holds for y = gi.

If n = 9, we choose s′ := 43 and fix a regular semisimple h ∈ SU7(2) of order 43. Also, we
fix h′ ∈ SU2(2) of order 3 and set g2 := diag(h, h′). In particular, |CG(g2)| = 9(27+1), and
e(g2, ξ

l) equals 0 for l = 0 and 1 for l = 1, 2. Direct computation shows that |ζi,j(g2)| = 1
for all i, j. Thus, for n ≥ 9 and y ∈ {g1, g2},

|ζi,j(y)| ≤ 1. (4.19)

(ii) Choosing

D =

{

(2n + 1)(2n−1 − 1)(2n−2 − 27)/81, n ≥ 10,
222 · 7 · (29 + 1), n = 9,

by Lemma 2.3(ii), for n ≥ 10,
∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G), χ(1)≥D

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

≤ 3(2n−1 + 1) · 3 · 2n/2+2

D
< 0.37. (4.20)

Now we estimate character ratios for χ ∈ Irr(G) with χ(1) < D and χ(g1)χ(g2) 6= 0. The
latter condition implies that χ has positive s-defect and positive s′-defect. Applying [34,
Proposition 6.6] for n ≥ 10, χ can be only one of the following:

• 3 linear characters λi, 0 ≤ i ≤ 2;

• at most 6 of the 9 Weil characters ζi,j with 0 ≤ i ≤ 2, and

• (some of the) 27 characters D◦
αλi, 0 ≤ i ≤ 2, α ∈ Irr(S) with S := GU2(2) (see [34,

Proposition 6.3] for the definition of D◦
α).

This conclusion also holds for n = 9. (Indeed, for n = 9, using [41] we can check that
if σ ∈ Irr(SU9(2)) has positive s-defect and positive s′-defect and σ(1) < D, then σ is the
restriction to SU9(2) of one of the above characters of GU9(2).)
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Next, the inequality (4.15) implies that e(g, ξl) ≤ n− 5 as n ≥ 9, so

|ζi,j(g)| ≤
(q + 1)qn−5

q + 1
= qn−5.

It now follows from (4.19) that

∑

0≤i,j≤q

|ζi,j(g1)ζi,j(g2)ζi,j(g)|
ζi,j(1)

≤ 6 · 2n−5

(2n − 2)/3
< 0.57. (4.21)

(iii) Now we assume that n ≥ 10. We already observed that
∑2

l=0 e(gi, ξ
l) ≤ 1. Thus gi

satisfies the conclusion (i) of [34, Lemma 6.7]. Hence it also satisfies the conclusion (ii) of
[34, Proposition 6.9]. Thus

|D◦
α(gi)| ≤







2, α(1) = 1, α 6= 1S ,
3, α = 1S ,
4, α(1) = 2.

Since |ϕ(g)| ≤ 3 · 2n/2+2,
∣

∣

∣

∣

∣

∣

∑

χ=D◦
αλi

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

≤ 32·2n/2+2·
(

5 · 22 + 32

(2n − 1)(2n−1 − 4)/9
+

3 · 42
(2n − 2)(2n − 4)/9

)

< 1.06.

Together with (4.21) and (4.20), this implies that
∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G), χ(1)>1

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

< 0.57 + 0.37 + 1.06 = 2.

Our choice of g1 and g2 ensures that

q
∑

i=0

λi(g1)λi(g2)λi(g) = 3.

Hence g ∈ gG1 · gG2 by Lemma 2.3(i), so we are done since |g1| and |g2| are both coprime to
N .

(iv) Finally, we handle the case n = 9. Now χ = D◦
αλi can have positive s-defect and

positive s′-defect only when t = 19, s = 17, α = 1S . In this case, ϕ := D◦
1S

is the unipotent
character of G labeled by the partition (n− 2, 2), of degree

ϕ(1) = (29 + 1)(28 − 4)/9 = 14364.

Let ψ denote the unipotent character of G labeled by the partition (n− 2, 1, 1), of degree

ψ(1) = (29 − 2)(29 + 4)/9 = 29240.

Again, ρ := 1G + ϕ + ψ is the permutation character of the action of G on the set of
isotropic 1-dimensional subspaces of the natural module V , see e.g. [56, Table 2]. Recall
we need to consider ϕ only when s = 17 (and s′ = 43), so ψ has s-defect 0 and s′-defect
0. In particular, ψ(g1) = ψ(g2) = 0. Therefore,

ϕ(gi) = ρ(gi)− 1 = 0− 1 = −1.
Recall that e(g, ξl) ≤ 4 for all unbreakable g ∈ GU9(q) and 0 ≤ l ≤ 2. Arguing as in the
proof of [34, Proposition 6.9], we obtain

|ϕ(g)| = |D◦
1S
(g)| ≤ 28 + 1 = 257.
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It follows that
∣

∣

∣

∣

∣

∣

∑

χ=ϕλi, 0≤i≤2

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

≤ 3 · 257
14364

< 0.06.

By Lemma 2.3(ii),
∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G), χ(1)≥D

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

≤ (765 · 1161)1/2 · 224
222 · 7 · 513 < 1.05.

In summary,
∣

∣

∣

∣

∣

∣

∑

χ∈Irr(G), χ(1)>1

χ(g1)χ(g2)χ(g)

χ(1)

∣

∣

∣

∣

∣

∣

< 0.57 + 0.06 + 1.05 = 1.68,

so we are done again.

Lemma 4.15. Let q = p = 2, 3 and ǫ = ±.
(i) Suppose that 3 ≤ k ≤ 4 and k 6= 3 if (q, ǫ) = (2,−). Then P(N) holds for GLǫk(q)

and for every N = patb with t 6= p a prime and t ∤ (q − ǫ). Also, Theorem 1 holds
for PSLǫk(q).

(ii) Let GLǫk(q) be one of the following groups:
(a) GLn(2) or GLn(3), with 5 ≤ n ≤ 7;
(b) GUn(2) with 5 ≤ n ≤ 8;
(c) GUn(3) with n = 5, 6.
Then Pu(N) holds for GLǫk(q) and for every N = patb with t ∈ R(SLǫk(q)).

Proof. Direct calculations similar to those of Lemma 2.4.

Corollary 4.16. Theorem 1 holds for G = PSLǫn(q) with q = pf = 2, 3, ǫ = ±, n ≥ 3,
and (n, q, ǫ) 6= (3, 2,−).

Proof. The case n = 3, 4 follows from Lemma 4.15(i). Suppose now that n ≥ 5. Then
we choose n0 = 4 and apply Proposition 4.3. Note that condition (i) of that proposition
is verified by Lemma 4.15(i), and (ii) holds by Propositions 4.11, 4.12, 4.13, 4.14, and
Lemma 4.15(ii). Hence we are done by Proposition 4.3.

5. Theorem 1 for symplectic and orthogonal groups

5.1. General inductive argument. Recall R(G) from §2, and the notion of unbreaka-
bility for symplectic and orthogonal groups from Definition 3.1.

Definition 5.1. Given a prime power q = pf , a finite symplectic or orthogonal group
G = Cl(V ) = Cln(q), and an integer N = patb with t > 2 a prime. We say that

(i) G satisfies the condition P(N) if every g ∈ G can be written as g = xNyN for some
x, y ∈ G; and

(ii) G satisfies the condition Pu(N) if every unbreakable g ∈ G can be written as
g = xNyN for some x, y ∈ G.

Our proof of Theorem 1 for symplectic and orthogonal groups relies on the following
inductive argument:

Proposition 5.2. Given a prime power q = pf , an integer n ≥ 4, let V = Fnq be a finite
symplectic or quadratic space, and let G := Cl(V ) = Cln(q) be perfect, with Cl = Sp or Ω.
Suppose that there is an integer n0 ≥ 4 with the following properties:
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(i) If 1 ≤ k ≤ n0 and Clk(q) is perfect, then Pu(N) holds for Clk(q) and for every
N = patb with t 6= 2, p any prime; and

(ii) For each k with n0 < k ≤ n, Pu(N) holds for Clk(q) and for every N = patb with
t ∈ R(Clk(q)).

If N = satb for some primes s, t, then the word map (u, v) 7→ uNvN is surjective on
G/Z(G).

Proof. By Corollary 2.2, we need to consider only the case N = patb with t ∈ R(Cln(q));
in particular, t > 2. It suffices to show P(N) holds for G. According to (ii), Pu(N) holds
for G. Consider a breakable g ∈ G and write it as diag(g1, . . . , gm) lying in the natural
subgroup

Cl(U1)× . . .× Cl(Ui) ∼= Clk1(q)× . . .× Clkm(q)

that corresponds to an orthogonal decomposition V = U1 ⊕ . . . ⊕ Um. Here, 1 ≤ ki < n,
and for each i either Clki(q) is perfect or gi = ±1Ui

. Relabeling the elements gi suitably,
we may assume that there is some m′ ≤ m such that gi is unbreakable if 1 ≤ i ≤ m′ and
gi = ±1Ui

if i > m′. Hence, according to (i), Pu(N) holds for Clki(q) if ki ≤ n0 and i ≤ m′.
Suppose ki > n0. Then Pu(N) holds for Clki(q) if t ∈ R(Clki(q)) by (ii). If t /∈ R(Clki(q)),
then by Theorem 2.1 every non-central element of G is a product of two N ′-elements, so
it is a product of two Nth powers. Furthermore, all central elements of Clki(q) are Nth
powers. Hence Pu(N) holds for Clki(q) in this case as well. Thus for i ≤ m′ we can write
gi = xNi y

N
i with xi, yi ∈ Cl(Ui). Setting

U := U1 ⊕ . . .⊕ Um′ , W = Um′+1 ⊕ . . .⊕ Um, h := diag(gm′+1, . . . , gm) ∈ Iso(W ),

(where Iso(W ) = Sp(W ) if Cl = Sp and Iso(W ) = GO(W ) if Cl = Ω), we see that either
|h| = 1, or p and N are odd and |h| = 2. In particular, h = hN in either case. Letting

x := diag(x1, . . . , xm′) ∈ Cl(U), y := diag(y1, . . . , ym′) ∈ Cl(U)

we deduce that g = xNyNhN = xN (yh)N . Also, x, y ∈ G, g = diag(g′, h) ∈ G with
g′ := diag(g1, . . . , gm′) ∈ Cl(U) ≤ G. It follows that h ∈ G, so P(N) holds for G, as
desired.

5.2. Induction base.

Lemma 5.3. Let q = pf and let N = patb with t 6= 2, p any prime. Then P(N) holds for
G = SL2(q) with q ≥ 4, and for Sp4(q) with q ≥ 3.

Proof. (i) Consider the case G = SL2(q). If t ∤ (q− 1), then we check that XG ·XG = G
for X = xZ(G) and x ∈ G of order q − 1. On the other hand, if t ∤ (q + 1), then
Y G
1 · Y G

2 ⊇ G r {1} for Yi = yiZ(G), i = 1, 2, and y ∈ G of order q + 1. Since N is odd,
we are done in both cases.

(ii) Consider the case G = Sp4(q) with 2|q. The character table of G is given in [12].
Suppose that t|(q2 + 1). We fix a regular semisimple x1 ∈ G of order q − 1 belonging to
the class B1(1, 2) and a regular semisimple x2 ∈ G of order q + 1 belonging to the class
B4(1, 2), in the notation of [12, Table IV-1]. There are 3 non-principal characters of G
that are nonzero at both x1 and x2: namely, θ1,2 of degree q(q2 + 1)/2, and St of degree
q4. For every 1 6= g ∈ G,

∑

1G 6=χ∈Irr(G)

|χ(x1)χ(x2)χ(g)|
χ(1)

≤ 2 · q(q + 1)/2

q(q2 + 1)/2
+

q

q4
< 1,

so we are done by Lemma 2.3(i).

Suppose now that t ∤ (q2 + 1). Then at least one of x1 and x2 has order coprime to N ;
denote it by x. We also fix a regular semisimple y ∈ G of order q2 + 1 belonging to the
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class B5(1). There are at most 2 non-principal characters of G that are nonzero at both x
and y: namely, St and possibly a character θ of degree ≥ q(q−1)2/2. For every 1 6= g ∈ G,

∑

1G 6=χ∈Irr(G)

|χ(x)χ(y)χ(g)|
χ(1)

≤ q(q − 1)/2

q(q − 1)2/2
+

q

q4
< 1,

so we are done by Lemma 2.3(i).

(iii) Assume that G = Sp4(q) with q ≥ 7 odd. The character table of G is given in
[59]. If t ∤ (q2 +1), then the statement follows from [20, Theorem 7.3]. So we assume that
t|(q2 + 1). Fix a regular semisimple x1 ∈ G of order q2 − 1 belonging to the class B2(1)
and a regular semisimple x2 ∈ G of order (q2− 1)/2 belonging to the class B5(1, 1), in the
notation of [59]. There are 3 non-principal characters of G that are nonzero at both x1
and x2: namely, θ1,2 of degree q(q2 + 1)/2, and St of degree q4. For every 1 6= g ∈ G,

∑

1G 6=χ∈Irr(G)

|χ(x1)χ(x2)χ(g)|
χ(1)

≤ 2 · q(q + 1)/2

q(q2 + 1)/2
+

q

q4
< 1,

so we are done by Lemma 2.3(i).

Lemma 5.4. Let G be one of the following groups:

(i) Sp2n(2) with 3 ≤ n ≤ 6, Sp2n(3) with 2 ≤ n ≤ 5, and Sp2n(4) with n = 2, 3;
(ii) Ω2n+1(3) with 3 ≤ n ≤ 5;
(iii) Ω±

2n(2) with 4 ≤ n ≤ 6, Ω±
2n(3) with 4 ≤ n ≤ 6, and Ω±

8 (4).

Let N = patb where p is the defining characteristic of G and t ∈ R(G). Then P(N) holds.

Proof. Direct calculations similar to those of Lemma 2.4.

5.3. Induction step: Symplectic groups.

Proposition 5.5. Suppose G = Sp2n(q) with n ≥ 3, q = pf ≥ 7 odd, and t ∈ R(G). Then
Pu(N) holds for G and for every N = patb.

Proof. Consider an unbreakable g ∈ G; in particular,

|CG(g)| ≤
{

2qn, 2|n,
q2n−1(q2 − 1), 2 ∤ n

by Lemma 3.2. Let V = F2n
q denote the natural module for G. Inside Sp2n−2(q) we can

find a regular semisimple element x− of order s− = ℓ(q, 2n − 2), and, if 2|n, a regular
semisimple element x+ of order s+ = ℓ(q, n − 1). For ν = ±, we fix yν ∈ Sp2(q) of order
q − ν.

(a) Here we consider the case 2|n, and set

g1 := diag(x+, y+), g2 := diag(x−, y−)

so each gi is an N
′-element and |CG(gi)| ≤ (qn−1 + 1)(q + 1). We also choose

D =
(qn − 1)(qn − q)

2(q + 1)
.

It follows that

∑

χ∈Irr(G), χ(1)≥D

|χ(g1)χ(g2)χ(g)|
χ(1)

≤ (qn−1 + 1)(q + 1)(2qn)1/2

D
< 0.54. (5.1)
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By [62, Theorem 5.2] the only non-principal irreducible characters of G of degree less than
D are the four irreducible Weil characters: η1,2 of degree (qn − 1)/2 and ξ1,2 of degree
(qn + 1)/2. The choice of gi implies that Ker(gi ± 1V ) = 0. Hence, by [23, Lemma 2.4],

|ω(gi)|, |ω(zgi)| ≤ 1,

where ω = η1 + ξ1 is a reducible Weil character of G and z ∈ G is the central involution.
Note that

|ω(gi)| = |η1(gi) + ξ1(gi)|, |ω(zgi)| = |η1(gi)− ξ1(gi)|.
It follows that

|η1(gi)| =
|(η1(gi) + ξ1(gi)) + (η1(gi)− ξ1(gi))|

2
≤ |ω(gi)|+ |ω(zgi)|

2
≤ 1.

Similarly,

|ηj(gi)| ≤ 1, |ξj(gi)| ≤ 1, ∀i, j = 1, 2. (5.2)

It follows that
∑

χ∈Irr(G), 1<χ(1)<D

|χ(g1)χ(g2)χ(g)|
χ(1)

≤ 4 · (2qn)1/2
(qn − 1)/2

< 0.24.

Together with (5.1), this implies that

∑

χ∈Irr(G), χ(1)>1

|χ(g1)χ(g2)χ(g)|
χ(1)

< 0.54 + 0.24 = 0.78,

whence g ∈ gG1 · gG2 . Since both g1 and g2 are N ′-elements, we are done.

(b) Next we consider the case n ≥ 3 odd. Here we choose

D =

{

(q2n − 1)(qn−1 − q)/2(q2 − 1), n ≥ 5,
q4(q3 − 1)(q − 1)/2, n = 3,

so
∑

χ∈Irr(G), χ(1)≥D

|χ(g1)χ(g2)χ(g)|
χ(1)

≤ (qn−1 + 1)(q + 1)(q2n−1(q2 − 1))1/2

D
< 0.15. (5.3)

Using [50, Theorem 1.1] for n ≥ 7 and [41] for n = 5, we show that every non-principal
irreducible character of G of degree less than D is one of the following:

(b1) four irreducible Weil characters η1,2, ξ1,2 as above;

(b2) four unipotent characters αν , βν , ν = ±, of degree

αν(1) =
(qn − ν)(qn + νq)

2(q − 1)
, βν(1) =

(qn + ν)(qn + νq)

2(q + 1)
;

(b3) two characters of degree (q2n−1)/2(q+1), two of degree (q2n−1)/2(q−1), (q−1)/2
of degree (q2n − 1)/(q + 1), and (q − 3)/2 of degree (q2n − 1)/2(q − 1).

Note that R(G) consists of two primes and contains t; denote R(G)r {t} =: {s}. Since
t ∈ R(G), there is an ǫ = ± such that t|(qn − ǫ). Now, we choose a regular semisimple
element g1 of order s and take g2 := diag(x−, yǫ) of order (q − ǫ)s−. In particular,
|CG(gi)| ≤ (qn−1 + 1)(q + 1). If n = 3, then we check using [41] that the characters
χ ∈ Irr(G) with 1 < χ(1) < D and such that χ has positive s-defect and positive s−-defect
are described in (b1) and (b2). Thus, in all cases, in considering characters χ of G of
degree less than D and computing χ(g1)χ(g2) we can restrict to the ones in (b1)–(b3).

Note that all characters in (b3) have s-defect 0, so vanish at g1. Next, βǫ and α−ǫ have
s-defect 0, whence

βǫ(g1) = α−ǫ(g1) = 0.
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Likewise, β+ and α+ have s−-defect 0, whence

β+(g2) = α+(g2) = 0.

Consider the case ǫ = −. We have shown that χ(g1)χ(g2) = 0 for χ = α+, β+, β−, and

α+(g1) = α+(g2) = 0.

On the other hand, ρ := 1G + α+ + α− is just the permutation character of the action of
G on the set of 1-spaces of V , cf. [56, Table 2]. The choice of gi ensures that ρ(gi) = 0,
whence

α−(g1) = α−(g2) = −1.
Assume now that ǫ = +. We have shown that χ(g1)χ(g2) = 0 for χ = α+, β+, α−, and

β+(g1) = β+(g2) = 0.

On the other hand, as shown in [61], ζ := β+ + β− is just the restriction to G of the
character ζ0,0 of GU2n(q) as defined in (4.4) when we embed

G = Sp2n(q) →֒ SU2n(q)✁GU2n(q).

The choice of gi ensures that ζ(gi) = 0, whence

β−(g1) = β−(g2) = −1.
The same arguments as in (a) show that (5.2) holds in this case as well. Observe that, for
µ = ±1, Uµ := Ker(g − µ · 1V ) has dimension at most n, as otherwise it cannot be totally
isotropic, so g acts as the multiplication by µ on a 2-dimensional non-degenerate subspace
of U , contrary to the assumption that g is unbreakable. Using [23, Lemma 2.4], we see
that

|ω(g)|, |ω(zg)| ≤ qn/2,
so, arguing as in the above proof of (5.2), we obtain

|ηi(g)|, |ξi(g)| ≤ qn/2.
Certainly, |γ(g)| ≤ |CG(g)|1/2 ≤ (q2n−1(q2 − 1))1/2 for γ = α−, β−. In summary,

∑

χ∈Irr(G), 1<χ(1)<D

|χ(g1)χ(g2)χ(g)|
χ(1)

≤ 4 · qn/2
(qn − 1)/2

+
(q2n−1(q2 − 1))1/2

(qn − 1)(qn − q)/2(q − 1)
< 0.53.

Together with (5.3), this implies that

∑

χ∈Irr(G), χ(1)>1

|χ(g1)χ(g2)χ(g)|
χ(1)

< 0.15 + 0.53 = 0.68,

whence g ∈ gG1 · gG2 . Since both g1 and g2 are N ′-elements, we are done.

To handle the symplectic groups over F3, we need an explicit description of low-degree
complex characters of Sp2n(3).

