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Introduction to Runge—Kutta methods

It will be convenient to consider only autonomous initial
value problems

y'(z) = fly(x),  ylwo) =wo, [:RY =R
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Introduction to Runge—Kutta methods

It will be convenient to consider only autonomous initial
value problems

y'(z) = fly(x),  ylwo) =wo, [:RY =R

The simple Euler method:

Yn = Yn—1 + hf(yn—l)a h = Ly — Tp—1

can be made more accurate by using the mid-point
quadrature formula:

Yn = Yn—1 T hf (yn—l + %hf(yn_l))
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Introduction to Runge—Kutta methods

It will be convenient to consider only autonomous initial
value problems

y'(x) = fy(x)), y(zo) =yo, f:RY =R
The simple Euler method:
Yn = Yn—1 + hf(yn—l)a h = Lpn — Tp—1

can be made more accurate by using either the mid-point
or the trapezoidal rule quadrature formula:

Yn = Yn—-1 T hf (yn—l - %hf(yn—l))
Yn = Yn—1 T %hf(yn—l) - %hf (yn—l - hf(yn—l))
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These methods from Runge’s 1895 paper are “second
order” because the error in a single step behaves like

O(h).
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A few years later, Heun gave a full explanation of order 3
methods and Kutta gave a detailed analysis of order 4
methods.
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These methods from Runge’s 1895 paper are “second
order” because the error in a single step behaves like

O(h3).

A few years later, Heun gave a full explanation of order 3
methods and Kutta gave a detailed analysis of order 4
methods.

In the early days of Runge—Kutta methods the aim
seemed to be to find explicit methods of higher and
higher order.
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These methods from Runge’s 1895 paper are “second
order” because the error in a single step behaves like

O(h3).

A few years later, Heun gave a full explanation of order 3
methods and Kutta gave a detailed analysis of order 4
methods.

In the early days of Runge—Kutta methods the aim
seemed to be to find explicit methods of higher and
higher order.

Later the aim shifted to finding methods that seemed to
be optimal in terms of local truncation error and to
finding built-in error estimators.
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With the emergence of stiff problems as an important
application area, attention moved to implicit methods.
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With the emergence of stiff problems as an important
application area, attention moved to implicit methods.

Methods have been found based on Gaussian quadrature.

Later this extended to methods related to Radau and
Lobatto quadrature.

A-stable methods exist in these classes.

Because of the high cost of these methods, attention
moved to diagonally and singly implicit methods.
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Formulation of method

In carrying out a step we evaluate s stage values
i, Yo, ..., Y

and s stage derivatives
Fi, Fy, ..., Fi,

using the formula F; = f(Y;).
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Formulation of method

In carrying out a step we evaluate s stage values

and s stage derivatives
Fl) F27 © ey F87

using the formula F; = f(Y;).

Each Y; Is found as a linear combination of the F; added
on to o

Yi=1yo+ hz&z‘ij
j=1
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Formulation of method

In carrying out a step we evaluate s stage values

and s stage derivatives
F17 F27 © ey F87

using the formula F; = f(Y;).

Each Y; Is found as a linear combination of the F; added
on to o

Yi=1yo+ hz&z‘ij
j=1

and the approximation at x; = xy + A 1s found from

Y1 :y0+hzbz’Fz

1=1
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We represent the method by a tableau:

cCi|ajxr aiz -+ ddis
Co | A21 Q22 -+ -+ QA2

Cs | Qg1 Ag2 =**+ (Ugg

b, b, --- b,
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We represent the method by a tableau:

C1|d11 A12 -+ Q1s
Co | A21 Q22 -+ -+ QA2
Cs | g1 Qg2 *+° Ugg

b 52 ... bs

or, If the method is explicit, by the simplified tableau
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Examples:
y1 = 4o + Ohf(yo) + 1hf (yo + S f (o))

NI—= O

O
-
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Examples:
y1 = yo + Oh ’@ Lhyf (yo + §hf(y0)

T~

Yy

NI—= O

Runge—Kutta methods for ordinary differential equations — p. 8/48




Examples:

Y1 = Yo ++ Lhf(yo + 5 hf(yo)

Yy

NI—= O

N || =
N |
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Examples:

Y1 = Yo ++ Lhf(yo + 5 hf(yo)

Yy

NI—= O
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Taylor expansion of exact solution

We need formulae for the second, third, ..., derivatives.
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Taylor expansion of exact solution

We need formulae for the second, third, . .., derivatives.
y'(z)=f(y(z))
y'(z)=f"(y(x))y'(z)
=f'(y(x))f(y(x)))
y" (x)=f"(y(x))(f(y()),y' (x)) + f(y(@))f (y(z))y (x)
=f"(y(@))(f(y(x)), fy(@)+f (y() f (y(2))f(y(x))




Taylor expansion of exact solution

We need formulae for the second, third, .. ., derivatives.
y'(z)=f(y(z))
y'(z)=f'(y(z))y'(z)
= f'(y(z)) f(y(z)))

Y (z)=f"(y(x))(fy(x)), v (x)) + f(y@) [ (y(z))y (z)
=f"(y(2))(f(y(@)), f(y(@)+f (@) f (y(x)f(y(z))

This will become increasingly complicated as we
evaluate higher derivatives.
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Taylor expansion of exact solution

We need formulae for the second, third, .. ., derivatives.
y'(z)=f(y(z))
y'(z)=f'(y(z))y'(z)
= f'(y(z)) f(y(z)))

Y (z)=f"(y(x))(fy(x)), v (x)) + f(y@) [ (y(z))y (z)
=f"(y(2))(f(y(@)), f(y(@)+f (@) f (y(x)f(y(z))

This will become increasingly complicated as we
evaluate higher derivatives.

Hence we look for a systematic pattern.