Lemma 5.6. Let G = Sp2n(3) with n ≥ 6 and let D := (32n − 1)(3n−1 − 3)/16. Then

{χ ∈ Irr(G) | 1 < χ(1) < D}
consists of the following 13 characters:

(i) four irreducible Weil characters η, η̄ of degree (3n−1)/2, ξ, ξ̄ of degree (3n+1)/2;
(ii) four characters S2(ξ), ∧2(η), ξξ̄ − 1G, and ηη̄ − 1G, of respective degree

(3n + 1)(3n + 3)

8
,
(3n − 1)(3n − 3)

8
,
(3n − 1)(3n + 3)

4
,
(3n + 1)(3n − 3)

4
;

(iii) two characters S2(η), ∧2(ξ) of degree (32n − 1)/8, and three characters ξη̄, ξ̄η,
ξη = ξ̄η̄ of degree (32n − 1)/4.
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Also, S2(η) = ∧̄2(ξ).

Proof. Applying [50, Theorem 1.1], we deduce that the degrees, and the multiplicity
for each degree of non-principal irreducible character of G of degree less than D are as
listed above. The proof of [45, Proposition 5.4] shows that the six characters S2(ξ), ∧2(η),
ξξ̄ − 1G, ηη̄ − 1G, S

2(η), and ∧2(ξ) have the degrees listed in (ii) and (iii). It also shows
that ξη̄ and ξ̄η are two distinct irreducible constituents (of a certain real character τ) of
degree (32n − 1)/4, so they are non-real. On the other hand, ξη is the unique irreducible
constituent of degree (32n− 1)/4 of a certain real character σ, whence it must be real. We
have therefore identified the three characters of degree (32n − 1)/4. Finally,

[S2(η) + ∧2(η), S̄2(ξ) + ∧̄2(ξ)] = [η2, ξ̄2] = [ξη, ξ̄η̄] = 1,

so S2(η) = ∧̄2(ξ), since the involved characters are all irreducible, and only S2(η) and
∧̄2(ξ) have equal degree.

Proposition 5.7. Suppose G = Sp2n(3) with n ≥ 6, and t ∈ R(G). Then Pu(N) holds
for G and for every N = 3atb.

Proof. (i) Consider an unbreakable g ∈ G; in particular,

|CG(g)| ≤ 16 · 32n+2 (5.4)

by Lemma 3.2. Let V = F2n
3 denote the natural module for G. Inside Sp2n−2(3) we can

find a regular semisimple element x− of order s− = ℓ(3, 2n− 2) and a regular semisimple
element x+ of order s+ = ℓ(3, n− 1). We fix y ∈ Sp2(3) of order 4. If n is even, we set

g1 := diag(x+, y), g2 := diag(x−, y),

whereas for odd n, we choose a regular semisimple g1 ∈ G of order s ∈ R(G) r {t} and
set g2 := diag(x−, y). In particular, gi is an N

′-element and |CG(gi)| ≤ 4 · (3n−1 + 1) for
i = 1, 2. We also choose

D =
(32n − 1)(3n−1 − 3)

16
.

Then the characters χ ∈ Irr(G) with 1 < χ(1) < D are described in Lemma 5.6.

The choice of gi implies that Ker(gi ± 1V ) = 0. Hence, as in the proof of Proposition
5.5,

|χ(gi)| ≤ 1, ∀χ ∈ {ξ, η}. (5.5)

On the other hand, dimF3
Ker(g ± 1V ) ≤ 4 by Lemma 3.4. Arguing as in part (a) of the

proof of Proposition 5.5, we obtain

|χ(g)| ≤ 32, ∀χ ∈ {ξ, η}. (5.6)

It follows that
∑

χ∈{ξ,ξ̄,η,η̄}

|χ(g1)χ(g2)χ(g)|
χ(1)

≤ 4 · 32
(3n − 1)/2

< 0.099. (5.7)

Let X denote the set of nine characters listed in Lemma 5.6(ii), (iii). Observe that xν has
prime order sν for ν = ±. Hence

Ker(g2i − 1V ) = 0, dimF3
Ker(g2i + 1V ) ≤ 2.

This in turn implies that

|ω(g2i )| ≤ 1, |ω(zg2i )| ≤ 3

for the reducible Weil character ω = ξ + η and the central involution z ∈ G. Arguing as
in part (a) of the proof of Proposition 5.5, we obtain

|χ(g2i )| ≤ (1 + 3)/2 = 2, ∀χ ∈ {ξ, η}.
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Together with (5.5), this implies that

|χ(gi)| ≤ 3/2, ∀χ ∈ X . (5.8)

(ii) Here we assume that n ≥ 7. If 2|n, then the four characters listed in Lemma 5.6
have either s+-defect 0, or s−-defect 0. If 2 ∤ n, then the five characters listed in Lemma
5.6 have s-defect 0. Thus, at most five characters from X can be nonzero at both g1 and
g2. Also, |χ(g)| ≤ 4 · 3n+1 for all χ ∈ Irr(G) by (5.4). Using (5.8), we see that

∑

χ∈X

|χ(g1)χ(g2)χ(g)|
χ(1)

≤ 5 · (3/2)2 · 4 · 3n+1

(3n − 1)(3n − 3)/8
< 0.495.

On the other hand,

∑

χ∈Irr(G), χ(1)≥D

|χ(g1)χ(g2)χ(g)|
χ(1)

≤ 4(3n−1 + 1) · 4 · 3n+1)

D
< 0.354.

Together with (5.7), these estimates imply that

∑

χ∈Irr(G), χ(1)>1

|χ(g1)χ(g2)χ(g)|
χ(1)

< 0.099 + 0.495 + 0.354 = 0.948,

whence g ∈ gG1 · gG2 . Since both g1 and g2 are N ′-elements, we are done.

(iii) We may now assume that n = 6. In this case R(G) = {7, 13, 73} and |g1| = 44,
|g2| = 244. Using [41], we check that G has exactly 30 irreducible characters χ that
have both positive 11-defect and positive 41-defect: namely, 1G, four Weil characters, five
characters from X and listed in Lemma 5.6(iii), four characters ψ1,2,3,4 with two of each
of the degrees

D = 15 · (312 − 1), D1 := 15 · (34 + 1) · (38 + 34 + 1),

and 16 more, of degree larger than D2 := 319. In particular,

∑

χ∈Irr(G), χ(1)≥D2

|χ(g1)χ(g2)χ(g)|
χ(1)

≤ 4 · (3n−1 + 1) · 4 · 3n+1

D2
< 0.0074. (5.9)

Next we strengthen the bound on |χ(g)| for χ ∈ X . Consider λ = ±1 and write

g = uv = vu, with u unipotent and v semisimple. Let Ṽ := V ⊗F3
F3. Note that if

w ∈ Uλ := Ker(g2 − λ · 1Ṽ ), then w belongs to Wµ := Ker(v − µ · 1Ṽ ) for some µ with

µ2 = λ. Now g2 acts on Wµ as λu′2, where u′ := uWµ is unipotent. Next, observe that

dimF3
Ker(u′2 − 1Wµ) = dimF3

Ker(u′ − 1Wµ).

It then follows from Lemma 3.4 that

dimF3
Uλ = dimF3

Ker(g − µ0 · 1Ṽ ) + dimF3
Ker(g + µ0 · 1Ṽ ) ≤ 8,

where µ0 is a fixed square root µ0 of λ. In turn, this implies by [23, Lemma 2.4] that

|ω(g2)|, |ω(zg2)| ≤ 34.

Arguing as in part (a) of the proof of Proposition 5.5, we obtain

|χ(g2)| ≤ 34, ∀χ ∈ {ξ, η}.
Using this bound and (5.6), we see that

|χ(g)| ≤ 34, ∀χ ∈ X .



34 GURALNICK, LIEBECK, O’BRIEN, SHALEV, AND TIEP

Since only five characters from X can be nonzero at both g1 and g2, this last estimate
together with (5.8) yields

∑

χ∈X

|χ(g1)χ(g2)χ(g)|
χ(1)

≤ 5 · (3/2)2 · 34
(32n − 1)/8

< 0.0138. (5.10)

Finally, we estimate character ratios for the four characters ψ1,2,3,4 of degree D and D1.
Since |g2| = 4 · 61, χ(g) = 0 if and only if χ ∈ Irr(G) has degree divisible by 61. Using
[41], we check that

Irr61′(G) := {χ ∈ Irr(G) | 61 ∤ χ(1)}
consists of exactly 343 characters. (Another way to check it is to observe that since
P ∈ Syl61(G) is cyclic, the McKay conjecture holds for G, i.e.

|Irr61′(G)| = |Irr61′(NG(P ))|.
Direct computation shows that

NG(P ) = (C244 ⋊ C10)× Sp2(3)

has exactly 343 irreducible characters of degree coprime to 61.) Certainly,

Irr61′(G)r {ψ1,2,3,4}
is a union of some Gal(Q/Q)-orbits. Hence, by Lemma 2.11,

∑

χ∈Irr(G)r{ψ1,2,3,4}
|χ(g2)|2 =

∑

χ∈Irr61′ (G)r{ψ1,2,3,4}
|χ(g2)|2 ≥ |Irr61′(G)r{ψ1,2,3,4}| = 343−4 = 339.

Since
∑

χ∈Irr(G) |χ(g2)|2 = |CG(g2)| = 4 · (35 + 1) = 976,

4
∑

j=1

|ψj(g2)|2 ≤ 976− 339 = 637.

Recall that |ψj(g)| ≤ 4 · 37 by (5.4) and |ψj(g1)|2 ≤ |CG(g1)| = 4 · (35 − 1) = 968. By the
Cauchy-Schwarz inequality,

4
∑

j=1

|ψj(g1)ψj(g2)ψj(g)|
ψj(1)

≤ 4 · 37 · 9681/2
D

·(
4
∑

j=1

|ψj(g2)|2)1/2 =
4 · 37 · (968 · 637)1/2

15 · (312 − 1)
< 0.8618.

Together with (5.7), (5.9), (5.10), this implies that

∑

χ∈Irr(G), χ(1)>1

|χ(g1)χ(g2)χ(g)|
χ(1)

< 0.099 + 0.0138 + 0.8618 + 0.0074 = 0.982,

whence g ∈ gG1 · gG2 . Since both g1 and g2 are N ′-elements, we are again done.

Proposition 5.8. Suppose G = Sp2n(q) with n ≥ 3, 2|q, and t ∈ R(G). Assume that
n ≥ 4 if q = 4, and n ≥ 7 if q = 2. Then Pu(N) holds for G and for every N = 2atb.

Proof. Consider an unbreakable g ∈ G; in particular,

|CG(g)| ≤ B :=







q2n(q2 − 1), 2|n, q ≥ 4
2q2n(q + 1), 2 ∤ n, q ≥ 4
9 · q2n+9, q = 2

by Lemma 3.2. Let V = F
2n
q denote the natural module for G. Inside Sp2n−2(q) we can

find a regular semisimple element x− of order s− = ℓ(q, 2n − 2), and, if 2|n, a regular
semisimple element x+ of order s+ = ℓ(q, n− 1). We fix y ∈ Sp2(q) of order q+ 1. Let W
denote the set of q + 3 Weil characters

αn, βn, ρ
1
n, ρ

2
n, ζ

i
n, 1 ≤ i ≤ q/2, τ jn, 1 ≤ j ≤ q/2− 1
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(as described in [23, Table 1]). Assuming n ≥ 4 and choosing

D :=
(q2n − 1)(qn−1 − 1)(qn−1 − q2)

2(q4 − 1)
,

we see by [23, Corollary 6.2] that W is precisely the set {χ ∈ Irr(G) | 1 < χ(1) < D}.
(i) Here we consider the case 2|n, and set

g1 := diag(x+, y), g2 := diag(x−, y)

so that each gi is an N
′-element and |CG(gi)| ≤ (qn−1 + 1)(q + 1). In particular,

∑

χ ∈ Irr(G),
χ(1) ≥ D

|χ(g1)χ(g2)χ(g)|
χ(1)

≤ (qn−1 + 1)(q + 1) ·B1/2

D
<

{

0.8293, n = 4
0.1956, n ≥ 6.

(5.11)

If χ ∈ {αn, βn, ρ1n, ρ2n} then χ has sν-defect 0 for some ν = ±, so χ(g1)χ(g2) = 0. For

γ ∈ F
×
q , the choice of gi implies that dimFq

Ker(gi − γ · 1V ) equals 0 if γq−1 = 1, and is at

most 1 if γq+1 = 1; in fact, it equals 1 for exactly two primitive (q+1)th roots of unity in

F
×
q . Hence, by formulae (1) and (4) of [23],

|τ jn(gi)| = 0, |ζjn(gi)| ≤ b,
where b := 2 if q ≥ 4 and b := 1 if q = 2. For n ≥ 6, it follows that

∑

χ∈Irr(G), 1<χ(1)<D

|χ(g1)χ(g2)χ(g)|
χ(1)

≤ q

2
· b

2 · (q2n(q2 − 1))1/2

(q2n − 1)/(q + 1)
< 0.7956.

Suppose that n = 4 and q ≥ 4. Observe that dimFq
Ker(gi − γ · 1V ) ≤ 4 for γ ∈ F

×
q with

γq+1 = 1. (Indeed, this bound is obvious if γ 6= 1. If γ = 1, it follows from the condition

that g is unbreakable.) Hence, formula (4) of [23] implies that |ζjn(g)| ≤ q4, so
∑

χ∈Irr(G), 1<χ(1)<D

|χ(g1)χ(g2)χ(g)|
χ(1)

≤ q

2
· b2 · q4
(q8 − 1)/(q + 1)

< 0.1564.

Together with (5.11), this implies that

∑

χ∈Irr(G), χ(1)>1

|χ(g1)χ(g2)χ(g)|
χ(1)

<

{

0.8293 + 0.1564 = 0.9857, n = 4
0.1956 + 0.7956 = 0.9912, n ≥ 6

whence g ∈ gG1 · gG2 . Since both g1 and g2 are N ′-elements, we are done.

(ii) From now on we assume 2 ∤ n. By Proposition 2.10 we may assume that n ≥ 5.
We choose a regular semisimple element g1 of order s ∈ R(G) r {t} and take g2 :=

diag(x−, y). In particular, again |CG(gi)| ≤ (qn−1 + 1)(q + 1). Note that all characters ζjn

and τ jn have s-defect 0, so vanish at g1. Next, the choice of gi implies that, for γ ∈ F
×
q ,

dimFq
Ker(gi−γ ·1V ) equals 0 if γq−1 = 1, and is at most 1 if γq+1 = 1; in fact, it equals 1

for exactly two primitive (q + 1)th roots of unity in F
×
q . Using formulae (1), (3), (4), and

(6) of [23], we obtain

(ρ1n + ρ2n)(gi) = −1, (αn + βn)(g1) = 1, (αn + βn)(g2) = −1.
Furthermore, exactly one character among αn, βn, and exactly one character among ρ1n,
ρ2n, have s-defect zero. It follows that

|χ(g1)| ≤ 1, ∀χ ∈ {αn, βn, ρ1n, ρ2n}.
Likewise, βn and ρ2n have s−-defect 0, so

βn(g2) = ρ2n(g2) = 0, |αn(g2)| = |ρ1n(g2)| = 1.
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We also observe that αn(g1) = 0 if s|(qn− 1) and ρ1n(g1) = 0 if s|(qn+1). We have shown
that, among the characters in W, exactly one character can be nonzero at both g1 and g2.
Denoting this character by ψ,

|ψ(g)|/ψ(1) ≤ 0.95, |ψ(g)| ≤ B1/2, |ψ(gi)| ≤ 1. (5.12)

Here, the first bound follows from the main result of [16].

(iii) Assume in addition that n ≥ 9 if q = 2. Now

∑

χ∈Irr(G), 1<χ(1)<D

|χ(g1)χ(g2)χ(g)|
χ(1)

≤ B1/2

(qn − 1)(qn − q)/2(q + 1)
< 0.8003.

On the other hand,

∑

χ∈Irr(G), χ(1)≥D

|χ(g1)χ(g2)χ(g)|
χ(1)

≤ (qn−1 + 1)(q + 1) ·B1/2

D
< 0.0478.

It follows that
∑

χ∈Irr(G), χ(1)>1

|χ(g1)χ(g2)χ(g)|
χ(1)

< 0.8003 + 0.0478 = 0.8481,

whence g ∈ gG1 · gG2 . Since both g1 and g2 are N ′-elements, we are done.

(iv) Now we consider the case (n, q) = (7, 2) and choose

D1 :=
q35(q7 − 1)(q7 − q)

2(q + 1)
.

Using [41], we check that there is only one character χ ∈ Irr(G) with 1 < χ(1) < D1 that
has both positive s-defect and s−-defect, namely the character ψ described in (ii). Now
using (5.12)

∑

χ∈Irr(G), 1<χ(1)<D1

|χ(g1)χ(g2)χ(g)|
χ(1)

≤ |ψ(g)|
ψ(1)

< 0.95.

On the other hand,

∑

χ∈Irr(G), χ(1)≥D1

|χ(g1)χ(g2)χ(g)|
χ(1)

≤ (q6 + 1)(q + 1) ·B1/2

D1
< 0.01.

It follows that
∑

χ∈Irr(G), χ(1)>1

|χ(g1)χ(g2)χ(g)|
χ(1)

< 0.95 + 0.01 = 0.96,

and we are done again.

5.4. Induction step: Orthogonal groups.

Proposition 5.9. Suppose G = Ω2n+1(q) with n ≥ 3, q = pf odd, and t ∈ R(G). Assume
that n ≥ 6 if q = 3. Then Pu(N) holds for G and for every N = patb.

Proof. By Corollary 2.9 and Proposition 2.10, we may assume that q = 3 and n ≥ 6.

Let V = F
2n+1
q denote the natural module for G, and let

F0 := {γ ∈ F
×
q | γq±1 = 1}.

Consider an unbreakable g ∈ G; in particular, |CG(g)| ≤ B := 24 · q2n+3 by Lemma 3.3.
Let X denote the set of q + 4 characters described in [34, Proposition 5.7]: each is of the
form D◦

α for α ∈ Irr(S) and S := Sp2(q). Choosing

D := q4n−8,
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we see by [34, Corollary 5.8] that X is precisely the set {χ ∈ Irr(G) | 1 < χ(1) < D}. If
γ ∈ F0, then

dimFq
Ker(g − γ · 1V ) ≤ 4

by Lemma 3.4. Following the proof of [34, Proposition 5.11], one can show that

|Dα(g)| ≤ q4 · α(1). (5.13)

Now we choose g1 = g2 to be a regular semisimple element of order s ∈ R(G) r {t}, so
that gi is an N

′-element and |CG(gi)| ≤ (qn−1 + 1)(q + 1). In particular,

∑

χ ∈ Irr(G),
χ(1) ≥ D

|χ(g1)χ(g2)χ(g)|
χ(1)

≤ (qn−1 + 1)(q + 1) ·B1/2

D
< 0.35. (5.14)

The choice of gi implies that

dimFq
Ker(g − γ · 1V ) ≤ 1

for all γ ∈ F0. Following the proof of [34, Proposition 5.11], one can show that

|Dα(g)| ≤ q · α(1). (5.15)

In the notation of [34, Table I], if α 6= ξ1,2, then D
◦
α = Dα. In this case, it follows from

(5.13) and (5.15) for χ = D◦
α that

|χ(g1)χ(g2)χ(g)|
χ(1)

≤ q6 · α(1)3
χ(1)

< (1.1)
q6 · α(1)2

(q2n − 1)/(q2 − 1)
.

In the case α = ξ1,2 (of degree (q + 1)/2), for χ = D◦
α = Dα − 1G,

|χ(g1)χ(g2)χ(g)|
χ(1)

≤ (q4α(1) + 1)(qα(1) + 1)2

χ(1)
< (1.4)

q6 · α(1)2
(q2n − 1)/(q2 − 1)

.

It follows that

∑

χ∈Irr(G), 1<χ(1)<D

|χ(g1)χ(g2)χ(g)|
χ(1)

≤ (1.4)
q6

(q2n − 1)/(q2 − 1)
·∑α∈Irr(S) α(1)

2

= (1.4)
q6 · q(q2 − 1)

(q2n − 1)/(q2 − 1)
< 0.26.

Together with (5.14), this implies that

∑

χ∈Irr(G), χ(1)>1

|χ(g1)χ(g2)χ(g)|
χ(1)

< 0.35 + 0.26 = 0.61.

whence g ∈ gG1 · gG2 . Since both g1 and g2 are N ′-elements, we are done.

Proposition 5.10. Suppose G = Ωǫ2n(q) and q = 2, 4, ǫ = ±, and t ∈ R(G). Assume
that n ≥ 5 if q = 4, and n ≥ 7 if q = 2. Then Pu(N) holds for G and for every N = 2atb.

Proof. (i) Consider an unbreakable g ∈ G; in particular,

|CG(g)| ≤ B :=

{

3 · q2n+6, q = 2
25 · q2n−2, q = 4

by Lemma 3.3. We also choose

D :=







q4n−10, n ≥ 6, (n, q) 6= (7, 2),
q4n−8, (n, q) = (7, 2),
q3(q3 − 1)(q5 − 1)(q − 1)2/2, n = 5, q = 4.
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Consider the prime s ∈ R(G)r {t}. If s|(qn−1 +1) with q = 2 and ǫ = +, then we choose
g1 = diag(x1, y1), where x1 ∈ Ω−

2n−2(q) is regular semisimple of order s and y1 ∈ Ω−
2 (q)

has order q + 1. In all other cases, we choose a regular semisimple g1 ∈ G of order s.

If s|(qn−1 + 1) and (n, q, ǫ) = (7, 2,+), then choose g2 := diag(x2, y2), where x2 ∈
Ω−
2n−4(q) is regular semisimple of order sǫ = ℓ(q, 2n − 4) = 11, and y2 ∈ Ω−

4 (q) of order
ℓ(q, 4) = 5. In all other cases, let g2 := g1.

Our choices of gi imply that each gi is an N
′-element, and |CG(gi)| ≤ (q+1)(qn−1+1).

It follows that
∑

χ ∈ Irr(G),
χ(1) ≥ D

|χ(g1)χ(g2)χ(g)|
χ(1)

≤ (qn−1 + 1)(q + 1) ·B1/2

D
<

{

0.10, n ≥ 5, q = 4
0.33, n ≥ 7, q = 2.

(5.16)

(ii) Now we estimate character values for the characters in

X := {χ ∈ Irr(G) | 1 < χ(1) < D}.
By [50, Theorem 1.3], when n ≥ 6 and (n, q) 6= (7, 2) the set X consists of q+1 characters:

• ϕ of degree (qn − ǫ)(qn−1 + ǫq)/(q2 − 1),

• ψ of degree (q2n − q2)/(q2 − 1),

• ζi of degree (qn − ǫ)(qn−1 − ǫ)/(q + 1) for 1 ≤ i ≤ q/2, and
• σ of degree (qn − ǫ)(qn−1 + ǫ)/(q − 1) if q = 4.

If (n, q) = (7, 2) and χ ∈ X has positive s-defect, then using [41] we show that χ must be
one of these q + 1 characters. Likewise, if (n, q) = (5, 4) and χ ∈ X has positive s-defect
and positive sǫ-defect, then using [41] we check that χ is again one of these characters.

Let V = F2n
q denote the natural module for G. Then

ρ0 = 1G + ϕ+ ψ (5.17)

is the rank 3 permutation character of the action of G on singular 1-spaces of V , see [56,
Table 1]. It is shown in [21] that

ρ0 = 1G + ψ + σ +

q/2
∑

i=1

ζi (5.18)

is the permutation character of the action of G on non-singular 1-spaces of V (we use the
convention that σ = 0 for q = 2). We can identify G with its dual group G∗, cf. [7]. Then
the non-identity elements of the natural subgroup Ω−

2 (q) of G break into q/2 conjugacy
classes with representatives ti, 1 ≤ i ≤ q/2, and

CG(ti) = Ω−ǫ
2n−2(q)× Ω−

2 (q).

All these semisimple elements have connected centralizer in the underlying algebraic group.
Hence, these classes yield q/2 semisimple characters in Irr(G), which can then be identified
with ζi, 1 ≤ i ≤ q/2. If q = 4 then ζ1 and ζ2 are Galois conjugate and Q(ζi) = Q(

√
5).

(Indeed, let ω denote a primitive 5th root of unity in C, so that Q(ω + ω−1) = Q(
√
5).

Let γ : ω 7→ ω2 be a generator of Gal(Q(ω)/Q). Following the proof of [49, Lemma 9.1],
one can show that Q(ζi) ⊆ Q(ω), and γ sends ζ1 to ζ2. Moreover, since si is real, Q(ζi) is

fixed by γ2 : ω 7→ ω−1. It follows that Q(ζi) ⊆ Q(ω)γ
2

= Q(
√
5). As ζ1 and ζ2 are distinct

Galois conjugates, we conclude that Q(ζi) = Q(
√
5.) In particular, since the gj are chosen

to be 5′-elements, ζi(gj) ∈ Q, so
ζ1(gi) = ζ2(gi) (5.19)

when q = 4.

(iii) Here we determine character values for the element g1 of order s.
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Suppose that s = ℓ(q, 2n−2). Then ψ has s-defect 0, so ψ(g1) = 0. Similarly, σ(g1) = 0
if ǫ = + and ζi(g1) = 0 if ǫ = −. Next,

(ρ0(g1), ρ1(g1)) =







(0, q + 1), ǫ = +, q = 4,
(0, 0), ǫ = +, q = 2,
(2, q − 1), ǫ = −.

It follows by (5.17)–(5.19) that

ϕ(g1) = ±1, and







ζi(g1) = 2, if ǫ = +, q = 4,
ζi(g1) = −1, if ǫ = +, q = 2,
σ(g1) = q − 2, if ǫ = −.

Suppose that either s = ℓ(q, 2n) and ǫ = −, or s = ℓ(q, n) with 2 ∤ n and ǫ = +. Then
ϕ, ζi, and σ all have s-defect 0, so they all vanish at g1. Also, ρ0(g1) = 0, so (5.17) implies
that ψ(g1) = −1.

The remaining case is that s = ℓ(q, n− 1), ǫ = +, and 2|n. Then ψ and ζi have s-defect
0, so they vanish at g1. Also, ρ0(g1) = 2, so (5.17) implies that ϕ(g1) = 1. Similarly,
ρ1(g1) = q − 1, so (5.17) implies that σ(g1) = q − 2.

(iv) Suppose n ≥ 5 and q = 4. The analysis in (iii) shows that there are at most 3
characters χ ∈ X that can be nonzero at g1 = g2, in which case |χ(g1)χ(g2)| ≤ 4. Also,
one character in X has degree ≥ d := (qn−1)(qn−1−q)/(q2−1) and all others have degree
≥ 3d. It follows that

∑

χ∈Irr(G), 1<χ(1)<D

|χ(g1)χ(g2)χ(g)|
χ(1)

≤ 4 · 5 · qn−1

(qn − 1)(qn−1 − q)/(q2 − 1)
·
(

1 +
2

3

)

< 0.497.

Suppose n ≥ 7 and q = 2. The analysis in (iii) shows that there are at most 2 characters
χ ∈ X that can be nonzero at g1, in which case |χ(g1)| ≤ 1. If n ≥ 8, then

∑

χ∈Irr(G), 1<χ(1)<D

|χ(g1)χ(g2)χ(g)|
χ(1)

≤ 2 · 31/2 · qn+3

(qn − 1)(qn−1 − q)/(q2 − 1)
< 0.658.

If (n, q) = (7, 2), then the analysis in (iii) shows that the only case where two characters
χ ∈ X are nonzero at g1 is when ǫ = +, s = ℓ(q, 2n − 2) and χ = ϕ, ζ1. In this case, ϕ
has sǫ-defect 0, so it vanishes at g2. Furthermore,

ρ0(g2) = ρ1(g2) = 0,

so (5.17) and (5.18) imply that

ψ(g2) = −1, ζ1(g2) = 0,

so no character χ ∈ X can be nonzero at both g1 and g2. In all other cases, only one
χ ∈ X can be nonzero at g1 = g2 and |χ(g1)χ(g2)| ≤ 1. It follows that

∑

χ∈Irr(G), 1<χ(1)<D

|χ(g1)χ(g2)χ(g)|
χ(1)

≤ 31/2 · qn+3

(qn + 1)(qn−1 − q)/(q2 − 1)
< 0.666.

Combining with (5.16), we are done in all cases.

Proposition 5.11. Suppose that G = Ωǫ2n(q), where n ≥ 5, q = 3, 5, and ǫ = ±. Assume
that t ∈ R(G), 2 ∤ n if q = 5, and n ≥ 7 if q = 3. Then Pu(N) holds for G and for every
N = qatb.

Proof. (i) Consider an unbreakable g ∈ G; in particular,

|CG(g)| ≤ B =

{

26 · q2n+4, q = 3
62 · q2n−2, q = 5
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by Lemma 3.3. We also choose

D :=







q4n−10, (n, q) 6= (7, 3), (5, 5),
q19, (n, q) = (7, 3),
q3(q3 − 1)(q5 − 1)(q − 1)2/2, (n, q) = (5, 5).

For (n, q) 6= (5, 5), we fix regular semisimple g1 = g2 ∈ G of order s ∈ R(G)r {t}.
Suppose now that (n, q) = (5, 5). First, we fix a regular semisimple u1 ∈ Ω−ǫ

6 (5) of
order ℓ := 7 if ǫ = + and ℓ := 31 if ǫ = −, and a regular semisimple u2 ∈ Ω−

4 (5) of order
13, and set g1 = diag(u1, u2). If t ∤ (q5 − ǫ), we fix a regular semisimple g2 ∈ G of order
s ∈ R(G) r {t}. Note that the central involution z of SO−

8 (5) does not belong to Ω−
8 (5).

Also, a generator v2 of SO
−ǫ
2 (5) does not belong to Ω−ǫ

2 (5) and has two distinct eigenvalues
ν, ν−1 of order q − ǫ. Choosing a regular semisimple v1 ∈ Ω−

8 (5) of order s, we can now
set g2 := diag(zv1, v2) in the case t|(q5 − ǫ).

Our choice of gi implies that each gi is an N
′-element, and |CG(gi)| ≤ (q+1)(qn−1+1).

It follows that
∑

χ ∈ Irr(G),
χ(1) ≥ D

|χ(g1)χ(g2)χ(g)|
χ(1)

≤ (q + 1)(qn−1 + 1) ·B1/2

D
<

{

0.14, (n, q) 6= (7, 3)
0.40, (n, q) = (7, 3).

(5.20)
Also, g2 is always s-singular. Furthermore, g1 is ℓ-singular when (n, q) = (5, 5).

(ii) Now we estimate character values for the characters in

X := {χ ∈ Irr(G) | 1 < χ(1) < D}.
By [50, Theorem 1.4], when (n, q) 6= (7, 3), (5, 5), the set X consists of q + 4 characters:

• ϕ = D1S − 1G of degree (qn − ǫ)(qn−1 + qǫ)/(q2 − 1),

• ψ = DSt − 1G of degree (q2n − q2)/(q2 − 1),

• Dξi of degree (qn − ǫ)(qn−1 + ǫ)/2(q − 1) for 1 ≤ i ≤ 2,

• Dηi of degree (qn − ǫ)(qn−1 − ǫ)/2(q + 1) for 1 ≤ i ≤ 2,

• Dθj of degree (qn − ǫ)(qn−1 − ǫ)/(q + 1) for 1 ≤ j ≤ (q − 1)/2, and

• Dχj
of degree (qn − ǫ)(qn−1 + ǫ)/(q − 1) for 1 ≤ j ≤ (q − 3)/2.

The charactersDα ofG with α ∈ Irr(S) and S := Sp2(q) are constructed in [34, Proposition
5.7]. If (n, q) = (7, 3) and χ ∈ X has positive s-defect, then using [41] we show that χ
must be one of these q+4 characters. If (n, q) = (5, 5) and χ ∈ X has positive s-defect and
positive ℓ-defect, then using [41] we again show that χ must be one of these characters.

Let V = F
2n
q denote the natural module for G and let F0 := {λ ∈ F

×
q | λq±1 = 1}. By

Lemma 3.4,

dimFq
Ker(g − λ · 1V ) ≤ c

for all λ ∈ F0, where c := 4 for q = 3 and c = 2 for n = 5. Hence, arguing as in the proof
of [34, Proposition 5.11], we show that

|Dα(g)| ≤ qc · α(1) (5.21)

for every α ∈ Irr(S). On the other hand, by our choice of gi,

dimFq
Ker(gi − λ · 1V ) ≤ ei

for all λ ∈ F0 and i = 1, 2, where ei := 2 if (n, q) 6= (5, 5), e1 := 0 and e2 ≤ 1 if
(n, q) = (5, 5). Arguing as in the proof of [34, Proposition 5.11], we obtain

|Dα(gi)| ≤ qei · α(1) (5.22)

for every α ∈ Irr(S).
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(iii) Recall that D◦
α = Dα − kα · 1G where kα = 1 if α = 1S or St and kα = 0 otherwise

cf. [34, Table II]. Suppose that q = 3 and n ≥ 8. Then α(1) ≤ 3 for all α ∈ Irr(S). It now
follows from (5.21) and (5.22) that

∑

χ∈Irr(G), 1<χ(1)<D

|χ(g1)χ(g2)χ(g)|
χ(1)

≤ 7 · (33 + 1)2 · (35 + 1)

(3n − 1)(3n−1 − 3)/8
< 0.75.

Together with (5.20), this implies that g ∈ gG1 · gG2 , so we are done in this case.

Assume now that either q = 5 or (n, q) = (7, 3); in particular, either s|(qn − ǫ) or
s|(qn−1 +1). In the former case, all χ ∈ X but ψ = DSt− 1G have s-defect 0, so vanish at
gi. Also, St(1) = q, whence by (5.21) and (5.22)

∑

χ∈X

|χ(g1)χ(g2)χ(g)|
χ(1)

≤ (qe1+1 + 1)(qe2+1 + 1)(qc+1 + 1)

(q2n − q2)/(q2 − 1)
< 0.33.

In the latter case, the only χ ∈ X that have positive s-defect are ϕ = D1S − 1G, and
k = (q + 1)/2 or (q + 3)/2 characters Dαi

, 1 ≤ i ≤ k with

k
∑

i=1

αi(1)
2 ≤ (q + 1)2(q − 2)/2.

Moreover, ϕ(1) ≥ d1 := (qn − 1)(qn−1 − q)/(q2 − 1) and Dαi
(1) ≥ αi(1)d. In this case,

using (5.21) and (5.22), we obtain

∑

χ∈X

|χ(g1)χ(g2)χ(g)|
χ(1)

≤ (qe1 + 1)(qe2 + 1)(qc + 1)

d
+

k
∑

i=1

qe1+e2αi(1)
2 · qcαi(1)

αi(1)d
< 0.44.

In either case, together with (5.20), this implies that g ∈ gG1 · gG2 , so we are again done.

5.5. Completion of the proof of Theorem 1 for classical groups.

Proposition 5.12. Theorem 1 holds for all finite non-abelian simple symplectic or or-
thogonal groups.

Proof. Let G = Cln(q) be such that G/Z(G) is simple non-abelian and q = pf . By
Corollary 2.2(i), we need to prove the surjectivity of the word map (x, y) 7→ xNyN only in
the case N = patb with t ∈ R(G). In particular, t 6= 2, p.

First we consider the case G = Sp2m(q). By Lemma 5.3, we may assume that m ≥ 3.
We are also done by Corollary 2.9 if q ≡ 1 mod 4. For the remaining cases, we take n0 = 4
if q ≥ 7, n0 = 6 if q = 4, and n0 = 6 if q = 2, and set n = 2m. Note that condition (i)
of Proposition 5.2 holds by Lemmas 5.3 and 5.4. Next, condition (ii) of Proposition 5.2
holds by Propositions 5.5, 5.7, and 5.8. Hence we are done by Proposition 5.2.

Next assume that G = Ω±
2m(q) with m ≥ 3 and 2|q. Then we are done by Proposition

2.10 if q ≥ 8 and m ≥ 4. Since

Ω3(q) ∼= PSL2(q), Ω
+
4 (q)

∼= SL2(q) ◦ SL2(q), Ω
−
4 (q)

∼= PSL2(q
2),

Ω5(q) ∼= PSp4(q), Ω
+
6 (q)

∼= SL4(q)/Z, Ω
−
6 (q)

∼= SU4(q)/Z
(5.23)

(for all q and for a suitable central 2-subgroup Z), cf. [26, Proposition 2.9.1], we are done in
the case m = 2, 3 by the results of §4. In the remaining cases of q = 2, 4 and n = 2m ≥ 8,
we take n0 = 8 for q = 4 and n0 = 12 for q = 2. Note that condition (i) of Proposition
5.2 holds by Lemmas 5.3 and 5.4 for 8 ≤ k ≤ n0, and by the isomorphisms in (5.23) for
k = 4, 6. Next, condition (ii) of Proposition 5.2 holds by Proposition 5.10. Hence we are
done by Proposition 5.2.

Finally, let G = Ω±
n (q) with n ≥ 7 and q odd. Then we take n0 = 6 if q > 3 and

n0 = 12 if q = 3. Note that condition (i) of Proposition 5.2 holds for 1 < k ≤ 6 by
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the isomorphisms in (5.23) and Lemma 5.3, and for 7 ≤ k ≤ n0 by Lemma 5.4. Next,
condition (ii) of Proposition 5.2 holds by Proposition 5.9 when 2 ∤ k, by Proposition 2.10
if 2|k, q ≥ 5, and (k, q) 6= (10, 5), (14, 5), and by Proposition 5.11 if 2|k, and q = 3 or
(k, q) = (10, 5), (14, 5). Hence we are done by Proposition 5.2.

6. Theorem 1 for exceptional groups

Lemma 6.1. Theorem 1 holds for the Suzuki groups 2B2(q
2) with q2 ≥ 8 and the Ree

groups 2G2(q
2) with q2 ≥ 27.

Proof. Let S be one of these groups. Note that |S| is divisible by at least four different
odd primes. Hence we can find a prime divisor ℓ > 2 of |S| that is coprime to both q2 and
N , and a semisimple x ∈ S of order ℓ. By [20, Theorem 7.1], xS · xS ⊇ S r {1}, whence
the claim follows.

Lemma 6.2. Theorem 1 holds for the following: 2F4(2)
′; G2(q) with q = 3, 4; 3D4(q) with

q = 2, 4; F4(2); E6(2);
2E6(2).

Proof. The cases 2F4(2)
′, G2(3), G2(4) were checked directly using their character tables.

For the remainder, by Corollary 2.2(i), it suffices to prove Theorem 1 for N = patb, where
p is the defining characteristic and t ∈ R(G) = {r, s}, which is {13}, {241}, {13, 17},
{73, 17}, {19, 17}, respectively. This was done by direct calculations similar to those of
Lemma 2.4.

In what follows, let Φ′
24 := q4 + q3

√
2 + q2 + q

√
2 + 1.

Lemma 6.3. Let S be one of G2(q),
3D4(q),

2F4(q), F4(q), E
ǫ
6(q), E7(q), E8(q) where

q = pf . Define the primes r, s as follows:

S r s |NS(Tr) : Tr| |NS(Ts) : Ts|
G2(q) ℓ(p, 3f) 6
3D4(q) ℓ(p, 12f) 4
2F4(q

2) ℓ(2, 24f)|Φ′
24 12

F4(q) ℓ(p, 12f) ℓ(p, 8f) 12 8
E6(q) ℓ(p, 9f) ℓ(p, 8f) 9 8
2E6(q) ℓ(p, 18f) ℓ(p, 8f) 9 8
E7(q) ℓ(p, 18f) ℓ(p, 7f) 18 14
E8(q) ℓ(p, 24f) ℓ(p, 20f) 24 20

For t ∈ {r, s} let xt ∈ Xt, where Xt is the set of t-singular elements in S.

(i) CS(xt) = Tt, where Tt is a uniquely determined maximal torus of S.

(ii) |NS(Tt) : Tt| is as in the table.

(iii) |Xt| < |S|/|NS(Tt) : Tt|.
(iv) If S 6∼= G2(q),

3D4(q), then |Xt| < |S|/8.

Proof. We know that xt lies in some maximal torus Tt of S. The orders of maximal
tori are given by [6]. Inspection shows that for each t there is a unique possible order
|Tt| divisible by t, as follows, where in most cases we give also the label of Tt in [6] (and
d = (3, q − ǫ) and e = (2, q − 1)):
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S |Tr|, label |Ts|, label
G2(q) q2 + q + 1
3D4(q) q4 − q2 + 1
2F4(q

2) Φ′
24

F4(q) q4 − q2 + 1, F4 q4 + 1, B4

Eǫ6(q) (q6 + ǫq3 + 1)/d, E6(a1) (q4 + 1)(q2 − 1)/d, D5

E7(q) (q6 − q3 + 1)(q + 1)/e, E7 (q7 − 1)/e, A6

E8(q) q8 − q4 + 1, E8(a1) q8 − q6 + q4 − q2 + 1, E8(a2)

Write S = (GF )′, where G is the corresponding adjoint algebraic group and F a Frobenius
endomorphism of G. By [58, II,4.4], CG(xt) is connected. Then CG(xt) = DZ where D is
semisimple and Z is a torus. If D 6= 1 then DF contains a subsystem SL2(q) or SU3(q)
subgroup D, so xt ∈ CS(D). However CS(D) does not have order divisible by t. Hence
D = 1 and CG(xt) is a maximal torus, whence CS(xt) = Tt, proving (i).

Part (ii) follows from the tables in [6, pp. 312–315].

By (i), every element of Xt lies in a unique conjugate of Tt, and the number of these
conjugates is |S : NS(Tt)|; also, 1 /∈ Xt. This gives (iii), and (iv) follows immediately.

Proposition 6.4. Theorem 1 holds for the simple exceptional group S = G/Z(G), where
G is one of the following groups:

(i) G2(q), q ≥ 5;
(ii) 3D4(q), q 6= 2, 4;
(iii) 2F4(q

2), q2 ≥ 8;
(iv) F4(q), q ≥ 5;
(v) E6(q)sc or 2E6(q)sc, q ≥ 3;
(vi) E7(q)sc or E8(q).