Write f = f(y(x)), f' = f'(y(2)), ' = f"(y(2)), .. ..




y" () = ' (f, f) "\

+ 1 ¢
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y'(r) =1 - f
y'(x) = ff 5
y" () = F'(f, f) "\

f
/
+Ef J

The various terms have a structure related to rooted-trees.
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y'(r) =1 - f
' (z) = Ff I;
y" () = F'(f, f) "\

f
/
+Ef J

The various terms have a structure related to rooted-trees.

Hence, we introduce the set of all rooted trees and some
functions on this set.
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Let 7" denote the set of rooted trees:

el v bwe Y )

We identify the following functions on 7.

Runge—Kutta methods for ordinary differential equations — p. 11/48




Let 7" denote the set of rooted trees:

v bwe Y )

We identify the following functions on 7.
In this table, ¢ will denote a typical tree

Runge—Kutta methods for ordinary differential equations — p. 11/48
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v bwe Y )

We identify the following functions on 7.

In this table, ¢ will denote a typical tree
r(t)  order of t = number of vertices
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Let 7" denote the set of rooted trees:

v bwe Y )

We identify the following functions on 7.

In this table, ¢ will denote a typical tree
r(t)  order of t = number of vertices
o(t)  symmetry of ¢ = order of automorphism group
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Let 7" denote the set of rooted trees:

v bwe Y )

We identify the following functions on 7.

In this table, ¢ will denote a typical tree

r(t)  order of t = number of vertices

o(t)  symmetry of ¢ = order of automorphism group
v(t)  density of ¢
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et 7" denote the set of rooted trees:

v bwe Y )

We identify the following functions on 7.
In this table, ¢ will denote a typical tree

r(t)  order of ¢ = number of vertices

o(t)  symmetry of ¢ = order of automorphism group
v(t)  density of ¢

a(t)  number of ways of labelling with an ordered set
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et 7" denote the set of rooted trees:

v bwe Y )

We identify the following functions on 7.

In this table, ¢ will denote a typical tree

order of ¢ = number of vertices

symmetry of ¢ = order of automorphism group
density of ¢

number of ways of labelling with an ordered set
number of ways of labelling with an unordered set

r

Q

X O
e SIS e R N
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et 7" denote the set of rooted trees:

v bwe Y )

We identify the following functions on 7.

In this table, ¢ will denote a typical tree
r(t)  order of ¢ = number of vertices

o(t)  symmetry of ¢ = order of automorphism group

v(t)  density of ¢

a(t)  number of ways of labelling with an ordered set

B(t)  number of ways of labelling with an unordered set
F(t)(yo) elementary differential
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et 7" denote the set of rooted trees:

v bwe Y )

We identify the following functions on 7.
In this table, ¢ will denote a typical tree

r(t)  order of ¢ = number of vertices

o(t)  symmetry of ¢ = order of automorphism group
v(t)  density of ¢

a(t)  number of ways of labelling with an ordered set
B(t)  number of ways of labelling with an unordered set

F(t)(yo) elementary differential
We will give examples of these functions based on ¢ = 'O‘
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These functions are easy to compute up to order 4 trees:

o v bow VY
r(t)|1 2 3 3 4 4 4 4
o)1 1 2 1 6 1 2 1
¥#)|1 2 3 6 4 8 12 24
at))1 1 1 1 1 3 1 1
BH1 2 3 6 4 24 12 24
F(t) f ff £ (f,f) F7f fOF 16 £(fFf) FE(Ff) PP

Runge—Kutta methods for ordinary differential equations — p. 13/48




The formal Taylor expansion of the solution at xy + A IS

r(t)
($0+h)—yo+z (};

E'(t)(yo)
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The formal Taylor expansion of the solution at xy + A IS

r(t)
yoo+h) =g+ 3 S F @) )

Using the known formula for «(t¢), we can write this as

KT (®)
(x0+h)—y0+z )fy(t)

F(t)(yo)
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The formal Taylor expansion of the solution at xy + A IS

r(t)
y(ao-+ ) =0+ Y ST F ()

Using the known formula for «(t), we can write this as

r(t)
o +) =+ 3 PO

Our aim will now be to flnd a corresponding formula for
the result computed by one step of a Runge-Kutta
method.
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The formal Taylor expansion of the solution at zy + A IS

hr( )
($0+h)_yo+z ( I E(t)(yo)
teT '
Using the known formula for «(¢), we can write this as
o+ ) = w3 " ()
X0+ n)=1yy+ t
0 Yo ()7(%) Yo

Our aim will now be to flnd a corresponding formula for
the result computed by one step of a Runge-Kutta
method.

By comparing these formulae term by term, we will
obtain conditions for a specific order of accuracy.
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Taylor expansion for numerical approximation

We need to evaluate various expressions which depend
on the tableau for a particular method.
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Taylor expansion for numerical approximation

We need to evaluate various expressions which depend
on the tableau for a particular method.

These are known as “elementary weights”.

We use the example tree we have already considered to

illustrate the construction of the elementary weight & ().

[ m n 0)
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Taylor expansion for numerical approximation

We need to evaluate various expressions which depend
on the tableau for a particular method.

These are known as “elementary weights”.

We use the example tree we have already considered to

illustrate the construction of the elementary weight & ().

[ m n 0)

(t) = E Di;j Qik 1y Qer, o

1,7,k ,mn,0=1
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Taylor expansion for numerical approximation

We need to evaluate various expressions which depend
on the tableau for a particular method.

These are known as “elementary weights”.

We use the example tree we have already considered to

illustrate the construction of the elementary weight & ().