Proof. By Corollary 2.2(i), it suffices to prove Theorem 1 in the case N = patb with p|q
and t ∈ R(G) = {r, s}.

First we consider the case S = G2(q) with q ≥ 5; in particular, t = ℓ(p, 3f) (with q = pf

as usual). Note that |Xp|/|S| ≤ 2/(q − 1) − 1/(q − 1)2 < 0.31 for q ≥ 7 by [19, Theorem
3.1], and |Xp|/|S| ≤ 1− 0.68 = 0.32 for q = 5 by [42]. Lemma 6.3 implies that

|Xt|
|S| +

|Xp|
|S| <

1

6
+ 0.32 <

1

2
,

so we are done by Corollary 2.2(ii).

We can argue similarly in other cases. In the case S = 3D4(q) with q ≥ 5, by Lemma
6.3 and [19, Theorem 3.1],

|Xt|
|S| +

|Xp|
|S| <

1

4
+

1

q − 1
≤ 1

2
,

so we are done. Also, note that the odd q case is covered by Corollary 2.9.

Suppose S = 2F4(q
2) with q2 ≥ 8. By [20, Theorem 7.3], Sr {1} ⊆ xS ·xS for a regular

semisimple x ∈ S of order Φ′
24. It remains therefore to consider the case t|Φ′

24. By Lemma
6.3 and [19, Theorem 3.1],

|Xt|
|S| +

|Xp|
|S| <

1

12
+

2

q2 − 1
− 1

(q2 − 1)2
<

1

2
.

Next we consider the case S = F4(q) with q ≥ 5. Note that |Xp|/|S| ≤ 2/(q − 1) −
1/(q − 1)2 < 0.3056 for q ≥ 7 by [19, Theorem 3.1], and |Xp|/|S| ≤ 1 − 0.6619 = 0.3381
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for q = 5 by [42]. It follows by Lemma 6.3 that

|Xt|
|S| +

|Xp|
|S| ≤

1

8
+ 0.3381 <

1

2
.

For cases (v) and (vi), we note that |Xp|/|G| ≤ 1/(q − 1) ≤ 1/3 for q ≥ 4 by [19,
Theorem 3.1], and |Xp|/|G| ≤ 1− 0.6627 = 0.3373 for q = 3 by [42]. It follows by Lemma
6.3 that

|Xt|
|G| +

|Xp|
|G| ≤

1

8
+ 0.3373 <

1

2
,

so we are done.

If G = E8(q), then G has two maximal tori T1,2 of order q8 − 1 and Φ15, and t is
coprime to both |T1,2|. According to [43, Theorem 10.1], Ti contains a regular semisimple
element si for i = 1, 2, such that Irr(G) contains exactly two irreducible characters χ with
χ(s1)χ(s2) 6= 0, namely 1G and St. Since |St(si)| = 1, it follows that

∑

χ∈Irr(G)

|χ(s1)χ(s2)χ(g)|
χ(1)

= 1 +
|St(g)|
St(1)

> 0,

so g ∈ sG1 · sG2 for all 1 6= g ∈ G, and we are done.

Finally, let G = E7(2), so that t ∈ {19, 127}. Consider s1 ∈ G of order 73 and s2 ∈ G
of order 43. Using [41], we check that the only χ ∈ Irr(G) that has positive 73-defect and
positive 43-defect are 1G and St. Hence sG1 · sG2 = Gr {1} and we are done as above.

Lemma 6.5. The following statements hold.

(i) Let G = F4(4) and let x ∈ G be a non-semisimple element such that |CG(x)| >
3 · 419. Then there is a quasisimple classical subgroup S in characteristic 2 of G
such that |Z(S)| is a 3-power and x ∈ S.

(ii) Let G = F4(3) and let x ∈ G be a non-semisimple element such that |CG(x)| > 319.
Then there is a quasisimple classical subgroup S in characteristic 3 of G such that
|Z(S)| is a 2-power and x ∈ S.

Proof. (i) Suppose first that x is unipotent. Following [39, Table 22.2.4], the bound on
|CG(x)| forces x to be in one of the following unipotent classes:

A1, Ã1, (Ã1)2, A1Ã1, A2 (2 classes), Ã2 (2 classes), B2 (2 classes).

In the first two cases x lies in a subgroup SL2(4). The third class (Ã1)2 has representative
x = u1232(1)u2342(1) (see [39, Table 16.2 and (18.1)]). This is centralized by the long root
groups U±0100, and these generate A ∼= SL2(4). Then x ∈ CG(A) = Sp6(4). The class

A1Ã1 has a representative in a subgroup A1(4)Ã1(4), which is contained in a subgroup

Sp8(4). Representatives of the four classes with labels A2, Ã2 lie in subgroups SL3(4) or
SU3(4). Finally, representatives of the classes with label B2 lie in a subgroup Sp4(4).

Now suppose x is non-unipotent, with Jordan decomposition x = su, where s 6= 1
is semisimple and u unipotent. As x is assumed non-semisimple, u 6= 1. Then CG(s)
is a subsystem subgroup of order greater than 3 · 419, and the only possibility is that
CG(s) = C3 × Sp6(4). But then u ∈ Sp6(4) has centralizer of order greater than 419,
which is impossible for a nontrivial unipotent element of Sp6(4).

(ii) This is similar to (i). Suppose x is unipotent. Then x lies in one of the classes

A1, Ã1 (2 classes), A1Ã1, A2 (2 classes), Ã2.

For the A1Ã1 class, as above x lies in a subgroup Spin9(3). Each of the other class
representatives lies in a subgroup SL3(3) or SU3(3).
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Now suppose x is non-unipotent, so x = su with semisimple and unipotent parts s, u 6=
1. Then CG(s) is a subsystem subgroup of type B4, A1C3, T1C3 or T1B3, where T1
denotes a 1-dimensional torus. The last two cases are not possible, as in (i). In the
first case, x ∈ CG(s) = Spin9(3). So assume finally that CG(s) is of type A1C3, and let
u = u1u2 with u1 ∈ SL2(3), u2 ∈ Sp6(3). If u2 6= 1 then

|CG(x)| ≤ |SL2(3)| · |CSp6(3)
(u2)| < 319.

Hence u2 = 1 and x = su ∈ SL2(3) < SL3(3). This completes the proof.

Lemma 6.6. Theorem 1 holds for the simple exceptional groups G = F4(q) with q = 3, 4.

Proof. By Corollary 2.2(i), it suffices to prove Theorem 1 in the case N = qatb with
t ∈ R(G) = {r, s}.

Suppose that t ∤ Φ8. Then G has two maximal tori T1,2 of orders (q2 − 1)(q2 + q + 1)
and q4 + 1, which are coprime to N . It is shown in [43, Theorem 10.1] that Ti contains a
regular semisimple element si for i = 1, 2, such that Irr(G) contains exactly two irreducible
characters χ with χ(s1)χ(s2) 6= 0, namely 1G and St. It follows that Gr {1} = sG1 · sG2 , so
we are done as in the proof of Proposition 6.4.

Now consider the case where t|Φ8. Choose regular semisimple s1 = s2 ∈ G of (prime)
order s = Φ12. Using [41], we check that if χ ∈ Irr(G), 1 < χ(1) < q18, and χ(s1)χ(s2) 6= 0
(in particular, χ has positive s-defect), then χ = χ1,2 with

χ1(1) = qΦ2
1Φ

2
3Φ8, χ2(1) = qΦ2

2Φ
2
6Φ8.

It suffices to show that every nontrivial g ∈ G belongs to sG1 · sG2 . This is indeed the case
if g is semisimple by [17], so we assume g is non-semisimple. Moreover, if |CG(g)| > B,
where B := 319 for q = 3 and B := 3 · 419 for q = 4, then by Lemma 6.5 we can embed
G in a quasisimple classical subgroup S in characteristic q with |Z(S)| coprime to N ,
in which case we are done by applying Theorem 1 to S/Z(S). So we may assume that
|CG(g)| ≤ B. Next observe that χi is rational-valued (as it is the unique character in Irr(G)
of its degree), and χi(1) ≡ ±1 mod s. It follows that χi(s1) ∈ Z and χi(s1) ≡ ±1 mod s.

Since |χi(s1)| ≤ |CG(s1)|1/2 = s1/2, we conclude that χi(s1) = ±1. It follows that
2
∑

i=1

|χi(s1)χi(s2)χi(g)|
χi(1)

≤ B1/2

χ1(1)
+
B1/2

χ2(1)
< 0.87.

On the other hand, since |CG(si)| = Φ12,

∑

χ∈Irr(G), χ(1)≥q18

|χ(s1)χ(s2)χ(g)|
χ(1)

≤ B1/2Φ12

q18
<

1

q4
≤ 1

81
.

It follows that g ∈ sG1 · sG2 , as stated.

In summary, we have proved the following.

Corollary 6.7. Theorem 1 holds for all finite non-abelian simple exceptional groups of
Lie type.

Proof of Theorem 1. The case of simple groups of Lie type is completed by Proposition
5.12 for classical groups and Corollary 6.7 for exceptional groups. Alternating and sporadic
groups are handled by Lemma 2.4 and Proposition 2.5.

7. Odd power word maps

7.1. Preliminaries.
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Lemma 7.1. Let S be a finite non-abelian simple group. To prove Theorem 3 for all
quasisimple groups G with G/Z(G) ∼= S, it suffices to prove it for the 2′-universal cover H
of S, that is, H/Z(H) ∼= S and |Z(H)| is the 2′-part of the order of the Schur multiplier
of S.

Proof. It suffices to prove Theorem 3 for the universal cover L of S. By assumption,
Theorem 3 holds for H = L/Z, where Z ≤ Z(L) is a 2-group. Thus every g ∈ L can be
written in the form g = xyzt, where x, y, z are 2-elements of L and t ∈ Z. It follows that
g = xy(zt) is a product of three 2-elements in L.

Lemma 7.2. Theorem 3 holds for all quasisimple covers of alternating groups S = An
with n ≥ 5. Moreover, every element of S is a product of two 2-elements.

Proof. The cases S = A6,A7 are checked directly using [8]. By Lemma 7.1, it suffices to
prove Theorem 3 for G = An.

(i) First we show that if g = (1, 2, . . . ,m) is an m-cycle with m = 2k + 1 ≥ 5, then
g = x1y1 = x2y2, where xi, yi ∈ Sm have order 2 or 4, and moreover x1, y1 ∈ Am,
x2, y2 ∈ Sm r Am. Indeed, g is inverted by the involution

x := (1, 2k + 1)(2, 2k) . . . (k − 1, k + 3)(k, k + 2).

Setting y := xg, we get y2 = xgxg = g−1g = 1, so g = xy. Next, we set

x′ := (1, 2k + 1)(2, 2k) . . . (k − 1, k + 3), y′ := x′g.

A computation establishes that |x′| = 2, |y′| = 4, and g = x′y′. Since exactly one of x, x′

belongs to Am and g ∈ Am, the claims follow.

(ii) Now we show that every g ∈ An is a product of two 2-elements. Indeed, if g is
real in An then the statement follows from Lemma 2.7. Since g is always real in Sn, we
may assume that g is not real in An, so it is not centralized by any odd permutation in
Sn. Thus g = g1g2 . . . gs is a product of s ≥ 1 disjoint cycles, where gi is an ni-cycle,
3 ≤ n1 < n2 < . . . < ns, and ni is odd for all i. We may assume that

Sn ≥ X1 ×X2 × . . .×Xs,

where Xi
∼= Sni

and gi ∈ Xi.

Suppose n1 ≥ 5. Then, according to (i) we can write gi = xiyi where xi, yi ∈ [Xi, Xi] ∼=
Ani

are 2-elements. Hence g = xy with x := x1x2 . . . xs and y := y1y2 . . . ys, as desired.

Assume now that n1 = 3. Since g is not real in An and n ≥ 5, we observe that s ≥ 2.
Again by (i), for i ≥ 2 we can write gi = xiyi, where xi, yi ∈ Xi are 2-elements; moreover,
xi, yi ∈ [Xi, Xi] if i ≥ 3 and x2, y2 ∈ X2 r [X2, X2]. We may assume that g1 = (1, 2, 3)
and write g1 = x1y1 with x1 = (1, 3), y1 = (1, 2). Now setting x := x1x2 . . . xs and
y := y1y2 . . . ys, again g = xy is a product of two 2-elements in An.

Lemma 7.3. Let S be a non-abelian simple group of Lie type in characteristic 2. Theorem
3 holds for all quasisimple covers of S.

Proof. The case S = 2F4(2)
′ is checked directly using [8]; and S = A6 follows from

Lemma 7.2. Suppose now that S 6∼= A6,
2F4(2)

′. Then there is a quasisimple Lie-type
group H of simply connected type such that H is a 2′-universal cover of S. According to
[11, Corollary, p. 3661], every non-central element of H is a product of two 2-elements. For
g ∈ Z(H), consider a non-central 2-element t of H. Again gt−1 = xy for some 2-elements
x, y of H, so g = xyt is a product of three 2-elements. Hence we are done by Lemma
7.1.
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Lemma 7.4. (i) Theorem 3 holds for the quasisimple group G if G/Z(G) is one of the
following simple groups: a sporadic group, PSU4(3), PSp6(3), Ω7(3), PSp8(3).

(ii) Suppose that G = GUn(3) with 3 ≤ n ≤ 6. Each g ∈ G can be written as g = xyz,
where x, y, z are 2-elements of G and det(x) = det(y) = 1.

Proof. These statements were established using direct calculations similar to those of
Lemma 2.4.

7.2. Regular 2-elements in classical groups in odd characteristic. We show that
finite classical groups in odd characteristic admit regular 2-elements with prescribed de-
terminant or spinor norm.

We begin with the general linear and unitary groups.

Lemma 7.5. Let G = GLǫn(q) with n ≥ 1, ǫ = ±1, q an odd prime power and let

µq−ǫ := {λ ∈ F
×
q | λq−ǫ = 1}. For every 2-element δ of µq−ǫ, there exists a regular 2-

element s = sn(δ) of G, such that det(s) = δ and s has at most two eigenvalues β that
belong to µq−ǫ (and each such eigenvalue appears with multiplicity one).

Proof. (i) First we consider the special case n = 2m ≥ 2 and construct a regular 2-element

sm of G. Fix γ ∈ F
×
q with |γ| = (q2

m − 1)2 ≥ 8. Using the embeddings

GL1(q
2m) →֒ GL2m−1(q2) →֒ GLǫ2m(q) = G,

we can find sm ∈ G which is conjugate over Fq to

diag(γ, γqǫ, γ(qǫ)
2

, . . . , γ(qǫ)
n−1

).

It is straightforward to check that all eigenvalues of sm appear with multiplicity one and
have order (q2

m − 1)2; in particular, sm is regular.

(ii) If n = 1, then we set s1(δ) = δ. Suppose n = 2. If δ 6= 1, then we choose
s2(δ) := diag(1, δ). If δ = 1, then we can choose α = ±1 such that q ≡ α mod 4 and take

s2(1) ∈ Cq−α →֒ SLǫ2(q) < G

with |s2(1)| = 4. Note that |sn(δ)| < (q2 − 1)2 for all δ ∈ µq−ǫ and n = 1, 2.

Consider the case n ≥ 3 odd and write

n = 2m1 + 2m2 + . . .+ 2mt + 1

with m1 > m2 > . . . > mt ≥ 1. Setting

s := diag(sm1
, sm2

, . . . , smt , α) ∈ GLǫ2m1 (q)× . . .×GLǫ2mt (q)×GLǫ1(q) < G,

with α := δ/
∏t
i=1 det(smi

), we deduce that det(s) = δ and all eigenvalues of s appear
with multiplicity one, as required.

(iii) We may now assume that

n = 2m1 + 2m2 + . . .+ 2mt

with m1 > m2 > . . . > mt ≥ 1.

Suppose first that mt = 1. We choose

s := diag(sm1
, sm2

, . . . , smt−1
, s2(α)) ∈ GLǫ2m1 (q)× . . .×GLǫ2mt−1 (q)×GLǫ2(q) < G,

with α := δ/
∏t
i=1 det(smi

), so that det(s) = δ. The construction of s ensures that all
eigenvalues of s appear with multiplicity one, so s is regular.

If a := mt ≥ 2, then we rewrite

n = 2a1 + 2a2 + . . .+ 2at−1 + 2at + 2at+1 + . . .+ 2ak ,
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where ai = mi for 1 ≤ i ≤ t−1, k = t+a−1, and (at, at+1, . . . , ak) = (a−1, a−2, . . . , 2, 1, 1).
Now we can choose

s := diag(sa1 , sa2 , . . . , sak−1
, s2(α)) ∈ GLǫ2a1 (q)× . . .×GLǫ2ak−1 (q)×GLǫ2(q) < G,

with α := δ/
∏k−1
i=1 det(sai). Again det(s) = δ, and all eigenvalues of s appear with

multiplicity one, as desired.

The last condition on s can be checked easily in all cases.

Lemma 7.6. Let G = Sp2n(q) with n ≥ 1 and q an odd prime power. There exists a
regular 2-element s of G (and neither 1 nor −1 is an eigenvalue of s).

Proof. First we consider the special case n = 2m ≥ 2. We fix γ ∈ F
×
q with |γ| =

(q2
m − 1)2 ≥ 8 and use the element sm constructed in part (i) of the proof of Lemma 7.5

via the embeddings
GL1(q

2m) →֒ GL2m(q) →֒ Sp2n(q) = G.

Note that sm is conjugate over Fq to

diag(γ, γq, γq
2

, . . . , γq
n−1

, γ−1, γ−q, γ−q
2

, . . . , γ−q
n−1

).

In particular, all eigenvalues of sm appear with multiplicity one and have order (q2
m−1)2,

whence sm is regular.

Consider the general case

n = 2m1 + 2m2 + . . .+ 2mt

with m1 > m2 > . . . > mt ≥ 0 and t ≥ 1. If mt ≥ 1, set

s := diag(sm1
, sm2

, . . . , smt) ∈ Sp2m1 (q)× . . .× Sp2mt (q) ≤ G.
If mt = 0, then we can choose

s := diag(sm1
, sm2

, . . . , smt−1
, s2(1)) ∈ Sp2m1 (q)× . . .× Sp2mt−1 (q)× Sp2(q) < G,

where s2(1) is constructed in part (ii) of the proof of Lemma 7.5. It is easy to check that
s has the desired properties.

Recall that the spinor norm θ(g) of g ∈ SOǫ
n(q) is defined in [26, pp. 29–30].

Lemma 7.7. Let G = SOǫ
n(q) with n ≥ 2, ǫ = ±1, q an odd prime power. For δ = ±1,

there exists a regular 2-element s = sǫn(δ) of G, such that θ(s) = δ; moreover, every
β ∈ F×

q2
can appear as an eigenvalue of s with multiplicity at most two, and multiplicity

two can occur only when β = ±1.

Proof. (i) First we consider the special case n = 2m+1 ≥ 4. We fix γ ∈ F
×
q with

|γ| = (q2
m−1)2 ≥ 8 and use the element sm constructed in part (i) of the proof of Lemma

7.5 via the embeddings
GL1(q

2m) →֒ GL2m(q) →֒ SO+
n (q)

Note that sm is conjugate over Fq to

diag(γ, γq, γq
2

, . . . , γq
2
m

−1

, γ−1, γ−q, γ−q
2

, . . . , γ−q
2
m

−1

).

In particular, all eigenvalues of sm appear with multiplicity one and have order (q2
m−1)2,

whence sm is regular. As an element of GL2m(q), sm has determinant

ν := γ1+q+q
2+...+q2

m
−1

= γ(q
2
m−1)/(q−1).

It follows that ν(q−1)/2 = γ(q
2
m−1)/2 = −1, so θ(sm) = −1 by [26, Lemma 2.7.2].

(ii) Suppose that n = 2. We take sǫ2(−1) ∈ SOǫ
2(q)

∼= Cq−α of order (q − ǫ)2, and
sǫ2(1) = I2.
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Next suppose that n = 4 and choose α = ±1 such that q ≡ α mod 4. We also fix
s0 ∈ SOα

2 (q) of order (q−α)2 ≥ 4 so that θ(s0) = −1 (note that we can take s0 = sα2 (−1)).
Since SOǫ

4(q) > SOα
2 (q)× SOǫα

2 (q), we can choose

s+4 (1) = diag(−I2, I2), s−4 (1) = diag(s0,−I2), s+4 (−1) = diag(s0,−I2), s−4 (−1) = diag(s0, I2).

Note that |sǫn(δ)| < (q2− 1)2 for all δ = ±1 and n = 2, 4. Also, we need later the fact that
sǫ4(−ǫ) does not have 1 as an eigenvalue.

(iii) Suppose that 6 ≤ n ≡ 2 mod 4. We write

n = 2m1+1 + 2m2+1 + . . .+ 2mt+1 + 2

with m1 > m2 > . . . > mt ≥ 1, and choose

s := diag(sm1
, sm2

, . . . , smt , s
ǫ
2(α)) ∈ SO+

2m1+1(q)× . . .× SO+
2mt+1(q)× SOǫ

2(q) < G

with α := (−1)tδ, so that θ(s) = δ.

Consider the case n ≡ 0 mod 4 and write

n = 2m1+1 + 2m2+1 + . . .+ 2mt+1

with m1 > m2 > . . . > mt ≥ 1. We can rewrite

n = 2a1+1 + 2a2+1 + . . .+ 2at−1+1 + 2at+1 + 2at+1+1 + . . .+ 2ak+1,

where ai = mi for 1 ≤ i ≤ t− 1, k = t+mt − 1, and

(at, at+1, . . . , ak) =

{

(mt − 1,mt − 2, . . . , 2, 1, 1), mt ≥ 2,
(mt), mt = 1.

Now we can choose

s := diag(sa1 , sa2 , . . . , sak−1
, sǫ4(α)) ∈ SO+

2a1+1(q)× . . .× SO+

2ak−1+1(q)× SOǫ
4(q) < G

with α := (−1)k−1δ, so that θ(s) = δ.

(iv) From now on, we may assume

n = 2m1+1 + 2m2+1 + . . .+ 2mt+1 + 1

with m1 > m2 > . . . > mt ≥ 0 and t ≥ 1. Again choose α = ±1 such that 4|(q − α).
If mt = 0, then we choose

s :=

{

diag(sm1
, sm2

, . . . , smt−1
, smt , 1), δ = (−1)t,

diag(sm1
, sm2

, . . . , smt−1
,−I2, 1), δ = (−1)t−1,

and note that s ∈ SO+
2m1+1(q)× . . .× SO+

2mt−1+1(q)× SOα
2 (q)× SO1(q) < G.

Finally, suppose that mt ≥ 1. We rewrite

n = 2a1+1 + 2a2+1 + . . .+ 2at−1+1 + 2at+1 + 2at+1+1 + . . .+ 2ak+1 + 1,

where ai = mi for 1 ≤ i ≤ t− 1, k = t+mt − 1, and

(at, at+1, . . . , ak) =

{

(mt − 1,mt − 2, . . . , 2, 1, 1), mt ≥ 2,
(mt), mt = 1.

Next, we set

s := diag(sa1 , sa2 , . . . , sak−1
, sβ4 (−β), 1)

which belongs to

SO+
2a1+1(q)× . . .× SO+

2ak−1+1(q)× SOβ
4 (q)× SO1(q) < G,

where β = (−1)kδ.
In all cases, one can verify that θ(s) = δ, and s has the desired properties.
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7.3. Proof of Theorem 3 for classical groups in odd characteristics. First we deal
with special linear and unitary groups in dimensions 3 and 4.

The CHEVIE project [15] provides generic character tables for the groups SL3(q) and
SU3(q); these are symbolic parametrized descriptions of the character tables of all of these
groups. To establish Lemma 7.8, it suffices to prove that

cx,y,z =
|xG| · |yG|
|G|

∑

χ∈Irr(G)

χ(x)χ(y)χ(z−1)

χ(1)
> 0,

for all x, y, z ∈ G. While, in principle there is a function which computes cx,y,z from
the generic tables, its application is often difficult because the result may depend in a
complicated way on the parameters for a conjugacy class. We thank Frank Lübeck for
providing us with the following alternative proof of this result.

Lemma 7.8. Let q be a power of an odd prime and let G be one of the groups SLn(q) or
SUn(q) with n ∈ {3, 4}. Every element of G is a product of three 2-elements in G.

Proof. We choose conjugacy classes carefully, such that only very few character values
from the generic character tables are needed (and these are also available for n = 4).

We first consider G = SL3(q) or G = SU3(q). Let c ∈ F×
q2

have order (q2 − 1)2. Since

q − 1 and q + 1 are even, c /∈ Fq, c 6= cq and c 6= c−q.

Let x be a regular semisimple element with eigenvalues {c, cq, c−q−1} (in case SL), or
{c, c−q, cq−1} (in case SU). The centralizer of x in G is a maximal torus of order q2 − 1.
Let y be a regular semisimple element of the maximal torus of order q2 ± q + 1.

By inspecting the generic character tables for SL3 and SU3 in CHEVIE, we notice that
there are only two irreducible characters which both have a non-zero value on the conju-
gacy classes of x and y (the trivial character and the Steinberg character of degree q3).
This can be explained in terms of Deligne-Lusztig theory and Lusztig’s Jordan decom-
position of characters, see [10, 13.16]: The only semisimple element of the dual group of
G whose centralizer contains maximal tori of types of the centralizers of x and of y is
the trivial element. From information about the values of Deligne-Lusztig characters, it
follows that only unipotent characters can be non-zero on both x and y. Which unipotent
characters have this property can be read from the character table of the Weyl group of
G, isomorphic to the symmetric group on 3 points, because up to sign this describes the
values of unipotent characters on regular semisimple elements.

Now let z ∈ G. Observe that

cx,y,z =
|xG| · |yG|
|G| (1− St(z−1)

q3
).

Hence cx,y,z > 0 for every non-central element z. The case z = x shows that y is the
product of two 2-power elements, so every non-central z is a product of three 2-power
elements.

For some q there are non-trivial z in the center of G. To show that such z can be written
as product of three 2-power elements, we have a closer look at the generic character table
to establish that cx,x,xz > 0. We can compute readily a sufficient lower bound for this
number: for example, in SL3(q) there are q − 2 irreducible characters of degree q2 + q + 1
whose value on x and xz are some root of unity; for a lower bound we can substitute the
corresponding terms in cx,x,xz by −(q − 2)/(q2 + q + 1).

Now we turn to the case G = SL4(q) and G = SU4(q). In this case the center of G has
order 2 or 4, so there is nothing to show for center elements. All groups of type SLn(q)
contain pairs of regular semisimple elements such that only two characters are non-zero
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on both elements. But for n = 4 there are no such pairs containing 2-power elements,
therefore we need a slightly more complicated argument than before.

Let c ∈ F×
q2

have order (q2 − 1)2. Now c 6= c−1 and c 6= c±q, and G contains a regular

2-power element x with eigenvalues {c, cq, c−1, c−q}; its centralizer in G is a maximal torus
of order (q2 − 1)(q ± 1). We choose as y a regular element of a cyclic maximal torus of
order q3±1. With the same arguments as sketched in the SL3/SU3-case, we find that only
unipotent characters can have non-zero value on both x and y. The unipotent characters of
G are obtained by restricting the unipotent characters of GL4(q) or GU4(q), respectively.
These are available in CHEVIE, and their values are all given by evaluating polynomials
over the integers at q.

There are three unipotent characters with non-zero value on x and y, and we can
compute the precise values of cx,x,y and cx,y,z for every non-central z ∈ G. For all resulting
polynomials, it is easy to see that they evaluate to a positive number for all prime powers
q. This shows that y is a product of two 2-power elements, so every non-central element
is a product of three 2-power elements.

Proposition 7.9. Theorem 3 holds for all quasisimple covers of S = PSLn(q), if n ≥ 5
and 2 ∤ q.

Proof. (i) By Lemma 7.1, it suffices to prove Theorem 3 for G = SLn(q). Let s = sn(1) ∈
G be as constructed in Lemma 7.5. It suffices to show that every g ∈ G is a product of
three conjugates of s, which is equivalent to

∑

χ∈Irr(G)

χ(s)3χ̄(g)

χ(1)2
6= 0. (7.1)

As |χ(g)/χ(1)| ≤ 1, it suffices to prove

∑

1G 6=χ∈Irr(G)

|χ(s)|3
χ(1)

< 1. (7.2)

Set

D :=

{

(qn − 1)(qn−1 − q2)/(q − 1)(q2 − 1), (n, q) 6= (6, 3),
(q5 − 1)(q3 − 1), (n, q) = (6, 3).

By [62, Theorem 3.1], every character χ ∈ Irr(G) of degree less than D is either 1G or one
of q − 1 irreducible Weil characters τi, 0 ≤ i ≤ q − 2, as defined in (4.1).

(ii) Consider the case n ≥ 6. The construction of s in Lemma 7.5 shows that

|CG(s)| ≤
{

(qn − 1)/(q − 1), (n, q) 6= (6, 3),
(q4 − 1)(q2 − 1)/(q − 1), (n, q) = (6, 3).

Hence

∑

χ∈Irr(G), χ(1)≥D

|χ(s)|3
χ(1)

<
|CG(s)|1/2

D
·
∑

χ∈Irr(G)

|χ(s)|2 = |CG(s)|3/2
D

< 0.9099.

Next we estimate |τi(s)|. Recall that 1G+ τ0 is just the permutation character of G acting
on the set of 1-spaces of Fnq . In the notation of §4.3, by Lemma 7.5, e(g, δl) ≤ 1 for all
0 ≤ l ≤ q − 2 and equality can be attained at most twice. It follows that s fixes at most
two 1-spaces, i.e. 0 ≤ τ0(s) + 1 ≤ 2, so |τ0(s)| ≤ 1. Arguing as in the proof of Lemma 4.6,
for 1 ≤ i ≤ q − 2 we obtain

|τi(s)| ≤
q + q + 1 · (q − 3)

q − 1
= 3.
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Hence
∑

χ∈Irr(G), 1<χ(1)<D

|χ(s)|3
χ(1)

=

q−2
∑

i=0

|τi(s)|3
τi(1)

≤ 1 + (q − 2) · 33
(qn − q)/(q − 1)

< 0.0772.

Thus
∑

1G 6=χ∈Irr(G)

|χ(s)|3
χ(1)

< 0.9099 + 0.0772 = 0.9871,

so we are done by (7.2).

(iii) Assume now that n = 5. The construction of s in Lemma 7.5 implies that |CG(s)| ≤
q4− 1; furthermore,

∑q−2
l=0 e(g, δ

l) ≤ 1 and so, by Lemma 4.6, |τi(s)| ≤ 1 for all i. Arguing
as in (ii), we obtain

∑

χ∈Irr(G), χ(1)≥D

|χ(s)|3
χ(1)

<
(q4 − 1)1.5

q2(q5 − 1)/(q − 1)
,

∑

χ∈Irr(G),1<χ(1)<D

|χ(s)|3
χ(1)

=

q−2
∑

i=0

|τi(s)|3
τi(1)

≤ q − 1

(q5 − q)/(q − 1)
.

Thus
∑

1G 6=χ∈Irr(G)

|χ(s)|3
χ(1)

<
(q4 − 1)1.5

q2(q5 − 1)/(q − 1)
+

q − 1

(q5 − q)/(q − 1)
<

q4 + q − 1

(q5 − q)/(q − 1)
< 1,

so we are done again.

Proposition 7.10. Theorem 3 holds for all quasisimple covers of S = PSUn(q), if n ≥ 5
and q ≥ 5 is odd, or if (n, q) = (5, 3).

Proof. (i) By Lemma 7.1, it suffices to prove Theorem 3 for G = SUn(q). Let s = sn(1) ∈
G be as constructed in Lemma 7.5. It suffices to show that every g ∈ G is a product of
three conjugates of s. Hence, it suffices to prove (7.2). Set

D :=
(qn − 1)(qn−1 − q2)

(q − 1)(q2 − 1)
.

By [62, Theorem 4.1], every character χ ∈ Irr(G) of degree less than D is either 1G or one
of q + 1 irreducible Weil characters ζi, 0 ≤ i ≤ q, as defined in (4.3).

Consider the case n ≥ 6. The construction of s in Lemma 7.5 shows that

|CG(s)| ≤







(q + 1)n−1, n ≥ 8,
(q4 − 1)(q + 1)2, n = 7,
(q4 − 1)(q + 1), n = 6.

Hence, as in the proof of Lemma 7.9,

∑

χ∈Irr(G), χ(1)≥D

|χ(s)|3
χ(1)

<
|CG(s)|3/2

D
< 0.6992.

Next we estimate |ζi(s)|. In the notation of §4.3, by Lemma 7.5, e(g, ξl) ≤ 1 for all
0 ≤ l ≤ q and equality can be attained at most twice. Arguing as in the proof of Lemma
4.6, we obtain

|ζi(s)| ≤
q + q + 1 · (q − 1)

q + 1
=

3q − 1

q + 1
.

Hence

∑

χ∈Irr(G), 1<χ(1)<D

|χ(s)|3
χ(1)

=

q
∑

i=0

|ζi(s)|3
ζi(1)

≤ (q + 1)((3q − 1)/(q + 1))3

(qn − q)/(q + 1)
< 0.1467.
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Thus
∑

1G 6=χ∈Irr(G)

|χ(s)|3
χ(1)

< 0.6992 + 0.1467 = 0.8459,

so we are done by (7.2).

(ii) Assume now that n = 5. The construction of s in Lemma 7.5 implies that |CG(s)| ≤
q4 − 1; furthermore,

∑q
l=0 e(g, ξ

l) ≤ 1, hence |ζi(s)| ≤ 1 for all i by Lemma 4.6. Set

D = (q − 1)(q2 + 1)(q5 + 1)/(q − 1).

Using [41], we check that if χ ∈ Irr(G) satisfies 1 < χ(1) < D then χ is either one of q+1
Weil characters ζi, 0 ≤ i ≤ q, or one of q + 1 characters αi, 0 ≤ i ≤ q, where

α0(1) = q2(q5 + 1)/(q + 1), αi(1) = (q2 + 1)(q5 + 1)/(q + 1), 1 ≤ i ≤ q.
Inspecting the character table of GU5(q) as given in [52], we observe that each αi extends
to GU5(q) and |αi(s)| ≤ 1. Hence,

∑

χ∈Irr(G),1<χ(1)<D

|χ(s)|3
χ(1)

=

q
∑

i=0

|ζi(s)|3
ζi(1)

+

q
∑

i=0

|ζi(s)|3
ζi(1)

≤ 2(q + 1)

(q5 − q)/(q + 1)
< 0.1334.

On the other hand,

∑

χ∈Irr(G), χ(1)≥D

|χ(s)|3
χ(1)

<
(q4 − 1)1.5

(q − 1)(q2 + 1)(q5 + 1)/(q − 1)
< 0.5866.

Thus
∑

1G 6=χ∈Irr(G)

|χ(s)|3
χ(1)

< 0.1334 + 0.5866 = 0.72,

so we are done again.

For PSUn(3), respectively PSp2n(q), we again employ the notion of breakable elements
as defined in Definition 3.5(iii), respectively Definition 3.1.

Proposition 7.11. Theorem 3 holds for all quasisimple covers of S = PSUn(3) if n ≥ 5.

Proof. By Lemma 7.1, it suffices to prove Theorem 3 for L := SUn(3). Consider the
following statements for G := GUn(3):

Q(n) :
Every g ∈ G can be written as g = xyz,
where x, y, z ∈ G are 2-elements and det(x) = det(y) = 1,

Qu(n) :
Every unbreakable g ∈ G can be written as g = xyz,
where x, y, z ∈ G are 2-elements and det(x) = det(y) = 1,

By Lemma 7.4(ii), Q(n) holds for 3 ≤ n ≤ 6. It is straightforward to check that Theorem
3 holds for L with n ≥ 7 once we show that Qu(n) holds.

We now prove Qu(n) for n ≥ 7. Consider an unbreakable g ∈ G. Lemma 3.8 implies
that |CG(g)| ≤ 3n+2 · 24. Let s1 = s2 := sn(1) and s3 := sn(det(g)), where sn(δ) is
constructed in Lemma 7.5; in particular, |CG(si)| ≤ 4n. Choosing

D := (3n − 1)(3n−1 − 9)/32,

by the Cauchy-Schwarz inequality,

∑

χ∈Irr(G), χ(1)≥D

|χ(s1)χ(s2)χ(s3)χ̄(g)|
χ(1)2

<
(4n)3/2(3n+2 · 24)1/2

((3n − 1)(3n−1 − 9)/32)2
≤ 0.4866.
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By [34, Proposition 6.6], the characters χ ∈ Irr(G) of degree less than D consist of 4 linear
characters and 42 Weil characters ζi,j , 0 ≤ i, j ≤ 3. Arguing as in the proof of Lemma 4.6,
we obtain

|ζi,j(sk)| ≤
q + q + 1 · (q − 1)

q + 1
=

3q − 1

q + 1
= 2

for q = 3. Together with (4.16), this implies that

∑

χ ∈ Irr(G),
1 < χ(1) < D

|∏3
k=1 χ(sk) · χ̄(g)|

χ(1)2
=

∑

χ = ζi,j
0 ≤ i, j ≤ 3

|∏3
k=1 χ(sk) · χ̄(g)|

χ(1)2
≤ 42 · 23 · 3n−4

((3n − 3)/4)2
< 0.0117.

Since
∑

χ∈Irr(G), χ(1)=1

χ(s1)χ(s2)χ(s3)χ̄(g)

χ(1)2
= 4,

we conclude that
∑

χ∈Irr(G)

χ(s1)χ(s2)χ(s3)χ̄(g)

χ(1)2
6= 0,

i.e. g ∈ (s1)
G · (s2)G · (s3)G, as stated.

Proposition 7.12. Theorem 3 holds for all quasisimple covers of S = PSp2n(q) if n ≥ 1,
2 ∤ q, and (n, q) 6= (1, 3).

Proof. (i) Consider the case n = 1. The cases PSp2(5)
∼= Sp2(4), PSp2(7)

∼= SL3(2), and
PSp2(9)

∼= A6 are covered by Lemma 7.3, so we may assume q ≥ 11. By Lemma 7.1, it
suffices to prove Theorem 3 for L := Sp2(q). Using the character table of L as given in
[10], it is straightforward to check that g ∈ sL · sL · sL for all g ∈ L if |s| = 4.

From now on we may assume n ≥ 2. Hence by Lemma 7.1, it suffices to prove Theorem
3 for L := Sp2n(q). If q ≡ 1 mod 4, then L is real by [63, Theorem 1.2], whence we are
done by Lemma 2.7. Also, the case PSp4(3)

∼= SU4(2) is covered by Lemma 7.3. Note that
Theorem 3 holds for Sp6(3) and Sp8(3) by Lemma 7.4(i). So we may assume q ≡ 3 mod 4
and (n, q) 6= (2, 3), (3, 3), (4, 3).

(ii) It suffices to prove that every unbreakable g ∈ L is a product of three 2-elements of
L. By Lemma 3.2,

|CL(g)| ≤ B :=







2qn, 2|n, q ≥ 5,
48 · 32n+1, 2|n, q = 3,
q2n−1(q2 − 1), 2 ∤ q.

Let s be as constructed in Lemma 7.6; in particular,

|CL(s)| ≤ C :=







q2 − 1, n = 2,
(q2 − 1)(q + 1), n = 3,
(q + 1)n, n ≥ 4.

Choosing

D := (qn − 1)(qn − q)/2(q + 1),

by the Cauchy-Schwarz inequality,

∑

χ∈Irr(L), χ(1)≥D

|χ(s)3 · χ̄(g)|
χ(1)2

<
C3/2 ·B1/2

D2
≤ 0.5255.

By [62, Theorem 5.2], the characters χ ∈ Irr(L) of degree less than D consist of 1L and
four Weil characters: η1,2 of degree (qn − 1)/2 and ξ1,2 of degree (qn − 1)/2. Recall by
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Lemma 7.6 that neither 1 nor −1 is an eigenvalue of s. Hence, (5.2) holds for s. Since
|χ(g)| ≤ χ(1),

∑

χ∈Irr(L), 1<χ(1)<D

|χ(s)3 · χ̄(g)|
χ(1)2

≤
∑

χ∈Irr(L), 1<χ(1)<D

|χ(s)3|
χ(1)

≤ 4

(qn − 1)/2
< 0.1668.

Thus
∑

1L 6=χ∈Irr(L)

|χ(s)3 · χ̄(g)|
χ(1)2

< 0.5255 + 0.1668 = 0.6923,

so g ∈ sL · sL · sL, as stated.
Proposition 7.13. Theorem 3 holds for all quasisimple covers of S = PΩǫm(q) if m ≥ 7
and 2 ∤ q.

Proof. By Lemma 2.7 and [63, Theorem 1.2], we may assume that m 6= 8, 9 and q ≡
3 mod 4 if m = 7. Note that Theorem 3 holds for Ω7(3) by Lemma 7.4. By Lemma 7.1,
it suffices to prove Theorem 3 for L := Ωǫm(q). Let s = sǫm(1) ∈ L be as constructed in
Lemma 7.7.

(i) First we consider the case m = 2n; in particular, n ≥ 5. The construction of s
implies that

|CL(s)| ≤ C :=

{

(q4 − 1)(q + 1), n = 5,
(q + 1)n, n ≥ 6.

Choosing

D :=

{

q4n−10, (n, ǫ) 6= (5,−),
(q − 1)(q2 + 1)(q3 − 1)(q4 + 1), (n, ǫ) = (5,−),

by the Cauchy-Schwarz inequality,

∑

χ∈Irr(L), χ(1)≥D

|χ(s)3|
χ(1)

<
C3/2

D
≤ 0.135.

By [34, Propositions 5.3, 5.7], the characters χ ∈ Irr(L) of degree less than D consist of
1L and q+4 characters D◦

α, α ∈ Irr(X), where X := Sp2(q). By Lemma 7.7, each β ∈ F×
q2

can appear as an eigenvalue of s of multiplicity at most 2. Arguing as in the proof of
[34, Proposition 5.11], we obtain that |Dα(s)| ≤ q2α(1). Recalling that D◦

α equals Dα if
α 6= 1X , StX and Dα − 1L otherwise, cf. [34, Table II], for n ≥ 6

∑

χ ∈ Irr(L),
1 < χ(1) < D

|χ(s)3|
χ(1)

≤
∑

α=1X ,StX

(q2α(1) + 1)3

D◦
α(1)

+
∑

α ∈ Irr(X),
α 6= 1X , StX

(q2α(1))3

D◦
α(1)

< 0.849.