[ m n 0)

S )

(t) = E Di;j Qik 1y Qer, o

1,7,k ,mn,0=1

Simplify by summing over [, m, n, o:
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Now add ®(¢) to the table of functions:

N I
r(t) | 1 2 3 3
at)| 1 1 1 1
B(t)| 1 2 3 6
(I)(t) Z bz Z biCi Z bZCZQ Z biaz-jcj
t | W \} Y %
r(t)| 4 4 4 4
t 1 3 1 1

)
)| 4 24 12 24
) Z bZC,? Z bicz-az-jcj Z biaijc? Z bz-az-jajkck
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The formal Taylor expansion of the solution at xy + A IS

r(t)
=+ 3 OO

teT
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The formal Taylor expansion of the solution at xy + A IS

B( t
yi=w+) — )F(t)(yo)
Using the known formula for 3(¢), we can write this as

_yo+zhr t)(yo)

te’rl
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Order conditions

To match the Taylor series

r(t)
tel
r(t)
yi=1yo+ »_ 1) 2OF ) (o)
teTl
up to hA? terms we need to ensure that
1
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Order conditions

To match the Taylor series

r(t)
tel
r(t)
yi=1yo+ »_ 1) 2OF ) (o)
teTl
up to hA? terms we need to ensure that
1
O(t) ok

for all trees such that
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Order conditions

To match the Taylor series

hr(t)
y(xg+ h) = yo + F(t)(y
r(t)
y1 =10+ Y ——~P()F(t)(yo)
e 70)
up to hA? terms we need to ensure that
1
O(t) = —,
() (1)
for all trees such that
r(t) < p.

These are the “order conditions”.
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Construction of low order explicit methods

We will attempt to construct methods of order p = s with
sstagesfors=1,2,....
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We will attempt to construct methods of order p = s with
sstagesfors=1,2,....

We will find that this Is possible up to order 4 but not for
p = o.
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We will attempt to construct methods of order p = s with
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We will find that this Is possible up to order 4 but not for
p = o.

The usual approach will be to first choose ¢y, c3, ..., ¢,
and then solve for by, b, . .., b,.
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Construction of low order explicit methods

We will attempt to construct methods of order p = s with
sstagesfors=1,2,....
We will find that this Is possible up to order 4 but not for
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The usual approach will be to first choose ¢y, c3, ..., ¢,
and then solve for by, b, . .., b,.

After this solve for those of the a;; which can be found as
solutions to linear equations.
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Construction of low order explicit methods

We will attempt to construct methods of order p = s with
sstagesfors=1,2,....

We will find that this Is possible up to order 4 but not for
p = o.

The usual approach will be to first choose ¢y, c3, ..., ¢,
and then solve for by, b, . .., b,.

After this solve for those of the a;; which can be found as

solutions to linear equations.

Order 2: bl + bQ =3\
bQCQ — %
0 0 0
C9 C9o % % 1]1
1 1 1 1
1 =355 25 01 2 2
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Order 3: b1 + by + b3
baca + bscs

DWW N =

2 2
bQCz T b3C3
b3agacy =
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Order 3: by + by +b3 =1
bQCQ ——b363:%
bQC% ——bgC§:%
byazacs = ¢
0 0 0
111 2|2 2] 2
2| 2 3|3 3] 3
1[-1 2 =10 =2 0|—1 1
1 21 13 3 0 3 1
6 3 6 4 8 8 4 4
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Order 4: b1 b2 bg b4 —
baco + bscs + bycy =

bacs + bscs + byci =

bsaszaca + byasaco + byaszcs =

bgcg + bgC§ + b4C§l =

baczazacCa + bicisaCa + bycsaszcy =
53a3203 + b4a4203 + b4a4gc§ =
biayzagzaco =

1
1
2
1
3
1
6
1
4
1
8
1
12
1
24
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Order 4: b1 b2 bg b4
bQCQ T b303 T b4C4

bacs + bscs + bac)

bzazaCo + biasaco + byasscs

bQC% + bgcg + b4C§l

b3czazacCa + bicssaco + bicsasscs
bgaggcg + b4a4203 + b4a4gc§
biaszazacy

|
,_\[\r—\3|,_\Oolr—w.lklr—\cnlr—kc;.vlr—\N)Ir—L —

24

(1)
(2)
(3)
(4)
()
(6)
(7)
(8)

To solve these equations, treat ¢, c3, c4 @S parameters,

and solve for b1, b9, b3, by from (1), (2), (3), (5).
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Order 4: by + by + by + by =1 (1)
bacy + bscs + bacy = 5 (2)
bacs + bgcg + by = % (3)
bsasgacy + byagocy + byayzcs = % (4)
b2C§ + bgcg + b46§1 = i (5)
bscgasaco + bycsagoco 4 bycyaqzcs = % (6)
bgaggC% -+ b4a4203 -+ b4a43c§ — % (7)
1

biayzazaco = 5; (8)

To solve these equations, treat ¢, c3, c4 @S parameters,
and solve for b1, b9, b3, by from (1), (2), (3), (5).

Now solve for ass, ass, asz from (4). (6), (7).
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Order 4: by + by + by + by = 1 (1)
boco + bscs + bycy = % (2)
bacs + b3cs + bacy = % (3)
bsasaco + byagocas + byayscs = % (4)
bacs + bscs + bycs = i (5)
b3C3a32Cs + bicsaanco + bacsaszcs = & (6)
53063203 + b4a4gcg + b4a4gc§ = % (7)
{

biayzazaco = 55 (8)

To solve these equations, treat ¢, c3, c4 @S parameters,
and solve for b1, b9, b3, by from (1), (2), (3), (5).

Now solve for ass, ass, asz from (4). (6), (7).
Use (8) to obtain consistency condition on cs, c3, c4.
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Order 4. by + by + bs + by = 1 (1)
boco + b3cs + bycy = % (2)
b2c§ -+ bgcg -+ 1940?l — % (3)
bsasaco + byagocas + byayscs = % (4)
bacs + bscs + bycs = i (5)
bscgasaco + bycsagoco 4 bycyaqzcs = % (6)
bgaggcg + b4a4203 -+ b4a43(3§ — % (7)
1

biayzazaco = 55 (8)
To solve these equations, treat ¢, c3, c4 @S parameters,
and solve for by, bo, b3, by from (1), (2), (3), (5).
Now solve for ass, a9, ayz from (4). (6), (7).
Use (8) to obtain consistency condition on cs, c3, c4.
Result: ¢4 = 1.
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We will prove a stronger result in another way.
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We will prove a stronger result in another way.
Lemmal Let U and V' be 3 x 3 matrices such that

wyp wig 0
UV = | wey wor 0 where |:
0 0 0

w11 Wi2

] IS non-singular
W1 W22

then aeither the last row of U 1s zero or the last column of
V IS zero.
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We will prove a stronger result in another way.
Lemmal Let U and V' be 3 x 3 matrices such that

w1 wip 0 o a
UV = | we we 0 where{ H 2 ] is non-singular
0 0 0 Wo1 W2

then either the last row of U Is zero or the last column of
V' IS zero.

Proof Let W = UV. Either U or V is singular. If U is singular, let
x be a non-zero vector such that 2! U = 0. Therefore z! W = 0.
Therefore the first two components of x are zero. Hence, the last row
of U is zero. The second case follows similarly if V" is singular. =
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We will prove a stronger result in another way.
Lemmal Let U and V' be 3 x 3 matrices such that

w1 wip 0 o a
UV = | we we 0 where{ H 2 ] is non-singular
0 0 0 Wo1 W2

then either the last row of U Is zero or the last column of
V' IS zero.

Proof Let W = UV. Either U or V is singular. If U is singular, let
x be a non-zero vector such that 2! U = 0. Therefore z! W = 0.
Therefore the first two components of x are zero. Hence, the last row
of U is zero. The second case follows similarly if V" is singular. =
We will apply this result with a specific choice of U and
V.

Runge—Kutta methods for ordinary differential equations — p. 22/48




Zz' bitiiz ZZ bia;3 ZZ biaig
—bz(l — CQ) —bg(l — Cg) —b4(1 — 04)_
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p— 2 —
C2 Gy DLj02iCj — 56
_ 2 1.2
Vi=|c 5§ 2,036 — 56
2 1.2

LG4 €y Zj a4;C5 — 3C4

then
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It follows that b, = 0, co =0o0rc; = 1.
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It follows that b, = 0, co =0o0rc; = 1.

The first two options are impossible because

1
byayzazaco = 5.
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It follows that b, = 0, co =0o0rc; = 1.

The first two options are impossible because

1
byayzazaco = 5.

Hence, ¢, = 1 and the last row of U Is zero.
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It follows that b, = 0, co =0o0rc; = 1.

The first two options are impossible because

1
byayzazaco = 5.

Hence, ¢, = 1 and the last row of U Is zero.
The construction of fourth order Runge—Kutta methods
now becomes straightforward.
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It follows that b, = 0, co =0o0rc; = 1.

The first two options are impossible because

1
byayzazaco = 5.

Hence, ¢, = 1 and the last row of U Is zero.

The construction of fourth order Runge—Kutta methods
now becomes straightforward.

Kutta classified all solutions to the fourth order
conditions.
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It follows that b, = 0, co =0o0rc; = 1.

The first two options are impossible because

1
byaszazaco = 5.

Hence, ¢, = 1 and the last row of U Is zero.

The construction of fourth order Runge—Kutta methods
now becomes straightforward.

Kutta classified all solutions to the fourth order
conditions.

In particular we have his famous method:

— NN~ O

SR O O o=
Wl O N
W =t

=
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Order barriers

We will review what is achievable up to order 8.
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Order barriers

We will review what is achievable up to order 8.
In the table below, NV, 1s the number of order conditions

to achieve this order.
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Order barriers

We will review what Is achievable up to order 8.

In the table below, NV, 1s the number of order conditions
to achieve this order.

M, = s(s + 1)/2 is the number of free parameters to
satisfy the order conditions for the required s stages.
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Order barriers

We will review what is achievable up to order 8.

In the table below, NV, 1s the number of order conditions
to achieve this order.

My = s(s + 1)/2 is the number of free parameters to
satisfy the order conditions for the required s stages.

p N,| s M,
1 1| 1 1
2 20 2 3
3 4] 3 6
4 8| 4 10
5 17| 6 21
6 37| 7 28
7 1151 9 45
8 20011 66
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We will now prove that s = p = 5 Is Impossible.
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We will now prove that s = p = 5 Is Impossible.
et bj — Z?:l biCLZ’j, 7 =1,2,3, 4 and let

i bs bs by |
U = b2 €2 53 C3 54 C4

Z bazZ Z bazS Z 6&24
bg(l — CQ) ——bg(l — (33) 2b4(1 — (34)
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We will now prove that s = p
— Zle biai;, 7 =1,2,3,4 and let

et /[;j

b
‘5202
Zl) ;2
——b2(1 — (32)
"y G
V=1|c
L cr

b3
5303

Z@' l)iaiS

—%bg(l — C3

Zj a2;Cj —
Zj asz;C; —
Zj a4;Cj —

5C

2
2
—Cg
2
4

)
1
2
1
i
§C

= 5 IS Impossible.

Zl) A4
2[)4(1 — (34)
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We will now prove that s = p = 5 Is Impossible.
et bj — Z?:l biCLZ’j, 7 =1,2,3, 4 and let

i bs Ds by |
[ — by b3c3 bycy
D Ab ;o D biags D Ab iy
i —-bg(l — CQ) —%bg(l — (33) 2b4(1 — 04)_
"y G D 42jCj — %cg ]
V=1|c Zj a3;C;j — %cg
1 €] D, auic; — 5C]
then
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Using Lemma 1, we deduce that ¢, = 1.
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Using Lemma 1, we deduce that ¢, = 1. Now use the
lemma again with

bg(l — (32) bg(l — (33) b5(1 — (35)
[ — bQCQ(l — CQ) bgCg(l — Cg) b5C5(1 — 65)