Consider the case n = 5. If 4|(q − ǫ), then each β ∈ F×
q2

can appear as an eigenvalue of

s of multiplicity at most 1, so arguing as above |Dα(s)| ≤ qα(1). Suppose that 4 ∤ (q− ǫ).
In this case, the only eigenvalue β of s that belongs to F×

q2
is −1 and its multiplicity is 2.

In the notation of the proof of [34, Proposition 5.11], for every x ∈ X

|ω(xs)| ≤ qdimKer(xs−I2m)/2 = qdimKer(x+I2).

When x runs over X, dimKer(x + I2) is 2 only for x = −I2, it is 1 for q2 − 1 elements,
and it is 0 for the rest. Hence,

|Dα(s)| ≤
1

|X|
∑

x∈X
|ω(xs)α(x)| ≤ α(1)

|X| (q
2 + q · (q2 − 1) + 1 · (q(q2 − 1)− q2)) = 2α(1).
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We have shown that |Dα(s)| ≤ qα(1). Hence,
∑

χ ∈ Irr(L),
1 < χ(1) < D

|χ(s)3|
χ(1)

≤
∑

α=1X ,StX

(qα(1) + 1)3

D◦
α(1)

+
∑

α ∈ Irr(X),
α 6= 1X , StX

(qα(1))3

D◦
α(1)

< 0.329.

Thus in all cases
∑

1L 6=χ∈Irr(L)

|χ(s)3|
χ(1)

< 1,

so g ∈ sL · sL · sL by (7.2), as stated.

(ii) Now we consider the case m = 2n + 1 ≥ 11. Again |CL(s)| ≤ (q + 1)n. Set
D := q4n−8. By the Cauchy-Schwarz inequality

∑

χ∈Irr(L), χ(1)≥D

|χ(s)3|
χ(1)

<
C3/2

D
≤ 0.062.

By [34, Corollary 5.8], the characters χ ∈ Irr(L) of degree less than D consist of 1L and
q+4 characters D◦

α, α ∈ Irr(X). By Lemma 7.7, each β ∈ F×
q2

can appear as an eigenvalue

of s of multiplicity at most e, where we can choose e = 2 for n ≥ 6 and e = 1 for
n = 5. Arguing as in the proof of [34, Proposition 5.11], we obtain that |Dα(s)| ≤ qeα(1).
Recalling that D◦

α equals Dα if α 6= ξ1,2 (the two Weil characters of degree (q + 1)/2 of
X) and Dα − 1L otherwise, cf. [34, Table I],

∑

χ∈Irr(L), 1<χ(1)<D

|χ(s)3|
χ(1)

≤
∑

α=ξ1,2

(q2α(1) + 1)3

D◦
α(1)

+
∑

α∈Irr(X), α 6=ξ1,2

(q2α(1))3

D◦
α(1)

< 0.281,

so we are done by (7.2).

(iii) Finally, we consider the case m = 7, so q ≥ 7. Theorem 3 holds for

Ω3(q) ∼= PSL2(q), Ω
+
4 (q)

∼= SL2(q) ◦ SL2(q), Ω
−
4 (q)

∼= PSL2(q
2), Ω5(q) ∼= PSp4(q)

by Proposition 7.12, and for Spin+6 (q)
∼= SL4(q), Spin

−
6 (q)

∼= SU4(q) by Lemma 7.8. Hence,
if g ∈ L = Ω7(q) is breakable in the sense of Definition 3.1, then g is a product of three
2-elements of L. If g ∈ L is unbreakable then |CL(g)| ≤ q4(q + 1)2 by Lemma 3.3. Also,
χ(1) ≥ q4 + q2 +1 for all 1L 6= χ ∈ Irr(L) by [62, Theorem 1.1]. As |CL(s)| ≤ (q+1)3, by
the Cauchy-Schwarz inequality,

∑

1L 6=χ∈Irr(L)

|χ(s)3 · χ̄(g)|
χ(1)2

≤ (q + 1)4.5 · q2(q + 1)

(q4 + q2 + 1)2
< 0.757,

so we are done as well.

7.4. Proof of Theorem 3 for exceptional groups in odd characteristics. Our goal
is to prove the following result, which, together with the results of §§7.1 and 7.3, completes
the proof of Theorem 3.

Theorem 7.14. Let G be a quasisimple group such that G/Z(G) is an exceptional simple
group of Lie type in odd characteristic. Then every element of G is a product of three
2-elements.

The proof consists of a series of lemmas. The first is immediate from [40].

Lemma 7.15. Let G be as in Theorem 7.14, and let χ be a nontrivial irreducible character
of G. Then χ(1) ≥ N , where N is as in Table 4.

Lemma 7.16. If G is as in Theorem 7.14, then G has a 2-element s such that |CG(s)| ≤ C,
where C is as in Table 4.
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G N C
E8(q) q(q6 + 1)(q10 + 1)(q12 + 1) q8 − 1
E7(q) q(q14 − 1)(q6 + 1)/(q4 − 1) (q + 1)2q7

Eǫ6(q) (ǫ = ±) q(q4 + 1)(q6 + ǫq3 + 1) (q4 − 1)(q − ǫ)2, q ≡ ǫ mod 4
(q − ǫ)q7, q ≡ −ǫ mod 4

F4(q) q8 + q4 + 1 (q + 1)3q3

G2(q) (q > 3) q3 − 1 q2 − 1
3D4(q) q(q4 − q2 + 1) (q3 − 1)(q + 1)
2G2(q) (q > 3) q2 − q + 1 q + 1

Table 4. Bounds for character degrees and centralizers

Proof. For the most part we construct the element s within a suitable product of classical
groups inside G, using the methods of §7.2.

For G = E8(q) we work in a subsystem subgroup A of type A8. This has shape
d.L9(q).e, where e = (3, q − 1) and d = (9, q − 1)/e (see for example [36, Table 5.1]); the
derived subgroup is a quotient of SL9(q) by a central subgroup Z. We will define s in
SL9(q), and identify it with its image modulo Z. Choose γ ∈ Fq8 of order (q8 − 1)2, and

define s8 ∈ GL1(q
8) ≤ GL8(q) to be conjugate over F̄q to diag(γ, γq, γq

2

, . . . , γq
7

). Let
s = diag(s8, α) ∈ SL9(q), where α

−1 = det(s8). Then |CA(s)| = q8 − 1. Now, by [39,
11.2],

L(E8) ↓ A8 = L(A8) + VA8
(λ3) + VA8

(λ6).

Here VA8
(λ3) ∼= ∧3(V9), the wedge-cube of the natural module for SL9(q), and VA8

(λ6)

is the dual of this. Since γq
i+qj+qk cannot equal 1 for distinct i, j, k between 0 and 7,

and also γq
i+qj cannot lie in Fq, the element s has no nonzero fixed points in ∧3(V9), so

dimCL(E8)(s) = 8. Hence CG(s) is a maximal torus, so CG(s) = CA(s) of order q
8 − 1.

Next consider G = E7(q). We will work in the simply connected version of G; the
element s we construct works equally well for the adjoint version. Let A be a subsystem
subgroup of type Aǫ2A

ǫ
5 (ǫ = ±1), where q ≡ −ǫ mod 4. This has the subgroup SLǫ3(q) ◦

SLǫ6(q) of index (3, q − ǫ). Let γ ∈ Fq4 have order (q4 − 1)2, and define α = γ(q
2+1)(ǫq+1),

β = γ2(ǫq+1). Now define s1 ∈ SLǫ3(q), s2 ∈ SLǫ6(q) so that they are conjugate over F̄q to

diag(γ−2, γ−2ǫq, β) ∈ SL3, diag(γ, γǫq, γq
2

, γǫq
3

, 1, α) ∈ SL6,

respectively. Let s = s1s2 ∈ A. Then |CA(s)| = (q4 − 1)(q2 − 1)(q − ǫ). From [39, 11.8],

L(E7) ↓ A2A5 = L(A2A5) + (VA2
(λ1)⊗ VA5

(λ2)) + (VA2
(λ2)⊗ VA5

(λ4)).

Here VA2
(λ1) ⊗ VA5

(λ2) ∼= V3 ⊗ ∧2(V6), where V3, V6 are the natural modules for SL3

and SL6. One checks that s has fixed space of dimension 1 on this module (coming
from the product of the eigenvalues β, 1, α). Hence dimCL(E7)(s) = 9, and so over F̄q
we deduce that CE7

(s) = A1T6, where T6 denotes a torus of rank 6. It follows that
|CG(s)| = |A1(q)| · |T6(q)|. As CG(s) contains CA(s), of the order given above, |CG(s)| ≤
|A1(q)|(q4 − 1)(q + 1)2 < (q + 1)2q7.

If G = Eǫ6(q), then we work in a subsystem subgroup A of type A1A5 containing
SL2(q) ◦ SLǫ6(q). Again let γ ∈ Fq4 have order (q4 − 1)2 and define s2 ∈ SLǫ6(q) as the

previous paragraph. Define s1 ∈ SL2(q) to be conjugate over F̄q to diag(γ2(q+ǫ), γ−2(q+ǫ))
if q ≡ ǫ mod 4, and to I2 otherwise. Set s = s1s2. Then |CA(s)| is equal to (q4−1)(q− ǫ)2
if q ≡ ǫ mod 4, and to |A1(q)|(q4 − 1)(q − ǫ) otherwise. By [39, 11.10],

L(E6) ↓ A1A5 = L(A1A5) + (VA1
(1)⊗ VA5

(λ3)),
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and the second summand is V2⊗∧3(V6), where V2, V6 are the natural modules for A1, A5.
We check that s has no nonzero fixed points on this tensor product, and it follows that
CE6

(s) = CA1A5
(s); hence CG(s) = CA(s), giving the result.

Now let G = F4(q). Here we construct our element s in a subsystem subgroup A =
B4(q) ∼= Spin9(q). It is convenient to define it in the quotient Ω9(q) and take a preimage.
We follow the proof of Lemma 7.7. Let γ ∈ Fq2 have order (q2 − 1)2, and define s4 ∈
GL1(q

2) ≤ GL2(q) ≤ SO+
4 (q) to be conjugate over F̄q to diag(γ, γq, γ−1, γ−q). Then

s4 has spinor norm −1. Let q ≡ ǫ mod 4 with ǫ = ±1, and define s2 ∈ SOǫ2(q) to be

conjugate to diag(γq+ǫ, γ−(q+ǫ)). Then s2 also has spinor norm −1, so t1 := diag(s4, s2) ∈
Ωǫ6(q). Finally, let t2 := diag(−1,−1, 1) ∈ Ω3(q) and define s ∈ A to be the preimage of
diag(t1, t2) ∈ Ω9(q). Then |CA(s)| = (q2 − 1)(q − ǫ)2. Now

L(F4) ↓ B4 = L(B4)⊕ VB4
(λ4).

The second summand is the spin module for B4(q), which restricts to the preimage of
Ωǫ6(q)×Ω3(q) as (V4⊗V2)⊕(V ∗

4 ⊗V ∗
2 ), where each summand is a tensor product of natural

modules for the isomorphic group SLǫ4(q)×SL2(q). Elements of SLǫ4(q), SL2(q) inducing t1,

t2 are x1 := diag(1, γ, γǫq, γ−ǫq−1), x2 := diag(γ(q−ǫ)/2, γ−(q−ǫ)/2), respectively. The tensor
product of x1 and x2 has fixed point space of dimension at most 1, and it follows that
dimCL(F4)(s) = 4 or 6. If it is 4 then CG(s) = CA(s), while if it is 6, then CF4

(s) = A1T3,

whence |CG(s)| ≤ |A1(q)|(q + 1)3, as in the conclusion.

For G = G2(q) or
3D4(q), we pick our element s in a subgroup A = SL3(q): let γ ∈ Fq2

have order (q2−1)2 and take s to be conjugate over F̄q to diag(γ, γq, α) where α = γ−(q+1).
Now L(G2) ↓ A2 = L(A2) + V3 + V ∗

3 and L(D4) ↓ A2 = L(A2) + V 3
3 + (V ∗

3 )
3 + V 2

1 , where
V3 is the natural 3-dimensional module and V1 is trivial. It follows that CL(G2)(s) and
CL(D4)(s) have dimensions 2 and 4 respectively, so CG(s) is a maximal torus, as in the
conclusion.

Finally, for G = 2G2(q), an element s of order 4 has centralizer of order q+1 (see [66]).
This completes the proof.

Lemma 7.17. Theorem 7.14 holds for E8(q), E7(q), G2(q),
2G2(q), and also for Eǫ6(q)

with q ≡ ǫ mod 4.

Proof. Let G be one of these groups, and let s be the 2-element of G produced in Lemma
7.16. As in the proof of Proposition 7.9, it is sufficient to establish that for every g ∈ G,

∑

χ∈Irr(G)

χ(s)3χ̄(g)

χ(1)2
6= 0, (7.3)

and to prove this it suffices to show

∑

16=χ∈Irr(G)

|χ(s)|3
χ(1)

< 1.

Lemma 7.15 implies that χ(1) ≥ N for all nontrivial irreducible characters χ, where N is
as in Table 4. Hence

∑

16=χ∈Irr(G)

|χ(s)|3
χ(1)

<
|CG(s)|1/2

N

∑

χ∈Irr(G)

|χ(s)|2 = |CG(s)|3/2
N

≤ C3/2

N
,

where C is as in Table 4. One checks that C3/2/N < 1 for the groups in the hypothesis,
so the lemma follows.

Lemma 7.18. Theorem 7.14 holds for Eǫ6(q) with q ≡ −ǫ mod 4, F4(q) and
3D4(q).



SURJECTIVE WORD MAPS AND BURNSIDE’S paqb THEOREM 59

Proof. Let G be one of these groups, let s be the 2-element of G from Lemma 7.16, and
let g ∈ G. As in the previous proof,

∑

16=χ∈Irr(G)

|χ(s)|3|χ(g)|
χ(1)2

<
|CG(s)|3/2|CG(g)|1/2

N2
≤ C3/2|CG(g)|1/2

N2
,

where C,N are as in Table 4. The result is proved if the above sum is less than 1, so we
may assume that

|CG(g)| ≥
N4

C3
. (7.4)

Our strategy is to show that an element g satisfying this bound must lie in a subgroup of
G that is a commuting product of quasisimple classical groups. (A similar strategy was
carried out in Section 7 of [34].) The conclusion then follows immediately from the results
in Section 7.3, where Theorem 7.14 is established for classical groups.

Consider G = F4(q). Here (7.4) gives

|CG(g)| ≥
(q8 + q4 + 1)4

(q + 1)9q9
. (7.5)

Assume first that g is a unipotent element. The classes and centralizers of unipotent
elements in G are given in [39, Table 22.2.4], and every centralizer satisfying the above
bound has even order. Hence there is an involution t such that g ∈ CG(t). Now CG(t)
is either a quasisimple group B4(q), or a group of the form (SL2(q) ◦ Sp6(q)).2, with the
unipotent element g lying in the subgroup SL2(q) ◦ Sp6(q). Hence g is in a product of
quasisimple classical groups, except possibly in the case where q = 3 and g ∈ CG(t) =
(SL2(3) ◦ Sp6(3)).2. In the latter case, a computation shows that every element of CG(t)
is a product of three 2-elements.

Now assume g is not unipotent; say g = xu has semisimple part x 6= 1 and unipotent
part u ∈ CG(x). Now CG(x) is a subsystem subgroup of G, and the bound (7.5) forces
this to have a normal subgroup D = B4(q), D

ǫ
4(q), B3(q), C3(q), A

ǫ
3(q), B2(q) or Aǫ2(q).

Then x ∈ CG(D), and the unipotent elements of NG(D) generate a subgroup of DCG(D),
which is contained in a subsystem subgroup S := B4(q), A1(q)C3(q) or A

ǫ
2(q)A

ǫ
2(q). Hence

g = xu ∈ S. Observe that S is a product of quasisimple classical groups, except for
A1(q)C3(q) when q = 3; however, we already noted that every element of this subgroup is
a product of three 2-elements in its normalizer. This completes the proof for G = F4(q).

The proof for G = Eǫ6(q) is similar. If g is unipotent then the bound (7.4) and [39,
Table 22.2.3] imply that CG(g) has even order, so g ∈ CG(t) for some involution t. This
centralizer is either (q − ǫ) ◦Dǫ

5(q) or (SL2(q) ◦ SLǫ6(q)).2. Hence the unipotent element g
lies in Dǫ

5(q) or SL2(q) ◦ SLǫ6(q), and this is a product of quasisimple groups, apart from
the latter when q = 3, in which case a computation shows that every element of CG(t)
is a product of three 2-elements. When g is not unipotent, the bound (7.4) is actually
stronger than the bound used in the proof of [34, Theorem 7.1] for non-unipotent elements
of Eǫ6(q), and this proof shows that such elements lie in a product of quasisimple classical
subgroups. Alternatively, an argument similar to that for F4(q) gives the result in this
case.

Finally, let G = 3D4(q). The unipotent classes and centralizers can be found in [57],
and the unipotent case is handled exactly as for F4(q). For g = xu non-unipotent as
above, (7.4) implies that CG(x) has a normal subgroup D = A1(q

3) or Aǫ2(q). In the first
case we argue as before that g = xu lies in DCG(D) = A1(q

3) ◦A1(q). In the second case
CG(s) = ((q2 + ǫq + 1) ◦ D).(3, q − ǫ), and we can assume that u 6= 1 (otherwise g = x
is real, and the result follows from Lemma 2.7. The group generated by the unipotent
elements of CG(s) is just D, so u ∈ D. But the centralizer of a nontrivial unipotent
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element of D = Aǫ2(q) has order at most (q + 1)q3 (see [39, Chapter 3]), so this gives
|CG(g)| ≤ (q2 + ǫq + 1)(q + 1)q3, which contradicts (7.4).

8. Asymptotic surjectivity: Proofs of Theorems 4, 5, and 6

Lemma 8.1. Let k,Q ≥ 2 be integers. There is an explicit integer D = D(k,Q), depending
on k and Q and divisible by 8, such that, for every integer N with Ω(N) ≤ k and for every
q < Q, every central element of G ∈ {SLm(q), SUm(q), Sp2m(q),Ω+

2m(q)} is an N th power
in G whenever D|m.

Proof. We define D = 2(Q!)k+1 in the case G = SL or SU, and D = 2k+1 in the case
G = Sp or Ω+. It suffices to prove the claim for nontrivial z ∈ Z(G).

Consider the case G = SLm(q) or SUm(q), and set ǫ = +, respectively ǫ = −. Since
2|m,

GLǫm(q) > GLm/2(q
2) ≥ T := Cqm−1.

Furthermore, T1 := T ∩G has index dividing q−ǫ and contains Z(G); in particular, z ∈ T1.
If p is a prime dividing |z|, then p|(q − ǫ), whence p|(q2 − 1) and p ≤ q + 1 ≤ Q. Thus

(

qm − 1

q2 − 1

)

p

=
(m

2

)

p
≥ ((q − ǫ)p)k+1,

so
( |T1|
|z|

)

p

≥ ((q − ǫ)p)k ≥ pk.

Write N = N1N2, where all prime divisors of N1 divide |z| and gcd(N2, |z|) = 1. Since
Ω(N) ≤ k, we have shown that N1 divides |T1|/|z|. As T1 is cyclic, we can find t ∈ T1
such that all prime divisors of |t| divide |z| and tN1 = z. Since gcd(N2, |t|) = 1, t = hN2

for some h ∈ T1. It follows that z = hN , as desired.

If G is Sp2m(q) or Ω+
2m(q), then |z| = 2 and q is odd. We can use the same argument

as above, taking T1 to be a cyclic maximal torus of order qm − 1 in Sp2m(q), respectively
SO+

2m(q).

Let q = pf be a prime power, let n ≥ 13 be an integer, and let ǫ = ±. If ǫ = +, then we
use ℓ∗(qn− ǫ) to denote a primitive prime divisor ℓ(p, nf) if 2 ∤ n, and ℓ(p, nf)ℓ(p, nf/2) if
2|n. If ǫ = −, then we use ℓ∗(qn − ǫ) to denote a primitive prime divisor ℓ(p, 2nf). Recall
the set R(G) for a classical group was defined after Theorem 2.1. It is convenient to also
include ℓ(p, nf/2) in R(SLn(pf )) when 2|n.
Lemma 8.2. Let q be a prime power, let n ≥ m ≥ 13 be integers, and let α, β = ±.
Suppose that gcd(ℓ∗(qn − α), ℓ∗(qm − β)) > 1. Then either (n, α) = (m,β), or α = + and
n ∈ {2m, 4m}.