>_ibiaia(1 —c2) 3 biais(1 —c3) )2 biais(1 — ¢5)
—bg(l — (32)2 —bg(l — (33)2 —b5(1 — 05)2_
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Using Lemma 1, we deduce that ¢, = 1. Now use the
lemma again with

bg(l — (32) bg(l — (33) b5(1 — (35)
U _ bQCQ(l — CQ) bgCg(l — Cg) b5C5(1 — 65)
Zz’ bZ’CLZ’Q(l — CQ) Zz biCLig(l — (33) Zz biCLi5(1 — (35)
i —bg(l — (32)2 —bg(l — (33)2 —b5(1 — 05)2_
"y Zj A9;C; — %cg |
V=1|c Zj a3;C;j — %cg
5 G5 DL 05iC — 5C5 _
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Using Lemma 1, we deduce that ¢, = 1. Now use the
lemma again with

bg(l — 02) bg(l — (33) b5(1 — (35)
U _ bQCQ(l — CQ) bgCg(l — Cg) b5C5(1 — 65)
Zz’ bZ’CLZ’Q(l — CQ) Zz biCLig(l — (33) Zz biCLi5(1 — (35)
i —bg(l — (32)2 —bg(l — (33)2 —b5(1 — 05)2_
"y Zj A9;C; — %cg |
V=1|c Zj a3;C;j — %cg
5 G5 DL 05iC — 5C5 _

then
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It follows that ¢; = 1.
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It follows that ¢; = 1.

Since we already know that ¢, = 1, we obtain a
contradiction from

E b; ( C;i)@i; Gk Ch
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It follows that ¢; = 1.

Since we already know that ¢, = 1, we obtain a
contradiction from

E 1

Runge—Kutta methods for ordinary differential equations — p. 28/48




It follows that ¢; = 1.

Since we already know that ¢, = 1, we obtain a
contradiction from

E 1
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It follows that ¢; = 1.

Since we already know that ¢, = 1, we obtain a
contradiction from

_ 1
0 = E : bi( Ci)@ijajKCr = To5

By modifying the details slightly, we can prove that
s = p > 5 1S never possible.
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It follows that ¢; = 1.

Since we already know that ¢, = 1, we obtain a
contradiction from

1
0 = E :b Ci)@ijajKCr = To5

By modifying the details slightly, we can prove that
s = p > 5 1S never possible.

The proof that s = p + 1 Is Impossible when p > 7 is
more complicated.
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It follows that ¢; = 1.

Since we already know that ¢, = 1, we obtain a
contradiction from

_ 1
0= g b awa]kck 20

By modifying the details slightly, we can prove that
s = p > 5 1S never possible.

The proof that s = p + 1 Is Impossible when p > 7 is
more complicated.

The proof that s = p + 2 I1s Impossible when p > 8 Is
much more complicated.
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Algebraic interpretation

We will introduce an algebraic system which represents
Individual Runge-Kutta methods and also compositions
of methods.
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Algebraic interpretation

We will introduce an algebraic system which represents
Individual Runge-Kutta methods and also compositions
of methods.

This centres on the meaning of order for Runge-Kutta
methods and leads to a possible generalisation to
“effective order”.
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Algebraic interpretation

We will introduce an algebraic system which represents
Individual Runge-Kutta methods and also compositions
of methods.

This centres on the meaning of order for Runge-Kutta
methods and leads to a possible generalisation to
“effective order”.

Denote by G the group consisting of mappings of
(rooted) trees to real numbers where the group operation
IS defined In the usual way
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Algebraic interpretation

We will introduce an algebraic system which represents
Individual Runge-Kutta methods and also compositions
of methods.

This centres on the meaning of order for Runge-Kutta
methods and leads to a possible generalisation to
“effective order”.

Denote by G the group consisting of mappings of
(rooted) trees to real numbers where the group operation
IS defined In the usual way, according to the algebraic
theory of Runge-Kutta methods or to the (equivalent)
theory of B-series.
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Algebraic interpretation

We will introduce an algebraic system which represents
Individual Runge-Kutta methods and also compositions

of methods.

This centres on the meaning of order for Runge-Kutta
methods and leads to a possible generalisation to
“effective order”.

Denote by G the group consisting of mappings of
(rooted) trees to real numbers where the group operation
IS defined In the usual way, according to the algebraic
theory of Runge-Kutta methods or to the (equivalent)
theory of B-series.

We will illustrate this operation in a table
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Algebraic interpretation

We will introduce an algebraic system which represents
Individual Runge-Kutta methods and also compositions

of methods.

This centres on the meaning of order for Runge-Kutta
methods and leads to a possible generalisation to
“effective order”.

Denote by G the group consisting of mappings of
(rooted) trees to real numbers where the group operation
IS defined In the usual way, according to the algebraic
theory of Runge-Kutta methods or to the (equivalent)
theory of B-series.

We will illustrate this operation in a table, where we also
Introduce the special member £ € G.
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e—Kutta methods for ordinary differential equations

(=)
c
S
o




r(t) ¢t a(t) Bt) (afB)(t;)
1 1 « o B oy + B
2 21 a [ o + a1 31 + o
3 3V a3 [ a3 4+ 2B + 20152 + s
3 4 I gy Dy oy + a1 + a1 + Oa
4 SN a5 B5 as+ Oé?& + 30&%52 + 3103 + B
ap + arasfy + (af + ag) s
4 6 X} (6 F6 —I—(Jfl(ﬁg —|—1ﬁ4)‘|‘56
4 7 Y ar By ar+azB+aife + 2006 + Gy
4 8 i ag O ag+ oyl + agfs + a1 84 + B3
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r(t) @ & at) Bt) (af)(t:) E(t;)
1 1 « a1 B a1 + B 1
2 21 a [ Qg + a1 01 + P2 2
3 3V a3 B3 az + atf + 20100 + B3 "
3 4 I gy Py ay + 01 + a1 02 + By :
4 5V a5 B5 as+aif+ 3020+ 315+ O5

2
4 6 o ag + a3y + (Ckl + 042)62 1
Voo A ron(Bs+ B+ 0
4 7 Y ar B ar+asfi 4 aife + 20006 + B 3
4 8 i ag Oy ag+aufi+afs+aiBi+ fs 5
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G, will denote the normal subgroup defined by ¢ — 0 for
r(t) < p.
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G, will denote the normal subgroup defined by ¢ — 0 for
r(t) < p.