Proof. If n = m, then gcd(ℓ∗(qn − α), ℓ∗(qm − β)) > 1 certainly implies α = β. Suppose

n > m. If α = −, then ℓ∗(qn − α) = ℓ(q, 2n) does not divide
∏2n−1
i=1 (qi − 1), so it cannot

be non-coprime to ℓ∗(qm−β). So α = +, and gcd(ℓ∗(qn− 1), ℓ∗(qm−β)) > 1 implies that
n = 2m or n = 4m.

Now we prove an analogue of [31, Proposition 3.4.1] for groups of type A and C:

Proposition 8.3. For every integer a ≥ 1, there are explicit positive integers N1(a) and
V1(a) such that the following statements hold. Let n > 2a + 2 be any integer and q be
any prime power. Let s and t be regular semisimple elements of G := Sp2n(q) belonging
to maximal tori T1 and T2 of type T ǫ1,ǫ2n−a,a and T ǫ3,ǫ4a+1,n−a−1 respectively, where ǫi = ± and
ǫ1ǫ2 = −ǫ3ǫ4. Then the number of distinct irreducible characters of G which vanish neither
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on s nor on t is at most N1(a). Likewise, the absolute values of these characters on s and
t is at most V1(a).

Proof. (i) First we show that the maximal tori T1 and T2 are weakly orthogonal in the sense
of [31, Definition 2.2.1] whenever ǫ1ǫ2 = −ǫ3ǫ4. We follow the proof of [31, Proposition
2.6.1]. The dual group G∗ is SO(V ) ∼= SO2n+1(q), where V = F2n+1

q is endowed with a
suitable quadratic form Q. Consider the tori dual to T1 and T2, and assume g is an element
belonging to both of them. We need to show that g = 1. We consider the spectrum S of
the semisimple element g on V as a multiset. Then S can be represented as the joins of
multisets X ⊔ Y ⊔ {1} and Z ⊔ T ⊔ {1}, where

X := {x, xq, . . . , xqn−a−1

, x−1, x−q, . . . , x−q
n−a−1},

Y := {y, yq, . . . , yqa−1

, y−1, y−q, . . . , y−q
a−1},

Z := {z, zq, . . . , zqn−a−2

, z−1, z−q, . . . , z−q
a},

T := {t, tq, . . . , tqa , t−1, t−q, . . . , t−q
a},

for some x, y, z, t ∈ F̄×
q . Furthermore,

xq
n−a−ǫ1 = yq

a−ǫ2 = zq
n−a−1−ǫ3 = tq

a+1−ǫ4 = 1.

Let A be a multiset of elements of F̄q, where 1 ∈ A, the multiplicity of each element of
A is 2n + 1, and with the property that if u ∈ A then uq, u−1 ∈ A. We claim that if
|A∩ S| > 1 then A ⊇ S. Indeed, since the multiplicity of every u ∈ S is at most 2n+1, if
A∩ (X ⊔{1}) > 1 then A ⊇ X, and if |A∩ (X ⊔{1})|, |A∩ (Y ⊔{1})| > 1 then A ⊇ S; and
similarly for Y , Z, T . Now if |A ∩ S| > 1 but A 6⊇ S, then S = X ⊔ Y ⊔ {1} implies that
|A∩S| ∈ {2a+1, 2(n−a)+1}. But S = Z⊔T ⊔{1} also, so |A∩S| ∈ {2a+3, 2(n−a)−1},
which is a contradiction as n ≥ 2a+ 3.

Applying the claim to the multiset A consisting of those u ∈ F̄q such that uq
n−a−ǫ1 = 1,

each with multiplicity 2n+ 1, and noting that A ⊇ X ⊔ {1}, we deduce that uq
n−a−ǫ1 = 1

for all u ∈ S. Arguing similarly, we obtain

uq
n−a−ǫ1 = uq

a−ǫ2 = uq
n−a−1−ǫ3 = uq

a+1−ǫ4 = 1

for all u ∈ S.
Consider u ∈ S. Suppose for instance that ǫ3 6= ǫ1. In particular,

uq
n−a−1+ǫ1 = uq

n−a−ǫ1 = 1,

whence uq+1 = 1. The condition ǫ1ǫ2 = −ǫ3ǫ4 now implies that ǫ2 = ǫ4, so |u| divides
gcd(qa+1 − ǫ2, qa − ǫ2)|(q − 1). It follows that u2 = 1 for all u ∈ S. The same argument
applies to the case ǫ3 = ǫ1. We have shown that u2 = 1 for all u ∈ S. Now if 1 has
multiplicity at least 2 in S, then applying the claim to the multiset A′ consisting only of
1 with multiplicity 2n + 1, we see that g = 1V as stated. It remains to consider the case
g = diag(−1,−1, . . . ,−1, 1). Now Ker(g + 1V ) is a quadratic subspace of V of type ǫ1ǫ2
and also of type ǫ3ǫ4, a contradiction.

(ii) Now we proceed exactly as in the proof of [31, Proposition 3.4.1], using the main
result of [44] which holds for both types Bn and Cn. Also note that the proof of [31,
Proposition 3.4.1] uses only the weak orthogonality of the two tori T1 and T2 but not the
signs ǫi in their definitions.

Proposition 8.4. For every integer a ≥ 1, there are explicit positive integers N2(a) and
V2(a) such that the following statements hold. Let ǫ = ±, q any prime power, and let n be
any integer greater than 2a+2. Let s and t be regular semisimple elements of G := SLǫn(q)
belonging to maximal tori T1 and T2 of type Tn−a,a and Ta+1,n−a−1. Then the number of
distinct irreducible characters of G which vanish neither on s nor on t is at most N2(a).
Likewise, the absolute values of these characters on s and t is at most V2(a).
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Proof. (i) Again, we show that the maximal tori T1 and T2 are weakly orthogonal. Here,
the dual group G∗ is PGLǫ(V ) ∼= PGLǫn(q), where V = Fnq for ǫ = + and V = Fnq2 for

ǫ = −. Consider the complete inverse images Tn−a,a and Tn−a−1,a+1 of the tori dual to T1
and T2 in H := GLǫ(V ), and assume g is an element belonging to both of them. We need
to show that g ∈ Z(H). The multiset S of eigenvalues of the semisimple element g on V
can be represented as the joins of multisets X ⊔ Y ⊔ {1} and Z ⊔ T ⊔ {1}, where

X := {x, xqǫ, . . . , x(qǫ)n−a−1}, Y := {y, yqǫ, . . . , y(qǫ)a−1},
Z := {z, zqǫ, . . . , z(qǫ)n−a−2}, T := {t, tqǫ, . . . , t(qǫ)a},

for some x, y, z, t ∈ F̄×
q ; furthermore,

x(qǫ)
n−a−1 = y(qǫ)

a−1 = z(qǫ)
n−a−1−1 = t(qǫ)

a+1−1 = 1.

Let A be a multiset of elements of F̄q, where the multiplicity of each element of A is n,
and with the property that if u ∈ A then uqǫ ∈ A. We claim that if A∩S 6= ∅ then A ⊇ S.
Indeed, since the multiplicity of every u ∈ S is at most n, if A ∩ X 6= ∅ then A ⊇ X,
and if A ∩ X,A ∩ Y 6= ∅ then A ⊇ S; and similarly for Y , Z, T . Now if A ∩ S 6= ∅ but
A 6⊇ S, then S = X ⊔ Y implies that |A ∩ S| ∈ {a, n − a}. But S = Z ⊔ T as well, so
|A ∩ S| ∈ {a+ 1, n− a− 1}, which is a contradiction as n ≥ 2a+ 3.

Applying the claim to the multiset A consisting of those u ∈ F̄q such that u(qǫ)
n−a−1 = 1,

each with multiplicity n, and noting that A ⊇ X, we see that u(qǫ)
n−a−1 = 1 for all u ∈ S.

Arguing similarly, we see that u(qǫ)
n−a−1−1 = 1, so uqǫ−1 = 1 for all u ∈ S. Now applying

the claim to the multiset A′ consisting of only x but with multiplicity n, and noting that
A ⊇ X, we conclude that A = S and g = x · 1V , as stated.

(ii) Now we proceed as in the proof of [31, Proposition 3.1.5]. Assume that χ ∈ Irr(G)
and χ(s)χ(t) 6= 0. By (i) and [31, Proposition 2.2.2], χ = χuni,α is a unipotent character
of G labeled by a partition α ⊢ n. If χα ∈ Irr(Sn) corresponds to α, then

χα(s1) = χ(s) 6= 0, χα(t1) = χ(t) 6= 0,

where s1 ∈ Sn has cycle type (n − a, a) and t1 ∈ Sn has cycle type (n − a − 1, a + 1).
Arguing as in the proof of [31, Corollary 3.1.3], one can show that there are at most 4a+6
possibilities for α, and |χα(s1)|, |χα(t1)| ≤ 4.

Proposition 8.5. For every positive integer k, there are explicit positive integers A =
A(k), B1 = B1(k), and B2 = B2(k), each depending on k, with the following property. For
every n ≥ A and for every prime power q, every G ∈ {SLn(q), SUn(q), Spn(q), Spin±n (q)}
contains k + 1 pairs (si, ti) of regular semisimple elements, 1 ≤ i ≤ k + 1, such that:

(a) If i 6= j, then gcd(|si| · |ti|, |sj | · |tj |) = 1;
(b) For each i, there are at most B1 irreducible characters of G that vanish neither on

si nor on ti. The absolute values of these characters at si and ti are at most B2.

Proof. (i) First we consider the case G = Spinǫ2n(q) with n ≥ 10k + 65. For odd
ai = 2i+ 11, 1 ≤ i ≤ k + 1, there are regular semisimple elements si, ti of G belonging to
maximal tori T 1

i and T 2
i of type T ǫ,+n−ai,ai (of order (qn−ai − ǫ)(qai − 1)) and T−ǫ,−

n−ai−1,ai+1

(of order (qn−ai−1 + ǫ)(qai+1 + 1)) respectively. In fact, we can choose

|si| = ℓ∗(qn−ai − ǫ) · ℓ∗(qai − 1), |ti| = ℓ∗(qn−ai−1 + ǫ) · ℓ∗(qai+1 + 1).

By [31, Proposition 3.3.1] the number of distinct irreducible characters of G that vanish
neither on si nor on ti is bounded by some explicit integer B1(k), dependent on k but
independent of n, q. Likewise, the absolute values of these characters on si and ti are
bounded by some explicit integer B2(k), dependent on k but independent of n, q.
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It remains to check the condition (a). Let 1 ≤ i < j ≤ k + 1. By the choice of n,
n/5 ≥ aj + 1 ≥ ai + 3 ≥ 16. It follows that

2(n− aj − 1) > n− ai > n− ai − 1 > max(n− aj , 4(aj + 1)).

Hence, by Lemma 8.2, each of ℓ∗(qn−ai − ǫ) and ℓ∗(qn−ai−1 + ǫ) is coprime to ℓ∗(qn−aj −
ǫ) · ℓ∗(qn−aj−1 + ǫ) · ℓ∗(qaj − 1) · ℓ∗(qaj+1 + 1). Similarly, as n − aj − 1 > 4(ai + 1), each
of ℓ∗(qai − 1) and ℓ∗(qai+1 + 1) is coprime to ℓ∗(qn−aj − ǫ) · ℓ∗(qn−aj−1 + ǫ). Finally, since
aj and ai are distinct odd integers, Lemma 8.2 also yields that ℓ∗(qai − 1) · ℓ∗(qai+1 + 1)
is coprime to ℓ∗(qaj − 1) · ℓ∗(qaj+1 + 1), and we are done.

(ii) SupposeG = Spin2n+1(q) with n ≥ 10k+65. For odd ai = 2i+11, 1 ≤ i ≤ k+1, there
are regular semisimple elements si, ti of G belonging to maximal tori T 1

i and T 2
i of type

T+,+
n−ai,ai (of order (q

n−ai − 1)(qai − 1)) and T−,−
n−ai−1,ai+1 (of order (qn−ai−1+1)(qai+1+1))

respectively. In fact, we can choose

|si| = ℓ∗(qn−ai − 1) · ℓ∗(qai − 1), |ti| = ℓ∗(qn−ai−1 + 1) · ℓ∗(qai+1 + 1).

By [31, Proposition 3.4.1] the number of distinct irreducible characters of G that vanish
neither on si nor on ti is bounded by some explicit integer B1(k), dependent on k but
independent of n, q. Likewise, the absolute values of these characters on si and ti are
bounded by some explicit integer B2(k), dependent on k but independent of n, q. Finally,
condition (a) is satisfied as shown in (i).

(iii) Consider the case G = Sp2n(q) with n ≥ 10k + 65. For odd ai = 2i + 11, 1 ≤
i ≤ k + 1, there are regular semisimple elements si, ti of G belonging to maximal tori
T 1
i and T 2

i of type T+,+
n−ai,ai (of order (qn−ai − 1)(qai − 1)) and T+,−

n−ai−1,ai+1 (of order

(qn−ai−1 − 1)(qai+1 + 1)) respectively. In fact, we can choose

|si| = ℓ∗(qn−ai − 1) · ℓ∗(qai − 1), |ti| = ℓ∗(qn−ai−1 − 1) · ℓ∗(qai+1 + 1).

Now we can finish as in (ii) but using Proposition 8.3.

(iv) Consider the case G = SLǫn(q) with n ≥ 4k + 17. For ai = 2i + 5, 1 ≤ i ≤
k + 1, there are regular semisimple elements si, ti of G belonging to maximal tori T 1

i

and T 2
i of type Tn−ai,ai (of order (qn−ai − ǫn−ai)(qai − ǫai)) and Tn−ai−1,ai+1 (of order

(qn−ai−1− ǫn−ai−1)(qai+1− ǫai+1)) respectively. Next, observe that for every m ≥ 7, there

is a prime ℓ(−q,m) that divides (−q)m−1 but does not divide
∏m−1
i=1 ((−q)i−1; namely, we

can take ℓ(−q,m) = ℓ(q, 2m) if 2 ∤ m, ℓ(−q,m) = ℓ(q,m) if 4|m, and ℓ(−q,m) = ℓ(q,m/2)
if 4|(m− 2). In particular, if m ≥ m′ ≥ 7 and ℓ(qǫ,m) = ℓ(qǫ,m′), then m = m′. Now we
can choose

|si| = ℓ(qǫ, n− ai) · ℓ(qǫ, ai), |ti| = ℓ(qǫ, n− ai − 1) · ℓ(qǫ, ai + 1).

Condition (b) follows from Proposition 8.4. By the choice of n, n/2 ≥ aj ≥ ai + 2 ≥ 9 if
1 ≤ i < j ≤ k + 1. It follows that

n− ai − 1 > n− aj > n− aj − 1 > aj + 1 > aj > ai + 1,

so condition (a) is satisfied.

Lemma 8.6. Let q be an odd prime power and let g ∈ G := SO(V ) = SO±
n (q) be a

non-semisimple element with det(g + 1V ) 6= 0. Then there exists a g-invariant, nonzero,
totally singular subspace W ⊂ V such that det(g|W ) = 1. Furthermore, if dimW = n/2
for all such W , then V is of type + and 4|n.

Proof. (i) Let s, respectively u, denote the semisimple, respectively unipotent, part of
g, and let (·, ·) denote the bilinear form on V . It suffices to consider the case where the
g-module V is orthogonally indecomposable. Suppose first that det(g − 1V ) = 0, which
implies that s = 1V . Since u 6= 1V , there are 0 6= e, f ∈ V such that u(e) = e and
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u(f) = e + f . It follows that (e, e) = 0, and we can take W = 〈e〉Fq . Note that the case
dimW = n/2 is impossible here, as SOǫ

2(q) does not contain non-semisimple elements.

(ii) Next we consider the case where g has an eigenvalue λ ∈ F×
q r {±1}. The inde-

composability of g implies that CG(s) = GLn/2(q); furthermore, Vǫ := Ker(s − λǫ · 1V )
is a maximal totally singular subspace of V for ǫ = ±. Pick 0 6= vǫ ∈ Ker(u − 1V ) ∩ Vǫ.
If (v+, v−) 6= 0, then 〈v+, v−〉Fq is a g-invariant non-degenerate subspace of V , and so
V = 〈v+, v−〉Fq , implying that g = s is semisimple, a contradiction. So (v+, v−) = 0, and
we can take W = 〈v+, v−〉Fq .

Suppose now that g has an eigenvalue λ 6= ±1 with λq+1 = 1. The indecomposability
of g then implies that CG(s) = GUn/2(q) and (·, ·) comes from a g-invariant Hermitian

structure on U := F
n/2
q2

. Now s acts on U as λ · 1U , and again since u 6= 1U we can find

0 6= e, f ∈ U such that u(e) = e and u(f) = e + f . It follows that e is totally singular in
U , and we can take W = 〈e〉F

q2
.

The existence of W in the more general case where CG(s) = GLǫa(q
b) follows from the

previous two cases, by base changing to Fqb if ǫ = + and Fq2b if ǫ = −. In each of these
cases, dimV = 2ab and dimW = 2b. Hence the equality dimW = (dimV )/2 implies that
V is of type + and dimV = 4b.

Let G = Cl(V ) ∈ {SLn(q), SUn(q), Spn(q),Ω±
n (q)}. In what follows, by a primary

eigenvalue of g ∈ G we mean an eigenvalue λ of g with dimKer(g − 1V ) > n/2. It then
follows that λq−ǫ = 1 in the SLǫ-case and λ2 = 1 in the Sp/SO-case. Also, recall the
support supp(g) was defined in [31, Definition 4.1.1]. We use the convention that in the
case G = SU(V ), the relevant subspaces are considered as vector spaces over Fq2 .

Proposition 8.7. Given any positive integers k, C, Q, and D = D(k,Q) as defined
in Lemma 8.1. Then there is an explicit positive integer N = N(k, C,D,Q) such that
the following statement holds. Let q < Q be a prime power, and let G = Cl(V ) ∈
{SLn(q), SUn(q), Spn(q),Ω±

n (q)} with n ≥ N . Let g be any element of G with supp(g) < C.

(i) g has a primary eigenvalue λ.
(ii) There exist 2k + 1 g-stable, orthogonal if Cl 6= SL, decompositions V = Uj ⊕Wj,

1 ≤ j ≤ 2k + 1, such that g ∈ Cl(Uj) × Cl(Wj), 5D| dimUj, dimWj ≥ 13,
Uj ⊆ Ker(g − λ · 1V ), and the 4k + 2 sets R(Cl(Uj)), R(Cl(Wj)) are pairwise
disjoint.

(iii) Assume in addition that 2 ∤ q, G = Ω(V ), g is not semisimple, and λ = −1. Then
at least one of the following statements holds.
(a) −1V ∈ Ω(V ).
(b) There exist 2k + 1 g-stable orthogonal decompositions V = Uj ⊕ Wj, 1 ≤

j ≤ 2k + 1, such that g ∈ Ω(Uj) × Ω(Wj), 20C| dimUj, dimWj ≥ 13, the
components of g in Ω(Uj) and Ω(Wj) are both non-central, and the 4k + 2
sets R(Ω(Uj)), R(Ω(Wj)) are pairwise disjoint.

(c) There exist 2k+1 g-stable totally singular subspaces Wj ⊆ V , 1 ≤ j ≤ 2k+1,
such that StabSO(V )(Wj) has a Levi subgroup SO(Uj)×GL(Wj), dimWj ≥ 10,
dimUj ≥ 13, g projects onto a non-central element in each of Ω(Uj) and
SL(Wj), and the 4k + 2 sets R(Ω(Uj)), R(SL(Wj)) are pairwise disjoint.

Proof. We choose

n ≥ N = N(k, C,D,Q) := 9 · 52k+1(4C +D). (8.1)

(i) Since supp(g) < C < n/2, by [31, Proposition 4.1.2] we see that g has a primary
eigenvalue λ. Moreover, arguing as in the proof of [31, Lemma 6.3.4], we deduce that g
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fixes an (orthogonal if Cl 6= SL) decomposition V = U ⊕W , where dimU ≥ n − 2C and
U ⊆ Ker(g − λ · 1V ).

(ii) Now we consider a chain of (non-degenerate if Cl 6= SL) subspaces

U1 ⊂ U2 ⊂ . . . ⊂ U2k+1 ⊂ U
with ej := dimUj = 5jD ≥ 40, and moreover Uj is of type + if Cl = Ω (this can be

achieved since dimU ≥ n− 2C > 52k+1D+4 by (8.1)). We also define Wj := U⊥
j , so that

V = Uj ⊕Wj , dj := dimWj = n− 5jD.

Write q = pf for a prime p. If Cl 6= SU, observe that each prime in R(Cl(Uj)) divides

pa−1 for some a ≤ ejf , but cannot divide any pb−1 with b ≤ ejf/5. Similarly, if Cl = SU,
then each prime in R(Cl(Uj)) divides pa − 1 for some a ≤ 2ejf , but cannot divide any

pb − 1 with b ≤ 2ejf/5. It follows that the 2k + 1 sets R(Cl(Uj)) are disjoint. For the
same reason, the condition

di ≥ n− 52k+1D > 52k+2D

implies that each Ri := R(Cl(Wi)) is disjoint from all R(Cl(Uj)). We claim that

Ri ∩Rj = ∅ (8.2)

whenever 1 ≤ i 6= j ≤ 2k + 1. Assume the contrary: so ℓ ∈ Ri ∩ Rj for some i < j. By
the construction of Ri,

ℓ|(q2di − 1)(q2di−2 − 1)(q2di−4 − 1),

and similarly for j. Note that

(52k+1 − 5)D ≥ di − dj = (5j − 5i)D ≥ 20D ≥ 160.