If € G then this maps canonically to oG, € G/G),,.
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G, will denote the normal subgroup defined by ¢ — 0 for
r(t) < p.

If € G then this maps canonically to oG, € G/G),,.

If o IS defined from the elementary weights for a
Runge-Kutta method then order p can be written as

aG, = EG),.
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G, will denote the normal subgroup defined by ¢ — 0 for
r(t) < p.

If € G then this maps canonically to oG, € G/G),,.

If o IS defined from the elementary weights for a
Runge-Kutta method then order p can be written as

aG, = EG),.

Effective order p Is defined by the existence of 5 such
that
BaG, = EBG,.
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The computational interpretation of this idea Is that we
carry out a starting step corresponding to 3
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The computational interpretation of this idea Is that we
carry out a starting step corresponding to 5 and a

finishing step corresponding to 37!
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The computational interpretation of this idea Is that we
carry out a starting step corresponding to 5 and a
finishing step corresponding to 571, with many steps in
between corresponding to .
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The computational interpretation of this idea Is that we
carry out a starting step corresponding to 5 and a

finishing step corresponding to 57!, with many steps in
between corresponding to c.

This 1s equivalent to many steps all corresponding to

Bap.
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The computational interpretation of this idea Is that we
carry out a starting step corresponding to 5 and a
finishing step corresponding to 571, with many steps in
between corresponding to c.

This 1s equivalent to many steps all corresponding to

Bap.

Thus, the benefits of high order can be enjoyed by high
effective order.
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We analyse the conditions for effective order 4.

Without loss of generality assume 3(t1) = 0.

2 (Ba)(t:) (E6)(t:)

1 0] 1

2 Bo + g % + 02

3 B3 + ag 5+ 20 + O3

4 By + oy + ay &+ P2 + B

3 Os + as 1+ 30+ 305+ s
6 Be + Dacro + Qg s+ 502+ B3+ Ba + B
7 b7 + B3anq + az =+ B2 + 204 + O

8 Os+ faan + Poas+as o+ 202+ Ba+ Bs
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Of these 8 conditions, only 5 are conditions on c.
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Of these 8 conditions, only 5 are conditions on c.
Once « Is known, there remain 3 conditions on 5.
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Of these 8 conditions, only 5 are conditions on c.
Once « Is known, there remain 3 conditions on .

The 5 order conditions, written in terms of the
Runge-Kutta tableau, are

S
N

<

S A
| |

D~ DN p—t

A

%)

S.

%)

o

=

O

=

|
Sl

Runge—Kutta methods for ordinary differential equations — p. 34/48




Implicit Runge—Kutta methods

Since we have the order barriers, we might ask how to
get around them.
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Implicit Runge—Kutta methods

Since we have the order barriers, we might ask how to
get around them. For explicit methods, solving the order
conditions becomes increasingly difficult as the order
Increases

Runge—Kutta methods for ordinary differential equations — p. 35/48




Implicit Runge—Kutta methods

Since we have the order barriers, we might ask how to
get around them. For explicit methods, solving the order
conditions becomes increasingly difficult as the order

Increases but everything becomes simpler for implicit
methods.
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Implicit Runge—Kutta methods

Since we have the order barriers, we might ask how to
get around them. For explicit methods, solving the order
conditions becomes increasingly difficult as the order
Increases but everything becomes simpler for implicit
methods.

For example the following method has order 5:

0

1] 1 1

4 8 8

7 1 14 3

10 100 25 20
2 5

1 7 0 7
1 32 250 5
14 81 567 H4
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This idea can be taken further by introducing a full lower
triangular A matrix.
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This idea can be taken further by introducing a full lower
triangular A matrix.

If all the diagonal elements are equal, we get the
Diagonally-Implicit methods of R. Alexander and the
Semi-Explicit methods of S. P. Ngrsett.
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This idea can be taken further by introducing a full lower
triangular A matrix.

If all the diagonal elements are equal, we get the
Diagonally-Implicit methods of R. Alexander and the
Semi-Explicit methods of S. P. Ngrsett.

The following third order L-stable method illustrates
what i1s possible for DIRK methods
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This idea can be taken further by introducing a full lower
triangular A matrix.

If all the diagonal elements are equal, we get the
Diagonally-Implicit methods of R. Alexander and the
Semi-Explicit methods of S. P. Ngrsett.

The following third order L-stable method illustrates
what i1s possible for DIRK methods

A A
L1+ ) 3(1 =) A
I [ 1(=6X24+16A —1) +(6A* —20A+5) A
1(=6X* 4+ 16X —1) (6A% —20A+5) A

where \ ~ 0.4358665215 satisfies ¢ —2A+3X2—\3 = 0.
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Singly-implicit Runge-Kutta methods

A SIRK method is characterised by the equation

g(A) = {\}.
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Singly-implicit Runge-Kutta methods

A SIRK method is characterised by the equation
og(A) = {\}. Thatis A has a one-point spectrum.
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Singly-implicit Runge-Kutta methods

A SIRK method is characterised by the equation
o(A) = {\}. Thatis A has a one-point spectrum.

For DIRK methods the stages can be computed

Independently and sequentially from equations of the
form

Y; — hAf(Y;) = a known quantity
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Singly-implicit Runge-Kutta methods

A SIRK method is characterised by the equation
o(A) = {\}. Thatis A has a one-point spectrum.

For DIRK methods the stages can be computed
Independently and sequentially from equations of the
form

Y; — hAf(Y;) = a known quantity

Each stage requires the same factorised matrix I — hAJ
to permit solution by a modified Newton iteration

process (where J ~ 0f /0y).
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Singly-implicit Runge-Kutta methods

A SIRK method is characterised by the equation
o(A) = {\}. Thatis A has a one-point spectrum.