It follows that ℓ|(qe − 1), where

316 ≤ 2di − 4− 2dj ≤ e ≤ 2di − 2dj + 4 < 2 · 52k+1D.

On the other hand, (8.1) implies that

(dj − 2)/4 ≥ (n− 52k+1D − 2)/4 > 2 · 52k+1D.

We have shown that some ℓ ∈ R(Cldj (q)) divides pef − 1 with 316 ≤ e < (dj − 2)/4. This
contradicts the construction of R(Cldj (q)) in Theorem 2.1, according to which ℓ = ℓ(p, af)
for some a ≥ (dj − 1)f/4.

(iii) We may now assume that 2 ∤ q, G = Ω(V ), g is not semisimple, and λ = −1.
If −1 is the only eigenvalue of g on V ⊗Fq Fq, then the semisimple part s of g is −1V ,
whence we arrive at (a). We will therefore assume that −1 is not the only eigenvalue of
g on V ⊗Fq Fq. Recall the g-stable decomposition V = U ⊕W with dimU ≥ n− 2C and
U ⊆ Ker(g + 1V ) ⊆ V0 := Ker(s+ 1V ) 6= V . Note that det(s|V0) = 1.

Suppose that Ker(g + 1V ) 6= V0, and decompose V0 = U ⊕ U0 orthogonally. Note that
dimU0 ≤ 2C. Then we consider a chain of non-degenerate subspaces

U0 ⊂ U1 ⊂ U2 ⊂ . . . ⊂ U2k+1 ⊂ V0
with dimUj = 4 · 5jC ≥ 20 and moreover Uj is of type + for 1 ≤ j ≤ 2k + 1 (this can

be achieved since dimV0 > n − 2C > 4 · 52k+1C + 4 by (8.1)). We also define Wj := U⊥
j

for j ≥ 1. Now, g has a unique eigenvalue −1 but does not act as a scalar on Uj (as

U0 6= 0), and has at least two eigenvalues on Wj⊗Fq Fq (as V0 6= V ) if j ≥ 1. Furthermore,
g|Uj

∈ Ω(Uj) as Uj has type + and 4| dimUj , whence g ∈ Ω(Uj) × Ω(Wj). The same
arguments as in (ii) using (8.1) shows that the 4k + 2 sets R(Cl(Uj)), R(Cl(Wj)) are
pairwise disjoint, and we arrive at (b).
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Assume now that Ker(g + 1V ) = V0. Changing the notation, we let W := V ⊥
0 so that

V = V0⊕W . Note that g|W ∈ SO(W ) is not semisimple, and det(g|W+1W ) 6= 0. Hence by
Lemma 8.6, g stabilizes a nonzero, totally singular subspaceW0 ofW , with det(g|W0

) = 1.
As supp(g) < C, we have dimW0 < C. Since W is non-degenerate, we can find another

s-invariant totally singular subspaceW ′
0 ofW such that W̃0 :=W0⊕W ′

0 is non-degenerate
(of type +). Now we consider a chain of s-invariant non-degenerate subspaces of type +

W̃0 ⊂ W̃1 ⊂ W̃2 ⊂ . . . ⊂ W̃2k+1 ⊂ V0 ⊕ W̃0

with dim W̃j = 2c · 5j ≥ 20 for 1 ≤ j ≤ 2k + 1. In each W̃j , we can find a totally singular
subspace Wj = W0 ⊕ (V0 ∩Wj) of dimension c · 5j ≥ 10 which is then g-invariant. Here,
we choose c ∈ {3C − 1, 3C} such that

c ≡ dimW0(mod 2), (8.3)

and so det(g|W1
) = det(g|Wj

) = 1. By the construction of Wj , g has eigenvalue −1 and at

least one more eigenvalue 6= −1 on Wj ⊗Fq Fq, so g|Wj
is non-central.

Now, StabSO(V )(Wj) has a Levi subgroup SO(Uj)⊗GL(Wj), where Uj := (W̃j)
⊥. Note

that, since det(g|Wj
) = 1, by [26, Lemma 2.7.2] there is an h ∈ Ω(W̃j) that induces the

same action on Wj as that of g. But g ∈ Ω(V ), so we conclude that the projection g′

of g onto SO(Uj) is contained in Ω(Uj). Note that g′ always has −1 as an eigenvalue

on Uj ⊗Fq Fq as W̃2k+1 6⊇ V0, and has at least one more eigenvalue unless W = W̃0,
in which case 2|(dimW0) by Lemma 8.6. Suppose that g′ is central in Ω(Uj). Then

g′ = −1Uj
∈ Ω(Uj). Furthermore, 2|c by (8.3), when 4|(dim W̃j). But W̃j is of type +,

so −1W̃j
∈ Ω(W̃j). As V = Uj ⊕ W̃j , we conclude that −1V ∈ Ω(V ), i.e. (a) holds. The

claim about disjointness of R(Ω(Uj)) and R(SL(Wi)) now follows by the same arguments
as in (ii) using (8.1).

Proof of Theorems 4 and Theorem 5. Let k be a positive integer and let N be
any positive integer with ω(N) ≤ k. For Theorem 5(i) we also assume that Ω(N) ≤ k.
By Proposition 2.6, it suffices to prove the theorems for finite simple classical groups
S of sufficiently large rank. So we assume that S = G/Z(G) and G = Cln(q) with
Cl ∈ {SL, SU, Sp,Ωǫ} (and ǫ = ±). Let V := Fnq (if Cl 6= SU) and V := Fnq2 (for Cl = SU)

denote the natural G-module. Also set ǫ = + if Cl = SL and ǫ = − when Cl = SU.

(i) Apply Proposition 8.5 to G and consider n ≥ A. Since ω(N) ≤ k, by 8.5(a) there is
some i0 between 1 and k + 1 such that the orders of s := si0 and t := ti0 are coprime to
N . Define

Q = Q(k) := (B1B
2
2)

481.

We claim that if q ≥ Q, then every g ∈ Gr Z(G) belongs to sG · tG, so it is a product
of two Nth powers. Indeed, supp(g) ≥ 1 since g /∈ Z(G). It follows by [31, Theorem 4.3.6]
and the condition on q that

|χ(g)|
χ(1)

< q−1/481 ≤ 1

B1B2
2

for every 1G 6= χ ∈ Irr(G). Now condition 8.5(b) implies that

∑

1G 6=χ∈Irr(G)

|χ(s)χ(t)χ(g)|
χ(1)

<
B1B

2
2

B1B2
2

= 1,

so g ∈ sG · tG and is a product of two Nth powers as desired. Thus we have established
Theorems 4–5 for classical groups defined over a sufficiently large field Fq.
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(ii) From now on we may assume that 2 ≤ q < Q. Suppose that g ∈ G satisfies

supp(g) ≥ C = C(k) := (log2Q)2.

By [31, Theorem 4.3.6],

|χ(g)|
χ(1)

< q−
√

supp(g)/481 ≤ 2−(log2Q)/481 =
1

B1B2
2

for every 1G 6= χ ∈ Irr(G). Hence, as in (i), g ∈ sG · tG, so g is a product of two Nth
powers. We have shown that every element in G, with support ≥ C and whenever n ≥ A,
is a product of two Nth powers. Applying Gow’s theorem, see e.g. [25, Lemma 5.1], we
see that the same conclusion also holds for all non-central semisimple g ∈ G.

(iii) It remains to consider the non-semisimple g ∈ G with supp(g) < C. Recall the
integer D = D(k,Q) defined in the proof of Lemma 8.1, which satisfies

8|D, (q − ǫ)|D. (8.4)

We choose n ≥ N(k, C,D,Q) as defined in Proposition 8.7. Let λ denote the primary
eigenvalue of g.

Now we apply Proposition 8.7(ii), and assume in addition that λ · 1V ∈ Ω(V ) if G =
Ω(V ). Since ω(N) ≤ k, there is some i0 such that N is not divisible by any prime
in R(Cl(Wi0)). Hence, by Theorem 2.1, H := Cl(Wi0) admits two regular semisimple
elements s′ and t′ whose orders are coprime to N , and such that (s′)H · (t′)H ⊇ HrZ(H).

Next, G contains a subgroup Cl(Ui0) × Cl(Wi0). Note that g acts on Ui0 as the scalar
λ. Furthermore, in the case of Theorem 4 and Theorem 5(ii) (recall that we are assuming
λ ·1V ∈ Ω(V ) if G = Ω(V )), the scalar transformation λ ·1V belongs to Z(G). Replacing g
by (λ−1·1V )g, which does not change the coset gZ(G) of g in S, we obtain x := g|Ui0

= 1Ui0
;

in particular, x = uN for u := 1Ui0
, and we also set λ0 := 1. In the case of Theorem 5(i),

Ω(N) ≤ k. Hence the condition (8.4) implies that x := g|Ui0
∈ Z(Cl(Ui0)), whence x = uN

for some u ∈ Cl(Ui0) by Lemma 8.1; set λ0 := λ.

Since g fixes Wi0 , it follows that g = xy with y := g|Wi0
∈ H = Cl(Wi0). Note

that y has λ0 as an eigenvalue (as dimUi0 < dimU) but does not act as the scalar λ0
(as otherwise g ∈ Z(G)). It follows that y ∈ H r Z(H) ⊆ (s′)H · (t′)H , so y = vNwN

with v, w ∈ H. Note that u ∈ Cl(Ui0) centralizes v ∈ H. Now the claim follows, since
g = xy = uN · vNwN = (uv)NwN .

(iv) It remains to prove Theorem 4 in the case where G = Ω(V ) but λ · 1V /∈ Ω(V ); in
particular, 2 ∤ q and λ = −1. Now we apply Proposition 8.7(iii) and note that assertion
(a) does not hold. Assume assertion (b) holds. Since ω(N) ≤ k, there are at least k + 1
values of j such that N is coprime to all primes in R(Ω(Uj)). The condition ω(N) ≤ k
then implies that there is some j0 (among these values j) such that N is also coprime to
all primes in R(Ω(Wj0)). Applying Theorem 2.1 to Ω(Uj0) and Ω(Wj0), we see that

g = aNbN · cNdN = aNcN · bNdN = (ac)N · (bd)N

for some a, b ∈ Ω(Uj0) and c, d ∈ Ω(Wj0).

Assume now that we are in the case of Proposition 8.7(iii)(c). Arguing as above, we
can find j0 such that N is coprime to all primes in R(Ω(Uj0)) ∪ R(SL(Wj0)). As g is
non-central in both projections to Ω(Uj0)) and SL(Wj0), we can apply Theorem 2.1 to get
regular semisimple N ′-elements a, b ∈ Ω(Uj0), c, d ∈ Ω(Wj0) such that

g = aNbN · cNdN · v = aNcN · bNdN · v = (ac)N · bNdN · v
for some v ∈ U and |d| = ℓ∗(qr − 1) for r := dimWj0 . Here, U is the unipotent radical
of StabSO(V )(Wj0) = UL, and L = SO(Uj0) × GL(Wj0). Our construction of b, d implies
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that CG(t) ≤ L for t := bNdN ; in particular, CG(t) ∩ U = 1. As t normalizes U , the map
u 7→ t−1utu−1 maps U into U injectively, whence also surjectively. Thus {utu−1 | u ∈ U}
coincides with the coset tU . Hence, tv is G-conjugate to t = (bd)N , and so tv = hN for
some G-conjugate h of bd. Thus g = (ac)NhN , as desired.

Proof of Theorem 6. Let k and N be any positive integers with ω(N) ≤ k.
(i) Let G ∈ {SLn(q), SUn(q), Sp2n(q), Spin±n (q)}. Apply Proposition 8.5 to G and to

k + 1 instead of k and consider n ≥ A. Since ω(N) ≤ k, by 8.5(a) there is some i0, i1
between 1 and k+2 such that the orders of s := si0 , t := ti0 , and v := si1 are coprime to N .
Consider any 1G 6= χ ∈ Irr(G). Note if r is the rank of the algebraic group corresponding
to G, then since v is regular semisimple we see that CG(v) is a maximal torus and so has
order at most (q + 1)r < q1.6r, whence |χ(v)| < q0.8r. On the other hand, χ(1) > qr/3 by
[28]. It now follows by Proposition 8.5(b) that

∑

1G 6=χ∈Irr(G)

|χ(s)χ(t)χ(v)χ(g)|
χ(1)2

<
3B1B

2
2

2r/5
< 1

for all g ∈ G if r > 5 log2(3B1B
2
2). In this case, Frobenius’ character sum implies that g

is a product s′t′v′ of G-conjugates of s, t, v, hence a product of three Nth powers.

(ii) Now we assume (without any loss) that k ≥ 52 and consider G = 2An with

n ≥ A = A(k) := (k + 3)(ln(k + 3) + ln ln(k + 3) + 2).

By [53, Theorem 29], the interval [2, A] contains at least k + 3 distinct primes. Since

ω(N) ≤ k, we can find a prime 5 ≤ p < A ≤ n such that p ∤ N . Write n =
∑t

i=0 aip
i

p-adically, with 0 ≤ ai ≤ p − 1, at ≥ 1, and consider an N ′-element σ ∈ G of odd order,
whose image σ̄ in An has cycle type

(pt)at(pt−1)at−1 . . . (p)a1(1)a0 . (8.5)

In particular, σ̄ has at most a0 ≤ p − 1 = no(1) cycles of length < p. Here and hereafter,
o(1) means a function of n that tends to 0 when n tends to infinity. It follows by [29,
Theorem 1.2(ii)] that

|χ(σ)| ≤ χ(1)1/p+o(1) ≤ χ(1)1/5+o(1) (8.6)

for all χ ∈ Irr(Sn). Next, the choice (8.5) implies that

CSn(σ̄) = (Cpt ≀ Sat)× (Cpt−1 ≀ Sat−1
)× . . .× (Cp ≀ Sa1)× Sa0 .

It follows that

|CSn(σ̄)| =
t
∏

i=0

(piai · ai!) ≤ p(t+(t−1)+...+1)(p−1) · ((p− 1)!)t+1 < p(p−1)(t+1)(t+2)/2.

Since p < A and t ≤ logp n, we see that there is some B = B(k) > 0 such that

|χ(σ)| ≤
√

|CG(σ)| ≤ eB(lnn)2 (8.7)

for all χ ∈ Irr(G). Now if χ ∈ Irr(G) is faithful, then it is well known that χ(1) ≥ 2(n−2)/2.
Likewise, arguing as in the proof of [27, Proposition 4.1] and using [18, Theorem 5.1],

one can show that χ(1) ≥ 2(n−5)/4 if χ ∈ Irr(An) does not extend to Sn. Let J ⊆ Irr(G)
denote the subset of all irreducible characters of G that are either faithful, or trivial at
Z(G) = C2 but do not arise as the restriction to An of some irreducible character of Sn.

Then we have shown that χ(1) > 2n/5 for all χ ∈ J , and furthermore

|J | ≤ |Irr(G)| ≤ 4|Irr(Sn)| = 4p(n) ≤ eC
√
n, (8.8)
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say with C := π
√

2/3 + 1 (where p(n) is the partition function of n). Also consider the
Witten zeta function

ζAn(s) =
∑

α∈Irr(An)

χ(1)−s

of An. Combining (8.6)–(8.8) together, we get

∑

1G 6=χ∈Irr(G)

|χ(σ)|3
χ(1)

≤
∑

χ∈J

|χ(σ)|3
χ(1)

+
∑

1G 6=χ/∈J

|χ(σ)|3
χ(1)

≤ e3B(lnn)2+C
√
n

2n/5
+ ζAn(2/5− o(1))− 1.

According to [38, Corollary 2.7], limn→∞ ζAn(2/5−o(1)) = 1. Hence, if we choose n ≥ h(k)
sufficiently large, then

∑

1G 6=χ∈Irr(G)

|χ(σ)|3
χ(1)

< 1.

It follows by Frobenius’ character sum that G = σG ·σG ·σG, and so we are done since |σ|
is coprime to N .

We can also prove an analogue of Theorem 5(i) for 2An:

Proposition 8.8. For any positive integer k, there is some integer h(k) such that if
Ω(N) ≤ k and n ≥ h(k) then the word map (x, y) 7→ xNyN is surjective on the double
cover 2An.

Proof. Let Ω(N) ≤ k and let G = 2An. The image of the map x 7→ xN on the cyclic
group C of order 2k+3 contains an element of order 8. Similarly, the image of the map
x 7→ xN on the cyclic group D of order 3k+2 contains an element of order 9. Hence, by
[32, Lemma 3.3], when n is sufficiently large (compared to k), there is some u ∈ G such
that G = (uN )G · (uN )G.

Finally, we make some remarks about possible generalizations of the aforementioned
results.

Remark 8.9. Some natural generalizations of Theorem 1 are false.

(i) It is not true that for every N = paqb the word map (x, y) 7→ xNyN is always
surjective on every quasisimple group G, or at least hits all the non-central elements of G.
For instance, if N = 20, then this map does not hit any element of order 5 in G = SL2(5)
(indeed, x20 has order 1 or 3 in G, and if x ∈ G has order 3 then {1} ∪ xG ∪ xG · xG does
not contain any element of order 5 of G). It may be that this is the only counterexample.

(ii) It is not true that for every odd integer N the word map (x, y) 7→ xNyN is always
surjective on every non-abelian simple group G. For instance, consider a prime power
q > 3 where q ≡ 3 mod 8 and set G := PSL2(q) and N := q(q2 − 1)/8. Note that xN has
order 1 or 2 for every x ∈ G. It follows that every element of G that is hit by the word
map (x, y) 7→ xNyN is either an involution or a product of two involutions, so it is real. On
the other hand, the nontrivial unipotent elements of G are not real. The same arguments
show that the word map (x, y) 7→ xNyN is not surjective on the Ree group G = 2G2(q),
if q = 32a+1 > 3 and N = |G|2′ . It is an open question whether these two families of
simple groups exhaust all the simple groups G on which the word map (x, y) 7→ xNyN is
not surjective for some odd N .

Example 8.10. None of Theorems 4–6 holds for finite simple groups of Lie type and
bounded rank over fields of sufficiently large size. Indeed, according to [1, Corollary 4.2],
there are infinitely many primes p such that Ω(p2 − 1) ≤ 21. For every such prime p, the
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word map (x, y) 7→ xNpyNp with Np := p(p2 − 1)/2 cannot be surjective on PSL2(p) (its
image consists only of the identity element); on the other hand,

ω(Np) ≤ Ω(Np) ≤ Ω(p2 − 1) ≤ 21.

This example can be generalized to quasisimple Lie-type groups of bounded rank and
word maps of arbitrary length. Indeed, for any given integer r0 ≥ 15, every finite
quasisimple group G of Lie type of rank ≤ r0 and defined over Fp has order dividing

N ′
p := pr

2
0

∏r0
i=1(p

2i − 1). By [1, Theorem C], there exist an integer k and infinitely many

primes p such that Ω(p2r0! − 1) ≤ k/r0 − r0. For every such prime p, the word map

(x1, x2, . . . , xm) 7→ (x1)
N ′

p(x2)
N ′

p · . . . · (xm)N
′

p

can never be surjective on G (as its image consists only of the identity element), whereas

ω(N ′
p) ≤ Ω(N ′

p) ≤ r20 + r0Ω(p2r0! − 1) ≤ k.
Example 8.11. Note that no analogue of Theorems 1, 4, or 5 holds for quasisimple
classical groups, even of unbounded rank and over fields of unbounded size. Indeed, for
any odd integer n ≥ 1 and any q ≡ 5( mod 8), the word map (x, y) 7→ x8y8 is not surjective
on Sp2n(q); see [32, Theorem 4.6] for this and other examples.

Likewise, for any n, if we choose N = 2n, then for any x ∈ H := 2An the order of xN is
odd. Hence, if z is the central involution of H, then x−Nz has even order and so cannot
be yN for any y ∈ H. Thus the map (x, y) 7→ xNyN is not surjective on H. This shows
that Proposition 8.8 does not hold if we replace Ω(N) ≤ k with ω(N) ≤ k. Certainly,
this observation also applies to any finite group G and any prime p dividing |Z(G)| (by
choosing N = pa to be the p-part of the exponent of G).
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[15] M. Geck, G. Hiss, F. Lübeck, G. Malle and G. Pfeiffer, CHEVIE – A system for computing and

processing generic character tables for finite groups of Lie type, Weyl groups and Hecke algebras,
Appl. Algebra Engrg. Comm. Comput. 7 (1996), 175–210.

[16] D. Gluck, Sharper character value estimates for groups of Lie type, J. Algebra 174 (1995), 229–266.
[17] R. Gow, Commutators in finite simple groups of Lie type, Bull. London Math. Soc. 32 (2000), 311–315.



SURJECTIVE WORD MAPS AND BURNSIDE’S paqb THEOREM 71

[18] R.M. Guralnick, M. Larsen and Pham Huu Tiep, Representation growth in positive characteristic and
conjugacy classes of maximal subgroups, Duke Math. J. 161 (2012), 107–137.
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