For DIRK methods the stages can be computed
Independently and sequentially from equations of the
form

Y; — hAf(Y;) = a known quantity

Each stage requires the same factorised matrix I — hAJ
to permit solution by a modified Newton iteration

process (where J ~ 0f /0y).

How then is it possible to implement SIRK methods in a
similarly efficient manner?
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Singly-implicit Runge-Kutta methods

A SIRK method is characterised by the equation
o(A) = {\}. Thatis A has a one-point spectrum.

For DIRK methods the stages can be computed
Independently and sequentially from equations of the
form

Y; — hAf(Y;) = a known quantity

Each stage requires the same factorised matrix I — hAJ
to permit solution by a modified Newton iteration

process (where J ~ 0f /0y).

How then is it possible to implement SIRK methods in a
similarly efficient manner?

The answer lies In the inclusion of a transformation to
Jordan canonical form into the computation.
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Suppose the matrix 71" transforms A to canonical form as
follows

T AT = A
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Suppose the matrix 71" transforms A to canonical form as
follows

T AT = A
where

A= \I—J)
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Suppose the matrix 71" transforms A to canonical form as
follows

T AT = A
where
A=\I-J)=A| 1 0 0.0 0
-1 1 0 --- 0 0
0 -1 1 --- 0 0
O 0 0 - 1 0
0 0 0 ---—1 1]
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Consider a single Newton iteration, simplified by the use
of the same approximate Jacobian 7 for each stage.
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Consider a single Newton iteration, simplified by the use
of the same approximate Jacobian 7 for each stage.
Assume the incoming approximation is y, and that we
are attempting to evaluate

U1 :y0+h(bT®I)F
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Consider a single Newton iteration, simplified by the use
of the same approximate Jacobian 7 for each stage.
Assume the incoming approximation is y, and that we
are attempting to evaluate

U1 :y0+h(bT®I)F

where F'is made up from the s subvectors F; = f(Y;),
1=1,2,...,s.

Runge—Kutta methods for ordinary differential equations — p. 39/48




Consider a single Newton iteration, simplified by the use
of the same approximate Jacobian 7 for each stage.
Assume the incoming approximation is y, and that we
are attempting to evaluate

U1 :y0+h(bT®I)F

where F'is made up from the s subvectors F; = f(Y;),
1 =1,2,...,s.
The implicit equations to be solved are

Y=ey +h(AxI)F
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Consider a single Newton iteration, simplified by the use
of the same approximate Jacobian 7 for each stage.
Assume the incoming approximation is y, and that we
are attempting to evaluate

U1 :y0+h(bT®I)F

where F'is made up from the s subvectors F; = f(Y;),
1 =1,2,...,s.
The implicit equations to be solved are

Y=e@y+hARDF

where e Is the vector in R™ with every component equal
to1and Y hassubvectors Y;, 2 =1,2,...,s
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The Newton process consists of solving the linear system

([s @ —hART)D=Y —e®y—h(ARQ I)F
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The Newton process consists of solving the linear system

([s @ —hART)D=Y —e®y—h(ARQ I)F

and updating
Y —-Y —-D
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The Newton process consists of solving the linear system

([s @ —hART)D=Y —e®y—h(ARQ I)F
and updating
Y Y —D
To benefit from the Sl property, write

Y =T 'Y, F=(T'®lF, D= (T"'®I)D,
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The Newton process consists of solving the linear system
([s @ —hART)D=Y —e®y—h(ARQ I)F
and updating
Y Y —-D
To benefit from the Sl property, write

Y =T 'Y, F=(T'®lF, D= (T"'®I)D,

so that

([, —hARJ)D =Y —e®yy— h(ARQ)F
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The Newton process consists of solving the linear system
([s @ —hART)D=Y —e®y—h(ARQ I)F
and updating
Y Y —-D
To benefit from the Sl property, write

D= (T'®I)D,

Y =(T'®1Y, F=(T'®I)F,
so that

([, —hARJ)D=Y —e®y)—h(AQ I)F

The following table summarises the costs
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LU factorisation

Backsolves
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without
transformation
LU factorisation sS N3
Backsolves s?N?
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without with
transformation | transformation
LU factorisation s3N?

Backsolves s? N?
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without with
transformation | transformation
LU factorisation s3N? N3

Backsolves s? N? sN?
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without with
transformation | transformation
LU factorisation sSN3 N3
Transformation s’ N
Backsolves s’ N? sN?
Transformation s’N
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without with
transformation | transformation
LU factorisation sSN3 N3
Transformation s’ N
Backsolves s’ N? sN?
Transformation s’N

In summary, we reduce the very high LU factorisation
cost
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without with

transformation
LU factorisatj N3
Transforpdti s’ N
Backsalves s’ N? sN?
Trafisformation s’N

In sunimary, we reduce the very high LU factorisation
cost
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without with

transformation
LU factorisatj N3
Transforpdti s’ N
Backsalves s’ N? sN?
Trafisformation s’N

In sunimary, we reduce the very high LU factorisation
cost /to a level comparable to BDF methods
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without

LU factorisati

Transfor
Backsdlves
Trafnsformation

In sunimary, we reduce the very high LU fact
cost /to a level comparable to BDF methods

Isation
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without

LU factorisati

Transfor
Backsdlves
Trafnsformation

In sunimary, we reduce the very high LU fact
cost /to a level comparable to BDF methods

Isation

Also we reduce the back substitution cost

Runge—Kutta methods for ordinary differential equations — p. 41/48




without

LU factorisati

Transfor
Backsdlves
Trafnsformation

In sunimary, we reduce the very high !J fact
cost /to a level comparable to BDF methodls

Isation

Also we reduce the back substitution cost

Runge—Kutta methods for ordinary differential equations — p. 41/48




without with

LU factorisat]
Transforpaati
Backsdlves s> N2
Transformation

In sunimary, we reduce the very high !J fact
cost /to a level comparable to BDF methodls

Also we reduce the back substitution cost to the same
work per stage as for DIRK or BDF

Isation
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without

LU factorisat]
Transforpaati
Backsdlves s> N2
Transformation

In sunimary, we reduce the very high !J factofisation
cost /to a level comparable to BDF methodls

Also we reduce the back substitution cost to tha same
work per stage as for DIRK or BDF methods.
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without

LU factorisat]
Transforpaati
Backsdlves s> N2
Transformation

In sunimary, we reduce the very high !J factofisation
cost /to a level comparable to BDF methodls

Also we reduce the back substitution cost to tha same
work per stage as for DIRK or BDF methods.

By comparison, the additional transformation costs are
Insignificant for large problems
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without with
transfarmation
LU factorisatj N3
Transforpadti s*N
Backsalves s’ N? sN
Trafisformation s*N

In sunimary, we reduce the very high ) factofisation
cost /to a level comparable to BI)F methodls

Also we reduce the back substituiion cost to the same
work per stage as for DIRK or BDF methods.

By comparison, the additional tfansformation costs are
Insignificant for large problemsi.
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Stage order s means that

> aiolei) = /0 " s(t)dt
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Stage order s means that

> aiolei) = /0 " s(t)dt

for ¢ any polynomial of degree s — 1.
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Stage order s means that

Z&z‘j(ﬁ(%) = /OCi o(t)dt,

for ¢ any polynomial of degree s — 1. This implies that

A= = 16k, k=1,2,...,s,

&
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Stage order s means that
Z a;;P(ci) = /0 o(t)dt,
j=1
for ¢ any polynomial of degree s — 1. This implies that

Al = L6k k=1,2,...,s,

)

&

where the vector powers are interpreted component by
component.
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Stage order s means that

Z@z’j¢(ci) = /OCi o(t)dt,

for ¢ any polynomial of degree s — 1. This implies that

A= = 16k, k=1,2,...,s,

&

where the vector powers are interpreted component by

component.
This iIs equivalent to
k0 1 k
Ac’ = —c", k=1,2,...,5 (%)

k!
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From the Cayley-Hamilton theorem

(A=)’ =0
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From the Cayley-Hamilton theorem

(A= M) =0
and hence
(?) (—A)* A = 0.
1
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From the Cayley-Hamilton theorem

(A= M) =0

(“‘f) (—A)* A = 0.
[/
=0

(4

and hence

Substitute from (x) and it is found that
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Hence each component of ¢ satisfies

S

() ) -

1=0
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Hence each component of ¢ satisfies

S

() ) -

n)e

That is =0
where Lg denotes the Laguerre polynomial of degree s.
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Hence each component of ¢ satisfies

S

() ) -

n)e

That is =0
where Lg denotes the Laguerre polynomial of degree s.
Let &, &, ..., & denote the zeros of L, so that

Ci:)\€i7 i:1,2,...,8
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Hence each component of ¢ satisfies

S

() ) -

n)e

That is =0
where Lg denotes the Laguerre polynomial of degree s.
Let &, &, ..., & denote the zeros of L, so that

Ci:)\fi, i:1,2,...,8

The question now Is, how should A be chosen?
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Unfortunately, to obtain A-stability, at least for orders
p > 2, X\ has to be chosen so that some of the ¢; are
outside the interval [0, 1].
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Unfortunately, to obtain A-stability, at least for orders

p > 2, X\ has to be chosen so that some of the ¢; are
outside the interval [0, 1].

This effect becomes more severe for increasingly high

orders and can be seen as a major disadvantage of these
methods.
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Unfortunately, to obtain A-stability, at least for orders
p > 2, A has to be chosen so that some of the ¢; are
outside the interval [0, 1].

This effect becomes more severe for increasingly high

orders and can be seen as a major disadvantage of these
methods.

We will look at two approaches for overcoming this
disadvantage.

Runge—Kutta methods for ordinary differential equations — p. 45/48



Unfortunately, to obtain A-stability, at least for orders
p > 2, A has to be chosen so that some of the ¢; are
outside the interval [0, 1].

This effect becomes more severe for increasingly high

orders and can be seen as a major disadvantage of these
methods.

We will look at two approaches for overcoming this
disadvantage.

However, we first look at the transformation matrix 7" for
efficient implementation.
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Define the matrix T as follows:

- Lo(&) Li(&) Le(&) -+ L
Lo(&2) Li(&2) La(&) -+ Ls-1(&2)
T = | Lo(&) L1(&3) L2(&3) -+ L

Lo(&) L&) Lo(&) - Lea(&)




Define the matrix T as follows:

| Lo(&) Li(&) Lo(&) -+ L
Lo(&2) Li(&2) La(&) -+ Ls-1(&2)
T =| Lo(§) L1(§3) La2(&3) -+ L

i LO(&S) L1(§3) L2(€8) S L5_1(§S)
It can be shown that for a SIRK method
T YAT = X1 - J)
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There are two ways in which SIRK methods can be
generalized

In the first of these we add extra diagonally implicit
stages so that the coefficient matrix looks like this:

A 0
W M |’

where the spectrum of the p x p submatrix Ais

o(A) ={A}
Fors —p=1,2,3,... we get improvements to the
behaviour of the methods
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A second generalization is to replace “order” by
“effective order”.
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A second generalization is to replace “order” by
“effective order”.

This allows us to locate the abscissae where we wish.
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A second generalization is to replace “order” by
“effective order”.

This allows us to locate the abscissae where we wish.

In “DESIRE” methods:

Diagonally Extended Singly Implicit Runge-Kutta
methods using Effective order

these two generalizations are combined.
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A second generalization is to replace “order” by
“effective order”.

This allows us to locate the abscissae where we wish.

In “DESIRE” methods:

Diagonally Extended Singly Implicit Runge-Kutta
methods using Effective order

these two generalizations are combined.

This seems to be as far as we can go Iin constructing
efficient and accurate singly-implicit Runge-Kutta
methods.
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